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Approximation of functions belonging to Holder’s class and solution of
Lane-Emden differential equation using Gegenbauer wavelets

Shyam Lal?, Harish Chandra Yadav?

*Department of Mathematics, Institute of Science, Banaras Hindu University, Varanasi-221005, India

Abstract. In this paper, a very new technique based on the Gegenbauer wavelet series is introduced
to solve the Lane-Emden differential equation. The Gegenbauer wavelets are derived by dilation and
translation of an orthogonal Gegenbauer polynomial. The orthonormality of Gegenbauer wavelets is
verified by the orthogonality of classical Gegenbauer polynomials. The convergence analysis of Gegenbauer
wavelet series is studied in Hélder’s class. Holder’s class H*[0, 1) and H?[0, 1) of functions are considered,
H?[0,1) class consides with classical Hélder’s class H*[0,1) if ¢(f) = t*, 0 < a < 1. The Gegenbauer
wavelet approximations of solution functions of the Lane-Emden differential equation in these classes

are determined by partial sums of their wavelet series. In briefly, four approximations E(;k)_l o E(Z]k)_1 7
E;Zk)q’o, E;Zkll’M of solution functions of classes H*[0,1), H?[0,1) by (2, 0) and (2¥-!, M)" partial sums of

their Gegenbauer wavelet expansions have been estimated. The solution of the Lane-Emden differential
equation obtained by the Gegenbauer wavelets is compared to its solution derived by using Legendre
wavelets and Chebyshev wavelets. It is observed that the solutions obtained by Gegenbauer wavelets are
better than those obtained by using Legendre wavelets and Chebyshev wavelets, and they coincide almost
exactly with their exact solutions. This is an accomplishment of this research paper in wavelet analysis.

1. Introduction

The idea of a wavelet is used in engineering, biotechnology, viscoelastic materials, biosciences, statistical
mechanics, the detection of submarines and aircraft, and other models of the real-life problem. Wavelet
theory is based on a new and emerging area of numerical research. The wavelet analysis is the disin-
tegration of a function into repositioned and scaled designs of a basic wavelet. The approximations of
function belonging to the Holder’s class of order a, a0 € (0, 1], by the trigonometric polynomial are at the
commonplace of Fourier analysis (Zygmund [19]). To the best of our knowledge, there is no work related
to the approximation of function belonging to Holder’s class H*[0, 1) and H?[0, 1) by Gegenbauer wavelet
expansion. Working on the solution of differential equations, Izadi et al. ([7],[8]) have developed numer-
ical techniques to obtain the solution of linear as well as non-linear Lane-Emden differential equations
by generalized Bessel quasilinearization technique and approximation method whereas Singh et al. ([13])
provide a reliable algorithm for this type of differential equation. Srivastava et al. ([17],[14]) have proposed
a novel and efficient collocation method based on Fibonacci wavelets for the numerical solution of the
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non-linear Hunter-Saxton equation and dual-phase-lag heat transfer model in multi-layer skin tissue dur-
ing hyperthermia treatment. Chouhan et al. ([1]) studied the numerical problem of anomolous infiltration
and diffusion modelling expressed in non-linear fractional differential equations by Bernoulli wavelets.
Srivastava et al. ([16],[15]) introduced and developed a generalized wavelet method together with the
quasilinearization technique to solve the Volterras population growth model of fractional order and the
numerical solution of the fractional Bagley-Torvik equation by the Gegenbauer wavelet operational matrix
of integration. To make an advanced analysis, in the direction of Srivastava et al., Gegenbauer wavelets
have been considered in this paper. In Hélder’s class H*[0,1) and H?[0,1), the convergence analysis of
solution function f by Gegenbauer wavelet series has been investigated. A method has been proposed
to find the solution of the Lane-Emden differential equation by Gegenbauer wavelets. The importance of
the algorithm is discribed in section 7. This Gegenbauer wavelets contains the Chebyshev and Legendre
wavelets as particular cases.

The objective of this research paper are as follows.

(i). To define Holder’s class and generalized Hélder’s class in the interval [0, 1).

(ii). To define the Gegenbauer polynomial and Gegenbauer wavelet.

(iii). To derive the approximation of function f belonging to classes H*[0, 1) & H?[0, 1).

(iv). To introduce the process for computing numerical solution of differential equation and to illustrate the
effectiveness of this process by an example.

(v). To compare the solution of Lane-Emden differential equation obtained by Gegenbauer wavelets with
solution derived by Chebyshev as well as Legendre wavelet methods.

The remaining part of this paper is classified as follows: in Section 2, some fundamental definitions and
properties of the Holder s class, the Gegenbauer wavelet, and the orthonormality of the Gegenbauer wavelet
are discussed. In Section 3, the convergence analysis of the solution function f by Gegenbauer wavelet
series has been investigated. In Section 4, definition of Gegenbauer wavelet approximation and its prop-
erties are studied which are required for our subsequent investigation. Two estimators for Gegenbauer
wavelet approximations have been developed. In Section 5, the proof of the theorems have been estimated.
In Section 6, the algorithm for the solution of the differential equation has been developed in the interval
[0,1), and it is used to obtain the solution of the Lane-Emden differential equation. In Section 7, the solution
of the Lane-Emden differential equation by Gegenbauer, Chebyshev, and Legendre wavelet methods and
their absolute error have been obtained. Section 8 is designated for the conclusions of this research paper.

2. Definitions and Preliminaries

2.1. Function of Holder’s class H*[0,1)

A function f € H*[0,1), @ € (0,1] if f is continuous and satisfies the condition
fx) = f(y) = O(x — y|*), Y x, y € [0,1) (Titchmarsh[18]).

Proposition 2.1 H*[0,1) C HF[0,1), for 0 < B <a,foralla,p e (0,1]
Proof: Let f € H*[0,1),

lf(x+ 1) — f()l

Then lim Cs > 0.
t—0+ |t|0(
t) — H—
Now, lim G 0] = lim e+ = f@)l
t—0+ |t|ﬁ 504 |t|a|t|ﬁ_"‘
+1)—
< llm Mmax(lﬂa—ﬁ)
t—0+ |t|a
+1t)—
< hmM — Cfr max(|t|a—ﬁ) <1
AT

o U+ )= )

< B .
0+ It < Cy, Thus f € H[0,1)
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Let f(x) = |, [f(x+ 1) = fx)] = O(tf)
+1) - p
lim —lf(x )~ SOl = irnﬂ = lim —1 = 400
150+ |£| -0+ £ -0+ [t P
Therefore, f ¢ H*[0,1) but f € HP[0, 1).
Hence, H*[0,1) ¢ HP[O, 1).
Example: Let f(x) = |x|3, |[f(x + ) — f(x)] = O(1%)
+1) - 3
lim —If(x )] el = lim& = lim — = +o0
t—0+ |t|§ t—0+ |t|§ t—0+ |t|g

Therefore, f ¢ H2[0,1) but f € H3[0, 1).
Hence, H2[0,1) € H3[0, 1).

2.2. Function of Holder’s class H?[0,1)

Let ¢(t) be positive monotonic increasing function of t such that ¢(|t[) — 0 as t — 0. A function
f € H?[0,1), if f is continuous and satisfies the condition

flx+1) = f(x) = O(p(It), VY x, t,x +t € [0,1),

If ¢(t) = t* then H?[0,1) consides with classical Holder’s class H*[0, 1) of functions.

2.3. Gegenbauer Polynomial and Gegenbauer Wavelet

The Gegenbauer polynomials denoted by CW(t), for A > — 1,itis also known as ultraspherical harmonics
polynomials of order m and satisfy the following singular Sturm-Liouville equation in the interval [-1,1] as:

%[(1 - tZ)w(t)%c;?(t)] +m@2A + m)w®)CP () =0, A > —%, mef1,2,3,..).

where w(t) = (1 — tZ)A‘% is the weight function of the Gegenbauer wavelet.
The recurrence formula of the Gegenbauer polynomials is given by:

cMty =1, V() =224

1
cW (b = — (2t0m + MC () = (m+ 20 = DCY) (1)), m € (1,2,3, ..},

The Gegenbauer polynomials are orthogonal with respect to weight function w(t) = (1 - 2)»~2 , for A > -1,
on the interval [-1,1] as:

1
f O bt = Lo, A > 3.
-1

.R21—2/\I‘(m+2/\) .

> is the normalizing factor, and 0 is the Kronecker delta function.

) _
where an = mli(m+A)TA?

Particular cases:

(i) For A = 1, Gegenbauer polynomials reduces to Legendre polynomials.

(if) For A = 0 and A = 1, it reduces to Chebyshev polynomials of first and second kind respectively.
The Gegenbauer polynomials holds the inequality,
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T(m + 32171
|C$2)(COS 0)|sin* 6 < ¥, 0<6<m. (1)
TAT(1+m + %)

From the Rodrigues formula ;

(1) _ 2A(1- 123 )
[ o = -ZEE =P, w1, @

The Gegenbauer wavelets denoted by ¢n s are defined on [0,1) by

2k — 25 + 1), if te i, o),

ot = { D" ©
0, otherwise.
where n = 1,2,3,. ,m=20,12,. — 1(M > 0) is the order of the Gegenbauer polynomials and

k=1,2,3,..,1s the level of resolution (Guo Ben-Yu[6], Elgindy and Smith[5]).

2.4. Orthonormality of Gegenbauer wavelets
Proposition 2.4 : { 5,)},),1(15)} forms an orthonormal set for n = 1,2, ...,2¢1, m = 0,1,2,3..., with respect to

weight function w, x(f) = (1 — (2% — 2n + 1)2)*72. i.e.

1, if n=n'm=mw’,
0, otherwise.

A
1/Jl’l mrs wil'?m’ > wn,k(t) = {

Proof :(i) Form=0&n =n’;

<9 gD 5 0,400 f YOO (Bt

f WO Pwnbit

zk 1 2 o) mk
2Nkt = 2n + D, (Hdt
n=1 L(/\)

21

2 O K
? ()Ct)( )F,Zt—2n+1—v

ATA?  TEETG)
n21-2AT2A) T(A+1)

@(i). Form#0,n=n"&m=m’;

1(1A) > Wy k(t)

<lpnmr

f PO DD (Dot

f WO ()i (Bt

k—l
- f : L(A)CN)(Z" — 21 + Vo (Dt

k-1 ™m

28w K
L(A) C ()w()g,Zt—2n+1—v

_ 1 2(A) T w_
= L(A)fc (v)a)(v)dv—L(A)Lm =

m
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(iii). Forn # n’,
<P > it f oD 9D Owni(tidt

1/) (t) is defined in [5 L 77) € [0,1) and gb (1) is defined in [ 5= zk 1 S ) c[0,1).1f n # n’, then the intervals
[%2, #5) and [42, 5) are disjoint i.e.

n-1 n -1 n"\
[zk—l ’2’<_—1)m 2k-1 F) =9
Therefore < gb,(f,)n, gb“’ >wu () =0if n#En’ Vmm' .

@iv). For m # m’,
<y gD > w,4(t) f P, (Dbt

If m+m’ is an even number, then the integrand 1{15,/1) (U)l// (v)w(v) is an odd function on [-1,1], 2kt—2n+1 = .

Therefore < 1#1(/\) 1), 1,[}1(?,31,(1?) > wnr(t) =0,V n,n .
If m + m’ is an odd number, then the integral under weight function w(v) on [-1,1] is zero.
Therefore < yb,(fl,l,(t), 1/)@) ) > wnt)=0if m#m' Vn,n.

nm’

n,m’

3. Convergence of Gegenbauer Wavelet Series

In this section, the convergence analysis of the solution function f € L?[0, 1) of Lane-Emden differential
equation by Gegenbauer wavelet expansion has been discussed.
Theorem 3.1. If f(t) is the exact solution of the Lane-Emden differential equation then its Gegenbauer

wavelet series fo:—i Ym0 cnrmlpﬁ,’};(t) converges uniformly to f(f).

21 oo
Proof : Let f(t) = 2 Z Cn mgb(A) ().
n=1 m=0
2k 1 2k 1 0
Then< f, f> = < chmll)nm(t) Z Z Crr W‘ul’n m, >
n=1 m=0 =1m’'=0
2k 1 2k—1 0
= Z Z Cr,mCo i < 909,11, ll/g\)m/
n=1 m=0n’=1m’=
21 oo
= ) lcunPleiR
n=1 m=0
k=1 oo
= Z |Cn,m|21
n=1 m=0
{I,D,,},\m} is an orthonormal basis of L2[0,1) & [[Y\ ]l = 1.
21 oo 1
Thus, ZZ'CW'Z = <ff> :f |f(t)Pdt < o0, f€L?[0,1).
n=1 m=0 0

Therefore the wavelet series Zﬁ: Yoo cn,,,tpg},l, (f)is convergent and by Bessel’s inequality, Zn 1 Z Icn ml? <
IFIE < o0, ¥ M > 0.
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261 M1
Let Sy nf)B) = Y Y Comtpimn(®
n=1 m=0
For N > M, 1(Sa-1 i f) = (Szs iP5
2k-1 N-1 261 M1
= Z Z Cn mlp (t) - Z Z Cn mlpgq/\r)n(t)
n=1 m=0 n=1 m=0
2k-1 N-1
= |2 2 cunthin®
=1 m=M
2* 1 N-1
= Z Z Ic,q,ml2 —0asM — oo, N — oo.
n=1 m=M
Therefore, ISyt n f) = (S mf)IF = 0as M — 0o, N — co.

Hence (Sy1 N f)R-, is @ Cauchy sequence in L?[0,1). Since L?[0, 1) is a Banach space, therefore the Cauchy
sequence (S n f)N_, converges to a function g(t) say

Here, g(t) = 11m (Szk inf) = hm Zn 1 Zm —0Cn ml/) (t)
Now we need to show that g(t) f(t), for this
<g® = fO, Pt > = <g®, i) > = < fO), P ) >
lim < (S nf), PO () > —Cum
= Cnpm —Cum = 0.

Therefore g — f =0ie. g=f.

Hence the wavelet series ):n -1 Z% e m¢(A) () converges uniformly to f(t) as N — oo.

4. Gegenbauer wavelet approximation and theorems

In this section, approximation and theorems based on Gegenbauer wavelet have been establish.

4.1. Gegenbauer wavelet approximation

Since { ,(3,31(1})} forms an orthonormal basis for L?[0, 1) , therefore a function f € L?[0, 1) can be expressed

into Gegenbauer wavelet series as:

(t) = i i Cn mHD(A) (t) (4)

n=1 m=0
_ (A) _ (1 _ (oks _ 2\A-1
where ¢, =< f, P > @ui(t), wni(t) = (1 - (2t =2n+1)7)" 2 (5)
The (281, M) partial sum (Sa1 01 f)(t) of Gegenbauer wavelet series equation (4) is given by

261 M1

SpamNE) = Y Y comtin(®) = CTpO(p). (6)
n=1 m=0
where C and W(t) are given by; C = [c1,0, 1,1, o) CLM-1, C2,0, s COM=1, wves Cok1 0y ooy Coit py1] 1 and

PO = [0, P, o 9 O, 9500, WS (B, 0, (), ¢§2’1M O
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The Gegenbauer wavelet approximation E1 5(f) of f by (251, M) partial sum (Sy-1 5, f) of Gegenbauer
wavelet series equation (4) is defined by
Eyi m(f) = (Smm If = (Sar1 )2 7)
21 f

Esi1 p(f) is said to be best approximation of the function f by (Sy-1 5, f) if Exe1 p1(f) = 0 ask — 0o, M — o0
(Zygmund [19]).

4.2. Theorems

In this paper, the following theorems have been developed:
Theorem 4.2.1. If the solution function f of Lane-Emden differential equation belongs to H*[0, 1) class and
its Gegenbauer wavelet expansion be

H =Y Y ™ (1) having (261, M) partial sums
n=1 Lam=0 *n, l1l)rl,m g p
21 M1

Sz B =Y Y cumtbin(®)

n=1 m=0
then the Gegenbauer wavelet approximation of f by (Sy-1 5, f) under || - || is given by;

zk— 1

(i) Form =0, E(21k 1O(f) = min||f - ch,ol# oDl = ( ) k=1
n=1

k1 M1
1
(1) - _ (@) —
(i) For m>1, E,  (f) = min|/f ;:1 MEZO CnmPr,m(B)ll2 O(z(k—l)a \/_), M=>1.

Theorem 4.2.2. If a function f € H?[0, 1) class such that ¢(]) — 0 as t — 0 then the Gegenbauer wavelet
approximation of f by (Sy-1,f) satisfies;
k-1

. , 1
(i) Form =0, E(zi)l O(f) = min||f - ZCn/OI][J,(j,\())(t)Hz = O((P(?)), k>1.
n=1
2k-1 M-1

i) Form>1, B, () =minllf = Y )" ¢, im®lb =

n=1 m=0

5. Proof of theorems:

In this section, the proofs of theorems have been developed.

5.1. Proof of theorem 4.2.1
For m = 0, error between Gegenbauer wavelet expansion and f(t) in the interval [;’k;,},

P NO = cnolon® = FOX[ sy, oy

1
o = <f, llfno > @y i(t)

= ﬁ FOP Ownrbdt

2k—1

n

2?1) is given by:

IA

k ) n-1 n
f(t) ,1_1 v, oD@, k(t)dt, by mean value theorem, t; € [ = Zk_*l)

k-1
n k
k—1 5
= f(t) f R V@t - 2n+ 1)(1 - " - 2n + 1)} 2dt

~1

2k-1 L(A
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2"t—2n+1-cos€

f(tl)f \/LT sin?

= zf(; ) ! sin?! 646
22 0 \/@

2f(t) V(A +3)

LE)A) 2F(/\ + 1) '

2f(t1) VAL(A+3) 2%

o \/7 2I(A +1) \/LT
If(t) = f()
Nt — t|*, f € H*[0,1), N is suitable positive real number,
N
ﬁ .

25

A

el <

IA

IN

f=
then 16 = [ ()P0

IA
O
—_
N
2|z
N —
N
()
=
g
—~
=
N
ISW
=

N2 (A + 3)
22k AT(A +1)
1 Zkfl 2
| [Z ei”(f)} wns(bl
0 —

2k1

= fZ(eW(f 2w, (Bt + ZZ fen (ew (flawn i (t)dt

1<n#n’ <2k-1

(ESL (D)

Zk—l

1
= 2 f @ () wnit)dt +0,

n=1+0

since support of e f)and ei’})( f) are disjoint.
2k-1

= Y leP(IB
n=1

T N2 VAL +h)
Z:; 22ak DKT() + 1)

N2 Vrl(A +3)
22k 2T(A +1)

o( 1 ) k> 1.
2k

IA

Therefore, E(zk)l 0( )
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)

n=1 m=0

(ii) Form > 1, f(#)

Com = <f l,b(/\) >wnk(t)

- [ OOt

n—
= T

) f:ff (f(t) f( k-1 )) lzb(A) (B ()t

o1

2“ f PO (B, (Ddt
-1

wT - 2
= fz (f(t) —f(n—l)) Z—C;?)(z’ft—zn + Dt +0
= /AT ’
0

N23 (1N (T oy
lonml < (ﬁ) ICO@ - 211+ Dwp(h)| b, f € HATO, 1)
TR =
= —f |CA)(v a)(v) — Zykt—2n+1 =0
L(/\ 2(k Da 2
N 1
= —— f Ch @)1 = 0*)'"2| do
LiV20k-Dag3 -1
1
N 2A(1 = 0?)M
< _2M o )" C;/lwll )(v) , by integral (2),
LE)A)Z(k—D“Z% m(m + 2)\) 1
N 2A
< o [C(Ml)(cos 0) sin?**! 6] , 0 =cos0
L(/\ (k- l)azk m(m + )0<6<
2NA 27'T(m + 45 . :
< = - L+ Dhom 3 221y by inequality (1),
Ly 26 Da22m(m + 2)) 2
B 2N [mi(m + A) T(m + 341)
V2r2k-D25 m(m + 24) N T(m +2A) T(m + 242)
2 N
< 2N 9)
TT 2(k—1)0z22 m
261 oo
Now, f(B) = (Sprpf)®) = Y. ) cumtphmn(®):
n=1 m=M
Then, (ES), (f)* = IIf(t) = (SxrmHOIB
21, M
21 oo
= ) lewnPwi 01
n=1 m=M
2k—1

£ YN tewmlicnm @1, ()

n=1 M<m#m’<co

Y i|cn,m||cn,,m||¢%(t)||¢“> ®)|

1<n#n’ <2k-1 m=M
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IA

IN

IA

Zk—‘l

YY) leunlP +0

n=1 m=M

k-1 o 2
PR

N? 1
7221 Z "

m=M

N? [ 1

22(k-D)ax | M2
N? [ 1 N 1]< 2N?

m220-Da | M2 M| T m22k=Dap[’

1
O ———=|, M=1.
(z<k—1>a «fM)

8

“d
+ f _n;] ,by Cauchy’s integral test,
M m

This completes the proof of the Theorem 4.2.1.

5.2. Proof of theorem 4.2.2

(i) For m = 0, following the proof of first part of Theorem 4.2.1 and for f € H?[0,1) class,

le, V()

lle ™ (£)I12

ES, (D)

Therefore,

(i) For m > 1, following the proof of second part of Theorem 4.2.1 and for f € H?[0, 1) class,

0]
Ez“o

(f)

ININ A

IA

IN

If(t) = f()
No¢(lt - #), f € H?[0,1)

o )

= eV (F) P (x)dx
(Nqb ( ))2 @y k(x)dx

1 =y
N2¢? (zk)f Wy k(x)dx

VAT(A + )
2 42 2

N'¢ (?) 2T(A+1)
2k—1

DI ARICH!
n=1

T a2z (1) VAT + 5)

2.2 L 2

;N‘P (2k) 2T(A + 1)
1\ VAT(A + 1)
qubz(ﬁ) 2r(A+1)

ofs(L) o1

4038
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k

) N2} (1
<

|Cn ml = —(P -1
’ ) 2k-1
VLo

k]i’_
) f OO @4 = 20 + DB dt, f € HO[0,1)
el

2k=

IA
:ﬁn\
=
—_
N

7| -
L/
N

1> Z

I
[
oN
3
N

I\
|
<
N

I\
1%
-
N
—_ —
N
T =
-
N — N — N —

[
©)

2
E(zk)—lrM(f)

This completes the proof of the Theorem 4.2.2.

IA
s
—
o
-
—_—
N
’F‘H
g
e
3
e—
N

6. Algorithm of Lane-Emden differential equation

4039

(10)

In this section, the algorithm for the solution of Lane-Emden differential equation is to be discussed.
For this, let us derive the eight basis functions of the Gegenbauer wavelet for A = 2, k = 2, M = 4 as follows;

HOE
e =
P =
P =
vho(t) =
i) =

Y5a() =

Mgy =
230 =

2
4. =
3n

8
ﬁ(4t -1

2 2
41/ﬁ(12(4t—1) ~2)

2
— (324t -1 - 12(4t -1
\/3_71( ( ) ( )

2
B ar-3)

Vr

[ 2
4 ﬁ(12(4t -3)2-2)

2
——(32(4t - 3)> - 12(4t - 3
«/?E( ( ) ( )

Let y(t) be the solution of Lane -Emden differential equation :

v+ gy’ + f(t,y) = g(t), t€(0,1], B 20, y(0) = a, y'(0) = b, Narayan and Rajesh[12]).

(11)

(12)

(13)
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Then, y(f) = Z 2 Comth (1) (14)

n=1 m=0

and (21, M) partial sum of series (14) as:

2k1 M-1

Y(t) = SxapHE) = Y Y comtinn(t) = CTyM () (15)

n=1 m=0

By initial conditions of Eqn. (13), the Eqn. (15) reduces to

ok-1 pf_1 2k M-1
¥0) =), ) contin© =4, y'(0) = dt[ZZ o) ] =b.
t=0

n=1 m=0 n=1 m=0

In Eqn. (15), CT contains 2¥"!M unknown coefficients. Hence, excluding initial conditions, 2¢"1M — 2 extra
conditions are needed for the solution of the different1al equatlon For determining the values of 2--'M
unknown coefficients c,,,,, collocation points ¢; = 2k—1 il =12, ., 21M, are substituted in Eqn. (15) to

obtain 2"1M — 2 equations. Hence the values of unknown Coefflc:lents cnm are obtained by these 2<-1M
equations. This algorithm is also applicable to higher-order differential equations.

7. Results and Discussion

In this section, the validity of the proposed method for the numerical solution of the Lane-Emden
differential equation and its error analysis have been discussed. This example has an exact solution;
compare it with the proposed method and the Chebyshev and Legendre wavelet methods.

7.1. Example
Consider the Lane-Emden differential equation

v+ %y' +y=£2t+1)+6Qt+1), te(0,1], y(0) =0, y'(0) =0. (16)

The exact solution of the Eqn. (16) is y(t) = t* + 2.

((x+ )%+ (x+ 1)) — (2 + %)
2xt + 12 + 3x(x + £) + 2

2t +t+6t+t =10t

10t = O(t*), a € [0, 1).

y(x+1) — y(x)

INIA

Hence, y(t) € H*[0,1), by proposition (2.1).

By using the algorithm of the Gegenbauer wavelet approach described in Section 6, the differential equation
has now been solved. For the approximate solution of the Eqn. (16), take A =2, M = 4 and k = 2. Then the
approximate solution y(t) will be

3

Z c1mP1m(t) = croPro(t) + c1ip1,1(t) + croP12(t) + c13901,3(F)

m=0

[2 8 [ 2
A4 =ciog+ —@t—1c1q + 4+ — (1204t -1)> =2
3,710 \/E( )c1,1 157_(( ( ) )1,

2 (304t —1) —12(4t —1))eys, t € [0, 1). (17)
3n 2

y(t)

+
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By Eqns. (16) and (17),

[ 2 8 64 [ 2 2 768 | 2 [ 2
4 37161'0 + ( \/E(4t 1) + t\/E)Cl'l + (4 157 (12(4t 1) 2) + ; 157 (4t 1) + 1536 157T]C1'2

+ \/% (32(4t - 1)° - 12(4t - 1) + t%(384(4t —1)* - 48) + %(ﬁk - 1)) cip=t(t+1)+6(2t+1). (18)

For values of unknowns c1, c1,1, ¢12 and c13, we collocate Eqn. (18) at ¢t = 0.125 and t = 0.375 and using
the initial condition in Eqn. (17), four systems of linear equations are obtained. Solving these systems of
equations, the values of the unknowns are as follows:

c1,0 = 0.052291496911437, c1,1 = 0.039378247175879,
c12 = 0.011060694488843, c;3 = 0.000749506866172. (19)

Putting the values of c1, c1,1, ¢12 and ¢; 3 from Eqn. (19) into Eqn. (17),

2
y(t) = 0.052291496911437 (4 A/ —] + 0.039378247175879 (1(41? - 1))
3n \r

+ 0.011060694488843 (4 N é(12(4t -1 - 2)]

2
V371

Following above process for approximate solution of y(t) in the interval [%, 1),

2 8 [2 )
y(t) = 4 3 C20 + ﬁ(‘lt 3)C2/] +4 15n (12(4t 3) 2)6‘2,2

+ \%(32(@ _3) — 12(4f = 3))cas, t € [% 1). 20)

1
+ 0.000749506866172( (32(4t—1)3—12(4t—1))), te[o,-).

2

For values of unknowns ¢y, ¢21, ¢22 and ¢y 3, we collocate Eqn. (20) at ¢t = 0.5, t = 0.625, t = 0.75, and
t = 0.875, four systems of linear equations obtained. Solving these systems of equations, the values of the
unknowns are as follows:

c0 = 0.552593926822261, ¢z = 0.177851204277836,
c22 = 0.020541289764991, c3 = 0.000749506866172. (21)

Putting the values of ¢, c1,1, ¢12 and ¢; 3 from Eqn. (21) into Eqn. (20),
8

2
y(t) = 0.552593926822261 [4 A/ —] + 0.177851204277836(
3n \r

+ 0.020541289764991 (4 N é(12(4t -3)2 - 2)]

2 1
+ 0.000749506866172 (—(32(4t —3)® — 12(4¢ - 3))), te [-, 1).
V3n 2

(4t — 3))

The exact solution (ES) and approximate solution of the Lane-Emden differential equation obtained by
Gegenbauer wavelet method (GWM) for different values of f in the interval [0,1) have been obtained.
Also compare this solution by Legendre wavelet method (LWM)), first kind Chebyshev wavelet method
(FKCWM) and second kind Chebyshev wavelet method (SKCWM) are given in the Table 1 (Lal and
Patel[10]) .
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t

ES

LWM

FKCWM

SKCWM

GWM

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

0.011
0.048
0.117
0.224
0.375
0.576
0.833
1.152
1.539

0.1105200243
0.0483697994
0.1181960706
0.2267734978
0.3803447612
0.5851525426
0.8474395224
1.1734483820
1.5694218030

0.0109999998
0.0479999999
0.1169999999
0.2239999999
0.3750000001
0.5760000001
0.8330000003
1.1520000000
1.5390000010

0.0110000002
0.0480000001
0.1170000000
0.2240000001
0.3750000001
0.5760000001
0.8330000002
1.1520000000
1.5390000000

0.011000000000001
0.048000000000000
0.116999999999998
0.223999999999999
0.375000000002715
0.576000000002668
0.833000000002610
1.152000000002543
1.539000000002469

Table 1

The graphs of the exact solution and approximate solution of the Lane-Emden differential equation by
Gegenbauer wavelet method, Legendre wavelet method and Chebyshev wavelet method are shown in the
Figure 1.

1.6 T

Exact solution

* Legendre wavelet solution

1.4 First kind Chebyshev wavelet method

Gegenbauer wavelet method
o] = @ - Second kind Chebyshev wavelet method

I‘I =
= o0ar T

06T 7
0.4 r ]
0.2r ",".'/_‘J‘ i

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 09

Figure 1

By Table 1 and Figure 1, it is evident that the exact and Gegenbauer wavelet solutions of the Lane-Emden
differential equation coincide almost everywhere.
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7.2. Absolute Error

The absolute error between the exact solution and approximate solution of the Lane-Emden differential
equation by the Gegenbauer wavelet method, the Legendre wavelet method, and the Chebyshev wavelet
method is given in Table 2. The absolute error is negligible by the Gegenbauer wavelet method, as compared

to the Legendre wavelet method, and the Chebyshev wavelet method are shown in Table 2.

t

LWM

FKCWM(x107%)

SKCWM(x10~7)

GWM(x10- 1)

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

0.00005200243
0.00036979940
0.00119607060
0.00277349780
0.00534476120
0.00915254260
0.01443952240
0.02144838200
0.03042180300

0.019999999920084
0.010000000133514
0.010000000827404
0.010000000827404
0.010000000827404
0.010000000827404
0.030000002482211
0
0.100000008274037

0.200000000935563
0.100000001335143
0
0.100000008274037
0.100000008274037
0.100000008274037
0.200000016548074
0
0

0.000100093544564
0
0.000201227923213
0.000099920072216
0.271499489556959
0.266808797277918
0.261002330859128
0.254307686020638
0.246913600676635

The graphs of the absolute error in the solution of the Lane-Emden differential equation by the Gegenbauer
wavelet method and the Chebyshev wavelet method are shown in Figure 2.

Table 2

-9
¢ 10
1.2 ' : '
First kind Chebyshev wavelet
Second kind Chebyshev wavelet
Gegenbauer wavelet
.1
08
=
=
Bl i ALl
]
[ =
L
0.4F
0.
0.1 02 0.3 0.4 0.5

Figure 2
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8. Conclusions

1. Gegenbauer wavelet approximation of Theorems 4.2.1 and 4.2.2 are given by

EQ, (N =0(), k2 1.(E], (/) —>0ask - ;
ED, (=0 (5bm) M2 1 ED, ()~ Dask — o and M - oo

E?, (N =0(6(%)), k= 1.(E2, () = 0ask - oo

2k-10 2k-1 0
ES, u(h= (c¢>(2k 1)r) M2 1.(ED, () = 0ask - coand M — co.
. 1 1 2 2 . .
Therefore, approximation E(Zk)l Y E(zk)1 W ]:"(2,6)1 0 and E;k)1 M of function f belonging to H*[0, 1) and H?[0, 1) are

the best possible in wavelet analy31s

2. By Table 1 and Figure 1, it is apparent that the exact and Gegenbauer wavelet solutions of the Lane-Emden
differential equation coincide almost everywhere in the interval [0,1).

3. By Table 2 and Figure 2, it is comprehensible that the absolute error in the Gegenbauer wavelet method
is negligible as compared to the Legendre wavelet method and the Chebyshev wavelet method.

4. The illustrated example shows the validity and accuracy of the proposed method of Section 6 to solve
the Lane-Emden differential equation.

5. The proposed method in Section 6 is also applicable to solve the natural problems in higher-order differ-
ential equations.
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