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Abstract. In this paper, as a new modification of metric spaces, we introduce a bipolar soft metric space
which is built by two different soft point sets. After that we give some considerable properties of this new

concept as convergence, completeness etc., we prove some fixed point theorems of bipolar soft contractive
mappings on bipolar soft metric spaces.

1. Introduction

Metric spaces have a major role in mathematics and other sciences. The concept of metric space was
initiated by Fréchet at the beginning of 20th year [7]. Since that day a great many generalizations of metric
space were obtained by different authors. Firstly in 1963, 2—metric space was studied by Gahler [8]. In 1984,
D—metric space was introduced [5] by using basic modifications in the definition of 2—metric space. After
that Mustafa and Sims introduced G—metric space since they found various mistakes in the definition of
open set in D—metric spaces [12]. In 2012, Sedghi et al introduced the notion of S—metric space modifying
some conditions in the definition of D—metric space in [15]. In this flow, after partial metric space was
introduced by [10], Abbas et al examined A—metric space as a generalization of S—metric space [2]. A.
Mutlu and U. Gurdal defined bipolar metric space as a type of partial distance and proved some fixed
point theorems [13]. Soft set theory was presented as a significant tool by Molodtsov for dealing with
uncertanities [11]. More researchers applied this new concept for their own studies in [1, 3, 6, 9, 14].

Today a great many researchers have defined new generalizations of metric spaces and proved fixed
point type theorems in these spaces. In this paper, as a new modification of metric spaces, we introduce
concept of bipolar soft metric space which is built by two different soft point sets. After that we give some
considerable properties of this new concept as convergence, completeness etc. Finally some important fixed
point theorems are studied on bipolar soft metric space.

2. Preliminaries

In this section, we recall some important concepts introduced soft set theory which serve a background
to this work. Throughout this paper X, E and P(X) respectively denote the initial universe, a set of all
parameters, and the power set of X.
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Definition 2.1. ([11]) A pair (F, E) is called a soft set over X, where F is a mapping given by F : E — P(X).

In other words, the soft set is a parameterized family of subsets of the set X. For ¢ € E, F(¢) may be
considered as the set of e—elements of the soft set (F, E), or as the set of e—approximate elements of the soft
set.

Definition 2.2. ([1]) For two soft sets (F, E) and (G, E) over X, (F, E) is called a soft subset of (G, E) if Ye € E,
F(e) € G(e). This relationship is denoted by (F, E)S(G, E).

Similarly, (F, E) is called a soft superset of (G, E) if (G, E) is a soft subset of (F, E). This relationship is
denoted by (F, E)2(G, E). Two soft sets (F,E) and (G, E) over X are called soft equal if (F, E) is a soft subset of
(G,E) and (G, E) is a soft subset of (F, E).

Definition 2.3. ([1]) The intersection of two soft sets (F, E) and (G, E) over X is the soft set (H, E), where
Ve € E, H(e) = F(e) N G(e). This is denoted by (F, E)N(G, E) = (H, E).

Definition 2.4. ([1]) The union of two soft sets (F, E) and (G, E) over X is the soft set (H, E), where Ye € E,
H(e) = F(e) U G(e). This is denoted by (F, E)U(G, E) = (H, E).

Definition 2.5. ([9]) A soft set (F, E) over X is said to be a null soft set denoted by @ if forall e € E, F(e) =

Definition 2.6. ([9]) A soft set (F, E) over X is said to be an absolute soft set denoted by Xif foralle € E,
Fe) =

Definition 2.7. ([9]) The difference (H, E) of two soft sets (F, E) and (G, E) over X, denoted by (F, E)Y(G, E),is
defined as H(e) = F(e)\G(e) for all e € E.

Definition 2.8. ([9]) The complement of a soft set (F, E), denoted by (F, E), is defined (F, E)* = (F¢, E), where
F¢: E — P(X) is a mapping given by F° (e) = X\F (), Ve € E and F* is called the soft complement function
of F.

Definition 2.9. ([3, 4]) Let (F, E) be a soft set over X. The soft set (F, E) is called a soft point, denoted by
(xe, E), if for the element e € E, F(e) = {x} and F(¢’) = @ for all ¢’ € E — {e} (briefly denoted by x.).

It is obvious that each soft set can be expressed as a union of soft points. For this reason, to give the
family of all soft sets on X it is sufficient to give only soft points on X.

Definition 2.10. ([3]) Two soft points x, and y, over a common universe X, we say that the soft points are
differentif x # yore # ¢'.

Definition 2.11. ([3]) The soft point x, is said to be belonging to the soft set (F, E), denoted by x.€(F E), if
x.(e) € F(e) ie., {x} CF(e).

Definition 2.12. ([3]) Let (X, 7T, E)~be a soft topological space over X. A soft set (F, E)C Q(, E) is ¢ called a soft
neighborhood of the soft point x.€(F, E) if there exists a soft open set (G, E) such that x.€(G, E)C(E, E).

Definition 2.13. ([4]) Let R be the set of all real numbers, B (IR) be the collection of all non-empty bounded
subsets of R and E be taken as a set of parameters. Then a mapping F : E — B (IR) is called a soft real set. It
is denoted by (F, E) If (E, E) is a singleton soft set, then it will be called a soft real number and denoted by

7,5, t etc. Here 7,5, t will denote a particular type of soft real numbers such that r 7(e)=rforalle € E.0and 1
are the soft real numbers, where 0 (e) =0,1(e) = 1forall e € E, respectively.

The following definition is about a partial ordering on the set of soft real numbers.
Definition 2.14. ([4]) Let 7, s be two soft real numbers, then the following statements hold:

(1) r<s if7(e) <s(e) foralle € E,

(ii) 75, 1fr(e) >s(e)foralle € E,
(iii) r<s if7(e) <s(e) foralle € E,
(iv) 7>s, if 7(e) > 5 (e) for all e € E.
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Definition 2.15. ([13]) Let X and Y be two non-empty sets and d : X X Y — [0, o0) be a function satisfying
the following conditions:

(DIfd(x,y) =0,thenx=yforall (x,y) e X XY,

(2)Ifx =y, thend(x,y) =0forall (x,y) e X XY,

(3)d(x,y) =d(y,x)forall (x,y) e XNY,

(4) d(xl,yz) < d(xl,yl) + d(X2,y1) + d(JQ,yz) for all X1,X2 € X and Y1, Y2 € Y.

Then d is called a bipolar metric on (X, Y) and the pair (X, Y, d) is called a bipolar metric space.

3. Contractive mapping on bipolar soft metric spaces

In this section, we introduce concept of bipolar soft metric space. Later we define some important
concepts such as bipolar soft bisequence, Cauchy bisequence and complete bipolar soft metric space and

prove some fixed point theorems. Let X be the absolute soft set, E be a non-empty set of parameters.

Definition 3.1. Let SP(X) SP(Y) be two non-empty soft sets of soft pomts on X and Y, respectively and IR(E)*

denote the set of all non-negative soft real numbers, d: SP(X) X SP(Y) — R(E)* be a function . Consider the
following properties:

(SBO) If d (x., yer) = 0, then x, = ye for all (x., ye) € SPQ?) X SP(?)
(SB1) If x, = Yy, thend (xg, Ye) = 0 for all (xe, Ye) ) € SP(X) X SP(Y)
(SB2) d (xe, Ye)=4d (yE , %) for all (x,, yo) € SP(X) N SP(Y)

(
(

SB3) d ( X, Y ) ( X, Yy ) ( X2, Yy ) ( X2,y )for allx} ,x2, € SP(X) and y1 y2 € SP(Y).
i) If (SB1) and (SB2) hold, then d is called a bipolar soft pseudo-semimetric on (SP(X) SP(Y))

(i) Ifdisa bipolar soft pseudo-semimetric satisfying the condition (SB3), then dis called a bipolar soft
pseudo-metric.

(i) If d is a bipolar soft pseudo-metric satisfying the condition (SB0), then d is called a bipolar soft
metric. o
A bipolar soft metric space is denoted by (X, Y,d, E) .

Example 3.2. Let E = IN be a non-empty set of parameters, X = R and Y = [-5,5]. Then let us define a
mapping

d: SP(X) x SP(Y) — R(E)*
by
&l-(xm, Vi) = |x2 - yzﬂ +|m — k|
forall x,, € SP(}~() and yx € SP(?).It is clear that d is a bipolar soft metric on the pair SP(}~() X SP(1~/).

Definition 3.3. If SP(}~() n SP(Y) @, then (X Y,d, E) is said to be a disjoint space. Otherwise (X Y,d, E) is
said to be a joint. Also, the soft set SP(X) is said to be left pole and SP(Y Y) is said to be right pole of bipolar

soft metric space (X Y,d, E) Here the soft points of SP(X) and SP(Y) are called as left and right soft points,
respectively. Any soft sequence which is consisted of only left (right) soft points is said to be left (right)

soft sequence on (X, Y,d, E) .
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Definition 3.4. Let (55, Y,d, E) be a bipolar soft pseudo-semimetric space. A left soft sequence {x?n }neN

converges to a right soft point y, if and only if for every ¢ > 0, there exists a 119 € N such that d | (xe”n, ye/) <€

for each n > ng , denoted by x; — y, . This means that dl (xgln, yg/) -

Definition 3.5. Let (}? Y, d, E) be a bipolar soft pseudo-semimetric space. A right soft sequence {yg } N
converges to a left soft point x, if and only if for every ¢ > 0, there exists a 11p € N such that d (xe, v ) < ¢ for

each n > ny and denoted by y — Xx,. This means that d (xe, vl ) - 0.
Definition 3.6. Let (}~( Y,d,E ) be a bipolar soft pseudo-semimetric space.

(a) A soft sequence {( Xy, ye )} on the soft set SP(}~() X SP(?) is said to be a soft bisequence on (}~(, 17, d~, E) .
(b) If both { } and {ye, } convergent, then the soft bisequence {(xg’n, vy )} is said to be a soft convergent.

(c) If { } and {ye, } both convergent to a same soft point z, € SP(}~() N SP(Y), then {(x?n, vy )} is said to be
a biconvergent.
(d) The soft bisequence {(x?n, v )} on the soft set SP(;() x SP(Y) is said to be a Cauchy soft bisequence, if

for € > 0, there exists ny € IN such that for each n, m > ng, d (Jc;,1 Ly ) <&ie. d (xZ Y ) — 0asn,m— oo.
n [ n [

Proposition 3.7. Every biconvergent soft bisequence in a bipolar soft pseudo-metric space is also Cauchy soft
bisequence.

Proof. Let ()?, Y,d, E) be a bipolar soft pseudo-metric space and {(x'g”, v )} be a biconvergent soft bisequence
to a soft point z, € SP()?) N SP(Y). Then for all positive integers n, m, we obtain

;Zv(xgn, 3/2:1) < E(xgﬂ,ze) + E(zg, y:?,,) ,
which implies that {(x?n, Yo, )} is a Cauchy soft bisequence. [

Definition 3.8. If every Cauchy soft bisequence is convergent, then bipolar soft metric space (}~(, Y,d, E) is
said to be complete.

E) (X Y,d, E) is called a bipolar
<a<

Definition 3.9. Let ()~( Y,d, E) be a bipolar soft metric space. f : ( X,Y,
), 1 (IR(E) denotes the soft real

soft contraction mapping if there exists a soft real number o € R(E
numbers set) such that

d,
0

d(f (xe), f (ye)) < ad (xe, yer)
for every soft points x, € SP()?) and y., € SP(?).
Proposition 3.10. Every bipolar soft contraction mapping is a soft continuous mapping.

Proof. Letx, € SP(X) and Yo € SP(Y) be any soft points and ¢ > Obean arbitrary. If we choose d (Xe, yer) < <
¢, then since f is a bipolar soft contraction mapping we obtain

A(F (), f (ye)) < G (xo, yo) <30 <&

and so f is a soft contraction mapping. [J
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Definition 3.11. Let (il,yl,cz,E) and ()?2, ?2,3;, E) be two bipolar soft pseudo-semimetric spaces and
f: (}~(1 U 171,15) - (}~(2 U 172, E) be a soft function. If f(}?l) - (}?2) and f(1~/1) (Yz) are satisfied,
then the soft mapping f is called a covariant soft mapping from ()?1, ?1,1Z,E) to (}~(2, Y,, d>, ) Also, if
f (}?1,71,571,]5) - (?2,;(2,072, E) is a soft mapping, then f is called contravariant soft mapping from

(Xl, Yl,dl, E) to (Xz, Yz, d2, E) .

Theorem 3.12. Let (X Y,d, E) be a complete bipolar soft metric space and f : (X Y,d, E) ()? Y,d, E) be a bipolar
soft contraction mapping. Then the soft function f : (X uYy, E) (X Uy, E) has a unique soft fixed point.

Proof. Since f is a bipolar soft contraction mapping, there exists a € (5,1) such that

d(f (), f (ye)) < ad (x., yo)

forall (x,, ) € SP(X)XSP(Y). Letx?, € SP(X), y36 € SP(Y).Foreachn € N, define f(xg) — gl (yg ) g,

L’n+1 4
n+1

Then {(xf’_?n, v )} is a soft bisequence on (}~(, Y,d, E) . Then for each positive integer n and p, we have

) = a(re) £(v)
< ch?(xﬁj, y?j) <..< EZ”EZ‘(XSM ?/(e)g])f

and also, define P := d( X0 ) ( 0y ) Then

e t) = dlr(e) £ (v ,)>

-~ n ~n7(.0 1
< ad (xen Y ) a'd (xE,U, yei) .
Thus we get
TP ntp o n+l n+1 no.n
d(xh,yn) < d (xem,, vy ) + ( X0, Yy ) d(x,y)
Tt nl ~n 0 1 1.0 .0
< d (x6n+p, %1) +a (d (xeo, ye,l) +d (er, ye(,]))
< d(fofp v 1)+ P
T . ntp +2 n+l | n+2 n+l | n+l ~n
= (x€n+r7 ye ) + (x€n+1’ ye ) + d(x6n+1’ ye ) +a’P
< d(x;“ﬁ;, yg+2)+( a4 )P <..
< d (fofp, pr) + (5?”*”‘1 +o.+a™ + b?”)P
n+p
< (52”*7’ +..+a" +a")P
[ee] —_—
— a" P
< FC?”PZ ak = 1-a = An
k=0 -a
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Apy < g Then

T m Tl n 1o 1o no
d (xe”’ yer/n) S d (xen’ ye;l[) ) * ( 8”0 ’ ye ) ( E”O 4 yenz)
< B3A,<¢

and hence {(xgl,yzl)} is a Cauchy soft bisequence. Since (35, ?,J,E) is a complete bipolar soft metric
space, {(x[’}",yg;1 )} converges. Thus soft bisequence biconverges to a soft point z, € SP(X) N SP(Y) and
f (ygl) = y(’?ﬂf — 7, € SP(X) N SP(Y).Hence { f (yg”)} has a unique soft limit. Since f is a soft continuous,
{f (y;’”)} — f(z¢).So f(z.) = z,. Therefore z, is a soft fixed point of f.

If u, is any soft fixed point of f, then f (u.) = u, implies that u, € SP(X) N SP(Y) and we obtain

d(ze, 1) = d (f (ze), f (1)) < @l (2, 1),

which implies that d (ze, o) = 5, S0 Z, = U,. [

Theorem 3.13. Let ()?, Y,;l: E) be a complete bipolar soft metric space and f : d ) (7, )?,z;lj E) be a

(X,Y,d,E
contravariant soft contraction mapping. Then the soft function f : ()~( uYy, E) - ()~( uYy, E) has a unique soft fixed
point.

Proof. Since f is a bipolar soft contraction mapping, there exists a € (5,1) such that

d(f (), f (%)) < @d (xe, yo)

forall (x., yo) € SP()?)XSP(?). Letx) € SP(X), y& € SP(?). Foreachn € N, deﬁnef(xgn) = V?;/f(ye ) — i+l

3n+1

Then {(xgn, v )} is a soft bisequence on (;(, Y,d, E) . Then for each positive integer n and p, we have

() = a(f(v) £(<)

— n—1
S ( E"’ yen 1 ) ad (f (y8:1—1 ) ! f <xen71 ))
< “’Zd( XY ) <. < EZZ”E(xSO,yS,)
and also, define A,, = —a Then

d(x,yy) < @ d( ?ory?6)= (T-3)A, < A,

is obtained.

E(xg;:}’ y e, )

a(f(vs) f(x))
< aEf(xgn, Y )

"‘2n+1d( X, )

IA
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and so we obtain

TP Tt nl T+l | n+l T+l . n
d (xe,,+pl yg;‘) < d (xe,,+p' ye”m) + d (xé’nﬂ’ ye;H) + d (x€n+1’ ye;)
Tt el ~n+2 | =2n+1\ 7[00 0
< d (xe”ﬂ,, ye;ﬂ) + (a +a )d (xeD, y%)
Tontr o n+2\ T on+2  n+2) , G042 p+l ~on+2 | =2n+1) 7{.,0 .0
< d (xenﬂj, %2) +d(x,, yem) d (xmz, ye;ﬂ) + (a +a )d (er, Yo )
Tl e 2 ~n+d | 2043 | =2n+2 , ~2n+1\ 70 .0
< d(xeﬁp, ye;’+2)+(ac +a™ + o )d er,yeé)
T ntp | ntp-1 ~n+2p-2 ~2n+1\ 7,0 .0
< .. < d(xe”ﬂ,, ye,nﬂH )+ (a P+ . +a )d(xeo,y%)
< <52n+2p—1 +a2n+2p—2 +a2n+2p—3 + .. +aZn+1)d xg(),yg,)
0
(o]
< @Y (e, 0 ) = 7. < A,
k=0
Hence,
Tl on n+p T{n n T+l _n Tl n+1  ntp
d (xen/ ye;&p) < d (xerz’ yd,) + d (xerHl 4 yé’;,) + d (xen+1 y€n+P)
~n | =2n+1\ 7[.0 ,,0 T 1 1tp
< (a +a )d (xeo, ye,) +d (xenﬂ, ye;w)
~n | =2n+1\ 7[.0 ,,0 T+l e+l Tl n+2 | n+l T n+2  ntp
< (0( ta )d (xfo’ yea) +d (xgrﬁ-l’ yﬁ;m) + d(x€n+z’ ye;ﬂ) +d (x6u+2’ ye;,ﬂﬂ)
~n | 2n+1 | =2n+2 , ~2n+3) 7{,0 .0 T2  ntp
< (a +a" " +a )d (xeo, y%) +d (xeM, yew)
~on , 2n+l ~2n+2p-1\ 7{,0 ,,0 Tl e
< < (a +a + .t )d(xm,y%)+d(x€n+p,ye,”+p)

IA
—~

¥+t Lyt &Q””P) d (xgo, v )
0

< @Y @4 (xgo, yg,) A,
k=0
is satisfied. Also, for each Z > 0, there exists 1y € IN such that Ay = 7"?"_0; dl (x?o, yg) < —g Then
0

T 0 Tl o T 0 m
ot o 2t ) )

< B3A,<¢

IA

d(xs, vy

and hence {(xg”, vy )} is a Cauchy soft bisequence. Since (5(', Y,d, E) is a complete bipolar soft metric space,
{(x:}n, v )} converges. Thus soft bisequence biconverges to a soft point z, € SP(X) N SP(Y) and the soft

sequences {x?ﬂ} and {y(’j} have a unique soft limit point. Since f is a soft continuous, x; — z, implies that

€n

{y’;} = { f (x” )} — f(ze). Since Yl — ze gives f (ze) = z..Therefore z, is a soft fixed point of f.
If v, is any soft fixed point of f, then f (v.) = v, implies that v, € SP(X) N SP(Y) and we obtain

d(ze,0) = d(f (2), f (v.) < @d (z,0,),

which implies that d (Ze,0e) = 6, S0Z, = V,. [
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4. Conclusion

From the past to the present, there is the problem of calculating the distance between two points of a set
in mathematics and many other sciences. At this point, the notion of metric help us in these problems. After
understanding value of the metric, a great many generalizations of metric space were obtained. Besides the
distance calculation, in real life problems and various scientific studies appear problems of calculating the
distance between different points of different sets. Bipolar metric is the important structure that provides
to overcome these problems and gets a solution in this kind distance problems. The concept of soft point
which is presented a considerable and inspiring tool in mathematics is a special case of soft set. Considering
the importance of both soft sets and bipolar metric spaces, this new metric structure, which is obtained
by combining soft points and the structure of bipolar metric, has great importance. In this study, we have
presented the concept of bipolar soft metric space. We have constructed this theory using both soft points
of soft sets and the concept of bipolar metric spaces. Afterward, we have introduced bipolar soft metric
space which is based on soft points of soft sets and prove some fixed point theorems. This new design are
valuable since it is a new generalization of metric spaces and there are many possibilities for new studies
in this concept. Also, it provides a new perspective in mathematics and encourages authors to studies in
areas of mathematics such as fixed point theory, fixed circle theory, engineering and the other sciences.
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