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Abstract. In this paper, we introduce the notions of pre-uniform spaces and pre-proximities and investigate
some basic properties about them, where the definition of pre-uniformity here is different from the pre-
uniformities which are studied in [1], [8] and [12], respectively. First, we prove that each pre-uniform
pre-topology is regular, and give an example to show that there exists a pre-uniform structure on a finite
set such that the pre-uniform pre-topology is not discrete. Moreover, we give three methods of generating
(strongly) pre-uniformities, that is, the definition of a pre-base, a family of strongly pre-uniform covers,
or a family of strongly pre-uniform pseudometrics. As an application, we show that each strongly pre-
topological group is completely regular. Finally, we pose the concept of the pre-proximity on a set and
discuss some properties of the pre-proximity.

1. Introduction

The concepts of a uniform space and of a proximity space can be considered either as axiomatizations
of some geometric notions, close to but quite independent of the concept of a topological space, or as
convenient tools for an investigation of topological spaces. As we all know, uniformities and proximities
both can be applied as topological tools. Indeed, the theory of uniform spaces shows striking analogies
with the theory of metric spaces, but the realm of its applicability is much broader, see [9, 11, 21-24]. In
particular, uniformity is a useful tool when we research the theory of topological groups.

In 1999, Doignon and Falmagne 1999 introduced the theory of knowledge spaces (KST) which is regarded
as a mathematical framework for the assessment of knowledge and advices for further learning [7, 10]. KST
makes a dynamic evaluation process; of course, the accurate dynamic evaluation is based on individuals’
responses to items and the quasi-order on domain Q[7]. In 2009, Danilov discussed the knowledge spaces
based on the topological point of view. Indeed, the notion of a knowledge space is a generalization of
topological spaces [6], that is, a generalized topology on a set Z is a subfamily .7 of 2¢ such that .7 is closed
under arbitrary unions. Csédszar (2002) in [2] introduced the notions of generalized topological spaces and
then investigated some properties of generalized topological spaces, see [2-5]. Further, J. Li first discuss
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the pre-topology (that is, the subbase for the topology) with the applications in the theory of rough sets,
see [13-15], and then D. Liu in [16, 17] discuss some properties of pre-topology. Recently, Lin, Cao and Li
[18] have systematically investigated some properties of pre-topology, and Lin, Wu, Xie and Bao in [19]
have introduced the concept of pre-topological group and studied some properties of it. Since the concept
of uniformity plays an important role in the study of topological spaces, it is natural to pose the concept
of pre-uniform structure as pre-topological tools in the applications of pre-topological spaces, where the
definition of pre-uniformity here is different with the pre-uniformities which are studied in [1], [8] and [12]
respectively..

This paper is organized as follows. In Section 2, we introduce the necessary notation and terminology
which are used in the paper. In Section 3, we introduce the notion of pre-uniformity structure and investigate
some properties about pre-uniformities. We find that some properties of the pre-uniform structures which
are similar to that of uniform spaces hold and others do not hold. For example, compared with the property
that each uniform structure on a finite set is discrete uniformity, we give an example that a pre-uniform space
u on a finite set X such that pre-uniform pre-topology (X, t(u)) is not discrete. In Section 4, we introduce
three methods of generating (strongly) pre-uniformities, that is, the definition of a pre-base, a family of
strongly pre-uniform covers, or a family of strongly pre-uniform pseudometrics. As an application, we
prove that each strongly pre-topological group is completely regular. In Section 5, we discuss the relation of
pre-uniformly continuous and continuous in pre-uniform spaces. In Section 6, we introduce pre-proximities
and pre-proximity spaces, and then we investigate some properties about them.

2. Preliminaries

Denote the sets of real number, positive integers, the closed unit interval and all non-negative integers
by R, N, I and w, respectively. Readers may refer [9, 18] for terminology and notations not explicitly given
here.

We recall some concepts about pre-topological spaces.

Definition 2.1. ([2, 6, 13]) A pre-topology on a set Z is a subfamily 7 of 2% such that|J 7 = Zand U 7" € 7
for any 7’ C 7. Each element of .7 is called an open set of the pre-topology.

Definition 2.2. ([18]) A subset D of a pre-topological space Z is closed provided Z \ D is open in Z.
Take an arbitrary subset F of a pre-topological space (Z, 7); then it follows that

ﬂ{C:FQC,Z\CT}

is closed in Z, which is called the closure [18] of F and denoted by F. Clearly, F is the smallest closed set
containing F, and a set C is closed iff C = C.

Definition 2.3. ([18]) If B is a subset of a pre-topological space (Z, T), then the set
U{W CB:Wer}
is called the interior of B and is denoted by B°.

Definition 2.4. ([18]) Let (G, 1) be a pre-topological space and 8 C 7. If for each U € 1 there exists a
subfamily B’ of 8 such that U = | J B, then we say that B is a pre-base of (G, 7).

Definition 2.5. ([18]) Let/ : Y — Z be a mapping between two pre-topological spaces (Y, t) and (Z, v). The
mapping h is pre-continuous from Y to Z if i~'(W) € 1 for each W € v.
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Definition 2.6. ([18]) Let (Z, 7) be a pre-topological space. Then:

(1) Z is called a Ty-space if for any y,z € Z with y # z there exists W € 7 such that W N {y, z} is exact
one-point set;

(2) Z is called a Ti-space if for any y,z € Z with y # z there are V,; W € 7 so that V N {y,z} = {y} and
Wiy, z} = {z;

(3) Z is called a T»-space, or a Hausdorff space, if for any v,z € Z with y # z thereare V,; W € tsothaty € V,
zeWand VNW =0;

(4) Z is called a T3 pre-topological space, or a regular space, if Z is a T1-space, and for every z € Z and every
closed set A of Z with z ¢ A there are open subsets V and O suchthat VN O =0,z€ Vand A C O;

(5) Z is a T3y pre-topological space, or a completely regular pre-topological space, or a Tychonoff pre-topological
space, if Z is a Ti-space, and for each z € Z and each closed subset C C Z with z ¢ C there exists a
pre-continuous mapping r : Z — I so that r(z) = 0 and r(x) = 1 for each x € C.

3. Basic properties of pre-uniformities

In this section, we mainly introduce the concept of pre-uniformity and discuss some basic properties of
it.
Let X be a nonempty set. We say that the set A = {(x, x) : x € X} is the diagonal of X x X. For any subsets
A, B of X and x € X, denote by
ATl ={(y,%) : (x,y) € A},
Ao B ={(x,y) : there exists z € X such that z € A and (z, y) € B},
Alx] ={y e X : (x,y) € A}

If A= A"!, we say that A is symmetric.

Definition 3.1. Let y be a family of non-empty subsets of X x X such that the following conditions are
satisfied:

(Ul) forany U € u, Ao C U;

(U2)if U € y, then U™ € y;

(U3) if U € y, then there exist V, W € u such that Vo W C U;

U4d)ifUecpandUcCcV CXxX,thenV ey

(US)if Ny = &;

(U6)if LV ey thenUNV ey

(U2)if U € y, there exists V € usuchthat V.c Uand V = V71;

(U3") if U € y, then there exists V € usuch that Vo V C U.

o The family u is a pre-uniform structure of X if u satisfies (U1)-(U5), the pair (X, u) is a pre-uniform space
and the members of y are called entourage.

e If a pre-uniform structure u also satisfies (U2’), then we say that i is a symmetrically pre-uniform structure
and (X, u) is a symmetrically pre-uniform space.

e If a pre-uniform structure p also satisfies (U3’), then we say that u is a strongly pre-uniform structure
and (X, ) is a strongly pre-uniform space.

o If 1 is a symmetrically and strongly pre-uniform structure y, then we say that u is an almost uniform
structure and (X, u) is an almost uniform space.

e An almost uniform structure p satisfies (U6) is called uniform and (X, p) is a uniform space.

A family 8 C p is called a pre-base for the pre-uniformity u if for each V € u there exists a W € B such
that W C V. The uniformity that has {A} as a pre-base is called the discrete pre-uniformity. The smallest
cardinal number of the form |8|, where 8 is a pre-base for , is called the weight of the pre-uniformity u and
is denoted by w(u). Clearly, we have the following proposition.
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Proposition 3.2. Let (X, u) be a pre-uniform space. If B is a pre-base for i, then B has the following properties:
(BU1) For each V € B there exist U € B such that U™ C V.
(BU2) For each V € B there exist U, W € B such that Uo W C V.
(BU3) B = A

Remark 3.3. Clearly, each uniform space is an almost uniform space, each almost uniform space is strongly
pre-uniform space and symmetrically pre-uniform space, and each strongly pre-uniform space or symmet-
rically pre-uniform space is a pre-uniform space, but not vice versa, see the following examples.

(1) There exists a strongly pre-uniform space which is not a symmetrically pre-uniform space; in
particular, it is not an almost uniform space. Indeed, let X = R, and let & = {(x, +o0) : x € R} U{(~o0,x) : x €
R}. Let B be the set of all the forms | J,cr (({x} X Ax) U ({Bx X {x})), where Ay, B, € & and x € A, N B, for each
x € R, and let y1 be the pre-uniform generated by 8. Then it easily check that (R, p) is a strongly pre-uniform
space which is not a symmetrically pre-uniform space since the element |, (({x} X Ay) U ({Byx X {x})) does
not satisfy (U2"), where A, € {(t, +o0) : t € R} and By € {(—o0,t) : t € R} for each x € R.

(2) There exists an almost uniform space which is not a uniform space. Indeed, let X be any non-empty
set such that there exist two uniform structures 11 and p, on the set X satisfying that there are Uy € y1 and
Vo € up such that for any U € pyy and V € y, we have U € Vo and V' € Uy, see [9, 8.1.B]. Put 6 = pq U o,
and let u be the pre-uniform structure generated by 6. Then (X, ) is an almost uniform space which is not
a uniform space since Uy N Vj & u.

However, the following question is still unknown for us.
Question 3.4. Does there exist a symmetrically pre-uniform space which is not a strongly pre-uniform space?
The proof of the following proposition is easy, thus we omit it.
Proposition 3.5. Let (X, u) be a pre-uniform space. Put
(1) = {G € X : for each x € G there exists U € u such that U[x] € G}.
Then t(u) is a pre-topology on X.

We say that 7(u) is the induced pre-topology from the pre-uniform structure (X, i), or say that 7(u) is the
pre-uniform pre-topology of (X, u). If X is a pre-topological space and a pre-uniformity i on the set X induces
the original pre-topology of X, then we say that y is a pre-uniformity on the pre-topological space X.

If 44 and p; are two pre-uniformities on a set X and u, C uj, then we say that the pre-uniformity
1 is finer than the pre-uniformity p» or that u, is coarser than ;. It is easily checked the following two
propositions hold.

Proposition 3.6. If a pre-uniformity uy on a set is finer than a pre-uniformity p, then t(u1) is finer than t(usz).

Proposition 3.7. If {us)ses is a family of pre-uniformities on a set X, then there exists a pre-uniformity p on X which
is coarser than any pre-uniformity on X that is finer than all pre-uniformities ps. Moreover, if the pre-uniformity
induces the pre-topology t(us) for each s € S, then the pre-topology induced by the least upper bound of the family
{Us)ses 1s the least upper bound of the family {T(us)}ses of pre-topologies on the set X.

Lemma 3.8. Let (X, p) be a pre-uniform space. For each x € X, put u, = {(U[x])° : U € u}, where each (U[x])°
denotes the interior of U[x] in the induced pre-topology t(u). Then u, is an open neighborhood pre-base at x.

Proof. Take any x € X and U € . Put
G = {y € X : there exists V € u such that V[y] C U[x]}.

Thenx € G C U[x]. Hence it suffices to prove that G is open in the pre-uniform pre-topology. Foreachy € G,
there exists V € u such that V[y] € U[x], hence there exist Wi, W, such that W1 o W, C V. For any u € Wi[y]
and v € W;[u], we have (y,u) € Wy and (u,v) € W, hence (y,v) € Wy o Wy, C V, then v € V[y] € U[x].
Therefore, W,[u] € U[x], then u € G. By the arbitrary choice of u € Wi[y], we have Wi[y] € G. Hence G is
openin X. [
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Lemma 3.9. Let (X, u) be a pre-uniform space. Put
B={Beu:Bisclosedin X x X}and A = {C € u: Cisopen in X X X}.
Then both B and A are pre-bases for L.

Proof. We first prove that § is a pre-base for y. Take any U € u. Then there exist Vi, V5, V3 € u and
W € u such that Vi o V0 V3 € U and W1 C V. Let (x, y) € V,. Since (Vilx] x W[y]) NV, # 0, there
exists (s, t) € (Vi[x] x W[y]) N V3, hence (x,s) € Vy,(s,t) € V, and (y,t) € W, then (x,s) € V1,(s,t) € V; and
tye W1, which implies that (x, y) € V; o V; o V3. Therefore, V,CVioVyo Vi C U.

Now we prove that A is a pre-base for u. Take any U € p. Then there exist Wy, W, W3 € pand O; € p
such that Wy o W, 0o W3 C U and O;' € Wi. Let (x, y) € Wa. Then W' [x] x W3[y] is a neighborhood of (x, ).
We claim that W' [x] x W3[y] C U. Indeed, take any (u,v) € W;'[x] x W3[y]. Then (u,x) € Wy, (x,y) € W,
and (y,v) € W3, hence (1,v) € Wi o W, o W3 C U. Therefore, W, C U°. Hence A is a pre-base for u. [

Remark 3.10. If V is closed in X X X in the pre-uniform structure (X, ), then V[x] is closed in X since for
any fixed x € X the mapping X — X x X defined by y + (x, y) for any y € X is pre-continuous.

Lemma 3.11. Let (X, 1) be a pre-uniform space. Then the pre-uniform pre-topology (X, ©(u)) is To if and only if
A=

Proof. Necessity. Assume (X, 7(u)) is To. Then for any (x, y) € X X X\ A, there exists U € u such that y ¢ U[x]
or x ¢ Uly]. If y ¢ Ulx], then it is obvious that (x,y) ¢ U. If x ¢ U[y], then there exists V € u such that
V-1 c U, thenx ¢ V7![y], thus (y,x) ¢ V1, that s, (x, y) ¢ V. Therefore, we have A = (| p.

Sufficiency. Assume that A = () u. Take any distinct points x and y. Then there exists U € u such that
(x,y) ¢ U, hence y ¢ U[x]. Therefore, (X, t(1))is To. O

Proposition 3.12. If (X, u) is a pre-uniform space, then the pre-uniform pre-topology (X, t(u)) is (T1) regular.

Proof. By Lemma 3.11, (X, 7(u)) is To. First, we prove that it is Hausdorff. Indeed, take any distinct points x
and y. By Lemma 3.11, there exists U € u such that (x,y) ¢ U. We can find V, W € u such that Vo W C U.
We claim that V[x] N W~[y] = 0. Suppose not, take any z € V[x] N W~![y]. Then (x,z) € V and (y,z) € W1,
hence (x,y) € Vo W C U, which is a contradiction.

Now we prove that X is regular. Take any x € X and U € u. Then there exists V, W € p such that

VoW c U. We claim that V[x] c U[x]. Indeed, pick any y € V[x]; then W~![y] N V[x] # 0, hence take
any z € Wl[y] N V[x]. Therefore, (y,z) € W™ and (x,z) € V, then it follows that (x,y) € V o W c U, thus
yellx]. O

Each uniform structure on a finite set is discrete uniformity, but the situation is different in the class of
pre-uniform structure, see the following example.

Example 3.13. There exists a pre-uniform space p on a finite set X such that pre-uniform pre-topology
(X, T()) is not discrete.

Proof. Let X = {a, b, c}, and let
u, = {(ﬂ, ﬂ), (b, b)/ (C/ C)/ (ﬂ, b)/ (b/ C)/ (C/ ﬂ)}

and

U, = {(ar El), (br b)/ (C/ C)/ (ar C)r (br a)r (Cr b)}

Then the family 8 = {U;, U} satisfies the conditions (BU1)-(BU3) in Proposition 3.2. Let u be the pre-
uniform generated by the family 8. Then it is easily checked that the pre-uniform pre-topology (X, (1)) is
not discrete since A ¢ . Moreover, it is obvious that u is not an almost uniformity. [
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Consider a pre-uniform space (resp. an almost uniform space) (X, u) and a pseudometric p on the set
X; we say that the pseudometric p is pre-uniform (resp. almost uniform) with respect to u if for each € > 0
thereis a V € u such that p(x, y) < € whenever (x,y) € V.

Proposition 3.14. If a pseudometric p on a set X is pre-uniform with respect to a pre-uniformity u on X, then p is a
pre-continuous function from the set X x X with the pre-topology induced by the pre-uniformity u to the real line.

Proof. Let (xo, o) be a point of X X X; pick an ¢ > 0 and a V € u such that p(x, y) < 5 for any (x, y) € V. From
Lemma 3.8, the set (V[x0])° X (V[y0])° is an open neighborhood of (xo, yo), hence it only need to prove that
lp(xo, yo) — p(x, y)| < € for each (x,y) € VIxol X V[yol.

However, if (x, y) € V[xo]x V[yol, then (xo, x) € V and (yo, y) € V, hence it follows from the triangle inequality
that
=e.

N| ™

&
lpGxo, yo) = p(x, )l < p(xo,0) + pyo, y) < 5 +
O

Since all the open sets of a pre-topology is a subbase of a topological space, it follows from [9, Theorem
8.1.10] that we have the following theorem.

Theorem 3.15. For each sequence Vy, V1, ... ,of members of a pre-uniformity u on a set X, where
Vo=XxX,Viy1o Vg0V € Viand Vil =V foranyi € N,

there exists a pseudometric p on the set X such that for each i > 1

{(x,y) : plx,y) < %} cVicixy) :ply < %}

Corollary 3.16. For each strongly pre-uniformity u on a set X and any V € u there exists a pseudometric p on the
set X with respect to u and satisfies the following condition

{(x,y): plx,y) <1} C V.

Proof. By the definition of strongly pre-uniformity, there exists a sequence Vy, V1, ... ,of members of i such
that
Vo=XxX,Vi=V'cVand Viy 0 Vi 0 Vi C ViforanyieN.

Put p = 2pg, where py is a pseudometric satisfying Theorem 3.15, has the required property. [

Let (X, u) be a strongly pre-uniform space, and let  be the family of all pseudometrics on the set X that
are strongly pre-uniform with respect to u. By Corollary 3.16, we have the following proposition.

Proposition 3.17. For each pair x, y of distinct points of X, there exists a p € P such that p(x, y) > 0.
Now we can prove our main result in this section.
Theorem 3.18. For each strongly pre-uniformity u on a set X, the pre-topology (X, t(u)) is completely regular.

Proof. Take any x € X and any closed set F C X with x ¢ F. By Proposition 3.12 and Lemma 3.8, there exists
V € psuch that V[x] N F = 0. It follows from Corollary 3.16 that there exists a pseudometric p on the set X
with respect to p and satisfies the following condition

{(x,y):plx,y) <1} C V.

By Proposition 3.14, p is pre-continuous. Define the function f : X — I by f(y) = min{1, p(x, y)} for each
y € X. It easily see that f is pre-continuous, vanishes at x and is equal to oneon F. [J

The following question is still unknown for us.

Question 3.19. For each pre-uniformity u on a set X, is the pre-topology (X, t(u)) completely reqular?
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4. The complete regularity of pre-uniform spaces

In this section, we introduce three methods of generating (strongly) pre-uniformities, that is, the defini-
tion of a pre-base, a family of strongly pre-uniform covers, or a family of strongly pre-uniform pseudomet-
rics. As an application, we show that each strongly pre-topological group is completely regular.

For any V € Dx of the set X, put €(V) = {V[x]lxex, where Dx = {U Cc X x X : A C U}; then ¥(V) is a
cover of X. Let y be a pre-uniformity on set X; any cover of the set X that has a refinement of the form
¢ (V) for some V € y, is called pre-uniform with respect to pi. Let € be the set of all covers of a set X that are
pre-uniform with respect to a pre-uniformity i on the set X. Then we have the following proposition.

Proposition 4.1. If u is a strongly pre-uniformity on the set X, then € has the following properties:
(UC1) If A € € and A is a refinement of a cover B of the set X, then B € €.
(UC2) For each A € €, there exists a B € € which is a star refinement of A.
(UC3) For each pair x, y of distinct points of X there is an A € € so that no member of A contains both x and y.

Proof. (UC1) is obvious. We need to prove (UC2) and (UC3).

(UC2). Clearly, it suffices to prove that for each A = €(V) € € the cover B = €(W), where V, W € p with
W3 c Vand W™ = W, isa star refinement of A. Indeed, take any x € X; we claim thatst(W[x], B) c V[x] € A.
In fact, for any y € st(W[x], B) there exists z € X such that y € W[z] and W[z] N W[x] # 0; pick any
h € W[z] N W[x], then (x,h) € W, (z,h) € W and (z,y) € W. From W = W~ and W3 c V, we have (x,y) € V,
thatis, y € V[x].

(UC3). For each pair x, y of distinct points of X, there exists V € u such that (x,y) ¢ V. From (U3’),
there is W € p such that W2 c V. Put A = €[W]. Then it is easily checked that A satisfies the require
property. [

It is more convenient not to describe the family u of entourages of the diagonal directly when we
define a pre-uniformity on a given set. Here we shall introduce three methods of generating (strongly)
pre-uniformities (see Propositions 4.3, 4.2 and 4.4), that is, the definition of a pre-base, a family of strongly
pre-uniform covers, or a family of strongly pre-uniform pseudometrics.

Proposition 4.2. Let X be a set, and let € be a collection of covers of X which has properties (UC1)-(UC3). Put
8= JiaAxA:AeA: A€ O).

Then 8B is a pre-base for a strongly pre-uniformity u on the set X. The collection O is the collection of all covers of X
which are strongly pre-uniform with respect to .

If, moreover, X is a pre-topological space and the collection € consists of open covers of X, and if for each x € X
and each open neighborhood G of x there is A € O such that st(x, A) C G, then  is a strongly pre-uniformity on the
space X.

Proof. For each cover A € 0, let
uA = JiIAxA: Aeay
then put
U ={u(A): A€ O}

Clearly, each u(A) = p(A)~!, thus (BU1) holds. By (UC3), (BU3) also holds. Moreover, it easily check
that u(8) o w(B) c u(A) if B is a star refinement of A. By (UC1), the collection & is the collection of
all covers of X which are strongly pre-uniform with respect to p. Further, it is readily established that
u(A)[x] = st(x, A). O

The following two propositions are trivial.
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Proposition 4.3. Let X be a set, and let B C Dx have the properties (BU1)-(BU3) in Proposition 3.2. Put
u = {U € Dx : there exists B € B such that B c U}.

Then u is a pre-uniform structure and the family B is a pre-base for p.

If, moreover, X is a pre-topological space and the family B consists of open subsets of the X x X, and if for each
x € X and each open neighborhood G of x there is V € B such that V[x] C G, then u is a pre-uniformity on the
pre-topological space X.

The pre-uniformity p is called the pre-uniformity generated by the pre-base 8.

Proposition 4.4. Let X be a set, and let a family P of pseudometrics on the set X that satisfies Proposition 3.17. For
each p € Pyand i € N, let U;, = {(x,y) : p(x, ) < 5}. Then the family B = {U;, : p € P1,i € N} is a pre-base for
a strongly pre-uniformity p on the set X. Each pseudometric p € P is a strongly pre-uniform with respect to u.

If, moreover, X is a pre-topological space and all pseudometrics of the family Py are pre-continuous functions from
X x X to the real line, and if for each x € X and each non-empty closed set A C X with x ¢ A there existsa p € P4
such that inf{p(x,a) : a € A} > 0, then u is a strongly pre-uniformity on the space X.

The strongly pre-uniformity p is called the strongly pre-uniformity generated by the family P of strongly
pre-uniform pseudometrics.

Now we can prove one of main results in this section.

Theorem 4.5. The pre-topology of a pre-topological space X can be induced by a strongly pre-uniformity on the set
X if and only if X is a completely regular pre-topological space.

Proof. By Theorem 3.18, the necessity is obvious. Now assume that X is a completely regular pre-topological
space. Denote by C(X) the family of all pre-continuous bounded real-valued functions defined on X. For

each f € C(X) the formula
pr(x,y) = 1f(x) = f(y)l

defines a pseudometric on the set X. Put P = {p; : f € C(X)}. Since X is completely regular, the family
P satisfies Proposition 3.17. Let u be the strongly pre-uniformity generated by C(X). We shall prove that
the pre-topology by u coincide with the original pre-topology of X. By Proposition 4.4, it suffices to prove
that for each x € X and each non-empty closed set A C X with x ¢ A there exists a p € P such that
inf{p(x,a) : a € A} > 0. However, since X is completely regular, there exists a function f € C(X) such that
f(x) =0and f(A) c {1}, then the pseudometric ps € P satisfies that inf{p(x,a) : a € A} = 1. Therefore, i is a
strongly pre-uniformity on the pre-topological space X. [

Proposition 4.6. Let X be a set and (X, p1) be a pre-uniform space. If there exists a pseudometric p on the set X such
that the pre-uniformity induced by p coincides with u, then (X, ) is a uniform space.

Proof. Indeed, the family {p} consisting of the single pseudometric p generated a uniformity on the set X,
hence (X, i) be a uniform space. [

Definition 4.7. Let f be a mapping from pre-uniform space (X, i) to pre-uniform space (Y, v). We say that f
is pre-uniformly continuous if for each F € v there exists M € u such that ¢(M) C F, where ¢ : X X X - Y XY
defined by ¢(x, z) = (f(x), f(y)) for each (x,z) € X X X.

The following lemma and proposition are trivial.

Lemma 4.8. Let (X, u) and (Y,v) be pre-uniform spaces. If f : (X, u) — (Y,v) is pre-uniformly continuous, then f
is pre-continuous.

Proposition 4.9. Let (X, p) and (Y, v) be pre-uniform spaces and f a mapping of X to Y. The following conditions
are equivalent:
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1. The mapping f is pre-uniformly continuous with respect to y and v.

2. There exist pre-bases B and C for u and v respectively, such that for each V € v there exists U € B satisfying
uc(fxHiw.

3. For each cover A of the set Y which is pre-uniform with respect to v the cover {f1(A) : A € A} of the set X is
pre-uniform with respect to .

4. For each pseudometric p on the set Y which is pre-uniform with to v the pseudometric o on the set X by the
formula o(x, y) = p(f(x), f(y)) is pre-uniform with respect to .

The least upper bound of all pre-uniformities on a completely regular pre-topological space X, i.e., the
finest pre-uniformity on X, is called the universal pre-uniformity on the pre-topological space X. We say
that a pre-uniform space (X, p) is fine, if u is the universal pre-uniformity on the pre-topological space X
with the pre-topology induced by the pre-uniformity u.

Proposition 4.10. Each pre-continuous mapping of a completely regular pre-topological space X to a completely
reqular pre-topological space Y is pre-uniformly continuous with respect to the universal pre-uniformity on the
pre-topological space X and any pre-uniformity on the pre-topological space Y.

Proof. Let u be the universal pre-uniformity on X and v be any pre-uniformity on the pre-topological space
Y. For any V € v, we claim that Uy = (f X f)"}(V) € u. Indeed, for any x € X, V[f(x)] and V![f(x)] are
neighborhoods of f(x)in Y, then f~}(V[f(x)]) and f~1(V~![f(x)]) are neighborhoods of x in X since f is pre-
continuous; however, f~1(V[f(x)]) c Uy[x] = (f x /)"'(V)[x]and fH (V7 [f(x)]) € U [x] = (f x f)"H(V)][x].
Since u is the universal pre-uniformity, it follows that Uy = (f X f)™ (V) e p. O

Finally, we prove that the second main result in this section.

Definition 4.11. ([19]) A pre-topological group G is a group which is also a pre-topological space such that
the multiplication mapping of G X G into G sending x X y into x - y, and the inverse mapping of H into G
sending x into x™!, are pre-continuous mappings.

Definition 4.12. ([19]) If a pre-topological G has a symmetric pre-base %, at the identity e such that for each
U € %, there exists V € %, so that V2 C U, then we say that G is a strongly pre-topological group.

Theorem 4.13. Each strongly pre-topological group G is completely regular.

Proof. Let B(e) be a pre-base for G at the neutral element e. For each U € B(e), put B(U) = {xU : x € G}.
Let  be the collection of all covers of G which have a refinement of the form of 8(U), where U € B(e). By
Theorem 3.18 and Proposition 4.2, it suffices to prove that % has properties of (UC1)-(UC3).

Clearly, % has property of (UC1). For each pair x,y of distinct points of G, we have x™'y # e. By
Proposition 3.12, G is Ty, hence there exists U € (B)(e) such that x"'y € U. Pick V € (B)(e) such that
V-1V c U. It easily check that no member of the cover B(V) = {xV : x € G} contains both x and y.

To prove that % has property (UC3) it suffices to show that for each U € B(e) there is V € B(e) such that
st(xV, B(V)) C xU for any x € G. Indeed, take any fixed € B(e); since G is a strongly pre-topological group,
there exists V € B(e) such that VV~1V c U. Then it easily check that st(xV, B(V)) c xU forany x € G. [J

However, the following question is still unknown for us.

Question 4.14. Is each pre-topological group G completely regular?
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5. The coreflection of pre-uniform spaces

If y is a pre-uniformity on a set X, then the family {ycz U : ¥ C u,|#| < w} is a pre-base for a
pre-uniformity p*, which is the coarsest uniformity containing u; we say that u* is a uniform coreflection of
u. If ©(u) is pre-topology induced by u, then we denote 7(u*) as the topology induced by u*. Clearly, the
following proposition is obvious.

Proposition 5.1. Let u be a pre-uniformity on a set X. Then (\ p = A if and only if (\ u* = A; hence if (X, T(u)) is
Ty then (X, t(u*)) is completely reqular.

By Theorem 3.18, we have the following proposition.

Proposition 5.2. Let u be a strongly pre-uniformity on a set X. Then the following statements hold:

1. y* has a pre-base {( ez U : F C u, | F| < w};
2. (X, t(w)) is completely regular if and only if (X, ©(u*)) is completely regular.

By Lemma 4.8, we have the following proposition.

Proposition 5.3. Let (X, u) and (Y,v) be pre-uniform spaces. If f : (X, u) — (Y, v) is pre-uniformly continuous,
then f : (X, t(u*)) = (Y, 7(v")) is continuous.

Proposition 5.4. Let (X, pt) and (Y, v) be pre-uniform spaces and assume that (X, t(u*)) is a compact Hausdor{f space.
If f - (X, t(n)) = (Y, ©(v)) is pre-continuous, then f : (X, u) — (Y,v) is pre-uniformly pre-continuous.

Proof. Clearly, it suffices to prove that f,'[V] € u for each V € v. Take any V € v. Then there exist
W,L € v such that Wo L € V. For each x € X, since f : (X, t(1)) — (Y, t(v)) is pre-continuous, there exist
01,01 € 7(p) such that x € O; N O; and f(O01) € W[f(x)] and f(O,) € L7 [f(x)]. Then it is easily verified
that (x,x) € O, X O1 C f; 1[V], which implies that fy 1[V] is a neighborhood of A in (X, 7(u)) X (X, T(1)).
We claim that each (X, 7(u)) X (X, 7(4)) neighborhood of A belongs to p. Suppose not, then there exists a
(X, t(1)) x (X, T(u)) neighborhood V of A which is not a member of . Putn ={U -V : U € y*}. Thenn
is a base for a filter on X X X and y* is coarser than 7. Since (X, t(1*)) is a compact Hausdorff space, 1 has
a cluster point (x, y) in (X, 7(u*)) X (X, 7(1*)) such that x # y, hence (x, y) is a cluster point of u*. However,
it follows from Lemma 3.9 and Proposition 5.1 that the intersection of the closures of members of 1" is A,
which is a contradiction. [

Definition 5.5. Let {(X,, tla)}aer be a family of pre-uniform spaces and let X = [],¢; Xo. The product pre-
uniformity is the coarsest pre-uniformity on X for which each projection 1, : X — X, is pre-uniformly
continuous.

The family of all sets of the form {(x, y) : (1t4(x), Ta(y)) € Uy, a € F}, where F is a finite subset of I and
U, € u, for any a € F, is a pre-base for the product pre-uniformity. In particular, if (X, ) and (Y,v) are
pre-uniform spaces, a pre-base for the product pre-uniformity on X X Y consists of the family of relations on
X XY to which B belongs if there are U € pand V' € v such that B[(x, y)] = U[x] x V[y]} for each (x, y) € XX Y.
The following two propositions are easily checked.

Proposition 5.6. Let f : (X = [T er Xo, tt) = [aer(Xa, o). Then f is pre-uniformly continuous if and only if for
every a € I, m, - f is pre-uniformly continuous.

Proposition 5.7. Let i be the product pre-uniformity on the family of pre-uniform spaces {(Xa, tia)}ac1. Then u* is
just the product uniformity on the family of uniform spaces {(Xa, 1) aer-

Let (X, u) be a pre-uniform space, U € p and A C X. We say that A is U-dense if for each x € X there
exists a point y € A such that (x, y) € U; further, we say that (X, u) is totally bounded if for each U € u there
exists a finite subset A C X that is U-dense in (X, p).

The following proposition is easily checked.
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Proposition 5.8. Let (X, u) be a totally bounded pre-uniform space. If for each U € p there exists W € p such that
W - W C U, then for each U € y there is a finite cover Ay of X such that for each A € Ay, Ax A C U.

Corollary 5.9. Let (X, i) be a totally bounded strongly pre-uniform space. Then for each U €  there is a finite cover
A of X such that for each A € Ay, AXAC U.

6. Pre-proximities and pre-proximity spaces

In this section, we shall introduce the concept of pre-proximity on a set and pre-proximity spaces,
and then we discuss some basic properties of pre-proximity and pre-proximity spaces. First, we give the
following concept of pre-proximity on set, which is a generalization of proximity.

Let X be a set and 6 a relation on P(X). We shall write AOB if the sets A, B € P(X) are d-related, otherwise
we shall write AOB. We say that a relation & on P(X) is a pre-proximity on the set X if § satisfies the following
conditions (PP1)-(PP5):

(PP1) A0B if and only if B6A.

(PP2) If AbB and B C C, then ASC.

(PP3) {x}6{y} if and only if x = y.

(PP4) (Z)éX

(PP5) If ASB, then there exists C € P(X) such that ASC and BS(X \ C).

A pre-proximity space is a pair (X, 0) which consists of a set X and a pre-proximity ¢ on the set X. If A6B,
then A is said to be near B and if ASB, then A is said to be far from B. A pre-proximity space is proximity if
the following condition (PP6) holds:

(PP6) ASB U C if and only if A6B or AoC.
From the definition of pre-proximity, we have the following proposition.

Proposition 6.1. Let 6 be pre-proximity on the set X. Then we have the following two statements.
(1) IfFANB # 0, then ASB.
(2) For each A € P(X), we have DSA.
(3)IfACA’,BC B and ASB, then A’0B’.
Proof. To establish (1), let AN B # 0, and take any x € A N B, then {x}6{x}, hence {x}6A and Ad{x} by (PP2)

and (PP1) respectively, and A6B by (PP2) again. Property (2) follows from (PP4) and (PP2). Property (3)
follows from (PP1) and (PP2). O

For each pre-proximity 6 on the set X, we can induce a pre-topology # on the set X. Indeed, for each
A € P(X), put
A ={xe X:x5A},
which defines a closure operator on the set X satisfying the conditions (a)-(d) in [18, Theorem 8]. In order
to prove it, we need the following lemma.

Lemma 6.2. For each pre-proximity & on the set X and any A, B € P(X), if B6A, then BOA.
Proof. Let BS5A. From (PP5), there exists C € P(X) such that B5C and A§(X \ C). We claim that A C C.

Indeed, take any x € A; then {x}6A, hence Ad{x} by (PP1). Assume x € X \ C, then it follows from (PP2) that
A8(X \ C), which is a contradiction. Therefore, A C C, then BSA since B6C. [

Theorem 6.3. For each pre-proximity 6 on the set X, the closure operator ¢ : P(X) — P(X), which is defined by
c(A) = {x € X : x0A} for each A € P(X), satisfies the following conditions:

(a)c(0) =0

(b) For every A € P(X), we have A C c(A).

(c) For every A € P(X), we have c(c(A)) = c(A).
(d) If A C B, then ¢(A) C ¢(B).
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Proof. Conditions (a), (b) and (d) follows from (2) of Proposition 6.1, (1) of Proposition 6.1 and (PP2)
respectively. Now we only need to prove (c). By (b), it suffices to prove c(c(A)) € c(A). Assume x ¢ c(A),
then {x}6A. Hence it follows from Lemma 6.2 that {x}0A, that is, {x}6c(A), which implies that x ¢ c(c(A)).
Therefore, c(c(A)) = c(A). O

Then it follows from [18, Theorem 8] that the family
P={U:c(X\U)=X\U}

generated by c in Theorem 6.3 is a pre-topology. From (PP4), (X, ) is a T1-space. The pre-topology % is
called the pre-topology induced by the pre-proximity 6 (or simply the pre-topology $(6) of 6). Moreover, it is
easily verified that, for any A, B € P(X),

A0B if and only if A5B.

A pre-topological space (X, 7) is said to be admit a pre-proximity ¢ provided 6 induces 7, and ¢ is said to be
compatible with t.

Lemma 6.4. Let (X, 6) be a pre-proximity space. If {x}0A, then there exists a P(5)-neighborhood U of x such that
USA.

Proof. Since {x}6A, it follows from (PP5) that there exists C € X such that {x}6C and A5(X\C). PutU = (X\C)°.
Then UbA, and x € U since x ¢ cls(C) by {x}6C and [18, Theorem 9]. [

Theorem 6.5. For each pre-uniformity y on the set X and any A, B € P(X), we define A5, B whenever VN(AXB) # (0
forany V € u. Then 6, is a pre-proximity on the set X. The pre-topology induced by 0, coincides with the pre-topology
induced by p.

Proof. From the definition, it easily see that Ao,B if and only if for any V € u there exist x € Aand y € B
such that (x,y) € V. Then it is obvious that (PP1), (PP2) and (PP4) hold. From (U5), it follows that (PP3)
holds. Finally, assume that ASHB, then there exist V, Wy, W, € u such that VN (A X B) =@ and Wy - W, lcv.
Put

€ =X\ (Wilxhand D = X\ (_ Walx).

xeA x€B

Then WiN(AXC)=0,WoN(BxD)=0and CUD = X since

Jwitshn(walxd =0,

xeA xeB

hence A$,C and Bo,D, thus A5,C and Bo,(X \ C)since D C X\ C. O
The pre-proximity 6, in Theorem 6.5 is called the pre-proximity induced by the pre-uniformity u. A
pre-uniformity y is said to be compatible with 6 if 5, = 6. If 6 is a pre-proximity on X, then 71(6) denotes the

class of all pre-uniformities compatible with 6. Two pre-uniformities that belong to the same pre-proximity
class are called pp-equivalent. The following proposition is obvious.

Proposition 6.6. Let i and v be pre-uniformities on a set X. If u C v, then t(u) € t(v) and 6, C 6,.

Proposition 6.7. Let 6 be a pre-proximity on a set X and A be a subset of X. Then 6p = 6 N (P(A) X P(A)) is a
pre-proximity on E and P(6g) = P(S)|E. Further, if u induces 0, then p|A X A induces 6.

Definition 6.8. A set B is called a 6-neighborhood of a set A provided A5(X \ B).
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Proposition 6.9. Let o be a pre-proximity on a set X, and let < be a the relation on P(X) defined by A < B iff B is
a 6-neighborhood of A. Then < has the following properties (in (PSI5) and (PSI6) the pre-topology induced by 0 is
being considered):

(PSI1) If A < B, then X \ B < X'\ A.

(PSI2) If A < B, then A C B.

(PSI3)IfACB<CCD,then A< D.

(PSI4) D < Qand X < X

(PSI5) If A < B, then there exists open set U C X such that A < U € U < B.

(PSI6) For each x € X and any neighborhood A of x we have {x} < A.

Conwversely, let a relation < satisfying conditions (PSI1)-(PSI5) be defined on P(X). The relation 6 defined by
AbBif A < X\ Bis a pre-proximity on X. Further, B is a 6-neighborhood of A iff A < B.

Proof. Clearly, (PSI1)-(PSI4) are obvious. It suffice to prove (PSI5) and (PSI6). First, it follow from (PP5) that
we have the following claim:

Claim: If ASB, then there exist C,D € X such that A < C,B< Dand CND =0.

(PSI5). Indeed, we can prove a more stronger result. By Claim, there exists C,D € X such that
A< CX\B<xDand CND =0. By (PSI1), we have C € X \ D < B, thus Co(X \ B). Since A6(X \ C), we
conclude that A5(X \ C) from Lemma 6.2. Hence A5(X \ C°) by [18, Theorem 9]. Put U = C°. Then we have
A < U C C; since C§(X \ B), it follows that U5(X \ B), which shows that U5(X \ {B}), thus U < B.

(PSI6). Assume that {x} < A does not hold, then {x}6X \ A, thus x € X\ A. Therefore, AN (X\A) #0
since A is a neighborhood of x, which is a contradiction.

Conversely, it is easily checked that ¢ is a pre-proximity. [

Let X be a set, and let A, B € P(X). Denote the set X x X — A X B by T(A, B).
Proposition 6.10. Let (X, 0) be a pre-proximity space, and let
S ={T(A,B) : A6B, A, B € P(X)}.

Then S is a pre-base for a totally bounded pre-uniformity us which is compatible with 6. Moreover, s is the coarsest
pre-uniformity in 1(0).

Proof. Clearly, S is a pre-base for a pre-uniformity ps. Indeed, it is easily checked that S satisfies the
conditions (U1) and (U2). We only need to prove that S satisfies the conditions (U3) and (U5). Take
any T(A,B) € S. Then ASB, hence there exists a subset C of X such that A5C and X — C6B. We claim
that T(A,C) o T(X — C,B) € T(A, B). In fact, take any (x,z) € T(A,C) and (z,y) € T(X — C,B). Suppose
that x € A. Then z ¢ C, hence z € X — C, thus y ¢ B, which implies that (x,y) € T(A, B). Therefore,
T(A,C) o T(X — C,B) C T(A, B). Finally, from (PP3) it is easily checked that (S = A.

Now we conclude that y; is totally bounded. Then it suffices prove that each element U of S is U-dense.
Take any U = T(A, B) € S. Then AdB, hence A N B = 0. Take any pointa € A and any point b € B, and put
C = {a,b}. For any x € X, without loss of generality, we may assume that x ¢ B, then

(x,a) e (X-B)x(X-B)CT(A,B)
since
X-A)XX-A)UX-B)x(X-B)CT(A,B).

Therefore, T(A, B) is U-dense.

Now we prove that ps is compatible with 6. Let 0 be the pre-proximity induced by ps. For any
A, B € P(X), we conclude that ASB if and only if AOB. Indeed, if ASB, then A x BN T(A, B) = 0, hence AOB.
Now let A5B. We assume that AOB, then there exist E, F € P(X) such that A X BN T(E, F) = 0 and ESF. Thus
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AXBCEXF then A C E and B C F. However, since A0B, it follows form definition of pre-proximity that
EOF, which is a contradiction. Therefore, AGB.

Lis is the coarsest pre-uniformity compatible with 6. Let u € 71(5). Let ASB. Then there exists U € p such
that Ax BN U = 0, thus U C T(A, B). Therefore, we have us C p. O

If u is a pre-uniformity on a set X, then u,, denotes the totally bounded member of 71(6,). From Proposi-
tion 6.10, it follows that i, is the finest totally bounded pre-uniformity on X that is coarser than u.
However, the following questions are still unknown for us.

Question 6.11. Is ys the unique totally bounded pre-uniformity compatible with 6 in Proposition 6.10?
Question 6.12. If two pre-uniformities u and v pp-equivalent, does i, = v, hold?

By Proposition 6.6, we consider the family of all pre-proximities on a set X to be partially order by reverse
set inclusion and we say that p is finer than 6 (and 0 is coarser than p) provided p C 6. Each set X has a finest
pre-proximity: the discrete pre-proximity given by A6B if and only if AN B # 0. Of course, it has a coarsest
pre-proximity given by AdB if and only if A # 0 and B # 0.

The following proposition is obvious.

Proposition 6.13. Let {6; : i € I} be a nonempty family of pre-proximities on a set X and let Oy be defined by AdyB
iff for every finite cover A and every finite cover B of B there are A’ € A and B' € B such that A’6;B’ for each i € I.
Then by is the coarsest pre-proximity on X such that it is finer than 6; for eachi € L.

Suppose that {u; : i € I} is a collection of pre-uniformities on a set X and let p = sup{y; : i € I}. Itis
natural to ask the following question.

Question 6.14. Does sup{d,, : i € I} = 6, hold?
The following proposition gives a partial answer to Question 6.14.

Proposition 6.15. Let {u; : i € I} be a collection of totally bounded pre-uniformities on a set X, let i = sup{y; : i € I}
and let 69 = sup{d,, : i € I}. Then 69 = Oy.

Proof. For every i € I, we have y; C uand 6, C 6,,. Therefore, 6, C 6. Note that if A5M,.B, then AdyB and

that if T(A, B) € p;, then T(A, B) € us,. From Proposition 6.10, it follows that p; € ps,, which shows that
u C us,- Thus &y € 6;1. [

Corollary 6.16. Suppose that {0; : i € I} is a family of pre-proximities on a set X, then sup{d; : i € I} induces
sup{P(6;) :i € I}.

Proposition 6.17. Let (X, 1) be a normal Hausdorff pre-topological space. The relation defined by ASB iff ANB # 0
is the finest pre-proximity compatible with .

Proof. Since (X, 1) is a normal Hausdorff pre-topological space, it is easily verified that 6 is a pre-proximity
on X. Now we only need to prove that 0 is the finest pre-proximity compatible with 7.

(1) 6 is compatible with 7.

By Theorem 6.3, it suffices to prove that A = {x € X : {x}6A} for each subset A of X. Indeed, take any
x € A. Since (X, 1) is a Ty pre-topological space, it follows that {x} is closed, hence WNA={x}NA={x}#0,
which shows that {x}6A. Conversely, suppose that {x]0A. Then {x}0A, which implies that {x} N A # 0, thus
xeA.

(2) 6 is the finest pre-proximity compatible with 7.

Suppose that p, which is compatible with 7, is finer than &, then p C 6. Let A5B. Then A N B # (). Take

anyx € AN B;thenx € A = {y € X : {y}pA}. Hence {x}pA, so ApE, then ApB by Lemma 6.2. Therefore, we
havep=06. O
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Let § be a pre-proximity on a set X. A finite cover {A;}5_; of the set X is called 6-pre-uniform if there exists
a cover {Bi}i?:1 of the set X such that B; < A; foreachi=1,2,...,k.

Proposition 6.18. Let § be a pre-proximity on a set X and A, B C X. If each &-pre-uniform cover {Ai}_, of the set X
contains a set Aj such that ANA; # 0 # BN Aj, then ASB.

Proof. Assume that A5B. From (PP5), it follows that there exists C C X such that A5C and B§(X \ C), then
CxX-Aand X-C <« X-B. LetA; = X-A,A, = X-B,By =Cand B, = X-C. Since AjUA, = X—-ANB=X
and BiUB, =CU (X -C) =X, A={A; :i=1,2}is a 6-pre-uniform cover of X. However, no member of A
meets both A and B, which is a contradiction. O

We don’t know if the condition in Proposition 6.18 is necessary.
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