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Abstract. Three edges e1, e2 and e3 in a graph G are consecutive if they form a cycle of length 3 or a path in
this order. A k-injective edge coloring of a graph G is an edge coloring of G, (not necessarily proper), such
that if edges e1, e2, e3 are consecutive, then e1 and e3 receive distinct colors. The minimum k for which G has a
k-injective edge coloring is called the injective edge chromatic index, denoted by χ′i (G) [4]. In this article, the
injective edge chromatic index of the resultant graphs by the operations union, join, Cartesian product and
corona product of G and H are determined, where G and H are different classes of graphs. Also for any two
arbitrary graphs G and H, bounds for χ′i (G +H) and χ′i (G

⊙
H) are obtained. Moreover the injective edge

coloring problem restricted to (2, 3, r)-triregular graph, (2, 4, r)-triregular graph and (2, r)-biregular graph,
r ≥ 3 are also been demonstrated to be NP-complete.

1. Introduction

All graphs considered in this article are simple, finite and undirected. The sets V and E represent the
vertex set and edge set of a graph G and the symbols ∆(G), ω(G) and N(u) denote the maximum degree,
clique number of a graph and neighborhood set of a vertex u ∈ V(G) respectively. For further graph-theoretic
notations and terminologies refer [12] and [15].

An injective coloring of G is a coloring of the vertices of G such that for every vertex v ∈ V(G), all the
neighbors of v are assigned distinct colors, i.e., if x and y are two distinct neighbors of v, then c(x) , c(y).
The smallest integer k such that G has an injective k -coloring is the injective chromatic number of G,
denoted by χi(G). Injective coloring of graphs was introduced by Hahn et al. in [11] and was originated
from complexity theory on random access machines, and can be applied in the theory of error correcting
codes [11]. In the same paper, they proved that, for k ≥ 3, it is NP-complete to decide whether the injective
chromatic number of a graph is at most k. Since then, many researchers studied on this coloring number
and found many beautiful results.
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Similar to the injective coloring, an edge version of the injective coloring was introduced by Cardoso et
al. in [3]. An Injective edge coloring (i-edge coloring) of a graph G is a coloring, c : E(G)→ C, such that if e1, e2
and e3 are consecutive edges in G, then c(e1) , c(e3). The injective edge coloring number or the injective
edge chromatic index of a graph G, χ′i (G), is the minimum number of colors permitted in an i-edge coloring.
In the same paper, they gave the exact values of the injective edge coloring number for several classes of
graphs, such as path, complete bipartite graph, complete graph and so on. And further, they also gave
some bounds on injective edge coloring number of some graph and proved that checking whether χ′i (G) = k
is NP-complete.

A graph G is called an ω′ edge injective colorable (or perfect EIC-) graph if χ′i (G) = ω′, see [16]. In [16],
Yue et al. constructed some perfect EIC-graphs, and gave a sharp bound of the injective coloring number
of a 2-connected graph with some forbidden conditions. Also, they characterize some perfect EIC-graph
classes. Moreover, Bu and Qi [1] and Ferdjallah [6] studied the injective edge coloring of sparse graphs in
terms of the maximum average degree. Also, the injective edge coloring of subcubic graphs is well studied
by Ferdjallah in [7] the authors also obtained the upper bounds for injective edge chromatic index and
presented the relationships of the injective edge-coloring with other colorings of graphs.

In [13] Kostochka et al. provided, how large can be the injective edge chromatic index of G in terms of
the maximum degree of G when there is a restriction on girth and/or chromatic number of G. They also
compare the bounds with analogous bounds on the strong chromatic index. In the same year, Y Li and
L Chen [14] gave the injective edge coloring numbers of generalized Petersen graphs P(n, 1) and P(n, 2).
They determined the exact values of injective edge coloring numbers for P(n, 1) with n ≥ 3, and for P(n, 2)
with 4 ≤ n ≤ 7. For n ≥ 8, they gave that 4 ≤ χ′i (P(n, 2)) ≤ 5. In [8], Foucaud et al. proved that injective
3-Edge-Coloring is NP-complete, even for triangle-free cubic graphs, planar subcubic graphs of arbitrarily
large girth, and planar bipartite subcubic graphs of girth 6. Injective 4-Edge-Coloring remains NP-complete
for cubic graphs. Also provided is that for any k ≥ 45, injective k-Edge-Coloring remains NP-complete even
for graphs of maximum degree at most 5

√
3k. Further given that injective k-Edge-Coloring is linear-time

solvable on graphs of bounded tree width. Moreover, they proved that all planar bipartite subcubic graphs
of girth at least 16 are injectively 3-edge-colorable and any graph of maximum degree at most k

2 is injectively
k-edge-colorable.

Some results which are useful in this article are given as follows.

Proposition 1.1 ([3]). Let Pn(Cn) be a path (cycle) of order n, Km,n be a complete bipartite graph, and Wn be a wheel
graph on n vertices. Then

i. χ′i (Pn) = 2, for n ≥ 4,

ii. χ′i (Cn) =

2 i f n ≡ 0 mod 4,
3 otherwise

iii. χ′i (Km,n) = min{m,n} and

iv. For n ≥ 4, χ′i (Wn) =


6 i f n is even,
4 i f n is odd and n − 1 ≡ 0 mod 4,
5 i f n is odd and n − 1 . 0 mod 4.

Proposition 1.2 ([3]). If H is a subgraph of a connected graph G, then χ′i (H) ≤ χ′i (G).

2. Results on injective edge coloring

The definition of the bi-star graph Bm,n is the graph obtained from K2 by joining m pendant edges to one
end and n pendant edges to the other end of K2. The union G = G1 ∪ G2 of two graphs with disjoint vertex
sets V1 and V2 and edge sets E1 and E2 is the graph with vertex set V = V1 ∪ V2 and edge set E = E1 ∪ E2.

Corollary 2.1. For any bi-star graph G � B(m,n), χ′i (G) = 2.
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Corollary 2.2. Let G = ∪m
j=1(G j). Then χ′i (G) = max{χ′i (G j) : j = 1, 2, 3, · · · ,m}.

In this section, the exact values of the injective edge chromatic index of the join of various kinds of
graphs and a lower bound for the injective edge chromatic index of the join of two arbitrary graphs are
discussed. In general, natural numbers are used as colors of edges. From [12] the join of G1 and G2, denoted
by G1 + G2, has vertex set V = V1 ∪ V2 and edge set E = E1 ∪ E2 ∪ {xy : x ∈ V1, y ∈ V2}. Also we have
G1 + G2 = G1 ∪ G2 [5]. Now moving to some results on G + H, let u1,u2, · · · ,un be the vertices of G and
v1, v2, · · · , vn be the vertices of H. In Figure 2.1, uiu j, u jvk, vkvl form consecutive edges. Where uiu j, is an
edge in G and vkvl is an edge in H. Thus we can say that no color of the edges in G can be the color of edges
in H. Therefore the lower bound of injective edge chromatic index of G +H.

Proposition 2.3. χ′i (G +H) ≥ χ′i (G) + χ′i (H).

Proposition 2.4. χ′i (G1 + G2) = max{χ′i (G1), χ′i (G2)}.

vk vl
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ui u j
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Figure 2.1 Figure 2.2 Figure 2.3
In particular we have, Kn + Km = Km+n and Kn + Km = Km,n [12]. In general a complete k-partite graph

Kt1,t2,··· ,tk = Kt1 + Kt2 + · · · + Ktk [10].

Proposition 2.5. χ′i (Kn + Km) = (m+n)(m+n−1)
2 where m,n ≥ 1.

Proposition 2.6. χ′i (Kn + Km) = min{m,n} where m,n ≥ 1.

Proposition 2.7. χ′i (Kt1 + Kt2 + · · · + Ktk ) = min{t1, t2, · · · , tk} where ti ≥ 1, 1 ≤ i ≤ k.

A fan graph Fm,n is defined as the graph join Km + Pn, where Km is the empty graph on m nodes and Pn is the
path graph on n nodes (see [10]). Next results are on the join of Kn, Kn, Pn and Cn.

Theorem 2.8. χ′i (Kn + Km) = n + n(n−1)
2 where m,n ≥ 1.

Proof. Let u1,u2, · · · ,un be the vertices of Kn and v1, v2, · · · , vm be the vertices of Km. As the vertices
u1,u2, · · · ,un form an induced complete subgraph of Kn+Km, the edges uiu j, i , j, i, j = 1, 2, · · · ,n are colored
with distinct n(n−1)

2 colors. Now the edges uiu j,u jvk, vkui in Figure 2.2 and uiu j,u jvk, vkul in Figure 2.3 form
consecutive edges and so no color of uiu j can be the color of ukvl, i, j, l = 1, 2, · · · ,n and k = 1, 2, · · · ,m. Next
we can see that v1ui,uiu j,u jv1, i, j = 1, 2, · · · ,n form consecutive edges. Thus the edges v1ui, i = 1, 2, · · · ,n
are colored with a new set of n colors. The same set of colors are used to color the edges vkui, k = 2, 3, · · · ,m
and i = 1, 2, · · · ,n. That is for a fixed k, 1 ≤ k ≤ m, the edges vkui is colored with color n(n−1)

2 + i, 1 ≤ i ≤ n.
This gives the injective edge chromatic index of Kn + Km.
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Theorem 2.9. χ′i (Kn + Pm) = n2+3n+4
2 where n ≥ 1, m ≥ 3.

Proof. Let u1,u2, · · · ,un be the vertices of Kn and v1, v2, · · · , vm be the vertices of Pm. From Proposition 2.3,
it is clear that χ′i (Kn + Pm) ≥ χ′i (Kn) + χ′i (Pm) = n(n−1)

2 + 2. First color the edges uiu j and vkvl, i, j = 1, 2, · · · ,n
and k, l = 1, 2, · · · ,m with distinct n(n−1)

2 + 2 colors. Now from Figure 2.2 and Figure 2.3 we can see that, no
color the edges uiu j and vkvl can be the color of urvs, i, j, r = 1, 2, · · · ,n and k, l, s = 1, 2, · · · ,m. Also for a
fixed k, the vertices vk,ui and u j form an induced K3 for any i , j, thus the edges vkui and vku j are colored
with distinct colors. Further, the edges uivk, vkvk+1 and vk+1u j form consecutive edges, thus no color of vkui
can be the color of vk+1u j. Now color the edges uiv j, i = 1, 2, · · · ,n, j = 1, 2, · · · ,m as follows.

• For an odd k, the edge vkui is colored with color n2
−n+4
2 + i.

• For an even k, the edge vkui is colored with color n2+n+4
2 + i.

Thus distinct 2n colors are needed to color the edges uivk. Hence χ′i (Kn + Pm) = n(n−1)
2 + 2+ 2n = n2+3n+4

2 .

Theorem 2.10. For a fan graph Fm,n, the injective edge chromatic index is, χ′i (Fm,n) =

χ′i (Pn) + 2m i f 2m ≤ n,
χ′i (Pn) + n i f n < 2m.

Proof. We have Fm,n = Km + Pn. Let u1,u2, · · · ,um be the vertices of Km and v1, v2, · · · , vn be the vertices of
Pn. Since the edges uiv j, v jv j+1 and v j+1ui form consecutive edges, no color of uiv j can be the color of uiv j+1.
Similarly, uiv j, v juk, and ukvl form consecutive edges, no color of uiv j can be the color of ukvl. Also, no color
of the edges v jv j+1 (the edges of Pn) can be the color of uivk. Since the vertices ui, v j and v j+1 form an induced
K3. With these arguments color the edges in each case.
Case 1. Assume that 2m ≤ n.

• For a fixed i color the edges uiv j with color 2i − 1 for odd j and color 2i for even j. Thus 2m distinct
colors are used to color the edges uiv j

• Now color the edges v jv j+1 (the edges of Pn) with new set of χ′i (Pn) colors.

Case 2. Assume that n < 2m.

• For a fixed j color the edges v jui with the color j. Thus n distinct colors are used to color the edges
uiv j.

• Now color the edges v jv j+1 (the edges of Pn) with a new set of χ′i (Pn) colors.

The above coloring procedure produces the injective edge chromatic index of the graph Fm,n.

Illustration 2.11. Injective edge coloring of F2,5 and F3,2.

v1 v2 v3 v4 v5

u1 u2

Color 1 Color 2 Color 3 Color 4 Color 5
Color 6

v1 v2

u1 u2 u3

Color 1 Color 2
Color 3

Figure 2.4: Injective Edge Coloring of F2,5 Figure 2.5: Injective Edge
Coloring of F3,2
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Theorem 2.12. For n ≥ 1 and m ≥ 3, χ′i (Kn + Cm) =

 n(n−1)
2 + χ′i (Cm) + 2n i f m even,

n(n−1)
2 + χ′i (Cm) + 3n i f m odd.

Proof. Let u1,u2, · · · ,un be the vertices of Kn and v1, v2, · · · , vm be the vertices of Cm. First color the edges
uiu j, i, j = 1, 2, · · · ,n of Kn with distinct n(n−1)

2 colors and color the edges vkvl, k, l = 1, 2, · · · ,m of Cm with
χ′i (Cm) new colors. From Figure 2.2 and Figure 2.3 we can see that no color of the edges uiu j (edges of Kn)
and vkvl (edges of Cm) can be the color of the edges uivk (the edges joining vertices of Kn and Cm). Now
for a fixed i, the vertices vi,u j and uk form an induced K3, thus the edges viu j, j = 1, 2, · · · ,n, colored with
distinct n colors. Also for an edge viv j of Cm, the edges viuk and v jul are colored with distinct colors, since
ukvi − viv j − v jul form consecutive edges. Now color the edges uivk as follows.
Case 1. Assume that m is odd.

• For i = 2k + 1, i < m, the edges viu j are colored with color j.
• For i = 2k, i < m, the edges viu j are colored with color n + j.
• Color the edges vmu j with the colors 2n + j

Case 2. Assume that m is even.

• For i = 2k + 1, i < m, the edges viu j are colored with color j.
• For i = 2k, i ≤ m, the edges viu j are colored with color n + j.

The coloring described above produces the injective edge chromatic index of Kn + Cm.

Theorem 2.13. χ′i (Pn + Pm) = 2min{m,n} + χ′i (Pn) + χ′i (Pm) where m,n ≥ 2.

Proof. Let u1,u2, · · · ,un be the vertices of Pn and v1, v2, · · · , vm be the vertices of Pm. First color the edges
uiu j, i, j = 1, 2, · · · ,n with χ′i (Pn) colors and the edges vkvl, k, l = 1, 2, · · · ,m with χ′i (Pm) colors.
Now let m ≤ n. We start with the coloring of v1u j, j = 1, 2, · · · ,n. The vertices v1,ui and ui+1 form an induced
K3, thus the edges v1ui and v1ui+1 are colored with two distinct colors. Similarly for a fixed k, the edges
vkui, i = 1, 2, · · · ,n are colored with two distinct colors. Now vrui, uivl and vlu j form consecutive edges.
Therefore no vrui and vlu j, r , l, r, l = 1, 2, · · · ,m and i, j = 1, 2, · · · ,n have the same colors. Hence the edges
uiv j are colored as follows.

• Color the edges v1ui with color 1 and 2 alternatively, for i = 1, 2, · · · ,n
• Color the edges v2ui with color 3 and 4 alternatively, for i = 1, 2, · · · ,n

...
• Color the edges vmui with color 2m − 1 and 2m alternatively, for i = 1, 2, · · · ,n

The coloring described above produces the injective edge chromatic index of Pn+Pm.

Illustration 2.14. Consider the graph Pn + Pm with m ≤ n.

u1 u2 u3 u4

v1 v2 v3 v4

un

vm

Color 1 Color 2 Color 3 Color 4 Color 5 Color 6 Color 7 Color 8
Color 9 Color 10 Color 11 Color 12

Figure 2.6: Injective edge coloring of Pn + Pm
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Theorem 2.15. For any m,n ≥ 3, χ′i (Cn + Cm) =


χ′i (Cn) + χ′i (Cm) + 2 min{m,n} i f m and n are even,
χ′i (Cn) + χ′i (Cm) + 3 min{m,n} i f m and n are odd,
χ′i (Cn) + χ′i (Cm) + 2n i f m even, n odd and 2n ≤ 3m,
χ′i (Cn) + χ′i (Cm) + 3m i f m even, n odd and 3m < 2n.

Proof. Let u1,u2, · · · ,un be the vertices of Cn and v1, v2, · · · , vm be the vertices of Cm. The edges uiu j,
i, j = 1, 2, · · · ,n are colored with χ′i (Cn) colors and the edges vkvl, k, l = 1, 2, · · · ,m are colored with χ′i (Cm)
colors. From Figure 2.2 and Figure 2.3, we can see that no color of the edges uiu j (edges of Cn) and vkvl
(edges of Cm) can be the color of the edges uivk (the edges joining vertices of Cn and Cm). For a fixed i, the
vertices ui, v j and v j+1 form an induced K3. So the edges uiv j, 1 ≤ j ≤ m, are colored with at least two colors.
Also the edges v jui,uiui+1 and ui+1vk form consecutive edges. Thus no color of the edges uiv j is the color of
the edges ui+1vk. With these arguments, the following cases describe the coloring of the edges uiv j.
Case 1. Assume that m and n are even and m ≤ n.

• For odd i, 1 ≤ i ≤ n, color the edges uiv j with color j, j = 1, 2, · · · ,m.
• For even i, 1 ≤ i ≤ n, color the edges uiv j with color m + j, j = 1, 2, · · · ,m.

Case 2. Assume that m and n are odd and m ≤ n.

• For odd i, 1 ≤ i < n, color the edges uiv j with color j, j = 1, 2, · · · ,m.
• For even i, 1 ≤ i < n, color the edges uiv j with color m + j, j = 1, 2, · · · ,m.
• For i = n, color the edges uiv j with color 2m + j, j = 1, 2, · · · ,m.

Case 3. Assume that m even, n odd and 2n ≤ 3m.

• For odd j, 1 ≤ j ≤ m, color the edges v jui with color i, i = 1, 2, · · · ,n.
• For even j, 1 ≤ j ≤ m, color the edges v jui with color n + i, i = 1, 2, · · · ,m.

Case 4. Assume that m even, n odd and 3m < 2n.

• For odd i, 1 ≤ i < n, color the edges uiv j with color j, j = 1, 2, · · · ,m.
• For even i, 1 ≤ i < n, color the edges uiv j with color m + j, j = 1, 2, · · · ,m.
• For i = n, color the edges uiv j with color 2m + j, j = 1, 2, · · · ,m.

The coloring described above produces the injective edge chromatic index of Cn+Cm.

Recall the definition of an n-Ladder graph [10] as Ln = P2□Pn, where Pn is a path of length n. Now the
vertices of Ln be u1,u2, · · · ,un for the first copy of Pn and un+1,un+2, · · · ,u2n for the second copy of Pn. The
next theorem gives the injective edge chromatic index of join of any two ladder graphs Ln and Lm.

Proposition 2.16 ([4]). χ′i (L1) = 1, χ′i (L2) = 2 and χ′i (Ln) = 3 for all n ≥ 3.

Theorem 2.17. χ′i (Ln + Lm) = χ′i (Ln) + χ′i (Lm) + 4 for all m,n.

Proof. Without loss of generality assume that m ≤ n. Let u1,u2, · · · ,un,un+1,un+2, · · · ,u2n be the vertices of Ln
and let v1, v2, · · · , vm, vm+1, vm+2, · · · , v2m be the vertices of Lm. By Proposition 2.3, χ′i (Ln+Lm) ≥ χ′i (Ln)+χ′i (Lm).
Now color the edges of Ln and Lm with χ′i (Ln) + χ′i (Lm) colors.

Claim 1: No color of the edges uiu j (edges of Ln) is the color of the edges ukvl for i, j, k = 1, 2, · · · , 2n and
l = 1, 2, · · · , 2m.
For, let urus be an edge of Ln with color c1 (say). Now the vertices ur,us and vl form an induced K3, thus the
color c1 cannot be assigned as the color of urvl or usvl, for l = 1, 2, · · · , 2m. Also, the edges urus,usvl and vlui
form consecutive edges, thus the color c1 cannot be assigned as the color of vlui for 1 ≤ i ≤ 2n, i , r, s and
1 ≤ l ≤ 2m.

Claim 2: For a fixed i, at least two colors are needed to color the edges uivl, 1 ≤ l ≤ 2m.
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Let vlvk be an edge of Lm. Then the vertices ui, vl and vk form an induced K3 in the graph Ln + Lm. Thus the
edges uivl and uivk must receive distinct colors.

Also note that if there is an edge uiu j, then no color of the edges uivl can be the color of the edges u jvt for
1 ≤ l, t ≤ 2m, for, the edges vlui,uiu j and u jvt form consecutive edges.

From the above statement, together with Claim 1 and 2, it can be concluded that at least four colors are
needed to color the edges ukvl. Now providing an injective edge coloring using χ′i (Ln) + χ′i (Lm) + 4 colors
shows that χ′i (Ln + Lm) = χ′i (Ln) + χ′i (Lm) + 4. The coloring is as follows.

• For i = 1, 3, 5, · · · , i ≤ n and i = n + 2,n + 4,n + 6, · · · , i ≤ 2n.

– Color the edges uivk with color 1 for k = 1, 3, 5, · · · , k ≤ n and k = n + 2,n + 4,n + 6, · · · , k ≤ 2n.
– Color the edges uivk with color 2, for k = 2, 4, 6, · · · , k ≤ n and k = n + 1,n + 3,n + 5, · · · , k ≤ 2n.

• For i = 2, 4, 6, · · · , i ≤ n and i = n + 1,n + 3,n + 5, · · · , i ≤ 2n.

– Color the edges uivk with color 3 for k = 1, 3, 5, · · · , k ≤ n and k = n + 2,n + 4,n + 6, · · · , k ≤ 2n.
– Color the edges uivk with color 4, for k = 2, 4, 6, · · · , k ≤ n and k = n + 1,n + 3,n + 5, · · · , k ≤ 2n.

• Color the edges uiu j of Ln with χ′i (Ln) colors.
• Color the edges vkvl of Lm with χ′i (Lm) colors.

In the next section, some results on injective edge chromatic index of Cartesian product of different
classes of graphs are obtained. Recall from [12] that the Cartesian product of G1 and G2, denoted by G1 ×G2,
has vertex set V1 ×V2 and two vertices u = (u1,u2) and v = (v1, v2) are adjacent in G1 ×G2 whenever u1 = v1
and u2 adjacent to v2 or u2 = v2 and u1 adjacent to v1. Some results on the injective edge chromatic index
of Pn□Pm are available in [4]. The following are few results on Cartesian product of Pn, Cn and Kn we have
obtained.

Proposition 2.18 ([4]). χ′i (Pn□Pm) =

3 i f n ≥ 3, m = 2,
4 i f m, n ≥ 4.

The Prism graph [10], denoted by Yn is a graph corresponding to the skeleton of an n-prism and also Yn is
isomorphic to the graph Cartesian product P2□Cn. Further P2□Cn is isomorphic to the generalized Petersen
graph P(n, 1). The injective edge chromatic index of the generalized Petersen graph P(n, 1) is given below.

Proposition 2.19 ([14]). If n ≥ 6, χ′i (P(n, 1)) =

3 i f n ≡ 0 mod 6,
4 otherwise.

Moreover, χ′i (P(3, 1)) = 6, χ′i (P(4, 1)) = 4

and χ′i (P(5, 1)) = 5.

Theorem 2.20. Injective edge chromatic index of Pm□Cn is obtained as follows

1. For n > 5, χ′i (P2□Cn) =

3 i f n ≡ 0 mod 6,
4 otherwise.

Moreover, χ′i (P2□C3) = 6, χ′i (P2□C4) = 4 and χ′i (P2□C5) =

5.
2. For even n, χ′i (P3□Cn) = 4. Moreover χ′i (P3□C3) = 6 and χ′i (P3□C5) = 5.
3. χ′i (Pm□C3) = 6 if m ≥ 2.
4. χ′i (Pm□Cn) = 4 if n ≡ 0 mod 4 and m ≥ 3.

Proof.

1. First part of the theorem directly follows from Proposition 2.19.
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2. In general the graph P3□Cn consists of 3 cycles Ci
n, i = 1, 2, 3, where Ci

n is the ith copy of Cn (with C1
n has

vertices u1,u2, · · · ,un, C2
n has vertices v1, v2, · · · , vn and C3

n has vertices w1,w2, · · · ,wn) and the paths
ui − vi − wi, i = 1, 2, 3.
Case 1. Assume that n is even.
Here the graph P3□P4 is a subgraph of P3□Cn with χ′i (P3□P4) = 4 (Proposition 2.18). Thus χ′i (P3□Cn) ≥
4. Now providing an injective edge coloring of P3□Cn with 4 colors shows that χ′i (P3□Cn) = 4. The
coloring in each cases are given below.
Subcase i. n ≡ 0 mod 4.

• Color the edges u1u2,u2u3, · · · ,unu1 with colors 1 and 2 in the pattern 1, 1, 2, 2, 1, 1, · · · .
• Color the edges v2v3, v3v4, · · · , vnv1, v1v2,with colors 3 and 4 in the pattern 3, 3, 4, 4, 3, 3, · · · .
• Color the edges w1w2,w2w3, · · · ,wnw1 with colors 1 and 2 in the pattern 2, 2, 1, 1, 2, 2, · · · .
• For i = 1, 5, 9, · · · , color the edges uivi and viwi with color 4.
• For i = 2, 6, 10, · · · , color the edges uivi and viwi with colors 1 and 2 respectively.
• For i = 3, 7, 11, · · · , color the edges uivi and viwi with color 3.
• For i = 4, 8, 12, · · · , color the edges uivi and viwi with colors 2 and 1 respectively.

Subcase ii. n ≡ 2 mod 4.

• Color the edges un−1un and unu1 with color 4 and for i = 1, 2, · · · ,n−2, color the edges uiui+1 with
the colors 1 and 2 in the order 1, 1, 2, 2, · · · .

• Color the edges vn−2vn−1, vn−1vn, vnv1 and v1v2 with color 1, 1, 2 and 2 respectively and for i =
2, 3, · · · ,n − 3, color the edges vivi+1 with the colors 3 and 4 in the order 3, 3, 4, 4, · · · .

• Color the edges wn−3wn−2,wn−2wn−1,wn−1wn,wnw1,w1w2 and w2w3 with colors 4, 4, 3, 3, 4 and 4
respectively and for i = 3, 4, · · · ,n − 4, color the edges wiwi+1 with the colors 1 and 2 in the order
1, 1, 2, 2, · · · .

• If the adjacent edges uiu j and u juk are of same color, assign this color to the edge u jv j.
• If the adjacent edges viv j and v jvk are of same color, assign this color to the edges u jv j and v jw j.
• If the adjacent edges wiw j and w jwk are of same color, assign this color to the edge v jw j.

Case 2. Assume that n = 3, 5.
The graph P(3, 1) is a subgraph of P3□C3 and from Proposition 2.19, χ′i (P3□C3) ≥ 6. Now Figure 2.7
provides an injective edge coloring of P3□C3 with 6 colors, which shows that χ′i (P3□C3) = 6. Similarly,
from Proposition 11, χ′i (P3□C5) ≥ 5 and Figure 2.8 provides an injective edge coloring of P3□C5 with
5 colors.

Color 1 Color 2 Color 3 Color 4 Color 5 Color 6

u1

u2

u3

v1

v2

v3

w1

w2

w3

u1

u2

u3

u4

u5

v1

v2

v3

v4

v5

w1

w2

w3

w4

w5

Figure 2.7: Injective edge coloring of P3□C3 Figure 2.8: Injective edge coloring of P3□C5
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3. Here the graph Pm□C3 consists of m cycles Ci
3, i = 1, 2, · · · ,m, where Ci

3 is the ith copy of C3 (Ci
3 has

vertices ui
1,u

i
2 and ui

3) and the paths u1
j − u2

j − u3
j − · · · − um

j , j = 1, 2, 3. The Injective edge chromatic
index of P2□C3 and P3□C3 follows from Theorem 2.20(1,2). Now for m > 3, the graph P3□C3 is a
subgraph of Pm□C3 with χ′i (P3□C3) = 6 and by Proposition 1.2, χ′i (Pm□C3) ≥ 6. Now providing an
injective edge coloring of Pm□C3 with 6 colors shows that χ′i (Pm□C3) = 6. The coloring is as follows.

• For i = 1, 7, 13, · · · , color the edges ui
1ui

2,u
i
2ui

3 and ui
3ui

1 with the colors 1, 2 and 3 respectively.

• For i = 2, 8, 14, · · · , color the edges ui
1ui

2,u
i
2ui

3 and ui
3ui

1 with the colors 4, 5 and 6 respectively.

• For i = 3, 9, 15, · · · , color the edges ui
1ui

2,u
i
2ui

3 and ui
3ui

1 with the colors 2, 3 and 1 respectively.

• For i = 4, 10, 16, · · · , color the edges ui
1ui

2,u
i
2ui

3 and ui
3ui

1 with the colors 5, 6 and 4 respectively.

• For i = 5, 11, 17, · · · , color the edges ui
1ui

2,u
i
2ui

3 and ui
3ui

1 with the colors 3, 1 and 2 respectively.

• For i = 6, 12, 18, · · · , color the edges ui
1ui

2,u
i
2ui

3 and ui
3ui

1 with the colors 6, 4 and 5 respectively.

• Color the edges u1
1u2

1, u2
1u3

1, u3
1u4

1, · · · ,u
m−1
1 um

1 with colors 1, 4, 2, 5, 3, 6 up to u6
1u7

1, repeat the same
order of the colors after u6

1u7
1 up to the remaining.

• Color the edges u1
2u2

2, u2
2u3

2, u3
2u4

2, · · · ,u
m−1
2 um

2 with colors 2, 5, 3, 6, 1, 4 up to u6
2u7

2, repeat the same
order of the colors after u6

2u7
2 up to the remaining.

• Color the edges u1
3u2

3, u2
3u3

3, u3
3u4

3, · · · ,u
m−1
3 um

3 with colors 3, 6, 1, 4, 2, 5 up to u6
3u7

3, repeat the same
order of the colors after u6

3u7
3 up to the remaining.

4. In general the graph Pm□Cn consists of m cycles Ci
n, i = 1, 2, · · · ,m, where Ci

n is the ith copy of Cn (Ci
n

has vertices ui
1,u

i
2, · · · ,u

i
n) and the paths u1

j − u2
j − u3

j − · · · − um
j , j = 1, 2, 3, · · · ,n. Here for n ≥ 3, the

graph P3□P4 is a subgraph of Pm□Cn with χ′i (P3□P4) = 4 (Proposition 2.18). Thus χ′i (Pm□Cn) ≥ 4. Now
providing an injective edge coloring of Pm□Cn with 4 colors shows that χ′i (Pm□Cn) = 4. The coloring
is as follows.

• For i = 1, 5, 9, · · · , color the edges ui
1ui

2,u
i
2ui

3, · · · ,u
i
nui

1 with colors 1 and 2 in the pattern 1, 1, 2, 2, 1, 1, · · · .
• For i = 2, 6, 10, · · · , color the edges ui

2ui
3,u

i
3ui

4, · · · ,u
i
nui

1,u
i
1ui

2, with colors 3 and 4 in the pattern
3, 3, 4, 4, 3, 3, · · · .

• For i = 3, 7, 11, · · · , color the edges ui
1ui

2,u
i
2ui

3, · · · ,u
i
nui

1 with colors 1 and 2 in the pattern
2, 2, 1, 1, 2, 2, · · · .

• For i = 4, 8, 12, · · · , color the edges ui
2ui

3,u
i
3ui

4, · · · ,u
i
nui

1,u
i
1ui

2, with colors 3 and 4 in the pattern
4, 4, 3, 3, 4, 4, · · · .

• For j = 1, 5, 9, · · · , color the edges u1
j u

2
j ,u

2
j u

3
j , · · · ,u

m−1
j um

j with colors 3 and 4 in the pattern
4, 4, 3, 3, 4, 4, · · · .

• For j = 2, 6, 10, · · · , color the edges u1
j u

2
j ,u

2
j u

3
j , · · · ,u

m−1
j um

j with colors 1 and 2 in the pattern
1, 2, 2, 1, 1, 2, 2, · · · .

• For j = 3, 7, 11, · · · , color the edges u1
j u

2
j ,u

2
j u

3
j , · · · ,u

m−1
j um

j with colors 3 and 4 in the pattern
3, 3, 4, 4, 3, 3, · · · .

• For j = 4, 8, 12, · · · , color the edges u1
j u

2
j ,u

2
j u

3
j , · · · ,u

m−1
j um

j with colors 1 and 2 in the pattern
2, 1, 1, 2, 2, 1, 1, 2, 2, · · · .

Illustration 2.21. Injective edge coloring of P4□C4 with four colors is illustrated below.
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1 u1
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u1
3u1
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u2
1 u2
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u2
3u2

4

u3
1 u3

2

u3
3u3

4

u4
1 u4

2

u4
3u4

4

Color 1 Color 2 Color 3 Color 4

Figure 2.9: Injective edge coloring of P4□C4

From [9], we have the corona of two graphs G1 and G2 (where Gi has pi vertices and qi edges) as the
graph G = G1 ⊙ G2 obtained by taking one copy of G1 and p1 copies of G2, and then joining by an edge the
ith vertex of G1 to every vertex in the ith copy of G2. Some results on the injective edge chromatic index of
few classes of corona products are given as the following.

ui

vik vil

G

H

ui

vik vil vis

G

H

Figure 2.10 Figure 2.11

Theorem 2.22. For any two connected nonempty graphs G and H, χ′i (G
⊙

H) ≥ χ′i (H) + 2.

Proof. Let u1,u2, · · · ,un be the vertices of G and vi1, vi2, · · · , vim be the vertices of ith copy of H for i = 1, 2, · · · ,n.
Let vikvil be an arbitrary edge of H. Then the vertices ui, vik and vil form an induced K3 (Figure 2.10). Also,
vik − vil − ui − vis form paths of length 4 (Figure 2.11). Thus the color of vikvil cannot be the color of uivis for
s = 1, 2, · · · ,m. Also since the vertices ui, vik and vil form an induced K3, the edges uivik and uivil colored
with distinct 2 colors other than χ′i (H) colors.

Theorem 2.23. If m,n ≥ 2, then χ′i (Pn
⊙

Pm) =

4 i f m,n = 2, 3,
5 otherwise.
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Proof. Let u1,u2, · · · ,un be the vertices of Pn and vi1, vi2, · · · , vim be the vertices of ith copy of Pm for
i = 1, 2, · · · ,n.

For Figure 2.12, Figure 2.13, Figure 2.14 and Figure 2.15

Color 1 Color 2 Color 3 Color 4 Color 4

v11

u1

u2

v12

v21 v22

v11 v12

u1

u2

v22

v13

v21 v23

v11

u2

v12

u1

u3

v32

v13

v31 v33

v23

v22

v21

v11 v12 v13

u1

u2

v22v21 v23 v24

Figure 2.12: P2
⊙

P2 Figure 2.13: P2
⊙

P3 Figure 2.14: P3
⊙

P3 Figure 2.15: H

Case 1. Assume that m = n = 2.
The vertices v11, v12 and u1 form an induced K3 of P2

⊙
P2. Thus the edges u1v11, u1v12 and v11v12 are

colored with the distinct colors 1, 2 and 3 respectively. Now color the edge u1u2 and u2v21 with color 1 and 3
respectively. Further v22 −u2 −u1 − v11, v22 −u2 −u1 − v12 and v22 − v21 −u2 form paths of length 4. Therefore
the edge u2v22 cannot be colored with the colors 1, 2 and 3 (the colors of the edges u1v11, u1v12 and u2v21).
Thus color 4 is given to the edge u2v22. Thus χ′i (P2

⊙
P2) ≥ 4 and the coloring in Figure 2.12 with 4 colors

shows that χ′i (P2
⊙

P2) = 4.
Case 2. Assume that m = 3 and n = 2, 3.
We have P2

⊙
P2 as a subgraph of P2

⊙
P3 and P3

⊙
P3. Now using Proposition 1.2, we haveχ′i (P2

⊙
P3) ≥

4 and χ′i (P3
⊙

P3) ≥ 4. Also Figure 2.13 and Figure 2.14 provides an injective edge coloring with 4 colors.
Therefore χ′i (P2

⊙
P3) = χ′i (P3

⊙
P3) = 4.

Case 3. Assume that m,n ≥ 4.
Consider a subgraph H (Figure 2.15) of Pn

⊙
Pm. Since P2

⊙
P3 forms a subgraph of H first color those

edges in H as in P2
⊙

P3. Next color the edge v23v24. Since v24 − v23 − v22 − v21, v24 − v23 − u2 − v22,
v24 − v23 − u2 − v21 and v24 − v23 − u2 − u1 form paths of length 4. Thus the edge v23v24 cannot be colored
with the colors 1, 2, 3 and 4 (colors of the edges v22v21,u2v22,u2v21 and u2u1). Thus the edge v23v24 is colored
with color 5, χ′i (H ) ≥ 5. Now the coloring depicted in Figure 2.15 is an injective edge coloring of H with 5
colors. Thus χ′i (H ) = 5. The graph H is the smallest subgraph of Pn

⊙
Pm with injective edge chromatic

index 5. Now the following is an injective edge coloring of Pn
⊙

Pm with 5 colors.

• The edges u1v1i are colored with color 1 for odd i and color 2 for even i, 1 ≤ i ≤ m.

• The edges v11v12, v12v13, · · · , v1(m−1)v1m with colors 3, 3, 4, 4, 3, 3, 4, 4, · · · respectively.

• The edge u1u2 is colored with color 1.



Bhanupriya C K et al. / Filomat 37:12 (2023), 3963–3983 3974

• The edges u2v2i are colored with color 3 for odd i and color 4 for even i, 1 ≤ i ≤ m.

• The edges v21v22, v22v23, · · · , v2(m−1)v2m with colors colors 2, 2, 5, 5, 2, 2, 5, 5, · · · respectively.

Next moving to the injective edge coloring of G
⊙

Cm where G = Pn or Cn. Let u1,u2, · · · ,un be the
vertices of G and vi1, vi2, · · · , vim be the vertices of ith copy Ci

m of Cm for i = 1, 2, · · · ,n.

Lemma 2.24. Let graph G be either the path Pn or the cycle Cn. Then for the graph G
⊙

Cm,

i. No color of the edge vi jvi( j+1) can be the color of the edges uivik, and vice versa, for i = 1, 2, · · · ,n and
j, k = 1, 2, · · · ,m.

ii. The edges uivi j, i = 1, 2, · · · ,n and j = 1, 2, · · · ,m are colored with two distinct colors when m is even.

iii. The edges uivi j, i = 1, 2, · · · ,n and j = 1, 2, · · · ,m are colored with three distinct colors when m is odd.

Proof.

i. Without loss of generality assume j+1 as 1 when j = m. The vertices vi j, vi( j+1) and ui forms an induced
K3. Also vi j − vi( j+1) − ui − vik form a path of length 4, k , j, j + 1.

ii. Since ui, vi j and vi( j+1) form an induced K3, the three edges are colored with distinct three colors. In
particular, the edges uivi j and uivi( j+1) are colored with 2 colors say color 1 and color 2. Now coloring
the edges uivi j with color 1 for odd j and coloring the edges uivi j with color 2 for even j provides an
injective edge coloring with 2 colors.

iii. Since ui, vi j and vi( j+1) form an induced K3, the three edges are colored with distinct three colors. In
particular, the edges uivi j and uivi( j+1) are colored with two colors say color 1 and color 2. Now coloring
the edges uivi j with color 1 for odd j, j , m and coloring the edges uivi j with color 2 for even j. Now
the vertices ui, vim and vi(m−1) form an induced K3 and similarly the vertices ui, vim and vi1 also form an
induces K3. Thus the edge uivim cannot be colored with color 1 or color 2 (colors of the edges uivi(m−1)
and uivi1). Thus the edge uivim is colored with color 3.

Theorem 2.25. If n ≥ 2 and m ≥ 3, then χ′i (Pn
⊙

Cm) =


χ′i (Pn) + 4 i f m ≡ 0 mod 4,
χ′i (Pn) + 5 i f m ≡ 2 mod 4,
χ′i (Pn) + 6 i f m odd.

Proof. Let u1,u2, · · · ,un be the vertices of Pn and vi1, vi2, · · · , vim be the vertices of ith copy Ci
m of Cm for

i = 1, 2, · · · ,n.
Case 1. Assume that m ≡ 0 mod 4.
By Proposition 1.1(ii) χ′i (C

i
m) = 2. Therefore two colors are needed to color the edges of Ci

m and by Lemma
2.24(i) and Lemma 2.24(ii), new set of two colors are needed to color the edges uiv j. Color the edges uivi j
and vi jvik as follows.
For an odd i

• Color the edges vi jvi( j+1), j = 1, 2, · · · ,m with colors 1 and 2 in the pattern 1, 1, 2, 2, 1, 1, · · · .
• Color the edges uivi j with color 3 when j is odd and with color 4 when j is even.

For an even i

• Color the edges vi jvi( j+1), j = 1, 2, · · · ,m with colors 3 and 4 in the pattern 3, 3, 4, 4, 3, 3, · · · .
• Color the edges uivi j with color 1 when j is odd and with color 2 when j is even.
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Now for any uiui+1, the paths ui+1 − ui − vi3 − vi4, ui+1 − ui − vi3 − vi2, ui − ui+1 − v(i+1)3 − v(i+1)4 and ui − ui+1 −

v(i+1)3 − v(i+1)2 form paths of length 4 and the edges vi3vi4, vi3vi2, v(i+1)3v(i+1)4 and v(i+1)3v(i+1)2 have colors 1,2,3
and 4. Now the edges uiui+1 of Pn are colored with χ′i (Pn) new colors. Hence χ′i (Pn + Cm) = 4 + χ′i (Pn).
Case 2. Assume that m ≡ 2 mod 4.
Here χ′i (Cm) = 3. Therefore color the edges vi jvi( j+1) of Ci

m with 3 colors. Now by using Lemma 2.24(ii), the
edges uivi j are colored with new set of two colors.
For an odd i

• For j = 1, 2, · · · ,m− 2, color the edges vi jvi( j+1) with the colors 1 and 2 in a pattern 1, 1, 2, 2, 1, 1, · · · and
color the edges vi(m−1)vim and vimvi1 with color 3.

• Color the edges uiv j with color 4 for odd j, with color 5 for even j.

For an even i

• For j = 1, 2, · · · ,m− 2, color the edges vi jvi( j+1) with the colors 4 and 5 in a pattern 4, 4, 5, 5, 4, 4, · · · and
color the edges vi(m−1)vim and vimvi1 with color 3.

• Color the edges uiv j with color 1 for odd j, with color 2 for even j.

Now for any uiui+1, the paths ui+1ui − vi3 − vi4, ui+1ui − vi3 − vi2 and ui+1ui − vim − vi1 form paths of length
4 and the edges vi3vi4, vi3vi2 and vimvi1 have colors 1 and 2 and 3. Similarly, uiui+1 − v(i+1)3 − v(i+1)4 and
uiui+1 − v(i+1)3 − v(i+1)2 form paths of length 4 and the edges vi3vi4, vi3vi2 have colors 4 and 5. Thus the edges
uiui+1 cannot be colored with colors 1,2,3, 4 and 5. Now the edges uiui+1 of Pn are colored with χ′i (Pn) new
colors. Hence χ′i (Pn + Cm) = 5 + χ′i (Pn).

Case 3. Assume that m is odd.
Here χ′i (Cm) = 3. Therefore color the edges vi jvi( j+1) of Ci

m with 3 colors. Now by using Lemma 2.24(iii), the
edges uivi j are colored with new set of three colors.
Subcase i. m ≡ 1 mod 4.
For an odd i

• For j = 1, 2, · · · ,m− 3, color the edges vi jvi( j+1) with the colors 1 and 2 in a pattern 1, 1, 2, 2, 1, 1, · · · and
color the edge vi(m−2)vi(m−1), vi(m−1)vim, vimvi1 with colors 1, 3,2 respectively.

• Color the edges uiv j with color 4 for j odd and j , m, with color 5 for even j and with color 6 for j = m.

For an even i

• For j = 1, 2, · · · ,m− 3, color the edges vi jvi( j+1) with the colors 4 and 5 in a pattern 4, 4, 5, 5, 4, 4, · · · and
color the edge vi(m−2)vi(m−1), vi(m−1)vim, vimvi1 with colors 4,6, 5 respectively.

• Color the edges uiv j with color 1 for j odd and j , m, with color 2 for even j and with color 3 for j = m.

Subcase ii. m ≡ 3 mod 4.
For an odd i

• For j = 1, 2, · · · ,m− 3, color the edges vi jvi( j+1) with the colors 1 and 2 in a pattern 1, 1, 2, 2, 1, 1, · · · and
color the edge vimvi1 with color 3.

• Color the edges uiv j with color 4 for j odd and j , m, with color 5 for even j and with color 6 for j = m.

For an even i

• For j = 1, 2, · · · ,m− 1, color the edges vi jvi( j+1) with the colors 4 and 5 in a pattern 4, 4, 5, 5, 4, 4, · · · and
color the edge vimvi1 with color 6.

• Color the edges uiv j with color 1 for j odd and j , m, with color 2 for even j and with color 3 for j = m.

Now for any uiui+1, the paths ui+1ui−vi3−vi4, ui+1ui−vi3−vi2, ui+1ui−vim−vi1 ui+1ui−vi(m−1)−vim form paths of
length 4 and the edges vi3vi4, vi3vi2, vimvi1 and vi(m−1)vim have colors 1, 2 and 3. Similarly, uiui+1−v(i+1)3−v(i+1)4,
uiui+1 − v(i+1)3 − v(i+1)2 and uiui+1 − v(i+1)(m−1) − v(i+1)m form paths of length 4 and the edges vi3vi4, vi3vi2 and
v(i+1)(m−1)v(i+1)m have colors 4, 5 and 6. Thus the edges uiui+1 cannot be colored with colors 1,2,3, 4, 5 and 6.
Now the edges uiui+1 of Pn are colored with χ′i (Pn) new colors. Hence χ′i (Pn +Cm) = 6+χ′i (Pn).



Bhanupriya C K et al. / Filomat 37:12 (2023), 3963–3983 3976

Let u1,u2, · · · ,un be the vertices of Cn and vi1, vi2, · · · , vim be the vertices of ith copy Ci
m of Cm for i =

1, 2, · · · ,n. The following Lemma is on Cn
⊙

Cm.

Lemma 2.26. For the graph Cn
⊙

Cm,

i. No color of the edges in the set {uivi j, j = 1, 2, · · · ,m} can be the color of the edges in the set {ukvkj, j = 1, 2, · · · ,m}
for k = i − 1 or k = i + 1.

ii. When m is even, either three or four distinct colors cannot be the color of vi jvi( j+1) for each i.

iii. When m is odd, either four or five distinct colors cannot be the color of vi jvi( j+1) for each i.

Proof. Without loss of generality assume i + 1 as 1 when i = n and i − 1 as n when i = 1.

i. For any j, l = 1, 2, · · · ,m, vi j−ui−ui+1−v(i+1)l forms paths of length 4. Thus no color of the edges in the
set {uivi j, j = 1, 2, · · · ,m} can be the color of the edges in the set {u(i+1)v(i+1) j, j = 1, 2, · · · ,m}. Similarly
vi j −ui −ui−1 − v(i−1)l forms paths of length 4. Thus no color of the edges in the set {uivi j, j = 1, 2, · · · ,m}
can be the color of the edges in the set {u(i−1)v(i−1) j, j = 1, 2, · · · ,m}.

ii. The color of ui−1ui and uiui+1 cannot be the color of vi jvi( j+1), since ui−1 − ui − vi j − vi( j+1) and ui+1 − ui −

vi j − vi( j+1) form paths of length 4. Also by Lemma 2.24(i) and Lemma 2.24(ii) the two colors of uivi j
cannot be the color of vi jvi( j+1). Now if the edges ui−1ui and uiui+1 are of same colors, then a total of
three colors cannot be the color of vi jvi( j+1). And if the edges ui−1ui and uiui+1 are of different colors,
then a total of four colors cannot be the color of vi jvi( j+1).

iii. The color of ui−1ui and uiui+1 cannot be the color of vi jvi( j+1), since ui−1 − ui − vi j − vi( j+1) and ui+1 − ui −

vi j − vi( j+1) form paths of length 4. Also by Lemma 2.24(i) and Lemma 2.24(iii) the three colors of uivi j
cannot be the color of vi jvi( j+1). Now if the edges ui−1ui and uiui+1 are of same colors, then a total of
four colors cannot be the color of vi jvi( j+1). And if the edges ui−1ui and uiui+1 are of different colors,
then a total of five colors cannot be the color of vi jvi( j+1).

Theorem 2.27. For m,n ≥ 3, χ′i (Cn
⊙

Cm) =


6 i f m ≡ 0 mod 4,
7 i f m ≡ 2 mod 4,
8 i f m is odd and n , 3,
9 i f m is odd and n = 3.

Proof. Let u1,u2, · · · ,un be the vertices of Cn and vi1, vi2, · · · , vim be the vertices of ith copy Ci
m of Cm for

i = 1, 2, · · · ,n.

1. m ≡ 0 mod 4.
Here χ′i (Cm) = 2. Now by Lemma 2.24(ii), Lemma 2.24(iii) and Lemma 2.26(ii), we can see that at
least 6 colors are needed to color Cn

⊙
Cm. Now providing an injective edge coloring with 6 colors

concludes.
Case 1. Assume that n ≡ 0 mod 4.

• For odd i, color the edges vi jvi( j+1) with colors 1 and 2 in the pattern 1, 1, 2, 2, 1, 1, · · · . Also color
the edges uivi j with colors 3 for odd j and with color 4 for even j.

• For even i, color the edges vi jvi( j+1) with colors 3 and 4 in the pattern 3, 3, 4, 4, 3, 3, · · · . Also color
the edges uivi j with colors 1 for odd j and with color 2 for even j.

• For the edges uiui+1, i = 1, 2, · · · ,n, without loss of generality assume i + 1 = 1 when i = n. Color
the edges uiui+1 with colors 5 and 6 in the pattern 5, 5, 6, 6, 5, 5, · · · .

Case 2. Assume that n ≡ 1 mod 4.
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• For odd i and i , n, color the edges uivi j with colors 1 for odd j and with color 2 for even j.
• For even i, color the edges uivi j with colors 3 for odd j and with color 4 for even j.
• For i = n, color the edges uivi j with colors 5 for odd j and with color 6 for even j.
• For i = 2, 3, · · · ,n − 3, color the edges uiui+1 with colors 5 and 6 in the pattern 5, 5, 6, 6, 5, 5, · · · .
• Color the edges u2u1,u1un,unun−1 and un−1un−2 with colors 3,2,4, and 1 respectively.
• By Lemma 2.26(ii), either three or four colors cannot be the color of vi jvi( j+1). Also χ′i (Cm) = 2

then the remaining two colors are used to color the edges vi jvi( j+1), for each i.

Case 3. Assume that n ≡ 2 mod 4.

• For i = 1, 2, · · · ,n− 2, color the edges uiui+1 with the colors 1 and 2 in the pattern 1, 1, 2, 2, 1, 1, · · · .
• Color the edges un−1un and unu1 with color 3.
• Color the edges u1v1 j with color 2 for odd j and with color 5 for even j.
• Color the edges u2v2 j with color 1 for odd j and with color 4 for even j.
• For i = 3, 5, 7, · · · ,n − 3, color the edges uivi j with color 3 for odd j and with color 5 for even j.
• For i = 4, 6, 8, · · · ,n − 2, color the edges uivi j with color 2 for odd j and with color 4 for even j.
• Color the edges un−1v(n−1) j with color 1 for odd j and with color 5 for even j.
• Color the edges unvnj with color 3 for odd j and with color 4 for even j.
• By Lemma 2.26(ii), either three or four colors cannot be the color of vi jvi( j+1). Also χ′i (Cm) = 2

then the remaining two colors are used to color the edges vi jvi( j+1), for each i.

Case 4. Assume that n ≡ 3 mod 4.

• For i = 1, 2, · · · ,n − 3, color the edges uiui+1 with colors 1 and 2 in the pattern 1, 1, 2, 2, 1, 1, · · · .
• Color the edges u1un,unun−1,un−1un−2 with colors 2,3,1 respectively.
• Color the edges u1v1 j with color 5 for odd j and with color 6 for even j.
• Color the edges un−2v(n−2) j with color 1 for odd j and with color 4 for even j.
• Color the edges un−1v(n−1) j with color 3 for odd j and with color 5 for even j.
• Color the edges unvnj with color 2 for odd j and with color 4 for even j.
• For i = 2, 6, 10, · · · , i < n − 1, color the edges uivi j with color 1 for odd j and with color 3 for even

j.
• For i = 3, 5, 7, 9, · · · , i < n− 2, color the edges uivi j with color 4 for odd j and with color 5 for even

j.
• For i = 4, 8, 12, · · · , i < n, color the edges uivi j with color 2 for odd j and with color 3 for even j.
• By Lemma 2.26(ii), either three or four colors cannot be the color of vi jvi( j+1). Also χ′i (Cm) = 2

then the remaining two colors are used to color the edges vi jvi( j+1), for each i.

2. m ≡ 2 mod 4.
For Cn at least two colors are needed for an injective edge coloring, therefore there are two edges
say uiui+1 and ui+1ui+2 with distinct two colors. Then by Lemma 2.26(ii), four colors cannot be the
color of vi jvi( j+1). Also χ′i (Cm) = 3. Thus a new set of three colors are needed to color the edges of
Ci

m. Hence χ′i (Cn
⊙

Cm) ≥ 7. Now providing an injective edge coloring with seven colors shows that
χ′i (Cn

⊙
Cm) = 7. The coloring is given as follows.

Case 1. Assume that n ≡ 0 mod 4.

• For i = 1, 2, · · · ,n, color the edges uiui+1 with color 1 and 2 in the pattern 1, 1, 2, 2, 1, 1, · · · . Without
loss of generality assume i + 1 as 1 when i = n.

• Let i = 2, 6, 10, · · · .

– Color the edges uivi j with color 1 for odd j and with color 3 for even j.
– For j = 1, 2, · · · ,m−2, color the edges ui jui( j+1) with color 2 and 4 in the pattern 2, 2, 4, 4, 2, 2, · · ·

and color the edges ui(m−1)uim and uimui1 with color 5.
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• Let i = 4, 8, 12, · · · .

– Color the edges uivi j with color 2 for odd j and with color 3 for even j.
– For j = 1, 2, · · · ,m−2, color the edges ui jui( j+1) with color 1 and 4 in the pattern 1, 1, 4, 4, 1, 1, · · ·

and color the edges ui(m−1)uim and uimui1 with color 5.

• Let i be odd.

– Color the edges uivi j with color 4 for odd j and with color 5 for even j.
– For j = 1, 2, · · · ,m−2, color the edges ui jui( j+1) with color 3 and 6 in the pattern 3, 3, 6, 6, 3, 3, · · ·

and color the edges ui(m−1)uim and uimui1 with color 7.

Case 2. Assume that n ≡ 1 mod 4 and n ≡ 3 mod 4.

• For odd i and i , n, color the edges uivi j with colors 1 for odd j and with color 2 for even j.
• For even i, color the edges uivi j with colors 3 for odd j and with color 4 for even j.
• For i = n, color the edges uivi j with colors 5 for odd j and with color 6 for even j.
• For i = 2, 3, · · · ,n − 3, color the edges uiui+1 with colors 5 and 6 in the pattern 5, 5, 6, 6, 5, 5, · · · .
• color the edges u2u1,u1un,unun−1 and un−1un−2 with colors 3,1,4, and 2 respectively.
• By Lemma 2.26(ii), either three or four colors cannot be the color of vi jvi( j+1). Also χ′i (Cm) = 3

then the remaining three colors are used to color the edges vi jvi( j+1), for each i.

Case 3. Assume that n ≡ 2 mod 4.

• For i = 1, 2, · · · ,n− 2, color the edges uiui+1 with the colors 1 and 2 in the pattern 1, 1, 2, 2, 1, 1, · · · .
• Color the edges un−1un and unu1 with color 3.
• Color the edges u1v1 j with color 2 for odd j and with color 6 for even j.
• Color the edges u2v2 j with color 1 for odd j and with color 4 for even j.
• Color the edges un−2v(n−2) j with color 2 for odd j and with color 4 for even j.
• Color the edges un−1v(n−1) j with color 1 for odd j and with color 6 for even j.
• Color the edges unvnj with color 4 for odd j and with color 5 for even j.
• For i = 3, 5, 7, · · · ,n − 3, color the edges uivi j with color 5 for odd j and with color 6 for even j.
• For i = 4, 6, 8, · · · ,n − 4, color the edges uivi j with color 3 for odd j and with color 4 for even j.
• By Lemma 2.26(ii), either three or four colors cannot be the color of vi jvi( j+1). Also χ′i (Cm) = 3

then the remaining three colors are used to color the edges vi jvi( j+1), for each i.

3. m odd and n , 3
Here χ′i (Cm) = 3. Also by Lemma 2.24(i), Lemma 2.24(iii) and Lemma 2.26(iii) χ′i (Cn

⊙
Cm) ≥ 8. Now

providing an injective edge coloring with eight colors shows that χ′i (Cn
⊙

Cm) = 8. The coloring is
given as follows.

Case 1. Assume that n ≡ 0 mod 4.

• For odd i, color the edges uivi j with colors 1 when j is odd and j , m, with color 2 when j is even
and with color 3 when j = m.

• For even i, color the edges uivi j with colors 4 when j is odd and j , m, with color 5 when j is
even and with color 6 when j = m.

• Color the edges uiui+1 with color 7 and 8 in the pattern 7, 7, 8, 8, 7, 7, · · · .
• For odd i, color the edges of Ci

m with colors 4, 5 and 6.
• For even i, color the edges of Ci

m with colors 1, 2 and 3.

Case 2. Assume that n ≡ 1 mod 4.

• For i = 1, 2, · · · ,n − 1, color the edges uiui+1 with colors 1, 2, 3, 4, 1, 2, 3, 4 and color the edge unu1
with color 5.
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• For i = n, color the edges uivi j with colors 2 when j is odd and j , m, with color 5 when j is even
and with color 7 when j = m.

• For i = 1, color the edges uivi j with colors 1 when j is odd and j , m, with color 3 when j is even
and with color 8 when j = m.

• For i = 2, color the edges uivi j with colors 2 when j is odd and j , m, with color 4 when j is even
and with color 6 when j = m.

• For i = 3, 7, 11, · · · , color the edges uivi j with colors 3 when j is odd and j , m, with color 5 when
j is even and with color 7 when j = m.

• For i = 4, 8, 12, · · · , color the edges uivi j with colors 4 when j is odd and j , m, with color 6 when
j is even and with color 8 when j = m.

• For i = 5, 9, 13, · · · and i < n − 1, color the edges uivi j with colors 1 when j is odd and j , m, with
color 5 when j is even and with color 7 when j = m.

• For i = 6, 10, 14, · · · , color the edges uivi j with colors 2 when j is odd and j , m, with color 6 when
j is even and with color 8 when j = m.

• By Lemma 2.26(iii), either four or five colors cannot be the color of vi jvi( j+1). Also χ′i (Cm) = 3 thus
the remaining three colors are used to color the edges of Ci

m, for each i.

Case 3. Assume that n ≡ 2 mod 4.

• For i = 1, 2, · · · ,n− 2, color the edges uiui+1 with the colors 1 and 2 in the pattern 1, 1, 2, 2, 1, 1, · · · .
• Color the edges un−1un and unu1 with color 3.
• For i = 1, color the edges uivi j with colors 2 when j is odd and j , m, with color 6 when j is even

and with color 7 when j = m.
• For i = n, color the edges uivi j with colors 3 when j is odd and j , m, with color 4 when j is even

and with color 5 when j = m.
• For i = n − 1, color the edges uivi j with colors 1 when j is odd and j , m, with color 6 when j is

even and with color 7 when j = m.
• For i = 2, 6, 10, · · · , i < n − 1, color the edges uivi j with colors 1 when j is odd and j , m, with

color 4 when j is even and with color 5 when j = m.
• For i odd and 3 ≤ i ≤ n− 3, color the edges uivi j with colors 3 when j is odd and j , m, with color

6 when j is even and with color 7 when j = m.
• For i = 4, 8, 12, · · · , i < n − 1, color the edges uivi j with colors 2 when j is odd and j , m, with

color 4 when j is even and with color 5 when j = m.
• By Lemma 2.26(iii), either four or five colors cannot be the color of vi jvi( j+1). Also χ′i (Cm) = 3 thus

the remaining three colors are used to color the edges of Ci
m, for each i.

Case 4. Assume that n ≡ 3 mod 4.

• For i = 1, color the edges uivi j with colors 1 when j is odd and j , m, with color 2 when j is even
and with color 3 when j = m.

• For i = 2, color the edges uivi j with colors 4 when j is odd and j , m, with color 5 when j is even
and with color 6 when j = m.

• For i = n, color the edges uivi j with colors 6 when j is odd and j , m, with color 7 when j is even
and with color 8 when j = m.

• For i = 3, 7, 11, · · · , i < n, color the edges uivi j with colors 1 when j is odd and j , m, with color 2
when j is even and with color 7 when j = m.

• For even i, 4 < i < n, i < n, color the edges uivi j with colors 3 when j is odd and j , m, with color
4 when j is even and with color 5 when j = m.

• For i = 5, 9, 13, · · · , i < n, color the edges uivi j with colors 1 when j is odd and j , m, with color 2
when j is even and with color 6 when j = m.

• Color the edges un−2un−1,un−1un,unu1,u1u2 with colors 2, 4, 1 and 3 respectively and for i =
2, 3, 4, · · · ,n − 3, color the edges uiui+1 with the colors 7 and 6 in the pattern 7, 7, 6, 6, 7, 7, · · · .



Bhanupriya C K et al. / Filomat 37:12 (2023), 3963–3983 3980

• By Lemma 2.26(iii), either four or five colors cannot be the color of vi jvi( j+1). Also χ′i (Cm) = 3 then
the remaining three colors are used to color the edges of Ci

m, for each i.

4. m odd and n = 3
By Lemma 2.24(iii) and Lemma 2.26(i), nine distinct colors are used to color the edges uivi j, i = 1, 2, 3
and j = 1, 2, · · · ,m. Therefore χ′i (C3

⊙
Cm) ≥ 9. Now providing an injective edge coloring with nine

colors shows that χ′i (C3
⊙

Cm) = 9. The coloring is given as follows.

• For i = 1, color the edges uivi j with color 1 when j is odd and j , m, with color 2 when j is even
and with color 3 when j = m.

• For i = 2, color the edges uivi j with color 4 when j is odd and j , m, with color 5 when j is even
and with color 6 when j = m.

• For i = 3, color the edges uivi j with color 7 when j is odd and j , m, with color 8 when j is even
and with color 9 when j = m.

• Color the edges of the cycle C1
m with colors 5, 6 and 7.

• Color the edges of the cycle C2
m with colors 1, 2 and 3.

• Color the edges of the cycle C3
m with colors 2, 3 and 4.

• Color the edges u1u2,u2u3 and u3u1 with colors 1, 4 and 5.

3. On the complexity of Injective edge coloring

In the literature, few authors have studied the complexity of the injective edge coloring problem [4, 8]. The
results are depicted as follows. First here describe the injective 3-edge coloring is NP-complete for some
classes of graphs in Figure 3.1.

Planar subcubic graphs with girth 1 ≥ 3

Subcubic graphs with girth 1 = 6Triangle free cubic graphs

Figure 3.1: Injective 3-edge coloring is NP-complete

Also in [4, 8] the authors have proved that the injective k-edge coloring is NP-complete for the following
graphs.

• Graphs with maximum degree atmost 5
√

3k.
• Graphs with maximum degree O(

√
k).

And injective 4-edge coloring is NP-complete for cubic graphs. Further, the authors proved that injective
k-edge coloring is polynomial-time solvable for outer planar graphs and K4-minor free planar graphs.

Here CHRIND (P) denotes the chromatic index problem restricted to graphs with property P. A result on
the complexity of proper edge coloring of regular graphs is given as follows.

Theorem 3.1 ([2]). For each r ≥ 3, CHRIND (r-regular graph) is NP-complete.
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By using Theorem 3.1, it is obtained that, the problem of checking whether the injective edge chromatic
index of a (2, 3, r)-triregular graph is r is NP-complete.

Definition 3.2. Let p, q and r be integers, 1 ≤ p < q < r. A graph is said to be (p, q, r)-triregular graphs if its vertices
assume exactly three different values p, q and r.

Instance: A (2, 3, r)-triregular graph G.
Question: Is χ′i (G) = r?

iuv

vu

juv

auv cuv

buv

puv ruv

quv

1 1
1

2

23

3

3

1 1

2

1

Figure 3.2: Edge gadget E with an injective 3 edge coloring

To prove Theorem 3.3, we use the gadget E in Figure 3.2 same as in [8].

Theorem 3.3. For each r ≥ 3, it is NP-complete to determine whether the injective edge chromatic index of a
(2, 3, r)−triregular graph is r.

Proof. Let G be the input r-regular graph. The proof will be proceeded by two steps: first create a
(2, 3, r)−triregular graph H from G, then we show that H has an injective r-edge coloring if and only if
G is properly r-edge colorable.
Create the graph H from G by removing all edges of G. For each edge uv of G, create a copy of a gadget
E and connect it to u and v. Add eight new vertices iuv, juv, auv, buv, cuv, puv, quv and ruv. Also create the
following edges uiuv, viuv, iuv juv, juvauv, juvcuv, auvbuv, buvcuv, auvpuv, cuvruv, buvquv, puvquv and quvruv.
Let G be a graph on n vertices and m edges. On creating the graph H, corresponding to each edge eight
vertices are added, thus H has 8m+ n vertices. In which n vertices have degree r, 6m vertices have degree 3
and 2m vertices have degree 2. Thus H becomes a (2, 3, r)− triregular graph.
Further, it is clear from [8] that G is proper r-edge colorable if and only if H is injectively r-edge colorable.
As r ≥ 3, there are enough colors to color the edges of the edge gadget E added in place of each edge.

Now by using the gadget F in Figure 3.3, here shows that it is NP-complete to determine the injective
edge chromatic index of (2, 4, r)-triregular graph is r.

Theorem 3.4. For each r ≥ 3, it is NP-complete to determine whether the injective edge chromatic index of a
(2, 4, r)−triregular graph is r.

Proof. Let G be the input r-regular graph. It will be proceeded in two steps: first create a (2, 4, r)− triregular
graph H from G, then we show that H has an injective r-edge coloring if and only if G is properly r-edge
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Figure 3.3: Edge gadget F with an injective 2 edge coloring

colorable.
Create the graph H from G by removing all edges of G. For each edge uv of G, create a copy of a gadget F
and connect it to u and v. Add four new vertices a, b, c and d. Also create the following edges ua, va, ad, ab, cd
and cb.
Let G be a graph on n vertices and m edges. On creating the graph H, corresponding to each edge four
vertices are added, thus H has 4m+ n vertices. In which n vertices have degree r, 3m vertices have degree 2
and m vertices have degree 4. Thus H becomes a (2, 4, r)− triregular graph.
If G has an r-edge coloring c, then injectively r-edge color H by assigning to ua, va, ad and ab in H the color
c(uv); then extend the coloring to each gadget F corresponding to each edge, by assigning any one of the
color from the remaining r − 1 colors to bc and cd.
Conversely, if H has an injective r-edge coloring, then color an edge uv of G with the color of the edge ua (or va)
of H. The coloring is proper since the color of ua and va are the same.

Similarly for an r-edge colorable graph, construct a graph G′ by subdividing each edge uv to ux and xv
by adding a vertex x and assigning the same color of uv to ux and xv gives an injective r-coloring of G′. The
converse also follows similarly. The graph thus obtained is a (2, r)-biregular graph.

Corollary 3.5. For each r ≥ 3, it is NP-complete to determine whether the injective edge chromatic index of a
(2, r)−biregular graph is r.

4. Conclusions

In this article, the injective edge chromatic index of different graph products are obtained. In particular,
the injective edge chromatic index of union of finite number of graphs, injective edge chromatic index of
join of G and H, where G,H = Kn, K̄n,Pn,Cn,Ln and the injective edge chromatic index of Cartesian product
(or corona) of G and H are obtained for G,H = Pn,Cn. Also determined bounds for χ′i (G) for the resultant
graph G obtained by the operations join and corona. Furthermore, the injective edge colouring problem
with r ≥ 3 has been shown to be NP-complete for (2, 3, r)-triregular graphs, (2, 4, r)-triregular graphs, and
(2, r)-biregular graphs. It is also open to compute the exact values of the injective chromatic index χ′i (G□H)
and χ′i (G

⊙
H) for any two arbitrary graphs G and H and the complexity of other classes of graphs.
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