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Hamilton and Souplet-Zhang type gradient estimate along geometric
flow
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Abstract. In this article we derive Hamilton type gradient estimate and Souplet-Zhang type gradient
estimate for a generalized weighted parabolic heat equation with potential on a weighted Riemannian
manifold evolving by a geometric flow in such a way that the Bakry-Émery Ricci tensor is bounded below.

1. Introduction

The study of gradient estimation is an important tool to understand the nature of the solution of a partial
differential equation in the field of geometric analysis. There are different types of gradient estimations
namely Li-Yau type, Hamilton type, Souplet-Zhang type etc. In [16], Yau proved gradient estimates for
harmonic functions on complete manifolds with the Ricci curvature bounded below. In [12], Souplet and
Zhang generalized Yau’s result to the heat equation by adding a necessary logarithmic correction term.
Several authors derived many results in this regard, see [8–10, 15] and the references therein. Abolarinwa
[1] have studied gradient estimation on evolving manifold which involves Laplace-Beltrami operator. Re-
cently, Azami [2] extended the Hamilton type and Souplet-Zhang type gradient estimations to the case of
manifolds evolving under geometric flow involving weighted Laplacian. Now we furnish some primary
informations to introduce our results for this article.

Let (Mn, 1, e−ϕdµ) be an n-dimensional complete weighted Riemannian manifold, where e−ϕdµ is the
weighted volume form, 1 is the Riemannian metric and ϕ ∈ C2(M), where C2(M) is the space of all
twice differentiable functions on M. Let 1(t) be an one parameter family of Riemannian metric evolving
along the abstract geometric flow

∂
∂t
1i j = 2Si j, (1)

where S(ei, e j) := Si j(t) is smooth symmetric 2-tensor on (M, 1(t)), t ∈ [0,T0] and T0 is the maximum time of
existence. Define S := tr(Si j) = 1i jSi j. The weighted Laplacian operator is defined by

∆ϕ = ∆ − ∇ϕ∇,
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where ∆ is the Laplace-Beltrami operator and ϕ ∈ C2(M). Recently, Saha et al. [11] studied first eigenvalue
of weighted p-Laplacian along cotton flow.

Inspired by the above works in this paper we derive both Hamilton type and Souplet-Zhang type gra-
dient estimation for a positive solution of the generalized non-linear parabolic equation with potential

∆ϕu =
∂u
∂t
+ A(u)p(x, t) + B(u)q(x, t) + ξ(x, t)u (2)

on the weighted Riemannian manifold (Mn, 1(t), e−ϕdµ) evolving under (1) such that the Bakry-Émery Ricci
curvature is bounded below, where p(x, t), q(x, t) and ξ(x, t) are twice differentiable functions of x, t and
A(u),B(u) are differentiable functions of u.
In Section 3 we find a bound for the quantity |∇u|

√
u

and in Section 4 we find a bound for the quantity |∇u|
u(1+lnκ−ln u) ,

where u ≤ κ and κ is a positive real number. These estimations are known as Hamilton type estimation and
Souplet-Zhang type estimation respectively for a positive solution u of (2) along the flow (1).

2. Preliminaries

In this section we state some fundamental results and evolution equations that will be used later in the
sequel.

Lemma 2.1. (Weighted Bochner Formula) For any smooth function u, we have

1
2
∆ϕ|∇u|2 = |Hess u|2 + ⟨∇∆ϕu,∇u⟩ + Ricϕ(∇u,∇u),

where Ricϕ := Ric +Hess ϕ, is called the Bakry-Émery tensor, Hess is the Hessian operator. For any integer m > n,
an (m − n)-Bakry-Émery tensor is defined by

Ricm−n
ϕ := Ric +Hess ϕ −

∇ϕ ⊗ ∇ϕ

m − n
.

Lemma 2.2. For any smooth function u under the geometric flow (1) we have

∂
∂t
|∇u|2 = −2S(∇u,∇u) + 2⟨∇u,∇ut⟩, (3)

For any two points x, y ∈ M and T ∈ R, the quantity d(x, y, t) denotes the geodesic distance between x and
y under the metric 1(t) for any t ∈ [0,T], 0 < T < T0.

For any fixed x0 ∈M and R > 0 we define a compact set

Q2R,T = {(x, t) : d(x, x0, t) ≤ 2R, 0 ≤ t ≤ T} ⊂Mn
× (−∞,+∞).

For any smooth function f (depending on u) we define Â( f ) = A(u)
u , B̂( f ) = B(u)

u , Â f = A′(u) − A(u)
u and

B̂ f = B′(u) − B(u)
u . For example: If u = e f and A(u) = |u|α−1u then Â( f ) = A(u)

u = e(α−1) f , which gives

1. Â f = (α − 1)e(α−1) f

2. ∇Â = (α − 1)e(α−1) f
∇ f = Â f∇ f .

In short, Â f in denotes the partial derivative of Â with respect to f and the expression related to ∇Â gives
nothing but the chain rule of differentiation.

For any smooth function u > 0, we define some non-negative real numbers
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λ1 := sup
Q2R,T

|Â|

λ2 := sup
Q2R,T

|Â f |

Λ1 := sup
M×[0,T]

|Â|

Λ2 := sup
M×[0,T]

|Â f |

b1 := sup
Q2R,T

|B̂|

b2 := sup
Q2R,T

|B̂ f |

B1 := sup
M×[0,T]

|B̂|

B2 := sup
M×[0,T]

|B̂ f |

σ1 := sup
Q2R,T

|q|

σ2 := sup
Q2R,T

|∇q|

Σ1 := sup
M×[0,T]

|q|

Σ2 := sup
M×[0,T]

|∇q|

γ1 := sup
Q2R,T

|p|

γ2 := sup
Q2R,T

|∇p|

Γ1 := sup
M×[0,T]

|p|

Γ2 := sup
M×[0,T]

|∇p|

m1 := sup
Q2R,T

|ξ|

m2 := sup
Q2R,T

|∇ξ|

M1 := sup
M×[0,T]

|ξ|

M2 := sup
M×[0,T]

|∇ξ|.

3. Hamilton type gradient estimate

Let x0 ∈M and R > 0 be a positive real number.

Lemma 3.1. If u is a positive solution to the equation (2) under the flow (1) and v = u
1
3 with

Ricϕ ≥ −(n − 1)k11, S ≥ −k21

on Q2R,T for some positive constants k1, k2, then the quantity H := v|∇v|2 satisfies

(∆ϕ − ∂t)H ≥ −Ω1H − 4v−1
⟨∇v,∇H⟩ + 4v−3H2

−
2
3
Ω2H

1
2 v

3
2 −

2
3
Ω3vH, (4)

where

Ω1 = 2(n − 1)k1 + 2k2 + (λ1γ1 + b1σ1 +m1)
Ω2 = λ1γ2 + b1σ2 +m2

Ω3 = λ2γ1 + b2σ1.

Proof. Putting u = v3 in (2) we get

(∆ϕ − ∂t)v = −2
|∇v|2

v
+

1
3

f̄ , (5)

where f̄ = Âpv + B̂qv + ξv.
Hence

⟨∇ f̄ ,∇v⟩ = (Â⟨∇p,∇v⟩ + B̂⟨∇q,∇v⟩ + ⟨∇ξ,∇v⟩)v + (Âv|∇v|2p + B̂v|∇v|2q)v + (Âp + B̂q + ξ)|∇v|2.

Thus using Cauchy-Schwarz inequality we infer

f̄ ≤ (λ1γ1 + b1σ1 +m1)v, (6)
⟨∇ f̄ ,∇v⟩ ≤ (λ1γ2 + b1σ2 +m2)v|∇v| + (λ2γ1 + b2σ1)v|∇v|2 + (λ1γ1 + b1σ1 +m1)|∇v|2. (7)

Using Lemma 2.2 on H = v|∇v|2 we have

∂tH = |∇v|2∂tv + 2v⟨∇v,∇∆ϕv⟩ + 2v
〈
∇v,∇(

2
v
|∇v|2)

〉
−

2
3

v⟨∇v,∇ f̄ ⟩ − 2vS(∇v,∇v) (8)

and

∆ϕH = |∇v|2∆ϕv + 2v|Hess v|2 + 2v⟨∇∆ϕv,∇v⟩ + 2vRicϕ(∇v,∇v) + 4Hess v(∇v,∇v). (9)
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A simple calculation yields

(∆ϕ − ∂t)H =
2|∇v|4

v
+ 2|Hess v|2 + 2vRicϕ(∇v,∇v) + 2vS(∇v,∇v) +

2
3

v∇ f̄∇v

+
1
3
|∇v|2 f̄ + 4Hess v(∇v,∇v) − 8Hess v(∇v,∇v). (10)

We see that

2v|Hess v|2 + 4Hess v(∇v,∇v) + 2
|∇v|4

v
= 2v

∣∣∣∣∣Hess v +
∇v ⊗ ∇v

v

∣∣∣∣∣2 ≥ 0

(11)

and

8Hess v(∇v,∇v) = 4v−1
⟨∇v,∇H⟩ − 4v−3H2. (12)

Using (11), (12) in (10) we have

(∆ϕ − ∂t)H ≥ 2vRicϕ(∇v,∇v) + 2vS(∇v,∇v) +
2
3

v∇ f̄∇v +
1
3
|∇v|2 f̄ − 4v−1

⟨∇v,∇H⟩ + 4v−3H2. (13)

Applying the bounds of Ricϕ, S, f̄ and ⟨∇ f̄ ,∇v⟩ on (13) we get our result (4).

Theorem 3.2. Let u be a positive solution to (2) along the flow (1) in Q2R,T satisfying κ̃3
≤ u ≤ κ3 for some positive

real numbers κ, κ̃. If there exist constants k1, k2 such that

Ricϕ ≥ −(n − 1)k11, S ≥ −k21

on Q2R,T, then we have

|∇u|
√

u
≤

3κ2

√
κ̃

{
1
√

2
(Ω+Ω1 +

2
3
Ω3κ)

1
2 + 3

3
4

√
c1

R
+

1

2
5
12 3

1
12

Ω
1
4
2

}
,

(14)

where Ω =
c0

R
(n − 1)(

√
k1 +

2
R

) +
3c1

R2 + c2k2 and Ωi(i = 1, 2, 3) is defined in Lemma 3.1.

Proof. Consider a C2-function ψ on [0,∞),

ψ(s) =

1, s ∈ [0, 1],
0, s ∈ [2,∞),

and it satisfies ψ(s) ∈ [0, 1], −c0 ≤ ψ′(s) ≤ 0, ψ′′(s) ≥ −c1 and |ψ′′(s)|2

ψ(s) ≤ c1, where c0, c1 are positive constants.
Let R ≥ 1 be a constant and define a function

η(x, t) = ψ
(

r(x, t)
R

)
,

where r(x, t) = d(x, x0, t) denotes the geodesic distance between x, x0 with respect to the metric 1(t). As ψ(s)
is Lipschitz, we may assume everywhere smoothness of η(x, t) by using maximum principle and Calabi’s
trick [3] in the same argument of [7].
By generalized Laplacian comparison theorem we have

1. ∆ϕr(x) ≤ (n − 1)
√

k1 coth(
√

k1r(x))
2. ∆ϕη ≥ −

c0
R (n − 1)(

√
k1 +

2
R ) − c1

R2

3. |∇η|
2

η ≤
c1
R2 .
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Let G = ηH. Fix any T1 ∈ (0,T] and assume G achieves maximum at (x0, t0) ∈ Q2R,T1 and G(x0, t0) ≥ 0 (if
G(x0, t0) < 0 then the proof is trivial).

Hence at (x0, t0) we have
∇G = 0, ∆G ≤ 0, ∂tG ≥ 0.

Therefore,

∇H = −
H
η
∇η (15)

and

0 ≥ (∆ϕ − ∂t)G = H(∆ϕ − ∂t)η + η(∆ϕ − ∂t)H + 2⟨∇η,∇H⟩. (16)

By [13], there is a constant c2 such that

−Hηt ≥ −c2k2H. (17)

Using generalized Laplacian comparison theorem, (15) and (17) in (16) we get

0 ≥ −
(c0

R
(n − 1)(

√
k1 +

2
R

) +
3c1

R2 + c2k2

)
H + η(∆ϕ − ∂t)H. (18)

From (15) we have

η⟨∇v,∇H⟩ ≤
√

c1

R
η

1
2 H|∇v|. (19)

Applying Lemma 3.1 and (19) on (18) we get

0 ≥ −ΩH −Ω1G − 4v−1
√

c1

R
η

1
2 H|∇v| + 4ηv−3H2

−
2
3
ηΩ2H

1
2 v

3
2 −

2
3
Ω3vG, (20)

where Ω = c0
R (m − 1)(

√
k1 +

2
R ) + 3c1

R2 + c2k2. Multiplying both sides of (20) with ηv3 we have

0 ≥ −Ωv3G −Ω1ηv3G − 4v
3
2

√
c1

R
G

3
2 + 4G2

−
2
3
Ω2η

3
2 G

1
2 v

9
2 −

2
3
Ω3ηv4G. (21)

Let

θ1 = Ωv3 +Ω1ηv3 +
2
3
Ω3ηv4, (22)

θ2 =
4
√

c1

R
v

3
2 , (23)

θ3 =
2
3
Ω2η

3
2 v

9
2 . (24)

Hence (21) reduces to

0 ≥ 4G2
− θ1G − θ2G

3
2 − θ3G

1
2 . (25)

Applying Young’s inequality we get

θ1G ≤ G2 +
θ2

1

4
, (26)

θ2G
3
2 ≤ G2 +

27
28 θ

4
2, (27)

θ3G
1
2 ≤ G2 +

3

4
4
3

θ
4
3
3 . (28)
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Using (26), (27) and (28) in (25) we get

G2
≤

θ2
1

4
+

27
28 θ

4
2 +

3

4
4
3

θ
4
3
3 . (29)

Putting the value of θ1, θ2, θ3 and multiplying the result with v2 we get

v2G2
≤

1
4

(
Ω+Ω1η +

2
3
Ω3vη

)2

+
27
24

(
2
√

c1

R

)4

+
1

4
5
6 3

1
3

η2Ω
4
3
2

 v8. (30)

Following [2], we have κ̃ ≤ v =⇒ κ̃2H2
≤ v2G2. Hence (30) reduces to

κ̃2H2
≤

1
4

(
Ω+Ω1η +

2
3
Ω3κη

)2

+
27
24

(
2
√

c1

R

)4

+
1

4
5
6 3

1
3

η2Ω
4
3
2

κ8. (31)

Putting v = u
1
3 in H = v|∇v|2 we get H = |∇u|2

9u .
Hence

|∇u|
√

u
≤

3κ2

√
κ̃

1
4

(
Ω+Ω1η +

2
3
Ω3κη

)2

+
27
24

(
2
√

c1

R
+

1
3
η

1
2Ω2

)4

+
1

4
5
6 3

1
3

η2Ω
4
3
4


1
4

. (32)

Since η = 1 over Q2R,T, so using the elementary inequality
√

xy ≤
√

x+
√

y for positive x, y on (32) gives the
result (14).

4. Souplet-Zhang type gradient estimate

In this section we deduce a Souplet-Zhang type gradient estimate for a positive solution of (2) along the
flow (1). Fix x0 ∈M and R > 0 be a real number.

Lemma 4.1. Let u = e f be a positive solution to the equation (2) under the flow (1) in Q2R,T satisfying κ̃ ≤ u ≤ κ for
some positive real numbers κ, κ̃. If there exist positive constants k1, k2 such that

Ricϕ ≥ −(n − 1)k11, S ≥ −k21,

then the quantity W := |∇ f |2

(ρ− f )2 satisfies

(∆ϕ − ∂t)W ≥
2( f − lnκ)
ρ − f

⟨∇W,∇ f ⟩ + 2(ρ − f )W2 +
2 f̄
ρ − f

W + 2(Â f p + B̂ f q)W

−
2

ρ − f
(|Â||∇p| + |B̂||∇q| + |∇ξ|)W

1
2 − 2((n − 1)k1 + k2)W, (33)

where ρ := 1 + lnκ, f̄ = Âp + B̂q + ξ.

Proof. Substituting u = e f in (2) we have

(∆ϕ − ∂t) f = −|∇ f |2 + f̄ . (34)

By virtue of W := |∇ f |2

(ρ− f )2 we have

(∆ϕ − ∂t)W =
6|∇ f |4

(ρ − f )4 +
2|∇ f |2

(ρ − f )3∆ϕ f +
4

(ρ − f )3 ⟨∇|∇ f |2,∇ f ⟩

+
1

(ρ − f )2∆ϕ|∇ f |2 +
2

(ρ − f )2S(∇ f ,∇ f ) −
2

(ρ − f )2 ⟨∇ ft,∇ f ⟩ −
2|∇ f |2

(ρ − f )3 ∂t f . (35)
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and using Lemma 2.2 and (34) on (35) we get

(∆ϕ − ∂t)W =
6|∇ f |4

(ρ − f )4 −
2|∇ f |4

(ρ − f )3 +
2|∇ f |2 f̄
(ρ − f )3 +

8Hess f (∇ f ,∇ f )
(ρ − f )3 +

2|Hess f |2

(ρ − f )2

+
2

(ρ − f )2 (Ricϕ + S)(∇ f ,∇ f ) −
4Hess f (∇ f ,∇ f )

(ρ − f )2 +
2

(ρ − f )2 ⟨∇ f̄ ,∇ f ⟩. (36)

An elementary calculation yields

|Hess f |2

(ρ − f )2 +
2Hess f (∇ f ,∇ f )

(ρ − f )3 +
|∇ f |4

(ρ − f )4 =
1

(ρ − f )2

∣∣∣∣∣Hess f +
∇ f ⊗ ∇ f
ρ − f

∣∣∣∣∣2 ≥ 0, (37)

and

2Hess f (∇ f ,∇ f )
(ρ − f )2 +

2|∇ f |4

(ρ − f )3 = ⟨∇W,∇ f ⟩. (38)

Using (37) and (38) in (36) we get

(∆ϕ − ∂t)W ≥
2⟨∇W,∇ f ⟩
ρ − f

− 2⟨∇W,∇ f ⟩ +
|∇ f |4

(ρ − f )3 −
2|∇ f |2 f̄
(ρ − f )3 +

2
(ρ − f )2 ⟨∇ f̄ ,∇ f ⟩

+
2

(ρ − f )2 (Ricϕ + S)(∇ f ,∇ f ). (39)

We have ρ − f ≥ 1 and some basic analysis on f̄ gives

2
(ρ − f )2 ⟨∇ f̄ ,∇ f ⟩ =

2
(ρ − f )2

(
(Â f p + B̂ f q)∇ f + Â∇p + B̂∇q + ∇ξ

)
∇ f

≥
2

(ρ − f )2

(
Â f p + B̂ f q

)
|∇ f |2 −

2
(ρ − f )2

(
|Â||∇p| + |B̂||∇q| + |∇ξ|

)
|∇ f |

= 2
(
Â f p + B̂ f q

)
W −

2
(ρ − f )

(
|Â||∇p| + |B̂||∇q| + |∇ξ|

) √
W. (40)

Using (40) and bounds of Ricϕ and S on (39) we obtain the lemma.

Theorem 4.2. Let u be a positive solution of (2) along the flow (1) satisfying κ̃ ≤ u ≤ κ for two positive real numbers
κ, κ̃. If there exist positive constants k1, k2 such that

Ricϕ ≥ −(n − 1)k11, S ≥ −k21

on Q2R,T then we have

|∇u|
u

≤

(
1 + ln(

κ
κ̃

)
)
R, (41)

where R is a positive real constant given by

R =

(
2

3
√

3

) 1
2
√

c1

R
ln(
κ
κ̃

) +
√

2(λ1γ1 + b1σ1 +m1 + λ2γ1 + b2σ1 + (n − 1)k1 + k2)
1
2

+
4√3
√

2
(2λ1γ2 + 2b1σ2 + 2m2)

3
16 +

(c0

R
(n − 1)(

√
k1 +

2
R

) +
3c1

R2 + c2k2

) 1
2

.
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Proof. Let G = ηW, where η is defined in Theorem 3.2 along with its restrictions. Fix any T1 ∈ (0,T] and
assume G achieves maximum at (x0, t0) ∈ Q2R,T1 and G(x0, t0) ≥ 0.

Hence at (x0, t0) we have
∇G = 0, ∆G ≤ 0, ∂tG ≥ 0.

Therefore,

∇W = −
W
η
∇η (42)

and

0 ≥ (∆ϕ − ∂t)G =W(∆ϕ − ∂t)η + η(∆ϕ − ∂t)W + ⟨∇η,∇W⟩. (43)

By [13], there is a constant c2 such that

−Wηt ≥ −c2k2W. (44)

Using generalized Laplacian comparison theorem, (42), (44) on (43) we get

0 ≥ −
(c0

R
(n − 1)(

√
k1 +

2
R

) +
3c1

R2 + c2k2

)
W + η(∆ϕ − ∂t)W. (45)

Let Ω = c0
R (n − 1)(

√
k1 +

2
R ) + 3c1

R2 + c2k2. Then (45) reduces to

0 ≥ −ΩW + η(∆ϕ − ∂t)W. (46)

Using Lemma 4.1 on the above equation we get

0 ≥ −ΩW + 2η
( f − lnκ)
ρ − f

⟨∇W,∇ f ⟩ + 2η(ρ − f )W2 + 2η
f̄

ρ − f
W

+2η(Â f p + B̂ f q)W −
2η
ρ − f

(|Â||∇p| + |B̂||∇q| + |∇ξ|)W
1
2 − 2η((n − 1)k1 + k2)W. (47)

Multiplying both sides with η and some elementary calculation gives

0 ≥
2( f − lnκ)
ρ − f

η2
⟨∇W,∇ f ⟩ + 2(ρ − f )G2

−

{
2| f̄ |
ρ − f

+ 2(n − 1)k1 + 2k2 + 2(|Â f ||p| + |B̂ f ||q|)
}
ηG

−
2

ρ − f

(
|Â||∇p| + |B̂||∇q| + |∇ξ|

)
η

3
2 G

1
2 −ΩG. (48)

Now we apply Young’s inequality to each member of the right hand side of (48).

2(lnκ − f )
ρ − f

η2
⟨∇W,∇ f ⟩ =

2( f − lnκ)
ρ − f

G⟨∇η,∇ f ⟩

≤ 2 ln(
κ
κ̃

)
√

c1

R
G

3
2

≤
G

3a
2

a
ϵa +

(
2 ln(κκ̃ )

√
c1

R

)b

bϵb
. (49)

Set a = 4
3 , b = 4, ϵ4 = 27 we get

2(lnκ − f )
ρ − f

η2
⟨∇W,∇ f ⟩ ≤

G2

4
+

4c2
1

27R4

(
ln
κ
κ̃

)4
. (50)
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Similarly setting a = 4, b = 4
3 and ϵ = 1 we have

2
ρ − f

(|Â||∇p| + |B̂||∇q| + |∇ξ|)η
3
2
√

G ≤ 2(λ1γ2 + b1σ2 +m2)η
3
2
√

G

≤
G2

4
+

3
4

(2λ1γ2 + 2b1σ2 + 2m2)
4
3 .

(51)

Setting a = 2, b = 2 and apply Peter-Paul inequality we have

2
(

f̄
ρ − f

+ (n − 1)k1 + k2 + Â f p + B̂ f q
)
ηG ≤ 2νηG

≤
G2

4
+ 4ν2, (52)

where ν = λ1γ1 + b1σ1 +m1 + (n − 1)k1 + k2 + λ2γ1 + b2σ1 and the last term

ΩG ≤
G2

4
+Ω2. (53)

Using (50), (51), (52), (53) in (48) and applying ρ − f ≥ 1, we get

G2
≤

4c2
1

27R4

(
ln
κ
κ̃

)4
+ 4ν2 +

3
4

(2λ1γ2 + 2b1σ2 + 2m2)
3
4 +Ω2. (54)

As η(x, t) = 1 in Q2R,T, f = ln u and using the inequality
√

x + y ≤
√

x +
√

y for positive real numbers x, y
we have.

|∇u|
u(ρ − ln u)

≤

(
2

3
√

3

) 1
2
√

c1

R
ln(
κ
κ̃

) +
√

2(λ1γ1 + b1σ1 +m1 + (n − 1)k1 + k2 + λ2γ1 + b2σ1)
1
2

+
4√3
√

2
(2λ1γ2 + 2b1σ2 + 2m2)

3
16 +

(c0

R
(n − 1)(

√
k1 +

2
R

) +
3c1

R2 + c2k2

) 1
2

. (55)

We have ρ − ln u = 1 + lnκ − ln u = 1 + ln(κu ). Since κ̃ ≤ u ≤ κ, so 1 ≤ κ
u ≤

κ
κ̃ . Thus ρ − f ≤ 1 + ln(κκ̃ ). Apply

this relation to the last deduced equation (55) to complete the proof.

5. Applications

In this section we apply Theorem 3.2 and Theorem 4.2 to find the global gradient estimates of positive
solution of the nonlinear parabolic heat type equation (2) on M × [0,T] under the flow (1) .

Corollary 5.1 (Hamilton type global gradient estimate). Let u be a positive solution to (2) along the flow (1) in
M × [0,T] satisfying κ̃3

≤ u ≤ κ3 for some positive real numbers κ, κ̃. If there exist constants k1, k2 such that

Ricϕ ≥ −(n − 1)k11, S ≥ −k21

on M × [0,T], then we have

|∇u|
√

u
≤

3κ2

√
κ̃

{
1
√

2
(Ω̄ + Ω̄1 +

2
3
Ω̄3κ)

1
2 +

1

2
5

12 3
1
12

Ω̄
1
4
2

}
, (56)

where

Ω̄ = c2k2

Ω̄1 = 2(n − 1)k1 + 2k2 + Λ1Γ1 + B1Σ1 +M1

Ω̄2 = Λ1Γ2 + B1Σ2 +M2

Ω̄3 = Λ2Γ1 + B2Σ1
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Proof. From Theorem 3.2 we have the local Hamilton type estimation for a positive solution u of (2) evolving
under (1). Letting R tends to infinity and using the global bounds in (14) we get (56).

Corollary 5.2 (Souplet-Zhang type global gradient estimate). Let u be a positive solution to (2) along the flow
(1) in M × [0,T] satisfying κ̃ ≤ u ≤ κ for some positive real numbers κ, κ̃. If there exist constants k1, k2 such that

Ricϕ ≥ −(n − 1)k11, S ≥ −k21

on M × [0,T], then we have

∇u
u

≤

(
1 + ln(

κ
κ̃

)
)
R̄, (57)

where

R̄ =
√

2(Λ1Γ1 + B1Σ1 +M1 + Λ2Γ1 + B2Σ1 + (n − 1)k1 + k2)
1
2 +

√
c2k2 +

4√3
√

2
(2Λ1Γ2 + 2B1Σ2 + 2M2)

3
16 .

Proof. From Theorem 4.2 we have the local Souplet-Zhang type estimate. Letting R → +∞ and use the
global bounds in (33) we get (57).

6. Concluding remark

In modern geometric analysis gradient estimation is an active area of research. Several authors derived
Hamilton type and Souplet-Zhang type estimations for maniolds without flow cite [4–6] and the references
therein. Abimbola [1] derived gradient estimates for heat type equations

(∆ − ∂t)u = Ru

on evolving manifolds, which can be obtained by putting ξ = R, A = B = 0 and treat ϕ as a constant map
in (2). In [14], Wu established Li-Yau type estimates for a nonlinear parabolic equation

(∆ϕ − ∂t)u = au ln u + qu (58)

on complete manifolds, which can be derived by setting A(u) = u ln u, p(x, t) = a (constant function),
B(u) = 0, ξ(x, t) = q (a real number) in (2). Azami [2] established the estimations for the equation

(∆ϕ − ∂t)u(x, t) = q(x, t)ua+1 + p(x, t)A(u(x, t))

along a geometric flow, which can be obtained by putting B(u) = ua+1 and ξ(x, t) = 0 in (2). Thus our work
generalizes [2] and many other authors.
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