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Abstract. The notions of magnetic difference operator or magnetic exterior derivative defined on weighted
graphs are discrete analogues of the notion of covariant derivative on sections of a fibre bundle and its
extension on differential forms. In this paper, we extend these notions to certain 2-simplicial complexes
called triangulations, in a manner compatible with changes of gauge. Then we study the magnetic Gauf-
Bonnet operator naturally defined in this context and introduce the geometric hypothesis of y—completeness
which ensures the essential self-adjointness of this operator. This gives also the essential self-adjointness
of the magnetic Laplacian on triangulations. Finally we introduce an hypothesis of bounded curvature for
the magnetic potential which permits to caracterize the domain of the self-adjoint extension.

1. Introduction

The question of essential self-adjointness of the magnetic Laplace operator was studied in many recent
works, such us [20], [8], [11], [17], [10] and [2]. For further references on this topic, see the bibliography
of the monograph [14]. The first study of the essential self-adjointness of the discrete Laplacian (without
magnetic potential) on 1-forms was conducted by the author of [16]. Later, in [1], the authors gave a
new geometric criterion called y—completeness, which assures the essential self-adjointness of the operator
studied in [16]. Subsequently, still without magnetic potential, the author of [7] generalized the notion
of y—completeness on weighted triangulations— that is, 2-simplicial complexes such as the faces are only
triangles. Further aspects of the essential self-adjointness of discrete Laplacian (without magnetic potential)
on 1-forms were studied in [3]. More recently, the authors of [2] introduced the notion of y,—completeness
related to the magnetic potential «, which is a mix of discrete geometric properties and the behaviour of
the magnetic potential.

The notion of y-completeness assures the existence of an exhaustion of the graph by a family of cut-off
functions satisfying certain properties of boundedness (the definition is given in section 6). It was first
introduced in [1] as a generalization of the existence of an intrinsic pseudo metric with finite balls, a notion
introduced in [13]. But it was proved later in [15, App. A] that these notions are equivalent on locally finite

2020 Mathematics Subject Classification. 39A12; 05C63; 47B25; 05C12; 05C50.

Keywords. Graph; 2-Simplicial complex; Discrete magnetic operators; Essential self-adjointness; y-completeness.
Received: 02 June 2022; Accepted: 22 November 2022

Communicated by Dijana Mosi¢

Email addresses: colette.anne@univ-nantes. fr (Colette Anné), halaayadi@yahoo. fr (Hela Ayadi), yassin.chebbi@unine.ch
(Yassin Chebbi), natorki@gmail.com (Nabila Torki-Hamza)



C. Anné et al. / Filomat 37:11 (2023), 3527-3550 3528

graphs. The notion of intrinsic pseudo metric was used for instance by [19] to obtain self-adjointness in
very general settings, including magnetic operators on graphs, via a Kato type inequality.

In the present work, using the analogy with the smooth case as presented in [6], we give a generalization
of [1], [2] and [7] by introducing a magnetic potential on weighted triangulations as defined in [7]. This
gives a magnetic triangulation where we study self-adjointness of the magnetic Laplace operator in relation
with the y-completeness and also the geometric meaning on faces of the magnetic field.

To be more precise, on a combinatorial graph, a magnetic potential a is a skewsymmetric function
defined on the edges and with real values. There are different definitions of the corresponding magnetic
diffential d,. Our guiding principle in this work is to mimic what is done in the smooth case where we
can understand a magnetic potential as a connection on a fiber bundle which defines a covariant derivative
(Definition 3.1), and the magnetic field corresponds to the curvature of this connection (Section 5.3). A
good reference for this point of view is the book [6]. In the discrete setting, a fiber bundle is always trivial,
the sections are just functions on the vertices with values in a given vector space (see [10]). In this paper we
use complex-valued functions and the magnetic potential a is understood as defining a parallel transport
along the edges by the quantity exp(ia).

In the same way we take care of the change of gauge, so first we define the action of the gauge group
(functions on the vertices with values in $') and choose a definition of the magnetic differential d, with
clear equivariant properties with regard to the gauge action, as well as its formal adjoint 6, (see Remark
2.6 for this notion). This is done for functions on vertices (0-forms), for skewsymmetric functions on edges
(1-forms) and for skewsymmetric functions on faces (2-forms) (sections 3,4). Our point of view could be
considered as somewhat complicated but we emphasize that it helps to obtain a coherent framework and
good geometric properties, as the notion of magnetic field.

This magnetic differential defines naturally a Gauf3-Bonnet operator T,, = d, + 96, and a magnetic Laplace
operator A, = T2.

We show (Theorem 7.4) that if the triangulation is y—complete, in the sense of [7], then the operator T,
is essentially self-adjoint, and the magnetic Laplace operator also (Corollary 7.1). We remark that this result
is valid for any magnetic potential a.

But the notion of magnetic potential has a geometric meaning. Using this analogy we introduce the
notion of a magnetic potential with bounded curvature and apply it to caracterize the domain of the self-
adjoint extension of the magnetic Gauf3-Bonnet operator (Theorem 7.6).

Finally we give geometric conditions which assure the y-completeness (Theorem 8.1) and describe exam-
ples where it applies, proving that our notion of y-completeness is more general than the y,-completeness
introduced in [2].

2. Preliminaries

2.1. Basic concepts

2.1.1. Graphs

A graph K is a couple (V, E) where V is a set at most countable whose elements are called vertices and
&, the set of edges, is a subset of V' X V. It can be considered as a simplicial complex of dimension one.
We assume that & is symmetric and without loops:

xyebe=Wyxec&E xeV=(x,x)¢6&.

So each edge can be considered with two orientations, and choosing an orientation of the graph consists of
defining a partition of & as follows:

E=EUE; (ny)e& e (y,x) &

Given an edge e = (x, ), wesete” = x, ¢" = yand —e = (y,x) where ¢~ and e* are called the boundary
points of e. We write y ~ x when (x, y) or (v, x) is an edge.
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A path from x to y is a finite sequence y = (xy, ..., x,) of vertices in V, such that xy = x, x, = y and
xi-1 ~ x; for each i € {1, ....,n}. The length of the path y is the number #n. If xo = x,, we say that the path is
closed or that it is a cycle. If no cycle appears in a path, except maybe the path itself, the path is called a
simple path. A graph is connected if for any two vertices x and y, there exists a path connecting x to y. For
x € V we denote V(x) = {y € V; (x,y) € &} the set of its neighbours. A graph is locally finite if any vertex
has a finite number of neighbours.

Definition 2.1. A magnetic graph is a triplet K, = (V,E, a) where (V, E) defines a graph with set of vertices V
and edges & and a is a magnetic potential given on the graph: « is a skewsymmetric function on & with real values:

a: & — Rsatisfies V(x, y) € & alx,y) = —a(y, x).

To simplify the notations, we denote a(x, y) by ay.
In the sequel, we shall consider all the magnetic graphs as connected, locally finite, and without loops.

2.1.2. Triangulation
The notion of a triangulation is defined in [7]: itis (K, ¥) where K = (V,E)isagraphand ¥ € VXVxV
a symmetric set of triangular faces. By definition it satisfies

(x,y,2) €F = (x,y,z)isacycle of length 3,(y,x,z) € ¥ and (y,z,x) € .

So a cycle of length 3 is not necessarily a face. A triangulation 7 = (%, ) can be considered as a simplicial
complex of dimension two. If f = (x,y,z) € ¥ we say, by an abuse of language, that (y,x,z) or (y,z, x)
defines the same face as f, but a face has two orientations depending on the signature of the permutation
of the vertices. So (x,y,z) and (y,z,x) define the same orientation, (x,y,z) and (y,x,z) define opposite
orientations. The set of oriented faces can be seen as a subset of the set of all simple 3-cycles quotiented by
direct permutations.

Definition 2.2. Wesay that T, := (K, F) isa magnetic triangulation, if K, is a magnetic graphand ¥ C VXVXV
is a symmetric set of triangular faces.

Remark 2.3. We do not need that all the cycles of length 3 define a face. Figure 1 gives an example of a triangulation,

the white cycles are not faces.

Figure 1: A triangulation
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2.1.3. Weights

To define weighted magnetic triangulations we need weights on a triangulation 7~ = (%, ), that is even
functions with positive value on vertices, edges and faces:

e c:V — R; the weight on the vertices.
e 7: & — R} the weight on the edges: Y(x,y) € &, r(x, y) = r(y, x).
e 5: ¥ — IR the weight on the faces: ¥Y(x,y,z) € ¥, s(x, y,z) = s(x,z,y) = 5(y, 2, x).

We say that the triangulation 7 is simple, if, the weights on vertices, edges and faces are all equal to 1.
We define the set of vertices connected by a face to the edge (x, y) by

Froy=F=1z€V; (x,y,2) € F} S V(@) NV(y).

The weighted degrees of vertices degy and of edges degg are given respectively by:

1 1
degy(x) := @ Z r(x,y) and degg(x, y) == o Z s(x,y,z2).
y~x ’ Z€7:xy

When 7" is simple, deg+(x) := degcomb(x) the combinatorial degree, and degg(x, y) = [Fxy|, where |A| = HA
is the cardinality of the set A.

2.1.4. Holonomy
In [8] and [10], the authors introduce the definition of the flux of a magnetic potential:

Definition 2.4. Let K, be a magnetic graph, the space of cycles of K, denoted by Z1(Ky) is the Z-module with basis
the geometric cycles y = (xo, ..., X, = Xo). The holonomy map is the map

Hol, : Z1(K,) — R
given by
Holy(y) 1= ypxy + Oy, + e + Qi -
If there exists a real function f defined on V such that a = dyf where dy denotes the difference operator:
do(f)(x,y) = f(y) — f(x), then the holonomy of a is zero. In the other direction, if the magnetic potential

has no holonomy, then its integration on paths does not depend on the path joining two points. Because
the graph is connected, this defines a real function whose differential is a (see [10]).

Definition 2.5. We say that the magnetic potential « is trivial if Hol, = 0.

In the case of triangulations, any face (x,y,z) defines a cycle (x,y,z,x) so the holonomy defines a
skewsymmetric function @ on ¥

V(x,y,2) € F, Qxyz = Holo(X, ¥,2,X) = Qxy + yz + Q. 2.1)

2.2. Function spaces

Let (74, ¢, 1,5) be a weighted triangulation. In this section, we endow Hilbert structures on the spaces of
functions (or cochains) on vertices, edges and faces.
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2.2.1. Hilbert structure on O-cochains
The set of 0-cochains is given by:

CV)={f: V-0,

and its subset of functions of finite support by C*(V).
We turn to the Hilbert space:

P(V) = {f eC(V); ) clf ) < oo},

xeV
is endowed with the scalar product given by

i fodeen = Y cOAE HE),
xeV
for f1/f2 € lz((V)

2.2.2. Hilbert structure on 1-cochains
The set of complex skewsymmetric 1-cochains is given by:

Cotew(E) = {9 : & — € p(x, y) = =p(y, )}
Its subset of functions with finite support is denoted by C, (E). Let us define the Hilbert space

(&) = {9 € Cotenr(E); Z r(x, lpx, y)P < oo}
(xy)e&

endowed with the scalar product
1 -
reee =5 ), 16 Ne1E P Y)
(x,y)e&
when ¢; and ¢, are in I(E).

2.2.3. Hilbert structure on 2-cochains
The set of complex skewsymmetric 2-cochains is given by:

Cote(F) ={Y: F — C Y(x,y,2) = —(x,z,y)}.
The set of functions with finite support is denoted by C¢, (). Let us define the Hilbert space

skew

P(F) = {0 € CoenF); Y, 50,3,2) Wi, , D) < o0
(x,y,2)eF

endowed with the scalar product given by
1 —
W1, Y2)pg) = 3 Z s(x, v, 2)P1(x, y, 2)Yna(x, v, z)
(x,y,2)eF

when ¢ and 1, are in [*(F).
The direct sum of the spaces *(V), [*(E) and I>(F) can be considered as a Hilbert space denoted by
I*(T%), indeed independent on a, that is

(Ta) = (V) e XE) @ A(F),
endowed with the scalar product given by

((fr, 1, 1), (f2, P2, V2 ey = (i fdr@) + (@1, @2)ee) + (Y1, Y2)e
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Remark 2.6. The set of functions of finite support C°(V) (resp. C*(E), C°(F)) are dense in these Hilbert spaces. As
a consequence we will take these spaces as the domain of the different operators we will introduce later, even if their
expression is defined indeed in bigger spaces. With this point of view, we can calculate the expression of the adjoint of
an operator A on these dense subspaces, without worrying about the domain problem. The formal adjoint of A is
the operator B which satisfies, for any functions f, g with finite support (A(f), g) = (f, B(g)), see for instance [4], or
[6, p.68]. We recall, see [18], that a symmetric operator D on a domain D dense in the Hilbert space H is essentially
self-adjoint if it has one an only one self-adjoint extension. If D admits an expression for any element of H then the
domain of this unique extension is {f € H; D(f) € H}.

2.3. A change of gauge

We try here to mimic the approach on manifolds, where one can consider a magnetic potential as a
connection acting on sections of a fiber bundle. So we consider functions as sections of a C-line bundle on
which is defined a connection a. We say that elements of C(V) are sections of the a-bundle. The gauge group
consists of functions with values in O(1) = $'. A change of gauge is then given by any function f € C(V,R),
which is considered as acting on sections by multiplication by ef. In the same way elements of Cier(E)
resp. Cskew(F) can be considered as 1-forms (resp. 2-forms) with values in the a-bundle (on a manifold M
with fiber bundle E, p-forms of degree p with value in E are sections of A?(T"M) ® E).

Definition 2.7. Let f € C(V,R) be a real function on the vertices of the graph. It defines the following change of
gauge on sections of the a-bundle:

o IfgeC(V)
elf.g:= ey, (2:2)
o If ¢ € Csers(E),
ef = e, 2.3)
for the operator of symmetrization
(V) — Coym(©)
Fro o fe) = fle )erf(é’ )
where Csym(E) = {¢ : & — C; ¢(x,y) = ¢(y,x)}.

L4 If ED € Cskew(?')/

el = ey, (24)

where the operator ~ : C(V) — Csyn(F) is defined by the formula

foy 9= T IEDLIED _ L9 1 ) + fe2)

and Coym(F) ={¢: F — C; ¢Y(x,y,2) = P(x,2,¥) = P(y,z,X)} .

We remark that, on locally finite graphs, these formulae are defined for any function f € C(V).
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3. The difference magnetic operator

We recall the definition of the difference operator d’f(e) = f(e*) — f(e”) which can be defined for any
function f € C(V).

We look for covariant derivatives, with o as form of connection, which are equivariant by change of
gauge. In particular we want that if the magnetic potential is trivial (¢ = d°f for some real function
f € C(V,R)) then a change of gauge permits to come down to the case without magnetic field (see Corollary
3.3). To this way we consider the following definitions, which assure simpler calculus, they are different
from those of [2] even if they define the same energy form [|d%g][>.

Definition 3.1. On a magnetic triangulation T, := (K, ) the difference magnetic operator acting on functions
isdy : C(V) — C, (E) defined by the formula:

io(x,y)

> g(x). (3.5)

Proposition 3.2. The difference magnetic operator d5, satisfies the gauge invariance: Y f € C(V,R)

ia(y,x)
VgeC(V),(x,y) €& dgg(x, y) = e+g(y) —e

VgeCV) &, fe"f g =2¢e7.d%4g).

Proof.

ia(y)+f)-fy) -
z elfW) g(y) —e
ia(x,y)

) ia(y,x)
= e (e ™ g(y) —e 2 g(x))
= el (9)(x, y)-

i, _ f )
ia(x .‘/)+£(}/) f(x) e’f(x)

4 € )x y) = e 9(x)

O

Corollary 3.3. Let o = d°f be a trivial magnetic potential, then the covariant derivative d5, is conjugated to the flat
one d°:

dgof =ef d%oe™.
Definition 3.4. The co-boundary magnetic operator is the formal adjoint 55 : Ciron
on @ € C__(E) by the formula:

skew

(&) — C(V) of &Y, it acts

‘ 1
VeV, G = 5 Y. reepe).

Indeed, by definition:
VFeC(V), p €C,. (&) (dYf, Pre) = (f, 600 ). (3.6)
and we calculate
o f e = 5 Y Ho) (e o) - € £0) 9@
ee&
= ;;Vf(x) (Z r(e)e-"“f@] = éc(x)f(x)[% Z re)e’s @(e)J.

Remark 3.5. The operators (d%, C(V)) and (89, C¢, . (E)) are closable, as done in [1]. It is a simple consequence of

skew
the fact that on locally finite graphs convergence in norm implies punctual convergence and the operators are local.
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Even if it is rather formal in the discrete setting, we consider sections of our a-bundle as a module on scalar
functions, and it is important to see what happens for the derivative under multiplication by a function.

Proposition 3.6. Derivation properties

For f,g € C*(V) and ¢ € C,, () it holds

Y y) €8, d(foxy) = FWag( y) +e a2 ()x, ga) & (37)
vect, oo = fionte + I o
VeV, 8 (fo) () = FOSU@)E) - 2—() e e T fx, p(x, ). (338)
Proof.

Let f, g € C(V), we have that

Of)y) = €2 (F)y) - €T (fg)x)
= F) (¢ g0 - ¥ 90 + €5 (F)g0) - F09()
= FA9)(x, y) + & () x, )9 ().

F)+ f(y)

2

Furthermore, using the definition f~(x, y) = , we obtain

B4 = Tl il + S IO TID oy

We return to the formula of §0. Given f € C°(V) and ¢ € C., (), as ﬁe) = f(e*) - %do f(e) forany e € &, we
obtain

55 (fo) (x) Z re)e'® (fp) (o)

C(x) () 2 0 e ply ) + 5 )Zr(x DA £y, e F oy, )

y~x

= FORP® - 5= 2 o DA N e F o, ).
[

4. The exterior magnetic derivative operator

The point here is to extend the definition of the covariant derivative with connection form « on 1-forms.
We define the exterior magnetic derivative operator d, : Cx(E) = Coero(F) by the formula, if ¢ € Cypers(E)
and (x,y,z) € F,

d}y((P)(x/ Y, Z) = eé(tx(x,2)+a(y,z))(p(x, y) + eé(a(y,x)-%—a(z,x))(p(y, Z) + eé(a(z,y)ﬂx(x,y))(p(zl JC). (49)
It satisfies the following gauge invariance. Let f € C(V,R)

dy e = e di(@), Vo € Coten(©).
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Proof. Let (x,y,z) € F
di +d0f( olf P)x,y,2) = et a2 +a(y)+2f@—(f)+ f(y)))e%(f(x)+f(y))(P(x, Y)
+ e @+ ()~ (F@+ (W) o 5 (F@+f() o(y,2)
+ et @E+a@y+2f()-(fO)+f(2) o 5 (fE)+f() ¢(z, %)
= eSO () (x, y, 2).

O
The co-exterior magnetic derivative is the formal adjoint of d}, denoted by 5}.. It satisfies

dyp, Vyeg) = (@, 00 P)pe), (4.10)

forall (p,¢) € C,_(E) X C°_ (F).

skew skew

Lemma 4.1. The formal adjoint &, : C¢,, (F) — C*

skew

Lo (©) of dy, satisfies, if € C, (F) and (x,y) € &,

1 i
s(x, y, tyes @AMy (x, y, 1),
r(x, y) tezﬁ‘y

S, y) =

Proof. Let ¢ € C, () and ¢ € C¢, (). We remark that, by Equation (4.9), the expression of dL(e)(x,v,2)

i
for (x,y,z) € ¥ is divided into three similar terms. So the equation (4.10) gives

1 R
g Ve = ), S0 v,2d4 @)y, 2900 y,2)
(x,y,2)EF

1 ,. ST
2 Z s(x, y, 2)es AT ED o (x, yy(x, y, z)

(x,y,2)F

_1 Y, el | = ) sy, eIty (x,y, 1))

1
2 (x,y)e& (x, y) teFry

|
Remark 4.2. The operators (d},,C,  (8)) and (5}, C°

skew

(F)) are closable, as done in [7].

To give a derivative property in the same way as Proposition 3.6 we need to define the wedge product
of a scalar 1-form with a section 1-form.

Definition 4.3. Let (&, @) be two 1-forms, we consider & as scalar valued and @ as a 1-form with values in the
a-bundle, so we can consider & A, @ as a 2-form with values in the a-bundle with the formula

(& Aa @) (x,,2) = e CEIHED6 (£(2, x) + &(2, 1)) p(x, )
+ e HWra/6 (£ 1) + E(x,2)) (Y, 2)
+ e CyATaWII6 (£(y, 2) + E(y, %)) (2, %).

We remark that for a = 0, this definition coincides with the wedge product & Agisc @ given in [7] for 1-forms
with scalar values.

Proposition 4.4. Derivation properties
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Let (f,@,¢) € C(V)x C°__(E) x C°,_(F). Then we have

skew skew

)5, = (i) 0,2 + ¢ (5 Ao ) (50,2, @)

SLFONE) = Fle)Li)(e)

+ %(6) ; s(e, x)eé(a(x,e’)ﬂx(x,e*)) (dof(e_, x) + dof(€+, x)) I]ZJ(E, x). (4.12)

Proof.

(1) Let (f, @) e C(V)xC:_ (E), wehaveV(x,y,z) €T

skew

A (Fo)x,y,2) — Fx,y, DA (@), v, 2) =
_ o-ilaG0aG)/6 (f @ +f) [+ f)+f@ ) o0, y)

2 3
+ e-iaty-ra(x2)/6 (f(y) + f(2) B f)+ f(y) + f(Z))
2 3

o(v,2)

¢(z,x)
ity raeaye] W) + f(2) = 2f(x)
6

2
—i(a(z,x)+a(z,))/6 f@x) + f(y) — 2f(2)
6

+ e-i@y2)+aly)/6 (f(z) + f(x) _ )+ f(y) + f(Z))
3

=e€

o,y +e
+ e-ilaty2)+a(yx)/6 f@@2) + f(x) = 2f(y)
6

Py, 2)

P(z,x)

=i d°f(z,x) +d°f(z, ) iatoyyrageay /e 4 f @ y) +df(x,2)
_ e-ilaaacy/e S - fey O(x, ) + e-l@@yata)/6 floy - f 0y, 2)

0 0
+ e-lataraw/e S Y,2) J6r 4’ f(y, x)(P(Z, 9.

(2) Let (f, ) € C(V)x C__(F). In the same way as before, using Lemma 4.1 one has Ye € &

skew

BLFYE) = FOBhWNE) = = ), ste et 700 (e, ) o)) e, )
xX€F,

= 55 L, se el (5 ) 4 ", ) e, ).
xeF,
|

5. The magnetic operators

5.1. The magnetic Gauf3-Bonnet operator

It was originally defined as a square root of the Laplacian. We call magnetic Gauf3-Bonnet operator the
operator T, defined on C(V) @ C;,, (E) ® C;,, (F) to itself by

skew
0 & o0
20 o

0 d. 0
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5.2. The magnetic Laplacian operator
The magnetic Gauf3-Bonnet operator T, is of Dirac type and induces the magnetic Hodge Laplacian on
C(V)aCy, ©)eC, (F)toitself by

Ay =T

In general, A, does not preserve the degree of a form, unlike the usual Hodge Laplacian (d + 6)?. This
default is measured by the magnetic field.

5.3. The magnetic field

It can be understood as a curvature term which measures how the connection is not flat, it could be
defined as the operator dl, o d) (in the smooth case, a connection form A defines a covariant derivative
written d4 = d + A in local coordinates, the curvature term is given by d% = dA + A A A, see [6] Prop. 1.15).
We calculate, for f € C°(V) and (x,y,z) € F

dyldo f1(x, y,2) =
— et(@(x)+a(y2) dg fx,y) + eé(a(y,x)ﬂx(z,)f))dg fly,z) + eé(a(z,y)m(x,y))dg f(z,x)
ia(y,x) ia(x,y)
H f) - e o)
AU (o5 ) — " ()

+ ety +aty) (e% Fx) -5 f(z))

— eé(a(x,z)+a(y,z)) (e

= —sin (%) (eém(x,z)m(x,y)) F(x) + e3@WArD) (1) 4 @5z talzy) f(z)) (5.13)

where we use to obtain the last line the decomposition 3 = 1 + 1. So if the holomomy of « is zero, in

2
particular @ = 0 and dl, o d = 0.
Reciprocally if dl, o d = 0, by testing the formula on f a Dirac mass at any point x € V (ie. f(x) =1, and

f(y) = 0 for y # x) we conclude that sin (%) =0 on ¥, a kind of Bohr-Sommerfeld condition.
In the same way we can calculate

BILI) = 5 Y, e sky(e

eet=x

1 - a(y,x) 1 i
_ i ¢ (atx)+a(ty))
e yZNx r(x, y)e [ ) sx,y,be ¥y, x, t)]-

ey

We remark that it is less clear (but true) that this term is zero when a has no holonomy. To see this it is
better to remember that 6 o 6! is the formal adjoint of d, o d9. It gives another formula, namely

_3 . E(x’ ’Z) Z(ax,z)+alx,
8% 0 8L (W) (x) = @ Z s(x,y,z) sm(Ty)e 5 (@(x2)+al ’y))ll)(x, Y,2).
(x,y,2)€F

Remark 5.1. We have proved that, on a magnetic triangulation T, if the magnetic potential has no holonomy, then
it is trivial: there exists a function f € C(V) such that o = dof and as a consequence by a change of gauge the
magnetic operators are unitary equivalent to the same operators without magnetic potential.

Moreover, we see now that in this case the magnetic field is nul in the sense that d’, o d5 = 0. But the converse is
not evident: If the magnetic field is zero, or more strongly if & = 0 we are not sure that the holonomy of a is trivial,
we need a stronger topological hypothesis as: all the cycles of the graph are combinations of boundaries of faces.
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6. Geometric Hypothesis

6.1. Completeness for the magnetic graphs
We will take the following definition of y—completeness of a triangulation

Definition 6.1 (y—completeness). Let 7, = (K,, ) be a weighted magnetic triangulation. T, is x-complete if
the underlying triangulation is x-complete: there exists a positive constant C such that the following properties are
satisfied:

(C1) there exists an increasing sequence of finite sets (By)uen such that V = U,enB,, and a sequence of functions
(Xn)nen such that

)VneN, x, €C(V), 0< xun <1, Vx€B, xulx)=1;
ii) for all x € V and n € IN we have

- r@d’xa(e) < C;

(Cp) forall (x,y) € Eand n € N we have

1
r(x, )

N sy, ) @0t %) + dx(t, yf <c

teFry

It is indeed the same definition as the one taken in [7]. We remark that, as a consequence of (Cy, 1) one
has that for any vertex x € V, lim yx,(x) = 1.
n—oo

In [2] is defined the notion of y,—completeness of a magnetic weighted graph, a notion mixing geometric
properties of the graph with the behavior of the magnetic potential.

Definition 6.2 (x,—completeness). The magnetic weighted graph K, = (V, &, a) is xo—complete if there exists
an increasing sequence of finite sets (By)new such that V = U,enB,, and there exist (1), and (¢n)n with
i) n, € C(V,R), 0< 1, <1land n,(x) =1forall x € B,
ii) ¢n € C(V), such that (¢n), converges to 0
iii) there exists a non-negative C such that for all x € V and n € IN, the cut-off function x, = 1,¢'* satisfies

% Y reldxaer <C.

eeEet=x

Remark 6.3. We remark that under the hypothesis of xo—completeness, cut-off functions are allowed to have complex
values. But indeed the graph is x—complete in the sense of [1, 7], using for positive cut-off functions the absolute
values 1, = |xnl: the triangle inequality gives for any edge e € &

1 (xa)@)l = (@) = a(€)Il < xa(e®) = xau(e)] = 1d°(xa) @)

But the x.—completeness gives also a constraint on the magnetic potential. Namely, under the hypothesis of
Xa—completeness there exists a non-negative constant C such that for all x € V

1 Z r(e)| sin(a(e) /2)I* < C. (6.14)

C(X) eeEer=x

Indeed, let x € V, for n big enough, the vertex x and all its neighbours are in B,, and one has, because of hypothesis
ii), forany e € &, e* = x:

i d1,0) =7+ - e = -2isin(*52).
n—oo
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As the graph is locally finite, the conclusion follows. But now, by the general formula on functions

dof(x, y)— 2isin(@)f(x),

—ia(x,y) ia(xy) —ia(x,y)

dgf(x/y):e T fly)—e 2 fx)=e2

one has that x,-completeness is stronger than x-completeness in the sense of Definition 6.1, indeed it implies x-
completeness and Equation (6.14).

6.2. Magnetic graph with bounded curvature

Definition 6.4. Let T, = (K, ) be a weighted magnetic triangulation. We say that this magnetic triangulation
has a bounded curvature if there exists a positive constant C such that

VeV, % ; s(x, e) sin? (@) <C (6.15)

where 7, denotes the set of edges connected by a face to the vertex x. For the reason of this terminology,
see Remark 7.7 below.

7. Essential Self-Adjointness

In [1] and [7], the authors use the y—completeness hypothesis on a graph to ensure essential self-
adjointness for the Gaufi-Bonnet operator and the Laplacian. In this section, with the same idea, we will
give a theorem which assures for the Gaufi-Bonnet operator T, to be essentially selfadjoint. We recall the
following definitions for an operator A with domain O c H an Hilbert space, the minimal extension of
Ais Apin = A the closure of A and its maximal extension Apax has domain {f € H, A(f) € H} if A has an
expression for any function in H (on manifolds it would be the case for differential operators in the sense
of distributions, in our case it is the case as functions on vertices, edges or faces).

Let us begin with this result

Proposition 7.1. Let T, = (K,, F) be a magnetic x—complete triangulation, then the operator d3 + 69, is essentially
self-adjoint on C°(V) & C°(E).

Proof.

It suffices to show thatd) . =dj . and 8} . = 00 .- Indeed, suppose it is proved, dj + &, is a direct

sum and if F = (f,¢) € Dom((d3 + 63)max) then f € Dom(d}, ,,.,) and ¢ € Dom(dY ,,,.)- By hypothesis, we
have then f € Dom(d. . )and ¢ € Dom(5] . ), thus F € Dom((dQ, + 69) min)-

a,min

1) Let f € Dom(dY ,,,.), we will show that

If = xuflleeyy + 114 (f = xuf) llre — 0 whenn — oco.

Using the dominated convergence theorem, we have
lim (f = uf) () = lim (1= x2)f) () =0
and [If = xu Iy <4 ) cCOIFOP, feB(V)

xeV
SO nli_r)lf})0 Ilf = xnfllee) = 0.

From the derivation formula (3.7) in Proposition 3.6, we have

ia(xy)

A1 = x) N Y) = 1= X)W ) + Fe” 2 d((1 - xu)(x, y)
= (1= )@@ ) - FEe 2 d () (x, y).




2)
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We remark that d°(1 - x,)(e) = —d°x..(e) has finite support. Since d f € I(E), one has by the dominated
convergence theorem,

Lim (| (1 = xu) do fllie) = 0

Now, for the second term, using the triangle inequality, the completeness hypothesis and that the
graph is locally finite, we obtain

FOPxly = 5 Y AP O

= 2 ) I T r@(nr)

< CYe@If@PR.
xeV
But Vx € V,
m [f@P ) r@ldxa() = 0.

We conclude then, by the dominated convergence theorem, that lim || f ()1 = xu)ll re = 0.
n
Let ¢ € Dom(0Y ,,,.,), we will show that

lp = Xnlleee) + 10 (9 = Xn) llzv) — 0 when 1 — oo,
By using dominated convergence theorem, we have

lim (¢ = xu@) (¢) = lim ((1 = X)) (€) =

lp = Tupllgy <4 ) r@lpEP, ¢ PE)
ee&

SO nli_r)r}m llp = Xu@llzE =0
From the derivation formula (3.8) in Proposition 3.6, we have

80 (1= Z)e) () = (1 = xi) (1)) (x) — s e A1 - x,) (6 e, v)

2()

= (1= x)(O)(EP)() + —— r(x, e T d (o), Ve, v)

2c ( ) &

On the one hand, we have )¢ € [*(V), then by the dominated convergence theorem,
Jim (1~ x) 80¢lleey) =

On the other hand, fixing x € V, we have

An®) = )" HO)d () (e)ple) > 0 when 1 — oo

eet=x

A ()

IA

[ Y, r(e)|d°(xn><e>|2] : [ Y 7(6)I<P(€)|2]

eetr=x eet=x

Ce(®) ) relg)P.

eet=x

IA
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Then, we obtain,

(529 )) A < 5 T el

t=x

which is summable on V, as ¢ € I>(E).

We conclude then by the dominated convergence theorem that the second term

in 2(V). O

Ay(x) converges to 0

1
2c(x)

Remark 7.2. We see that, because of the good derivative formula given in Proposition 3.6, the essential selfadjointness
of the magnetic operator works as if the magnetic potential was zero.

Proposition 7.3. Let T, = (K, F) be a x-complete magnetic triangulation then the operator d, + 8} is essentially
self-adjoint on C*(E) & C°(F).

Proof.

: 1, sl : : : 1 g 1 sl
Again, as d, + 0, is a direct sum, it suffices to show thatd . =dy . and 6, . = O oy

1) Let ¢ € Dom(d! ,,,.), we will show that

lp = Xn@llre) + 1} (¢ = Xn@) 2y = 0 when n — co.
Using the dominated convergence theorem, we have
Ve e &, lim (¢ = xag) (€) = lim (1 = Xu)p) (e) =

lp-Taplt ey <4 ) r@lpE)?, ¢ € BE)
ee&

so lim Jlp — Xn@lleg =0
From the derivation formula (4.11) in Proposition 4.4, we have
do (@ = Xup) (%, y,2) = dg (1= Xa) @) (%, ¥, 2)
= ((1-xu)dhep) (x, y,2) + = (dO(l Xn) Aa @) (5, Y, 2)
= (1= xn) dop) (5, .20 - ¢ (% Aa 9) (5,,2)

using d°(1 = xu)(e) = —d’xx(e)-
Since dl¢p € I>(F), one has by the dominated convergence theorem,

fim (1~ ) o

12(7'")
For the second term, we recall the definition of A,
(A Aa @) (x,y,2) = e/HCEDED (O, (2, %) + dxu(z, ) P(x, y)
+ e—i/6(a(x,y)+a(x,z)) (dOXn(x/ y) + do)(n(X, Z)) (p(y, Z)
+ e 0w (g0, (y, 2) + dxu(y, X)) (2, ).



C. Anné et al. / Filomat 37:11 (2023), 3527-3550 3542

We have by property (C,) of the completeness hypothesis for the triangulation

Y ste e [ xux,e) + dxu(x )|

(ex)eF
- ; r(e)l(P(E)F% J;t s(e, x) |d0)(n(x, )+ Py, e+)|2
<CY r@lp@P.

ee&

But for any e € &, limy—e Xyer, S(e, X) |d0)(n(x, e”) +dxu(x, e+)| = 0, we conclude then again by the
dominated convergence theorem that this second term converges to 0.
2) Let € Dom(5}, ), we will show that

1Y = Xl + 1L = Xut)lipe — 0 when n — co.

First, by the dominated convergence theorem, we have
lim (¢ = xatp) (6, ,2) = lim (1 = X)) (x,9,2) = 0.

~ 1 ~
= Xty = 2 D s, DI = Xulx, v, 2Pl v, 2P

(x,y,2)€F

4
<z Y, s@wy AWy = iy,

@y2)ef
Then,
Lim [l — Xl = 0.
Secondly, by the derivation formula (4.12) in Proposition 4.4, we have

Ma(e) = 63 (1= X)¥) () — (1 = T @©©Os)e)

1 o
- - La(ve)+alxe)) (7001 _ _ 0 _ N
~ 6r(e) ;s(e,x)e + (d 1= xa)e,x)+d°(1 - x,)(e ,x)) (e, x)

1 i - + _
= h) Z s(e, x)es (@) raler) (do Xn(x,e7) +d%xu(x, e+)) Y(e, x)
xX€F,

Then, by the hypothesis of completeness,

Ve e &, lim M, (e) = 0. (7.16)

On the other hand, using the Cauchy-Schwarz inequality and again the property (C,) of y—completeness,
we have forany e € &,

1\
IM(e)f* = (%)

2

Y (e, 1) @ 0w (@), €7) + d°(cn) (x, €%)) e, )
x€Fe

2
< (%@) Z; s(e, ) [ (xn)(x,e) + d(un) (x, e Z; el o
< % Y ste, v, x)P.

xeF,
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Therefore, by the dominated convergence theorem
VneN, ) r@M,@F < Clgl? = lim )" re)M,(e)f =
ee& ee§

Finally, we have by dominated convergence theorem as 6.1 € I*(E)
Tim II (1 = x) 62 (@)l = 0.
This completes the proof. [J

Theorem 7.4. Let T, = (Ku, F) be a x—complete magnetic triangulation then the operator T, is essentially self-
adjoint on C°(V) & C°(E) & C(F).

Proof. To show that T, is essentially self-adjoint, we will prove that Dom(T s yax) € Dom(T o min). Let us take
the sequence of cut-off functions (x,), € C°(V) assured by the hypothesis of y—completness of 7,. Let
= (f, ¢, ) € Dom(Ty yax), then F and T,F are in I*(7,). This implies that §0¢ € 2(V), d%f + 6Ly € I2(E) and
dig € I*(F). Consequently, by the definition of 8} ., and d}, ,,,, we have ¢ € Dom(5} N Dom(d} But
the proofs of Proposition 7.1 and Proposition 7.3 show that ¢, = )(n(p satisfies

a, max) a, max)

Vn €N @, € C(E) and lim |lp ~ Pall? +1lde (@ = @)l + 160 = @)l =

so ¢ € Dom(&) ) N Dom(d} . ).

a,min

Now, it remains to prove that d5(x, f) + 6} ()(,,1,0) converges in (&) to d% f + 6. Indeed, we need some
derivation formula taken in Prop051t10n 3.6 and Equation (7.17) in the proof of Proposition (7.3). It gives:

e fle) + e fe")
2

do((1 = xn) )e) = (1 = Xa)@do(f(e) dxu(e)

SH (6)

5% (1= X)) @) = (1 - T GL)e)

1 i - .

(a(x,e”)+a(x,e?)) ( 40 — 0 +
- — s(e, x)es d“(xa)e,x)+d (xn)e", x e,x).
10 Ls (e, x) (d°Cene™, ) + d°(en)e”, 1) Yle, x)

Zu(e)

Therefore, we have by the triangle inequality

S (f = 2nf) + () = Xn)lpee,

=11 = Xu)(dof +8a¥) = Su = Lulli g,

<311 = TS f + S g, + SullEey + 1Tl g))
Because 40 f + 611 € (), we have

lim (1 = ©)(@Sf + S ) =
Because 1 € I*(F) we have, as in the proof of Proposition 7.3
. 2 _
lim 17,36, = 0.

Because f € [*(V) we have, as in the proof of Proposition 7.1,

. 2
}5’5}0 Snllpe) =
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Corollary 7.5. Let T, = (K, F) be a x—complete magnetic triangulation then the magnetic Laplace operator A, is
essentially self-adjoint on C*(V) & C*(E) & C(F).
Knowing that T, is essentially self-adjoint, we conclude then that A, = T?2 is also essentially self-adjoint in

the same way as in Proposition 13 of [1].

Theorem 7.6. Let T, = (K, F) be a x—complete triangulation with bounded curvature (ie. the property (6.15) is
satisfied) then the operator T, satisfies

Dom(Tamin) = Dom(d’ ;) ® (Dom(s, ,,,) N Dom(d}, ) ® Dom(s},,;,)-

a,min a,min a,min a,min

Remark 7.7. This theorem is the reason why we call our hypothesis (6.15) bounded curvature. Indeed it sounds
like, in the smooth case, the theorem which says that on a complete manifold with bounded geometry (ie. with positive
injectivity radius and Ricci curvature bounded from below) the Laplace Beltrami operator is essentially self adjoint
and the domain of its selfadjoint extension is the second Sobolev space (the closure of the smooth function with compact
support for the Sobolev norm of degree 2), see [12] Prop. 2.10.

Proof.
First inclusion. Let F = (f,¢,¢) € Dom(d° . )& (Dom(c‘)0 ) N Dom(d* )) ® Dom(5! ). Then by

a,min a,min a,min a,min

Proposition 7.1 and Proposition 7.3 we have (f,,), € C°(V) and (), € C°(F) such that :
- fo=xuf = finB(V)and & f, — dg,minf in ?(&).
- Y = Xu) > ¥ in A(F) and 8Ly, — 6L . ¢ in (E)

We have also ¢ € Dom(d N Dom(d}x i) 80 by these two propositions (¢, = x,9), S C*(E) satisfies

i)
llp — Xnpllee) + 116%(@ = Xn@)lleey) + 144 (@ — Xa@)llegy — 0, when n — oo.
Hence, F, = (fu, Pn, Yn) satisfies
F, = FinA(T,), ToFy = TaminF in X(T2),
where Ty, yinF = (6° 0 f+06l 1, d}xrmm(p). Then, F € Dom(T, in)-

o, d .
o,min a,min a,min
Second inclusion. Let F = (f, @, 1) € Dom(Tymin). It means that there exists a sequence ((f,., n, P4))n in
C(V) X C(E) x C°(F) with
’}1_{1(}0 lfi = flleeyy + lon = @lleg) + 1Pn = Pllpg =0
and

Lim 15q(Pn = lleeyy = 0, lim llde(9n = @)l = 0, K A (fu = £) + Oo(thu = P)llrce) = 0.

We obtain directly that ¢ € Dom(5° . )N Dom(d! ).

v, min a,min
We have to show now that d% f, and 6}, are Cauchy sequences.

Lemma 7.8. In the situation of the theorem, there exists a positive constant C' such that for any g € C*(V) and
nec(r)

{429, 61) 5 ey | < Cllgllzovy Il (7.18)
Proof.. Let g € C°(V) and 1 € C°(F), then

(459, 041) e, = (k0 dBg, ),

== 2 s(x,y,z)ﬁ(x,yIZ)sin(

(x,y,2)eF

alx,y,z)
)

(eé(a(x,Z)M(xry)) g(x) + ei@yD+a(yx) g(y) + e3@EI+GEY) g(z))
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by the calculus of section 5.3. Now using the hypothesis of bounded curvature (6.15) one has

y s(x,y,z)sin( oy, ))(|g<x>|2+|g<y)|2+|g<z> ?)

(xy,2)EF
D WEDIETEEErS)

xeV eeF
< 3CIY IR -

The Cauchy-Schwarz inequality gives finally the result with C’ = 3VC. O
Now we return to the proof of the theorem: let m,n € N

s = filB ey HIOA G = Pl e
= Qo = fn) + 00 = Yudlsgy = 2{0fo = fu), O3 = ¥))
<Y (fr — fin) + Oa (P — ll)m)lllzz(g) +2CNfu = fulleew) 1¥n = Yullee)-
We conclude that both (d9 fn)n and (01¢,),, converge so

f € Dom(d° and 1 € Dom(5!

a, mm) a, mm)

O

8. Application to magnetic triangulations

The aim of this section is to give a concrete way to prove that the notion of y—completeness covers the
Xa-completeness studied in [2]. Let a be an arbitrary magnetic potential on a given triangulation 7, a and
fix an origin vertex O € V. The combinatorial distance dcom» between two vertices x, y is given by

dcomb(x/ y) = min 'E(V)
vely

where Ty, is the set of all paths from x to y and £(y) denotes the length (the number of edges) of a path y.
To simplify the notation, we write deomp (O, X) by |x|. We denote by B,, the ball with center the origin vertex
Oandradiusn,ie B, :={xeV: |x| <n}.

Theorem 8.1. Let T, be a weighted magnetic triangulation endowed with an origin. Assume that

sup degq(x) = O(n?) and sup degs(x,y) = O(n*) when n — oco.
x€B, (%, Y)EBXB11

Then T, is x—complete.

Proof.
Let n € IN, we define the cut-off function x, : V — R by

IXI

() = ((2 -y o) Al

If x € B,41, we have that y,(x) = land ifx € Bz (1) We have that y,(x) = 0. Then, x, has a finite support.

We remark that if y ~ x then, by the triangle inequality, [|x| — |y|| < 1 so

y~x =[x y)l = () = xa(y)l < (8.19)

n+1



C. Anné et al. / Filomat 37:11 (2023), 3527-3550 3546

We conclude that, thanks to the hypothesis on the degrees, there exists a constant C such that for any
xeV

1 2 degy(x)
@ ; r(x, y) |d0Xn(x, y)| < 1P <C

Now, let (x, y) € &. Using again Equation (8.19), we have for some M > 0 independent from (x, y) and n

1
r(x, y)

Y sy, DIt X)=d )P

teﬁy
2
<
r(x, y)

= 4 Z S(x, y, t) |Xn(x) _Xl’l(t)lz

)

Y s, (oxate, 0 + e 0 )

teFyy

4degs(x, y)
(n +1)2
<M.

The definition of y—completeness is satisfied. [

8.1. Book-like triangulations

We recall the definition of 1-dimensional decomposition given in [5] for graphs. This notion generalizes
the decomposition in spheres on a graph with origin, where the spheres are defined by

S, =xeV: x| =n}.

Definition 8.2. A 1-dimensional decomposition of a graph (V,E&) is a family of finite sets (Sy),cn Which forms a
partition of V and such that for all (x,y) € S, X Sy,

xye&E=mn-m<L
The following definition is introduced in [7].

Definition 8.3. We say that a triangulation is a book-like triangulation endowed with an origin O (Fig.2), if there
exists a 1-dimensional decomposition (Sy),cn of its graph such that for all n € IN,

i) So =10}, IS+l =2and ifx,y € Sops1 and x # y then (x,y) € E,
11) Vx, y € 82n+2/ (x/ y) ¢ 8/
iii) Vx,y € Sops1, x # yand Vz € Spy U Sopun then (x,y,z) € F.
Example 8.4. Let T, be a magnetic book-like triangulation endowed with an origin O and an arbitrary magnetic
potential ov. Take 0 < B < 2. We set ¢(x) = 1 and val(x) := §{y € V, y ~ x}, for all x € V. If T, satisfies

val(x) = [(2n + 1)5J +4, foralln e Nand x € Sy

_ val(x)val(y)
D=

and 5(x,¥,2) = r(x, Yr(y, 2)r(z, ), forall (x,y,2) € F.

, forall (x,y) €&
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S

2

Figure 2: A book-like triangulation

Then an application of Theorem 8.1 gives that T, is x-complete.
Indeed, we remark first that val(x) = 4 for x € Sy, n > 1) and

val(x) = |Sonl + |Sons2l + 1, for all n € N and for x € Sap41. (8.20)

Let n € IN¥, the equation (8.20) gives:

First case. If x € Sy41, let X be the other vertex in Syuv1. There is some C > 0 independent from x and n such
that

|_(2n+1 ﬁJ+4)
n2n+1)

0<p<2)

IA

r(x ) _ (val(x)) (val(x)) N val(x) val(y)
VNX C(x) I yESZn USon42 |y|
_(L@n+ 18] + 4\? N L2n + 1P| +4 (4S5, . 41S5,,10|
B 2n+1 2n+1 2n 2n+2
- L2n+ 1) + 4\? L(2n + 1P| +4 (1S2] + |Sonsal
- 2n+1 2n+1 n

2n+1

IA

(L(Zn +1)F] +4)\
C
C

IA

Second case. If x € Sy, we have for some C' > 0 independent from x and n

r(x,y)  oval(x) val(y)
; cx) |« Z lyl

y~%, YE€Soma1
[Saal (L@ = 1F]+4)  1Saual (L@n + 1F] + 4)
2n 21 " 2+ 1

L 4(l@n-1F)+4  |@n+ 1)) +4
B O S TS
<Cnf?<C, (0<p<2).
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On the other hand, let (x,y) € S3, .., x # y. We have for some M > 0 independent from (x, y) and n

n+1’
s(x,y,t)
= r /t r t’x
t; rx, y) t; e
xy W
B x|yl €82, USans2 d

_(L@n+ 1FI+4)° (1612 | 161Spueal
a 2n+1 (2n)2  (2n+2)?

L@n + 1)F] + 4)2 (|82n| + |32n+2|)

2n+1 (2n)?
(I_(Zn +1)F] +4)2(|_(2n +1)F] +4)
2n+1 n2
Mn¥#*, (0<p<2)
Mn?.

S16(

IA
e~

IA

IN

If (x, y) € San X Sans1, we have for some M’ > 0 independent from (x, y) and n
s(x,y,t)
t; @) = t; r(y, r(t, x)
xy xy

_ val(x)val(y) val(t) 2
Iyl Z( It )

teSons1

_Hlen DI+ 4) (@n s 1P+ a)?
T 2nn+1) ( 2n+1 )
< M'n3f4 (0<p<2)

< M'n?.

8.2. Case of a 1-dimensional decomposition triangulation

In this section under a specific choice of magnetic potential a, we construct an example of a triangulation
that is y-complete and not x,-complete. The following definition is introduced in [7].

Definition 8.5. We say that a triangulation is a 1-dimensional decomposition triangulation if there exists a
1-dimensional decomposition (Sp),cn of its graph (Fig.3).

We now divide the degree with respect to the simple 1-dimensional decomposition triangulation

Ny =sup|VX) NSy, By == sup |Fel, i :=sup ((ﬁ N S,e1) X Sf,) al 77|.
eeS?

xeS, €S, XS, 1

Example 8.6. Let T, be a simple 1-dimensional decomposition magnetic triangulation and

yy = (Ix] = [y]) 7.

Z sin? (%) = val(x)

y~x

Thus,
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N
% XX
SRS

L
%}p{‘,
4

&>

S
X
S

Figure 3: A 1-dimensional decomposition triangulation

for all x € V. Using (6.14), if val(.) is unbounded, then 77, is not x,-complete.
In contrast, in [7, Thm 6.2], the author proves that if

1
,;‘\I Vém,n+1)

where E(n,n+1) =n; +n ., + B + v,y +V,,,, then T, is y—complete.
As a consequence, the operators T, and A, are essentially self-adjoint on C°(V) ® C°(E) ® C°(F). But we

remark also that the magnetic field is trivial, it is the differential of a function, then its holonomy is null and
the curvature also. We can then apply Theorem 7.6 to T,.
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