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Geometries and topologies of a manifold with n-quarter-symmetric
projective conformal and mutual connections

Di Zhao**, Kum-Hyok KwakP?, Tal-Yun HoP, Chol-Yong JonP

?College of Science, University of Shanghai for Science and Technology, 200093 Shanghai, P. R. China.
YFaculty of Mathematics, Kim Il Sung University, Pyongyang, D. P. R. K

Abstract. We propose a new m-quarter-symmetric projective conformal connection family and its mutual
connection family and study its geometrical properties. We also arrive at the Schur’s theorem based on a
symmetric-type m-quarter-symmetric non-metric connection and investigate its geometrical property. This
paper will pose a new grid computing method on manifolds, which will be done in our next topic.

1. Introduction

K. Yano in [20] considered a semi-symmetric metric connection and studied some of its properties. In
[3] a semi-symmetric non-metric connection was studied. And a semi-symmetric non-metric connection
that is a geometrical model for scalar-tensor theories of gravitation was studied([5]). Also other types of
semi-symmetric non-metric connection were studied([1, 4, 10, 11, 22-25]). On one hand, in [2] the Schur’s
theorem of the Levi-Civita connection is well known based only on the second Bianchi identity([10, 12, 13]).
In 1975, S. Golab [8] defined and studied quarter-symmetric lineal connections in differentiable manifolds.
A lineal connection is said to be a quarter-symmetric connection if its torsion tensor T is of the form

T(X,Y) = n(V)pX — n(X)pY (1.1)

where @ is a tensor of type (1.1) and 7 is a 1-form. In [9], a projective invariant of a quarter-symmetric
metric connections was obtained. Afterwards, several types of a quarter-symmetric metric connection were
studied ([6, 21]) and several types of a quarter-symmetric non-metric connection were studied ([12, 13]). In
a statistical manifold a conjugate symmetry condition of the non-metric connection was studied ([14, 15]).
In [7] the curvature copy problem of a symmetric connection studied. In [16] the concept of a new semi-
symmetric connection was introduced and its physical model studied. In [9] a quarter-symmetric metric

q
connection was studied. The quarter-symmetric metric connection V satisfies the relation

(V.g)(X, V) = 0, T(X, Y) = n(Y)pX - n(X)¥ (12)
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The local expression of (1.2) is
d Tk K k
ng]‘,‘ = O,Tﬁ = ni(Pj = T4; (13)
and the connection coefficient is
q
Tf = {5} + U — Ve - Uy (14)

where {’]‘.1.} is the coefficient of the Levi-Civita connection and (p’]? and 7; are components of (1.1)-type tensor

field ¢ and 1-form 7 respectively and U;; = 3(pi; + ¢ji), Vij = 3(@ij — ¢;i) and 7* = g¥m; ([9]).

In [14] the connection homotopy based on geodesic of the Levi-Civita connection was proposed. In this
paper we newly defined a r-quarter-symmetric connection family based on a quarter-symmetric connection
using result of the research of a quarter-symmetric connection and studied its geometric properties. And
we will propose a new m-quarter-symmetric projective conformal connection family and symmetric-type
m-quarter-symmetric non-metric connection satisfying the Schur’s theorem and study its properties.

The paper is organized as follows. Section 1 introduced previous works. Section 2 studied the property
of the m-quarter-symmetric projective conformal connection family. Section 3 studied symmetric-type
n-quarter-symmetric non-metric connection satisfying the Schur’s theorem.

2. A m-quarter-symmetric projective conformal connection

0
Let (M, g) be a Riemannian manifold (dimM > 2), g be the Riemannian metric on M and V be the
Levi-Civita connection with respect to g. Let TM denote the collection of all vector fields on M.

T
Definition 2.1. A connection V is called a n-quarter-symmetric non-metric connection if it satisfies
TU TU
V29(X,Y) = 20(Z)U(X, Y), T(X, Y) = 7(¥V)pX — n(X)pY
The local expression of this relation is
T s
ngj,' = anuﬁ, TI;i = n,-go’; — 71](0?
and the connection coefficient is
Tt
Tl = {5} + Ul — Uy
t
Definition 2.2. A connection family V is called a mt-quarter-symmetric connection family if it satisfies the relation

t t
V29(X,Y) = 2(Z)U(X, Y), T(X, Y) = 7(V)gX - m(X)pY
where t is a family parameter (t € R).
The local expression of this connection is
t t
ng]‘,‘ = Ztﬂkg]‘,‘,Tl;i = ﬂi(p]](» — ﬂj(pf
The connection coefficient is given as

t
l"fj = {fj} — tm; Uk - me — (t = YU + (t = HUyn*

t q
Remark 2.1. The m-quarter-symmetric connection family V is a connection homotopy from connection V to the

u 3 q t T
connection V. Namely if t =0, thenV =V and ift =1, then V. =V.
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C C
The connection Vis called a t-quarter-symmetric conformal connection family, if V is conformally equivalent
t c
to a m-quarter-symmetric connection family V. The coefficient of the connection V is

c
Ff]. = {Z} + Giélj - O]'(Si-( - gijék - tT(iu;? - 711"/;F —(t- 1)7T]'U5-< + (t— 1)Uij7'(k

where the conformal metric g;; = ezggij and o; = dio.

4 p
The connection V is called a m-quarter-symmetric projective connection family, if V is projectively

t 4
equivalent to a r-quarter-symmetric connection family V. The coefficient of the connection V is

4
T = (5 + i) — o) — tmUs = VK = (¢ = DU + (¢ = DUyt
where 1); is a projective component.

Definition 2.3. A connection is V called a m-quarter-symmetric projective conformal connection family, if V is

t
projectively and conformally equivalent to a m-quarter-symmetric connection family V.

In a Riemannian manifold, a m-quarter-symmetric projective conformal connection family V satisfies
the relation

Vz9(X,Y) = =2[V(Z) + Zolg(X, Y) — ¢(X)g(Y, Z) — p(Y)9(X, Z) + 2tn(Z)U(X, Y), 2.1)
T(X,Y) = n(Y)pX - n(X)pY ’
The local expression of this relation is
Vigji = =2($k + 01)gij — Yigi — Vigi + 2t U;;, 2.2)
T’]‘.l. = ni(p’]? — Tk )
and its coefficient is
l“i.‘]. = {Z} + (171)1 + O,‘)(S? + (l/)] + Gj)éf - g,']'Ok - tT(ﬂ.l;f - RiV? —(t- 1)71]'115-{ + (t— 1)Uijnk (2.3)

0 4 t
Remark 2.2. If W =0, then V = Vand ifo; = 0, then V = V. IfW; =0, =0, then V = V. And ift =1

and Y; = 0; = 0, then V = V and ift=0and }; =0, =0, then V = % And if t = O, then the m-quarter-
symmetric projective conformal connection family V is a quarter-symmetric projective conformal connection ([18]).
And if pX = X, then the m-quarter-symmetric projective conformal connection family V is a projective conformal
semi-symmetric connection family.

From the expression (2.3) we find that the curvature tensor of V is
Ry = Kij' + O = Sl + guB — g + (£ = D(Ujyjx — Uiy + Ui = Uy}
0 0
+tm@fmwﬂupnmm%—manﬁw%—ww+m%—m% (2.4)

0 0 / 0 ; 0 ; ; 0 0 ; 0 0
(t - 1)[(V1-Ujk - V]'Ujk)ﬂ - (V,-U]. - V]-Ul.)nk] - tuk(ij - V]'T(,') - Vk(vl’T(j - VjT[,')

+
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0
where Kijkl is the curvature tensor of V of g;j, and

= %i(l,bk +0x) = (i + 0@k + 0k) + (= YUL (Y + 0p)71x = (£ = DUy + 0,)7 + gy + 0)0”
Bk = %iak — 0o + (t = Uo7 — (t — DUyrt,07
YVik = %mk - miox + (t = D)UjpoP 1 — %(t - DUymt,m?
u = %iu;( - uf(lpk +0y) + (t— 1)ufu§,nk —(t- 1)u§u§np +(t— 1)u1-pu,’jnl —(t- 1)u,-ku;,np
- Uyo' + galyof + 1LY (W, + o))
vl = %iv,l( = Vi + 0p) + (t = DUV = (8 = DUV T, + (8 = DU Vi = (8= DUV,
- Vyo! + gikV;,aF’ + 65VZ(¢F +0p)

(2.5)

m
From (2.2), the mutual connection V of the m-quarter-symmetric projective conformal connection family V
satisfies the relation

Vigii = =2(Qk + 0)gij — Yigjx — ¥gic + 2(t — DU + 1650 + 11,

Tk k k (2.6)
T]',' = TP — TG
and its coefficient is
m
Tl = (5 + i+ 000 + (@) +0))8F = gijo* = (¢ = DUl — Ve + (¢ = DUyt (2.7)
m
And the curvature tensor of V is
m ml ml I 1 om! m!
Rijkl = Kijkl + (Sé-tn;ik - 65-2‘;]']( + g,‘kﬁj - g]'kﬁi + (f - 1)(Ll]-k7"%i — U,-k?%j + u]-kT(,‘ - LI,-kn]-)
mooom 0 0 ;0 0 ml ml
+ t(pjkui - piku].) - (i’ - 1)Uk(Vi7zj - Vjﬂj) + 6k(V,\I/] - V]\y,) + (VI] - Vji)nk (28)
0 0 I R g 1m 1m
+ (t- 1)(Vink - V]‘uik)ﬂ - t(V,-llj — V]‘ul-)ﬂk + Viyjk - Vj‘}/ik
where
0
i = Vilr +0x) = (@ + o)Wk + 0x) + (E = DUL Wy + 0,)71; — (¢ = DUi(hy + 0,)70"
+ tllf(l,bp + 0p) Tk
m 0
Bx = Viok —agiox + (t — YU 1 — (t — YUkymi0P — tUpmpo? + gic(yPy + 0p)0”
0
gik = Vior — (i + o) + thﬂpUk 29
0 .
%ik = Vioy — miop + (t — 1)U,‘pﬂpﬂk - tuiknpn?’ @9)
0
)n}ik = Vimp — (Y + op) + (- 1)U£T(,-7Ip + gikTp0f + thnpnk + anpnk — (t = YUxm,m?
m 0
U,-kl = Zlu]l( - Uf(t/;k + 0y) + thu;ﬂk - tufufn,, + (t— 1)u,‘puz I (t- 1)LIikU§,nF’ - Ul-kol
m
Vi = ViVi+ §Vi(py +0p) + Vijo' + (t = DU,V — (U Vi, + (= DUy Vi

Let f and s be two 1-form with their components
fi= nfnk, s; = gbfni (2.10)

Theorem 2.1. In a Riemannian manifold, if a 1-form ¢ and s are closed, then a volume curvature tensor of the
ni-quarter-symmetric projective conformal family V is zero, namely

Pij=0 (2.11)

where PijéR,-]-klgk’ is a volume curvature tensor of V.
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Proof. Contracting the indices k and / of (2.4), then we obtain
Py = Pty —a +Bii = Bij + (= DUy g — Uy + Ugy* — Uny®) + (UK, — Uk
ij ij T &ij = Aji T fji = Pij iVik = YiVik t UKy iKY j ik~ TG Yk

0 0 0 0
(t = DUy = Ui + (Vi = Vi) = UVt = Vi) + Vi = Vi, (2.12)

+

0 0 k 0 r 0 r r 0 0
(t = DUVillx = ViU = (ViU = VUl = Vi(Vir = Vi)

+

0 0
where Pijis the volume curvature tensor of the Levi-Civita connection V of gij-

0
Since P;; = 0, V’,z = 0, by using the expression (2.5), we have
0 0
aij = aji + Bji = ij = (Vitg; = Vi) = (t = DU, — iU} y),
Uy j - U?Vik + Upyts - UikV’} =0,
0 0
n,u’]fk - n]-uf.‘k = ﬂiv]'uz - n]-Viu’,j,
Yl — 0V U — (VU — VU =
(nzvzu]k nlv]ulk)n (Vzuj ]u{)nk =0,
k _ yk —
Vig=Vy=0.
Substituting these expressions above into (2.12) and using the expression (2.10) we have

0 0 0 0
Pij = (n+ 1)(Viyj = Viihi) — £(Visj = Vjsi) (2.13)

0 0 0 0
If a 1-form ¢ and a 1-form s are of closed, then Vi), — V;i; = 0 and V;s; — V;s; = 0. Hence from (2.13), we
obtain the expression (2.11). This ends the proof of Theorem 2.1. [

0 q
Remark 2.3. If Y =0, then V = V. From (2.12) if t = 0, then ICJ,j =0and P;; = 0. Ift = 1 and a 1-form s is a closed
form, then lgij =0.

Theorem 2.2. In a Riemannian manifold, if a 1-form 1, s and f are closed forms, then a volume curvature tensor of
m
the mutual connection V of the m-quarter-symmetric projective conformal connection family V is zero, namely

P =0, (2.14)

m m
where Pjj = 0 is a volume curvature tensor of V.

Proof. Contracting the indices k and [ to (2.8), then we have

m 0 m m m m m m mk mk m m
Pij = Pij+a;—a;+ nBji - nBij + t(ufp].k - u?pik) +(t— 1)(ujk77i - Uiknj) +(t— 1)(7Tiul]<-k - ﬂjUi-(k)
0 0 « 0 0 0 0 « 0 « 0 X
+ H(Vi¢j - Viji) —(t- 1)uk(V,-n]- - Vjﬂi) +(t— 1)(Vink - lelik)n - t(V,Uj - V]-Ui)nk
0 0 m m
+ Vb/jk - V;'(yik + (V;{j - Vl;i)nk
From (2.9) we arrive at

m

m 0 0
211{1']' - ’6111{]‘1' + ﬁﬁ - ﬁij (V,‘l#j - V]‘IP,') - [ﬂiU?(l’Dp + O‘p) - T[]‘U?(l’[)p + (Tp)] + Z(t - 1)(niuj,,a” - n]-llipa”)

0 0
t(ufgjk - U;ngk) = t(us]-nk - U?Viﬂk) + f[ﬂiU?(¢k + 0g) — n]-llf.‘(gbk + 0p)]
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mk mk 0 k 0 k k k
(t = D(Upr; — Uprj) = (¢t = DU Vir" = Uy Vi) = (¢ = D(milo™ — 1t;Uio")
Tk 1Tk S Tk S p P
(t- 1)(711‘Ujk - n]-llik) =(t- 1)(711‘Vjuk - ﬂjviuk) +(t— 1)[71in (¢P + Up) - T(]‘Ui (llbp + Gp)]
- (t- 1)(7Tju]‘k(5k - n]»llikak)
0 0 m m 0 0 0 0
ViV = Viyu + (V5 = Ve = ViVimg = VIVimg + m(ViVE = V,Vp).
On the other hand, there holds the following
0
P =0, Vi =0, fi = (U + Vi), s; = (U + V),
Hence
m 0 0 0 0 0 0
Pij = (n+1)(Vip; = Vi) = (t = 1)(Vis; — Vjsi) = (Vifj = Vi f). (2.15)

0 0 0 0 0 0
If a 1-form ¢ and s are of closed, then (Vi; — V;i;) = 0, (Visj — Vs;) = 0 and (V;f; — V;f;) = 0. Hence from
the expression (2.15), we obtain that (2.14) is tenable. [J

Denote by
0 0
Ai]'kl = 5?-0(1']( + gikﬁ; + (- 1)(Ub/jk + U]'k)/f-) + tﬂiU;k + (t - 1)7‘[1U§-l[1k + 5;{Vﬂl)]’ - tu,’(Vinj

1 1 0 0 1 0 1
+ T(iij - VkviT(]' + (t - 1)(Viu]'k7'( - ViujT(k)

and

m

!
Aijk

pm ! I ml ML S 1
(3]~0é1'k + gikﬁ]‘ + tUiﬁjk + (t - 1)ujkni + (t - 1)mujk +6,Viy; — (t— 1)UkV,‘7T]‘
0 I 1 mo 3
+ (t- 1)V1'u]'k7'£ - tT[l'u]-TCk + Viyjk + Vi]-TCk.
From these expressions, the expressions (2.4) and (2.8) are
Rige' = Kij' + A" = Ajue,

and
m m

T B T B S
Rl]k - Kljk +A1]k A]lk ’
respectively. So there exists the following.
Theorem 2.3. When Ay' = Aji!, then the curvature tensor will keep unchanged under the connection trans-
0 m m
formation V. — V and when A,-]-kl = Ajix ! then the curvature tensor will keep unchanged under the connection

0 m
transformation V. — V.

From (2.2) and (2.3), the connection coefficient of dual connection V of the n-quarter-symmetric projective
conformal connection family V is

T8 = (5 = i+ 000 +0,0f = gij@* +0%) = (t = DU + trUs — Vi + (¢ = Uym*

and the curvature tensor of V is

*

Rye' = Kip'+ 5§-ﬁik — B+ !]ika; —gipi+ (t= DUy — Uﬁ%‘k + Uyt — uikyé)
* * 0 0 0 0
- t(u;kﬂi - Uﬁknj) —(t- 1)(71,'U]‘k17bl - njllikv,b’) - 55((Vi1/)j - Vj¢i) + tU}l{(Viﬂj - Vjﬂi) (2.16)

0 0 I 0 ] 0 . ) o . 0 0
(t - 1)[(V1‘Ujk - lelik)n - (V,-Uj - V]Ul.)nk] + ﬂiij - n]-Vik - Vk(ViIPj - V]'IP,'),

+
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where
* 0
ul, = Vil +8UWo, - (t - HUUm, + (¢ - DUpUi ' — Un(y' +0') — Ulor — (¢ - 1)uiku;np
+ (- DU Uy + gacdy (g + o),
* 0
Vi = ViVi+8Vio, - (t-DUVIm, + (t - DU Vir' = V@' +0') = Viep — (t - 1)UikV;n”

+ (= DU Vi + gV, + o),

From the expressions (2.4) and (2.16), we obtain

*

Ry = Kip'+ 6 ap—Bi) — 55-(0% - Bix) + 91’k(a‘§' - ﬁ;) — gilal — B + t[ﬂi(uék + U;k) —miUl + U]

(= DUy’ + Ul — (Ui + Up)] = 204(Vipy = Vi) + 26U (Vi = Vi) (2.17)

+

71 ! 71 !
(Vi = Vi) =i (Vi = Vi),

mx* m
From (2.6) and (2.16), the connection coefficient of dual connection V of the mutual connection V of the

ni-quarter-symmetric projective conformal connection family V is
mx*
T i(] = {Z} - (Wi + Gi)(SI; + Gj(Sf - g,']'(ll)k + Gk) + (t— 1)71,'11]; —(t- 1)n]-uf.‘ + tuijﬂk + Vi]'ﬂk

m
and the curvature tensor of V is

m+ m m 1 ) m+ m=
Rip! = Ky + 08By = 0B + gu; = gect; + (¢ = DUt — Uty + Uy — Uy i)
my my T I 2 0 0 !
+ Hp Ui —p Ui) = (t = DVill; = ViU = 6,(Vithj = Vi) + H(Vill je = V;Uz)e (2.18)
" 2 mj miyy A N
+ (Vi = Vi) + (Viey ;= Viey ) + (Vig = Vi)™,
where

m* 0
u;k = Vil - Ujoy — (t - DUU , — Up(' + 0') + tU, UV ' — U U + (£ = HUT UL,
ms 0
Vi‘k = VjV]l( + Vijak + giijp(¢p +o’)—(t— 1)niV]-pU£ +(t— 1)U7Vjp77k - tu,-kV]-pn”.

From (2.8) and (2.18), we obtain

m* m ml

m m 1
Ry Ry + olay - Bi) = 5?(% = By) + (£ = 1)Ul — Ué'%ik + 1 Ui~ iU + gular; - B;)

+ Hpu U= Ul + Upep = Uiep ) + (£ = DIUs" + Uy — (U + U] (2.19)
0 0 ml ml 0 0 o 0
- 26k(vlll)] - V]ybl) - g]-k(oci - ﬁz) + 2(t - 1)Uk(V,-n]- - VjT(i) + (V,LI] - V]'ui)T(k
0 0 m m m m m m mx m*
+ Vil - VjUik)nl + (ijyﬁ- - Vikyé' + Vj%‘k - Vzl'ij) - (Vﬁj - Vi»i)ﬂk + (Vi — Vjik)nl/
Denote by
m* m 0
Bij! = Oiaj— B + gl = B)) — tri(Uy + U — (t = DU’ + U — 20, Vi

19 T !
+ 2tUVim + ﬂi(u].k - Ujk)
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and

m

m m 0 0
Bl‘]‘kl = 65(3]‘1( - nBjk) + g’k(gi -p ;) +(t— 1)(Uf.7r4jk + U,‘k% é) + t(ll;}gik + u]‘kz 5) - Zéiviﬂj + Vﬂlﬁﬂk

s+

7L 17! 9 V.ol I my M 2 k
(t— 1)(Uik + Ul-k)ﬂ]‘ +2(t — 1)leVin]- + (Vijkn Vi + Viy; + ijik) + Vilyn

+

Then we get by (2.17) and (2.19) there holds

ol I I I
Rij" = Rij" + Bijjp" — mBj. ',

and
m* m m

I_p 1 I I
Bij = Bijx' + Bijx" — Bji ,
respectively. Thus we arrive at the following

Theorem 2.4. When B! = Bjy!, then the m-quarter-symmetric projective conformal connection family V is a

m m m
conjugate symmetry and when Bij' = Bjy!, then the mutual connection V of V is a conjugate symmetric connection.

3. Symmetric-type -quarter-symmetric non-metric connection
Now, let ¢;; be symmetric, that is, 1;; = Uj;.

Definition 3.1. In a Riemannian manifold, a connection D is called a symmetric-type m-quarter-symmetric non-
metric connection, if the connection D satisfies

D2g(X,Y) = 2r(Z)U(X, Y), T(X,Y) = n(Y)UX — n(X)UY.

The local expression of this expression is

Dygij = 2mlyj, Tf; = Uy — Uy, (3.1)
and the connection coefficient is
T = {5 - mut (32)
and the curvature tensor is
0 0
Rijkl = Ki]‘kl - v,(ﬂ]u}l() + V](nlll,l() (33)

From (3.1) and (3.2), the connection coefficient of dual connection D of the symmetric-type m-quarter-
symmetric non-metric connection D is

Sk gk 7k
I’l.]._{l.].}+n,llj

and the curvature tensor is

*

0 0
R,‘jkl = Kijkl + V,(T(]U,l() - V](Rlu]l() (34)
From (3.3) and (3.4), we obtain

*

0 0
Rig! = Kige! + 2[Vi(m;UL) = V(r;UL)] (3.5)

Thus we have the following



D. Zhao et al. / Filomat 37:12 (2023), 3915-3926 3923
Theorem 3.1. In a Riemannian manifold (M, g), if there holds
J I — o I
V,-(njllk) = Vj(ﬂiuk) (3.6)
0
then the curvature tensor will keep unchanged under the connection transformation V.— D and the symmetric-type
Ti-quarter-symmetric non-metric connection D is a conjugate symmetric connection.

Theorem 3.2. If a Riemannian metric g admits a symmetric-type m-quarter-symmetric non-metric connection D
with a zero curvature on a Riemannian manifold (M, g), then the Riemannian metric is flat.

Proof. Adding the expressions (3.3) and (3.4), we obtain

Ri]'kl + R,‘jkl = 2Kijk l. (37)

If Rij! = 0, then R;%' = 0. From the expression (3.7) we have Kjj' = 0. Hence the Riemannian metric is
flat. O

From (3.1) and (3.2), the connection coefficient of mutual connection D of the symmetric-type nm-quarter-
symmetric non-metric connection D is

Tl =)+ mut (3:8)

m
and the mutual connection D satisfies the relation

Dt = —1tln — t:Un. T% = 7005 — .U
kJij = 7_(zu]k 7_(]uzkr ,'j—nzu]' n]Ui, (3.9)
m
and the curvature tensor of D is
Rl = Koo'+ Ubren — Ul %,1_%,1
ijk = Kijk +ujnzk u,'n]k'*'( lu]' ]ul’)/ (3.10)

0
where 1ty = Vi — Ut .

m* m
From (3.8) and (3.9), the connection coefficient of dual connection D of the mutual connection D is
Tk _ ik k
r ij = {ij} - Llijn ’ (3.11)

and the curvature tensor of is

wo I I I 2 !

Rijk = Kijk + Uiknj - U]'kT(i - (Vink - V]'U,'k)Tl , (3.12)
m* m

From the expression (3.11), the dual connection D of the mutual connection D satisfies the relation

ms

m*
Dygij = mill + Ui, Tij* =0,
So there exists the following

Theorem 3.3. In a Riemannian manifold (M, g), the first Bianchi identity and the second Bianchi identity of the

mx m
curvature tensor of dual connection D of mutual connection D of the symmetric-type mt-quarter-symmetric non-metric
connection D are

m* Mm* m* nx* m* m* (3.13)

m* I mx* I mx* I
{ Rijc" + Rjic” + Ryij* =0,
DhRi]'kl + Dithkl + Dthikl =0.
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It is well known that if a sectional curvature at a point p in a Riemannian manifold (), g) is independent of
E (an 2-dimensional subspace of T,M), the curvature tensor is

Rige' = k(p)Olgu — 5;gik)f (3.14)
In this case, if k(p) = const, Vp € M, then the Riemannian manifold ()], g) is a constant curvature manifold.

Theorem 3.4. Suppose a connected Riemannian manifold (M, g) associated with a symmetric-type T-quarter-
symmetric non-metric connection D is isotropic. If dimM > 3, then the Riemannian manifold (M, g) is of constant
curvature.

Proof. Proof. Substituting the expression (3.13) for the second Bianchi identity of the curvature tensor of
the symmetric-type m-quarter-symmetric non-metric connection, we get

DyRijx' + DiRjpe' + DjRye' = T/ Rjpic' + Tf’].Rh,,k’ + T, Ripk !
then we have
Dik(p)(6igjk — 03gix) + Dik(® g — 6,97%) + Dik(p)(&, gk — 6igm)
+2k(p) [ (O U — 6§-Uik) + ni(ééuhk — & Uj) + 10;(8) Uy — 6/ U]
= —k(p)[Un(Sjj — 8717) + U(S7th — 8,707) + U0}, — 0700
+ghk(u§nj - U;.ni) + g,«k(ll;.n;, - Uinj) + gjk(ll,lini - Ufnh)].
Contracting the indices i,/ on both sides of this expression above, then we have

(n = 2)[Dypkgx — Dikgne + 2k(0,Ujg — 1;Upk )]
= k[(n = 3)(rtnUjx — 7jUp) + ghk(u;'ni - Uinj) — gp(Uym; — Ulry)]

Multiplying both sides of this expression again by g/, then we obtain
(n = 1)(n — 2)Dyk + 2(n — 2)k(r, UL — m;U;,) = 2(n — 2)k(r, U — LI} ).

This expression implies that k = const. The ends the proof of Theorem 3.4. [

t
Definition 3.2. Ina Riemannian manifold a connection family D is a symmetric-type m-quarter-symmetric projective

t
conformal connection family, if D satisfies the relation

D2g(X, Y) = ~2[9(2) + Zlg(X, Y) = $(X)g(Y, 2) ~ p(V)g(X, Z) + 2m(Z)U(X, Y)

t (3.15)
TX,Y)=n(UX - n(X)UY
The local expression of the relation (3.15) is
¢ t
Digij = =2k + 0083 — Vg — ¥igix + 2tmli, Tii* = iUy — Uy (3.16)
and its coefficient is
t
TE = (5 + i+ 000 + (@) +0)8F = gijo* — by — (¢ = DrUS + (8~ DUy, (3.17)

, o t
Remark 3.1. If (pl]. = Uf (V{ = 0), then the m-quarter-symmetric projective conformal connection family Vis V = D.
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Theorem 3.5. (Generalized Schur’s theorem) Suppose a connected Riemannian manifold (M, g) associated with

t
a symmetric-type m-quarter-symmetric projective conformal connection family D is isotropic. If dimM > 3 and there
holds

Y+ 205 = 2(t - 1T}, (3.18)

t
then (M, g, D) is a constant curvature manifold.

Proof. Substituting the expression (3.13) for the second Bianchi identity of the curvature tensor of the
t
symmetric-type m-quarter-symmetric projective conformal connection family D, we get

t ot I t ot I t ot I t t ) t t I t t I
DyRij" + DiRj " + DiRpix” = Tpi PRjpr* + TijPRup* + T PRk

then we have
t t
[Dik(p) — k(p)(Pn + 204)1(5 g — 5;-91‘1:) + [Dik(p) + k(p)(¢i + 201')](5;9% —8,9)
t
+[Djk(p) — k(p) (W} + 20 )](S'gme — 8, gix) + 2tk(p) 7t (O Uy — 5§-Uﬂ<) + ﬂi(éﬂ-uhk = 8, U) + 10;(8), Uy — & U]
= —k(p)[uhk(éﬁnj - 5;711') + Uz‘k(é;ﬂh - (55171]') + Ujk(ééln,- - 6571;,) + ghk(Ufﬂ]‘ - U;.n,-) + gik(ll;nh - U,inj)
+g5(U),m; — Uimy)]
Contracting the indices i,/ of both sides of this equation above, then we have
t t
(n = 2{[Dnk(p) — k(p)(Wn + 201)]gjx — [Djk(p) — k(p)(@; + 20 )1gnk + 2tk(p)(rtnUjx — 70jUp)}
= k(p)[(n = 3)(rp Uy — 7;Up) + ghk(ujﬂi - Uin)) — gp(Uy i — Uiry)]
Multiplying both sides of this expression again by g/, then we have
t A , , .
(n = 1)(n = 2)[Drk(p) — k(p)(Wn + 20)] + 2t(n — 2)k(p)(rt,U; — ;U,) = 2(n — 2)k(p) (i, U; — m;U,).

This equation implies that there holds

2(t-1)

t .
Dik(p) = k(p)[yn + 204 — =71 L T
One can see that consequently k = const if and only if
2(t-1)..
Y + 20p, = ( — l)Tz'h'-

The completes the proof of Theorem 3.5. [

Remark 3.2. For the constant curvature condition in (3.18) of the symmetric-type m-quarter-symmetric projective

t .
conformal connection family D, there holds the following conclusions. If yy = 0, then oy = 2Ty, " and if o, = 0,
then ¥y, = 2(t_—11) Tin' and if Yy, = 0, = 0, then Ty,' = 0. And if t = 0, then yy, + 20y, = 5Ty "

n
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