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Available at: http://www.pmf.ni.ac.rs/filomat

Geometries and topologies of a manifold with π-quarter-symmetric
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Abstract. We propose a new π-quarter-symmetric projective conformal connection family and its mutual
connection family and study its geometrical properties. We also arrive at the Schur’s theorem based on a
symmetric-type π-quarter-symmetric non-metric connection and investigate its geometrical property. This
paper will pose a new grid computing method on manifolds, which will be done in our next topic.

1. Introduction

K. Yano in [20] considered a semi-symmetric metric connection and studied some of its properties. In
[3] a semi-symmetric non-metric connection was studied. And a semi-symmetric non-metric connection
that is a geometrical model for scalar-tensor theories of gravitation was studied([5]). Also other types of
semi-symmetric non-metric connection were studied([1, 4, 10, 11, 22–25]). On one hand, in [2] the Schur’s
theorem of the Levi-Civita connection is well known based only on the second Bianchi identity([10, 12, 13]).
In 1975, S. Golab [8] defined and studied quarter-symmetric lineal connections in differentiable manifolds.
A lineal connection is said to be a quarter-symmetric connection if its torsion tensor T is of the form

T(X,Y) = π(Y)φX − π(X)φY (1.1)

where φ is a tensor of type (1.1) and π is a 1-form. In [9], a projective invariant of a quarter-symmetric
metric connections was obtained. Afterwards, several types of a quarter-symmetric metric connection were
studied ([6, 21]) and several types of a quarter-symmetric non-metric connection were studied ([12, 13]). In
a statistical manifold a conjugate symmetry condition of the non-metric connection was studied ([14, 15]).
In [7] the curvature copy problem of a symmetric connection studied. In [16] the concept of a new semi-
symmetric connection was introduced and its physical model studied. In [9] a quarter-symmetric metric

connection was studied. The quarter-symmetric metric connection
q
∇ satisfies the relation

(
q
∇z1)(X,Y) = 0,

q
T(X,Y) = π(Y)φX − π(X)φY (1.2)
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The local expression of (1.2) is

q
∇k1 ji = 0,

q
T k

ji = πiφ
k
j − π jφ

k
i (1.3)

and the connection coefficient is
q
Γ k

i j = {
k
i j} + π jUk

i − πiVk
j −Ui jπ

k (1.4)

where {kji} is the coefficient of the Levi-Civita connection and φk
j and π j are components of (1.1)-type tensor

field φ and 1-form π respectively and Ui j =
1
2 (φi j + φ ji),Vi j =

1
2 (φi j − φ ji) and πk = 1kiπi ([9]).

In [14] the connection homotopy based on geodesic of the Levi-Civita connection was proposed. In this
paper we newly defined aπ-quarter-symmetric connection family based on a quarter-symmetric connection
using result of the research of a quarter-symmetric connection and studied its geometric properties. And
we will propose a new π-quarter-symmetric projective conformal connection family and symmetric-type
π-quarter-symmetric non-metric connection satisfying the Schur’s theorem and study its properties.

The paper is organized as follows. Section 1 introduced previous works. Section 2 studied the property
of the π-quarter-symmetric projective conformal connection family. Section 3 studied symmetric-type
π-quarter-symmetric non-metric connection satisfying the Schur’s theorem.

2. A π-quarter-symmetric projective conformal connection

Let (M, 1) be a Riemannian manifold (dimM > 2), 1 be the Riemannian metric on M and
0
∇ be the

Levi-Civita connection with respect to 1. Let TM denote the collection of all vector fields on M.

Definition 2.1. A connection
π
∇ is called a π-quarter-symmetric non-metric connection if it satisfies

π
∇Z1(X,Y) = 2π(Z)U(X,Y),

π
T(X,Y) = π(Y)φX − π(X)φY

The local expression of this relation is
π
∇k1 ji = 2πkU ji,

π
T k

ji = πiφ
k
j − π jφ

k
i

and the connection coefficient is
π
Γ k

i j = {
k
i j} + πiUk

j − π jUk
i

Definition 2.2. A connection family
t
∇ is called a π-quarter-symmetric connection family if it satisfies the relation

t
∇Z1(X,Y) = 2tπ(Z)U(X,Y),

t
T(X,Y) = π(Y)φX − π(X)φY

where t is a family parameter (t ∈ R).

The local expression of this connection is

t
∇k1 ji = 2tπk1 ji,

t
T k

ji = πiφ
k
j − π jφ

k
i

The connection coefficient is given as

t
Γ k

i j = {
k
i j} − tπ jUk

i − πiVk
j − (t − 1)π jUk

i + (t − 1)Ui jπ
k

Remark 2.1. The π-quarter-symmetric connection family
t
∇ is a connection homotopy from connection

q
∇ to the

connection
π
∇. Namely if t = 0, then

t
∇ =

q
∇ and if t = 1, then

t
∇ =

π
∇.
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The connection
c
∇ is called aπ-quarter-symmetric conformal connection family, if

c
∇ is conformally equivalent

to a π-quarter-symmetric connection family
t
∇. The coefficient of the connection

c
∇ is

c
Γ k

i j = {
k
i j} + σiδ

k
j − σ jδ

k
i − 1i jδ

k
− tπiUk

j − πiVk
j − (t − 1)π jUk

i + (t − 1)Ui jπ
k

where the conformal metric 1̄i j = e2σ1i j and σi = ∂iσ.

The connection
p
∇ is called a π-quarter-symmetric projective connection family, if

p
∇ is projectively

equivalent to a π-quarter-symmetric connection family
t
∇. The coefficient of the connection

p
∇ is

p
Γ k

i j = {
k
i j} + ψiδ

k
j − ψ jδ

k
i − tπiUk

j − πiVk
j − (t − 1)π jUk

i + (t − 1)Ui jπ
k

where ψi is a projective component.

Definition 2.3. A connection is ∇ called a π-quarter-symmetric projective conformal connection family, if ∇ is

projectively and conformally equivalent to a π-quarter-symmetric connection family
t
∇.

In a Riemannian manifold, a π-quarter-symmetric projective conformal connection family ∇ satisfies
the relation{

∇Z1(X,Y) = −2[Ψ(Z) + Zσ]1(X,Y) − ψ(X)1(Y,Z) − ψ(Y)1(X,Z) + 2tπ(Z)U(X,Y),
T(X,Y) = π(Y)φX − π(X)φY (2.1)

The local expression of this relation is{
∇k1 ji = −2(ψk + σk)1i j − ψi1 jk −Ψ j1ik + 2tπkUi j,
T k

ji = πiφk
j − π jφk

i
(2.2)

and its coefficient is

Γ k
i j = {

k
i j} + (ψi + σi)δk

j + (ψ j + σ j)δk
i − 1i jσ

k
− tπiUk

j − πiVk
j − (t − 1)π jUk

i + (t − 1)Ui jπ
k (2.3)

Remark 2.2. If Ψ = 0, then ∇ =
0
∇ and if σi = 0, then ∇ =

p
∇. If Ψi = σi = 0, then ∇ =

t
∇. And if t = 1

and ψi = σi = 0, then ∇ =
π
∇ and if t = 0 and ψi = σi = 0, then ∇ =

q
∇. And if t = 0, then the π-quarter-

symmetric projective conformal connection family ∇ is a quarter-symmetric projective conformal connection ([18]).
And if φX = X, then the π-quarter-symmetric projective conformal connection family ∇ is a projective conformal
semi-symmetric connection family.

From the expression (2.3) we find that the curvature tensor of ∇ is

Ri jk
l = Ki jk

l + δl
jαik − δ

l
iα jk + 1ikβ

l
j − 1 jkβ

l
i + (t − 1)(Ul

iγ jk −Ul
jγik +U jkγ

l
i −Uikγ

l
j)

+ t(πiUl
jk − π jUl

ik) + (t − 1)(πiUl
jΨk − π jUl

iΨk) + δl
k(

0
∇iψ j −

0
∇ jψi) + πiVl

jk − π jVl
ik (2.4)

+ (t − 1)[(
0
∇iU jk −

0
∇ jUik)πl

− (
0
∇iUl

j −
0
∇ jUl

i)πk] − tUl
k(

0
∇iπ j −

0
∇ jπi) − Vl

k(
0
∇iπ j −

0
∇ jπi)
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where Ki jk
l is the curvature tensor of

0
∇ of 1i j, and

αik =
0
∇i(ψk + σk) − (ψi + σi)(ψk + σk) + (t − 1)Up

i (ψp + σp)πk − (t − 1)Uik(ψp + σp)πp + 1ik(ψp + σp)σp

βik =
0
∇iσk − σiσk + (t − 1)Uipσpπk − (t − 1)Uikπpσp

γik =
0
∇iπk − πiσk + (t − 1)Uipσpπk −

1
2 (t − 1)Uikπpπp

Ul
ik =

0
∇iUl

k −Ul
i(ψk + σk) + (t − 1)Up

i Ul
pπk − (t − 1)Ul

iU
p
kπp + (t − 1)UipUp

kπ
l
− (t − 1)UikUl

pπ
p

−Uikσl + 1ikUl
pσ

p + δl
iU

p
k (Ψp + σp)

Vl
ik =

0
∇iVl

k − Vl
i(ψk + σk) + (t − 1)Up

i Vl
pπk − (t − 1)Ul

iV
p
kπp + (t − 1)UipVp

kπ
l
− (t − 1)UikVl

pπ
p

− Vikσl + 1ikVl
pσ

p + δl
iV

p
k (ψp + σp)

(2.5)

From (2.2), the mutual connection
m
∇ of the π-quarter-symmetric projective conformal connection family ∇

satisfies the relation
m
∇k1 ji = −2(ψk + σk)1i j − ψi1 jk − ψ j1ik + 2(t − 1)πkUi j + πiφ jk + π jφik,
m
T k

ji = πiφk
j − π jφk

i

(2.6)

and its coefficient is
m
Γ k

i j = {
k
i j} + (ψi + σi)δk

j + (ψ j + σ j)δk
i − 1i jσ

k
− (t − 1)πiUk

j − π jVk
i + (t − 1)Ui jπ

k (2.7)

And the curvature tensor of
m
∇ is

m
Ri jk

l = Ki jk
l + δl

j
m
αik − δ

l
i
m
α jk + 1ik

m
β

l

j − 1 jk
m
β

l

i + (t − 1)(U jk
m
π

l
i −Uik

m
π

l
j +

m
U

l

jkπi −
m
U

l

ikπ j)

+ t(
m
ρ jkUl

i −
m
ρikUl

j) − (t − 1)Ul
k(

0
∇iπ j −

0
∇ jπi) + δl

k(
0
∇iΨ j −

0
∇ jΨi) + (

m
V

l

i j −
m
V

l

ji)πk (2.8)

+ (t − 1)(
0
∇iU jk −

0
∇ jUik)πl

− t(
0
∇iUl

j −
0
∇ jUl

i)πk + Vl
i
m
γ jk − Vl

j
m
γik

where

m
αik =

0
∇i(ψk + σk) − (ψi + σi)(ψk + σk) + (t − 1)Up

k (ψp + σp)πi − (t − 1)Uik(ψp + σp)πp

+ tUp
i (ψp + σp)πk

m
βik =

0
∇iσk − σiσk + (t − 1)Uipσpπk − (t − 1)Ukpπiσp

− tUikπpσp + 1ik(ψp + σp)σp

m
ρik =

0
∇iσk − πi(ψk + σk) + tUp

i πpσk
m
πik =

0
∇iσk − πiσk + (t − 1)Uipπpπk − tUikπpπp

m
γik =

0
∇iπk − πi(ψk + σk) + (t − 1)Up

kπiπp + 1ikπpσp + tUp
i πpπk + Vp

i πpπk − (t − 1)Uikπpπp

m
Uik

l =
0
∇iUl

k −Ul
i(ψk + σk) + tUp

i Ul
pπk − tUl

iU
p
kπp + (t − 1)UipUp

kπ
l
− (t − 1)UikUl

pπ
p
−Uikσl

m
V l

i j =
0
∇iVl

j + δ
l
iV

p
j (ψp + σp) + Vi jσl + (t − 1)Ul

pVp
i π j − tUl

iV
p
jπp + (t − 1)UipVp

jπ
l

(2.9)

Let f and s be two 1-form with their components

fi = πk
iπk, si = ϕ

k
kπi (2.10)

Theorem 2.1. In a Riemannian manifold, if a 1-form ψ and s are closed, then a volume curvature tensor of the
π-quarter-symmetric projective conformal family ∇ is zero, namely

Pi j = 0 (2.11)

where Pi j=̂Ri jkl1
kl is a volume curvature tensor of ∇.
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Proof. Contracting the indices k and l of (2.4), then we obtain

Pi j =
0
Pi j + αi j − α ji + β ji − βi j + (t − 1)(Uk

i γ jk −Uk
jγik +U jkγ

k
i −Uikγ

k
j) + t(π jUk

jk − π jUk
ik)

+ (t − 1)(πiUk
jψk − π jUk

iψk) + n(
0
∇iψ j −

0
∇ jψi) − tUk

k(
0
∇iψ j −

0
∇ jψi) + πiVk

jk − π jVk
ik (2.12)

+ (t − 1)[(
0
∇iU jk −

0
∇ jUik)πk

− (
0
∇iUk

j −
0
∇ jUk

i )πk] − Vk
k(

0
∇iπ j −

0
∇ jπi)

where
0
Pi j is the volume curvature tensor of the Levi-Civita connection

0
∇ of 1i j.

Since
0
Pi j = 0,Vk

k = 0, by using the expression (2.5), we have

αi j − α ji + β ji − βi j = (
0
∇iψ j −

0
∇ jψi) − (t − 1)(πiU

p
jψp − π jU

p
i ψp),

Uk
i γ jk −Uk

jγik +U jkγ
k
i −Uikγ

k
j = 0,

πiUk
jk − π jUk

ik = πi
0
∇ jUk

k − π j
0
∇iUk

k,

(πi
0
∇iU jk − πi

0
∇ jUik)πk

− (∇iUk
j − ∇ jUk

i )πk = 0,

Vk
ik = Vk

jk = 0.

Substituting these expressions above into (2.12) and using the expression (2.10) we have

Pi j = (n + 1)(
0
∇iψ j −

0
∇ jψi) − t(

0
∇is j −

0
∇ jsi) (2.13)

If a 1-form ψ and a 1-form s are of closed, then
0
∇iψ j −

0
∇ jψi = 0 and

0
∇is j −

0
∇ jsi = 0. Hence from (2.13), we

obtain the expression (2.11). This ends the proof of Theorem 2.1.

Remark 2.3. If ψ = 0, then ∇ =
0
∇. From (2.12) if t = 0, then

c
Pi j = 0 and

q
Pi j = 0. If t = 1 and a 1-form s is a closed

form, then
π
Pi j = 0.

Theorem 2.2. In a Riemannian manifold, if a 1-form ψ, s and f are closed forms, then a volume curvature tensor of

the mutual connection
m
∇ of the π-quarter-symmetric projective conformal connection family ∇ is zero, namely

m
Pi j = 0, (2.14)

where
m
Pi j = 0 is a volume curvature tensor of

m
∇.

Proof. Contracting the indices k and l to (2.8), then we have

m
Pi j =

0
Pi j +

m
αi j −

m
α ji +

m
β ji −

m
βi j + t(Uk

i
m
ρ jk −Uk

j
m
ρik) + (t − 1)(U jk

m
π

k
i −Uik

m
π

k
j) + (t − 1)(πi

m
U k

jk − π j
m
U k

ik)

+ n(
0
∇iψ j −

0
∇ jψi) − (t − 1)Uk

k(
0
∇iπ j −

0
∇ jπi) + (t − 1)(

0
∇iU jk −

0
∇ jUik)πk

− t(
0
∇iUk

j −
0
∇ jUk

i )πk

+ Vk
i

0
γ jk − Vk

j
0
γik + (

m
V k

i j −
m
V k

ji)πk

From (2.9) we arrive at

m
αi j −

m
α ji +

m
β ji −

m
βi j = (

0
∇iψ j −

0
∇ jψi) − [πiU

p
j (ψp + σp) − π jU

p
i (ψp + σp)] + 2(t − 1)(πiU jpσ

p
− π jUipσ

p)

t(Uk
i

m
ρ jk −Uk

j
m
ρik) = t(Uk

i

0
∇ jπk −Uk

j

0
∇iπk) + t[πiUk

j (ψk + σk) − π jUk
i (ψk + σk)]



D. Zhao et al. / Filomat 37:12 (2023), 3915–3926 3920

(t − 1)(U jk
m
π

k
i −Uik

m
π

k
j) = (t − 1)(U jk

0
∇iπ

k
−Uik

0
∇ jπ

k) − (t − 1)(πiU jkσ
k
− π jUikσ

k)

(t − 1)(πi
m
U k

jk − π j
m
U k

ik) = (t − 1)(πi
0
∇ jUk

k − π j
0
∇iUk

k) + (t − 1)[πiU
p
j (ψp + σp) − π jU

p
i (ψp + σp)]

− (t − 1)(πiU jkσ
k
− π jUikσ

k)

Vk
i

0
γ jk − Vk

j
0
γik + (

m
V k

i j −
m
V k

ji)πk = Vk
i

0
∇ jπk − Vk

j

0
∇iπk + πk(

0
∇iVk

j −
0
∇ jVk

i ).

On the other hand, there holds the following

0
pi j = 0, Vk

k = 0, fi = (Uk
i + Vk

i )πk, si = (Uk
k + Vk

k)πi.

Hence
m
Pi j = (n + 1)(

0
∇iψ j −

0
∇ jψi) − (t − 1)(

0
∇is j −

0
∇ jsi) − (

0
∇i f j −

0
∇ j fi). (2.15)

If a 1-form ψ and s are of closed, then (
0
∇iψ j −

0
∇ jψi) = 0, (

0
∇is j −

0
∇ jsi) = 0 and (

0
∇i f j −

0
∇ j fi) = 0. Hence from

the expression (2.15), we obtain that (2.14) is tenable.

Denote by

Ai jk
l =̂ δl

jαik + 1ikβ
l
j + (t − 1)(Ul

iγ jk +U jkγ
l
i) + tπiUl

jk + (t − 1)πiUl
jψk + δ

l
k

0
∇iψ j − tUl

k

0
∇iπ j

+ πiVl
jk − Vl

k

0
∇iπ j + (t − 1)(

0
∇iU jkπ

l
−

0
∇iUl

jπk)

and
m
Ai jk

l =̂ δl
j
m
αik + 1ik

m
β

l

j + tUl
i

m
β jk + (t − 1)U jk

m
π

l
i + (t − 1)πi

m
U l

jk + δ
l
k

0
∇iψ j − (t − 1)Ul

k

0
∇iπ j

+ (t − 1)
0
∇iU jkπ

l
− tπiUl

jπk + Vl
i
m
γ jk +

m
V l

i jπk.

From these expressions, the expressions (2.4) and (2.8) are

Ri jk
l = Ki jk

l + Ai jk
l
− A jik

l,

and
m
Ri jk

l = Ki jk
l +

m
Ai jk

l
−

m
A jik

l,

respectively. So there exists the following.

Theorem 2.3. When Ai jk
l = A jik

l, then the curvature tensor will keep unchanged under the connection trans-

formation
0
∇ → ∇ and when

m
Ai jk

l =
m
A jik

l, then the curvature tensor will keep unchanged under the connection

transformation
0
∇ →

m
∇.

From (2.2) and (2.3), the connection coefficient of dual connection
∗

∇ of the π-quarter-symmetric projective
conformal connection family ∇ is

∗

Γ k
i j = {

k
i j} − (ψi + σi)δk

j + σ jδ
k
i − 1i j(ψk + σk) − (t − 1)π jUk

i + tπiUk
j − πiVk

j + (t − 1)Ui jπ
k

and the curvature tensor of
∗

∇ is
∗

Ri jk
l = Ki jk

l + δl
jβik − δ

l
iβ jk + 1ikα

l
j − 1 jkβ

l
i + (t − 1)(Ul

iγ jk −Ul
jγik +U jkγ

l
i −Uikγ

l
j)

− t(
∗

U l
jkπi −

∗

U l
ikπ j) − (t − 1)(πiU jkψ

l
− π jUikψ

l) − δl
k(

0
∇iψ j −

0
∇ jψi) + tUl

k(
0
∇iπ j −

0
∇ jπi) (2.16)

+ (t − 1)[(
0
∇iU jk −

0
∇ jUik)πl

− (
0
∇iUl

j −
0
∇ jUl

i)πk] + πi
∗

V l
jk − π j

∗

V l
ik − Vl

k(
0
∇iψ j −

0
∇ jψi),
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where

∗

U l
ik =

0
∇iUl

k + δ
l
iU

p
kσp − (t − 1)Ul

iU
p
kπp + (t − 1)UipUp

kπ
l
−Uik(ψl + σl) −Ul

iσk − (t − 1)UikUl
pπ

p

+ (t − 1)Up
i Ul

kπk + 1ikUl
p(ψp + σp),

∗

V l
ik =

0
∇iVl

k + δ
l
iV

p
kσp − (t − 1)Ul

iV
p
kπp + (t − 1)UipVp

kπ
l
− Vik(ψl + σl) − Vl

iσk − (t − 1)UikVl
pπ

p

+ (t − 1)Up
i Vl

kπk + 1ikVl
p(ψp + σp),

From the expressions (2.4) and (2.16), we obtain

∗

Ri jk
l = Ki jk

l + δl
i(α jk − β jk) − δl

j(αik − βik) + 1ik(αl
j − β

l
j) − 1 jk(αl

i − β
l
i) + t[πi(

∗

U l
jk +U l

jk) − π j(
∗

U l
ik +U l

ik)]

− (t − 1)[πi(U jkψ
l +Ul

jψk) − π j(Uikψ
l +Ul

iψk)] − 2δl
k(

0
∇iψ j −

0
∇ jψi) + 2tUl

k(
0
∇iπ j −

0
∇ jπi) (2.17)

+ πi(
∗

V l
jk − V l

jk) − π j(
∗

V l
ik − V l

ik),

From (2.6) and (2.16), the connection coefficient of dual connection
m∗
∇ of the mutual connection

m
∇ of the

π-quarter-symmetric projective conformal connection family ∇ is

m∗
Γ k

i j = {
k
i j} − (ψi + σi)δk

j + σ jδ
k
i − 1i j(ψk + σk) + (t − 1)πiUk

j − (t − 1)π jUk
i + tUi jπ

k + Vi jπ
k

and the curvature tensor of
m
∇ is

m∗
R i jk

l = Ki jk
l + δl

j

m
βik − δ

l
i

m
β jk + 1ik

m
α

l
j − 1 jk

m
α

l
i + (t − 1)(Ul

i
m
π jk −Ul

j
m
πik +

m∗
U l

ikπ j −
m∗
U l

jkπi)

+ t(
m
ρ l

iU jk −
m
ρ l

jUik) − (t − 1)(
0
∇iUl

j −
0
∇ jUl

i)πk − δ
l
k(

0
∇iψ j −

0
∇ jψi) + t(

0
∇iU jk −

0
∇ jUik)πl (2.18)

+ tUl
k(

0
∇iπ j −

0
∇ jπi) + (V jk

m
γ l

i − Vik
m
γ l

j) + (
m∗
V i jk −

m∗
V jik)πl,

where

m∗
U l

jk =
0
∇iUl

k −Ul
iσk − (t − 1)Ul

iU
p
kπp −Uik(ψl + σl) + tUipUp

kπ
l
− tUikUl

pπ
p + (t − 1)Up

i Ul
pπk,

m∗
V l

jk =
0
∇iVl

k + Vi jσk + 1ikV jp(ψp + σp) − (t − 1)πiV jpUp
k + (t − 1)Up

i V jpπk − tUikV jpπ
p.

From (2.8) and (2.18), we obtain

m∗
R i jk

l =
m
Ri jk

l + δl
i(

m
α jk −

m
β jk) − δl

j(
m
αik −

m
βik) + (t − 1)(Ul

i
m
π jk −Ul

j
m
πik +

m
π l

jUik −
m
π l

iU jk) + 1ik(
m
α

l
j −

m
β

l

j)

+ t(
m
ρikUl

j −
m
ρ jkUl

i +U jk
m
ρ l

i −Uik
m
ρ l

j) + (t − 1)[(
m∗
Uik

l +
m
Uik

l)π j − (
m∗
U jk

l +
m
U jk

l)πi] (2.19)

− 2δl
k(

0
∇iψ j −

0
∇ jψi) − 1 jk(

m
α

l
i −

m
β

l

i) + 2(t − 1)Ul
k(

0
∇iπ j −

0
∇ jπi) + (

0
∇iUl

j −
0
∇ jUl

i)πk

+ (
0
∇iU jk −

0
∇ jUik)πl + (V jk

m
γ l

i − Vik
m
γ l

j + Vl
j
m
γik − Vl

i
m
γ jk) − (

m
V l

i j −
m
V l

ji)πk + (
m∗
V i jk −

m∗
V jik)πl,

Denote by

Bi jk
l = δl

i(α jk − β jk) + 1ik(αl
j − β

l
j) − tπi(

m∗
U l

jk +
m
U l

jk) − (t − 1)πi(U jkψ
l +Ul

jψk) − 2δl
k

0
∇iψ j

+ 2tUl
k

0
∇iπ j + πi(

m∗
U l

jk −U l
jk)
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and

m
Bi jk

l = δl
i(

m
α jk −

m
β jk) + 1ik(

m
α l

j −
m
β l

j) + (t − 1)(Ul
i
m
π jk +Uik

m
π l

j) + t(Ul
j
m
ρik +U jk

m
ρ l

i) − 2δl
k

0
∇iπ j +

0
∇iUl

jπk

+ (t − 1)(
m∗
U l

ik +
m
U l

ik)π j + 2(t − 1)Ul
k

0
∇iπ j + (

m∗
V i jkπ

l
−

m∗
V i j

lπk + V jk
m
γ l

i + Vl
j
m
γik) +

0
∇iU jkπ

k

Then we get by (2.17) and (2.19) there holds

m
Ri jk

l = Ri jk
l + Bi jk

l
−mB jik

l,

and
m∗
B i jk

l =
m
Bi jk

l +
m
Bi jk

l
−

m
B jik

l,

respectively. Thus we arrive at the following

Theorem 2.4. When Bi jk
l = B jik

l, then the π-quarter-symmetric projective conformal connection family ∇ is a

conjugate symmetry and when
m
Bi jk

l =
m
B jik

l, then the mutual connection
m
∇ of ∇ is a conjugate symmetric connection.

3. Symmetric-type π-quarter-symmetric non-metric connection

Now, let ψi j be symmetric, that is, ψi j = Ui j.

Definition 3.1. In a Riemannian manifold, a connection D is called a symmetric-type π-quarter-symmetric non-
metric connection, if the connection D satisfies

DZ1(X,Y) = 2π(Z)U(X,Y), T(X,Y) = π(Y)UX − π(X)UY.

The local expression of this expression is

Dk1i j = 2πkUi j, Tk
i j = π jUk

i − πiUk
j , (3.1)

and the connection coefficient is

Γ k
i j = {

k
i j} − πiUk

j (3.2)

and the curvature tensor is

Ri jk
l = Ki jk

l
−

0
∇i(π jUl

k) +
0
∇ j(πiUl

k) (3.3)

From (3.1) and (3.2), the connection coefficient of dual connection
∗

D of the symmetric-type π-quarter-
symmetric non-metric connection D is

∗

Γ k
i j = {

k
i j} + πiUk

j

and the curvature tensor is

∗

Ri jk
l = Ki jk

l +
0
∇i(π jUl

k) −
0
∇ j(πiUl

k) (3.4)

From (3.3) and (3.4), we obtain

∗

Ri jk
l = Ki jk

l + 2[
0
∇i(π jUl

k) −
0
∇ j(πiUl

k)] (3.5)

Thus we have the following
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Theorem 3.1. In a Riemannian manifold (M, 1), if there holds

0
∇i(π jUl

k) =
0
∇ j(πiUl

k) (3.6)

then the curvature tensor will keep unchanged under the connection transformation
0
∇ → D and the symmetric-type

π-quarter-symmetric non-metric connection D is a conjugate symmetric connection.

Theorem 3.2. If a Riemannian metric 1 admits a symmetric-type π-quarter-symmetric non-metric connection D
with a zero curvature on a Riemannian manifold (M, 1), then the Riemannian metric is flat.

Proof. Adding the expressions (3.3) and (3.4), we obtain
∗

Ri jk
l + Ri jk

l = 2Ki jk
l. (3.7)

If Ri jk
l = 0, then

∗

Ri jk
l = 0. From the expression (3.7) we have Ki jk

l = 0. Hence the Riemannian metric is
flat.

From (3.1) and (3.2), the connection coefficient of mutual connection
∗

D of the symmetric-type π-quarter-
symmetric non-metric connection D is

∗

Γ k
i j = {

k
i j} + π jUk

i (3.8)

and the mutual connection
m
D satisfies the relation

m
Dk1i j = −πiU jk − π jUik,

m
Γ k

i j = πiUk
j − π jUk

i , (3.9)

and the curvature tensor of
m
D is

m
Ri jk

l = Ki jk
l +Ul

jπik −Ul
iπ jk + (

0
∇iUl

j −
0
∇ jUl

i), (3.10)

where πik =
0
∇iπk −Uipπpπk.

From (3.8) and (3.9), the connection coefficient of dual connection
m∗
D of the mutual connection

m
D is

m∗
Γ k

i j = {
k
i j} −Ui jπ

k, (3.11)

and the curvature tensor of is
m∗
R i jk

l = Ki jk
l +Uikπ

l
j −U jkπ

l
i − (

0
∇iU jk −

0
∇ jUik)πl, (3.12)

From the expression (3.11), the dual connection
m∗
D of the mutual connection

m
D satisfies the relation

m∗
Dk1i j = πiU jk + π jUik,

m∗
T i j

k = 0,

So there exists the following

Theorem 3.3. In a Riemannian manifold (M, 1), the first Bianchi identity and the second Bianchi identity of the

curvature tensor of dual connection
m∗
D of mutual connection

m
D of the symmetric-typeπ-quarter-symmetric non-metric

connection D are
m∗
R i jk

l +
m∗
R jik

l +
m∗
Rki j

l = 0,
m∗
Dh

m∗
R i jk

l +
m∗
Di

m∗
R jhk

l +
m∗
D j

m∗
Rhik

l = 0.
(3.13)
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It is well known that if a sectional curvature at a point p in a Riemannian manifold (M, 1) is independent of
E (an 2-dimensional subspace of TpM), the curvature tensor is

Ri jk
l = k(p)(δl

i1 jk − δ
l
j1ik), (3.14)

In this case, if k(p) = const,∀p ∈M, then the Riemannian manifold (M, 1) is a constant curvature manifold.

Theorem 3.4. Suppose a connected Riemannian manifold (M, 1) associated with a symmetric-type π-quarter-
symmetric non-metric connection D is isotropic. If dimM ≥ 3, then the Riemannian manifold (M, 1) is of constant
curvature.

Proof. Proof. Substituting the expression (3.13) for the second Bianchi identity of the curvature tensor of
the symmetric-type π-quarter-symmetric non-metric connection, we get

DhRi jk
l +DiR jhk

l +D jRhik
l = Tp

hiR jpk
l + Tp

ijRhpk
l + Tp

jhRipk
l,

then we have

Dhk(p)(δl
i1 jk − δ

l
j1ik) +Dik(δl

j1hk − δ
l
h1 jk) +D jk(p)(δl

h1ik − δ
l
i1hk)

+2k(p)[πh(δl
iU jk − δ

l
jUik) + πi(δl

jUhk − δ
l
hU jk) + π j(δl

hUik − δ
l
iUhk)]

= −k(p)[Uhk(δl
iπ j − δ

l
jπi) +Uik(δl

jπh − δ
l
hπ j) +U jk(δl

hπi − δ
l
iπh)

+1hk(Ul
iπ j −Ul

jπi) + 1ik(Ul
jπh −Ul

hπ j) + 1 jk(Ul
hπi −Ul

iπh)].

Contracting the indices i, l on both sides of this expression above, then we have

(n − 2)[Dhk1 jk −D jk1hk + 2k(πhU jk − π jUhk)]

= k[(n − 3)(πhU jk − π jUhk) + 1hk(Ui
jπi −Ui

iπ j) − 1 jk(Ui
hπi −Ui

iπh)]

Multiplying both sides of this expression again by 1 jk, then we obtain

(n − 1)(n − 2)Dhk + 2(n − 2)k(πhUi
i − πiUi

h) = 2(n − 2)k(πhUi
i − πhUi

h).

This expression implies that k = const. The ends the proof of Theorem 3.4.

Definition 3.2. In a Riemannian manifold a connection family
t

D is a symmetric-typeπ-quarter-symmetric projective

conformal connection family, if
t

D satisfies the relation
t

DZ1(X,Y) = −2[ψ(Z) + Zσ]1(X,Y) − ψ(X)1(Y,Z) − ψ(Y)1(X,Z) + 2tπ(Z)U(X,Y)
t
T(X,Y) = π(Y)UX − π(X)UY

(3.15)

The local expression of the relation (3.15) is

t
Dk1i j = −2(ψk + σk)1i j − ψi1 jk − ψ j1ik + 2tπkUi j,

t
Ti j

k = π jUk
i − πiUk

j (3.16)

and its coefficient is

t
Γ k

i j = {
k
i j} + (ψi + σi)δk

j + (ψ j + σ j)δk
i − 1i jσ

k
− tπiUk

j − (t − 1)π jUk
i + (t − 1)Ui jπ

k. (3.17)

Remark 3.1. If φ j
i = U j

i (V
j
i = 0), then the π-quarter-symmetric projective conformal connection family ∇ is ∇ =

t
D.
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Theorem 3.5. (Generalized Schur’s theorem) Suppose a connected Riemannian manifold (M, 1) associated with

a symmetric-type π-quarter-symmetric projective conformal connection family
t

D is isotropic. If dimM ≥ 3 and there
holds

ψh + 2σh = 2(t − 1)Ti
ih, (3.18)

then (M, 1,
t

D) is a constant curvature manifold.

Proof. Substituting the expression (3.13) for the second Bianchi identity of the curvature tensor of the

symmetric-type π-quarter-symmetric projective conformal connection family
t

D, we get

t
Dh

t
Ri jk

l +
t

Di
t
R jhk

l +
t

D j
t
Rhik

l =
t
Thi

p
t
R jpk

l +
t
Ti j

p
t
Rhpk

l +
t
T jh

p
t
Ripk

l

then we have

[
t

Dhk(p) − k(p)(ψh + 2σh)](δl
i1 jk − δ

l
j1ik) + [

t
Dik(p) + k(p)(ψi + 2σi)](δl

j1hk − δ
l
h1 jk)

+[
t

D jk(p) − k(p)(ψ j + 2σ j)](δl
i1hk − δ

l
h1ik) + 2tk(p)[πh(δl

iU jk − δ
l
jUik) + πi(δl

jUhk − δ
l
hU jk) + π j(δl

hUik − δ
l
iUhk)]

= −k(p)[Uhk(δl
iπ j − δ

l
jπi) +Uik(δl

jπh − δ
l
hπ j) +U jk(δl

hπi − δ
l
iπh) + 1hk(Ul

iπ j −Ul
jπi) + 1ik(Ul

jπh −Ul
hπ j)

+1 jk(Ul
hπi −Ul

iπh)]

Contracting the indices i, l of both sides of this equation above, then we have

(n − 2){[
t

Dhk(p) − k(p)(ψh + 2σh)]1 jk − [
t

D jk(p) − k(p)(ψ j + 2σ j)]1hk + 2tk(p)(πhU jk − π jUhk)}

= k(p)[(n − 3)(πhU jk − π jUhk) + 1hk(Ui
jπi −Ui

iπ j) − 1 jk(Ui
hπi −Ui

iπh)]

Multiplying both sides of this expression again by 1 jk, then we have

(n − 1)(n − 2)[
t

Dhk(p) − k(p)(ψh + 2σh)] + 2t(n − 2)k(p)(πhUi
i − πiUi

h) = 2(n − 2)k(p)(πhUi
i − πiUi

h).

This equation implies that there holds

t
Dhk(p) = k(p)[ψh + 2σh −

2(t − 1)
n − 1

Tih
i].

One can see that consequently k = const if and only if

ψh + 2σh =
2(t − 1)
n − 1

Tih
i.

The completes the proof of Theorem 3.5.

Remark 3.2. For the constant curvature condition in (3.18) of the symmetric-type π-quarter-symmetric projective

conformal connection family
t

D, there holds the following conclusions. If ψh = 0, then σh =
t−1
n−1 Tih

i and if σh = 0,
then ψh =

2(t−1)
n−1 Tih

i and if ψh = σh = 0, then Tih
i = 0. And if t = 0, then ψh + 2σh =

2
n−1 Tih

i.
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