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The group inverse of certain block complex matrices
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Abstract. We present new additive results for the group inverse of block complex matrices. As an
application, the representations for the group inverse of a block complex matrix are given. These extend
the main results of Benitez, Liu and Zhu (Linear Multilinear Algebra, 59(2011), 279-289).

1. Introduction

In a ring R, an element 4 is said to have group inverse x if a,x commute, x = x>a and a4 = a*x. Such x
is unique if exists, and denote it by a*. In this paper, the ring of interest is C"", the ring of n X n complex
matrices, and the main goal of this paper is to compute the group inverse of matrices of a certain block
form. One motivation for considering this problem is the pursuit of a closed-form solution for systems
of second-order linear differential equations which may be written in the following vector-valued form:
Ax"(t) + Bx'(t) + Cx(t) = 0 where A, B,C € C™" (with A being potentially singular) and x is a C"-valued
function (see [3]).

Recall that A € C"™" has Drazin inverse provided that there exists X € C"*" such that AX = XA, X = XAX
and AF = AF1X for some k € IN. Such X is unique if it exists, denoted by AP. The smallest positive integer
k such that the preceding conditions hold is called the Drazin index of A, denoted by ind(A). Evidently, A
has group inverse if and only if it has Drazin index 1, if and only if rank(A) = rank(A?). Many authors have
investigate group inverse from many different views, e.g., [1, 4-6, 9-12].

In Section 2, we present a new additive result for the group inverse of block complex matrices. Let
P,Q € C"™" have group inverses. If PQ'P = 0 fori = 1,--- ,n, then P + Q has group inverse. The explicit
formula for (P + Q)* is given. This also extends [1, Theorem 2.1] to a wider case.

Let M = Ié g , where A € C"™",B € C"",C € C™™", D € C"™". It is of interesting to find the group

inverse of the block complex matrix M. This problem is quite complicated and was expensively studied by
many authors, see for example [1, 5, 14]. In Section 3, we apply our additive results on group inverse to a
block complex matrix. The existences and explicit representations for the group inverse of a block complex

are thereby given. These extend the main results of Benitez, Liu and Zhu (see [1, Theorem 3.4, Theorem 3.5,
Theorem 3.6 and Theorem 3.7]).
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. . . . . . [ E I
It is attractive to investigate the Drazin (group) inverse of the block matrix ( Y | e €2 where I,

F 0
is the identity matrix. This special block matrix is closely connected to the solution of singular differential
equation (see [3]). Finally, in Section 4, the existence and the computational formula for the group inverse

F 0
of singular differential equations posed by Campbell is thereby solved (see [4]).

Throughout the paper, we denote by C and C™™" the field of all complex numbers and the Banach algebra
of all n X n complex matrices respectively. We use N to stand for the set of all natural numbers. Let P € C™".
The spectral idempotent I, — PP is denoted by P™.

of the perturbed anti-triangular block complex matrix ( E L ) € C?" are given. Evidently, a wider kind

2. Additive properties

In this section, we investigate the group inverse of the sum of two group invertible matrices. We may
now state:

Theorem 2.1. Let P,Q € C"™" have group inverses. If PQ'P =0 fori=1,--- ,n, then P + Q has group inverse. In
this case,
(P+Q* = QP*+Q*P™ - P*QQ* - PP*Q*
+ QQ'P*QQ" + Q"PP*QQ" + QQ*PP*Q".

Proof. Let p(A) = A" —qyA"™ 1 —-+. — a,4A — a, be the characteristic polynomial of Q. By using Caylay-
Hamilton Theorem, p(Q) = 0,i.e, Q" = a1Q" ' +--- + a,.1Q + a,I,. Then Q™! = ;1 Q" + - -+ + a,_1Q* + a,Q.
By hypothesis, PQ'P = 0 fori = 1,--- ,n, and so PQ"*!P = 0. By induction, PQ'P = 0 for any i € N. If Q is
not nilpotent, there exists some m € IN such that Q" = ¢,Q" + - -+ + ¢,,Q"(c,y # 0). Hence Q™ = ZQ"*! for
some Z € C[Q]. This implies that QP = Q"Z"*!. Therefore we verify that

P(Q°)'P = 0, P(QQ")'P

for any i € IN. Let
M = an# + Q#Pn _ P#QQ# _ PP#Q#
+ QQ'P*QQ* + Q*PP*QQ* + QQ*PP*Q*.

Since we have

PM = PQ"P*+ PQ*PT — PP*QQ* — PQ*
+ PQQ'P*QQ* + PQ*PP*QQ* + PQQ*PP*Q*
= PP*Q~,

QM = QQ'P" - QP*QQ* - QPP*Q* + QP*QQ*
+ QQ'PP*QQ* + QPP*Q*

QQ* - QQ*PP*Q™.
Hence,
(P + QM = PP*Q™ + QQ* — QQ*PP*Q™.

Moreover, we have
MP = PP*-QQ*PP* - PP*Q*P + QQ'PP*Q*P
_ QT[PP#/
QnP#Q + Q#PnQ _ P#Q _ pP#QQ#
QQ*P*Q + Q*PP*Q + QQ*PP*QQ*
PTQQ* + QQ*PP*QQ*.

MQ

I+ 1

Hence

M(P + Q) = Q"PP* + P"QQ" + QQ*PP*QQ".
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Accordingly,

(P +QM PP*Q™ + QQ* - QQ*PP*Q"
Q"PP* + P"QQ* + QQ*PP*QQ*
M(P + Q).

Thus we compute that

I,—(P+QM P™Q™ + QQ*PP*Q™
= QP+ QTPPQQY
I, - M(P + Q).

Therefore
[l — (P + QMI](P + Q)
= [P"Q™ + QQ*PP*Q™|(P + Q)
P™Q"P + QQ*PP*Q™P
P™(I, - QQ*P + QQ*P
—(I, — PP*)QQ*P + QQP
0.

Thatis, P+ Q = (P + QM(P + Q).
Also we have
ML, - M(P + Q)]
MIQ"P™ + Q"PP*QQ]
[MQ™][P™ + PP*QQ]
[Q"P*Q™ + Q*PTQ™][P™ + PP*QQ]
[Q"P*Q™ + Q*PTQ™[I - PP*Q™]
Q#PnQn _ Q#PnQnPP#Qn
Q#PnQn _ Q#PP#Qn
0.

Hence M = M(P + Q)M. Therefore P + Q has group inverse M. That is,

(P+QF = Q'P*+Q'P" - PFOQF - PPQ!
+ QQ'P'QQ’ +Q'PPFQQ* + QQ'PPHQY,

as asserted. [

Corollary 2.2. ([1, Theorem 2.1]) Let P,Q € C™" have group inverses. If PQ = 0, then P + Q has group inverse.
In this case,
P+Qf =Q"P*+ Q'P™.

Proof. This is obvious by Theorem 2.1. [

In [2, Theorem 3.3], Bu investigated the existence and representation for the group inverse of P + Q
under PQP = 0 and additional conditions for P,Q € C™". For 2 X 2 complex matrices P,Q, we give an
explicit result as follow.

Corollary 2.3. Let P, Q € C*? have group inverses. If PQP = 0, then P + Q has group inverse. In this case,

(P+QF = Q'P*+Q*P" - P*QQ* - PP*Q*
+ QQ'P*QQ* + Q*PP*QQ* + QQ*PP*Q*.

Proof. This is obvious by Theorem 2.1. [J

We demonstrate Theorem 2.1 by the following numerical example.
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Example 2.4. LetP = ( é (1) ), Q= ( 8 } ) € C?*2, Then P, Q are idempotents, and so they have group inverses.
0 2

Clearly, PQ = ( 0 0 ) # 0. In this case, PQP = PQ?P = 0. Then P + Q has group inverse. In this case,
1 =2
#
P+Q)y = ( 0 1 )

3. Block complex matrices

A B

C D
where A € C"™ B € C"™",C € C™™ D e C™". These also extend the main results of Benitez, Liu and Zhu
(see [1, Theorem 3.4, Theorem 3.5, Theorem 3.6 and Theorem 3.7]) to wider cases. We can derive

We now apply our preceding theorem to the group inverse of the block complex matrix M =

[ >

r
# _
M—(A

where

Theorem 3.1. Let A and D have group inverses. If BD'CA = 0,BD'CB = 0 fori = 0,--- ,n— 1 and A™B =
0, D™C = 0, then M has group inverse. In this case,

A* — (A*?BD*C - A*B(D*)*C,
(A*2B — (A*)2BDD* — A*BD*,

= —D*CA* + (D*)2CA™ + D*C(A*)2BD*C + (D*2CA*BD*C + D*CA*B(D*)C,
—D*C(A*)2B — (D*)2CA*B + D*C(A*)2BDD* + (D*)2)CA*BDD* + D*CA*BD.

Proof. Write M = P + Q, where
A B 0 0
P=(5 ¢)e-(¢ b)
Since A™B = 0,D"C = 0, it follows by [9, Theorem 2.1] that P and Q have group inverses. Moreover, we

have . o .
A" (A")°B A™ —-A"B

# T — .

P _( 0 0 )’P _( 0 I, )’

m> >

0 0\ o~ ( L. o0
Q#:((D#)ZC D )/Q _(_D#C Dr )

Moreover, we compute that

QP = ( D#CA# —Dg()IZEFB )
Q#PT[ ( D#)ZCAH D# (D(#)?)Z A#B
2 # #\2 #
PrOQ* = (A BD*C (A)(L)?DD ,
# #)2 # #

ppHOF = (AB(D)C AI(B)D )
QQPQQ" = (D#C(A#)2BD#C D#C(A*?)QBDD# )
Q'PPIQQ! ( (D#)ZCA#BD#C (D#)ZCBX#BDD# )
QQPPIQ ( D#CA#B(D#)ZC DACAYBDH )
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We easily check that
; 0 0
Q= ( Di-l1c  Di )
By using Caylay-Hamilton Theorem, we prove that BD'"!CA = 0,BD'~'CB = 0 for i € N. Therefore

[0 " )5 )

PQ'p 0 0 0 0
[ BD-'CA BD-iCB

- (" )
-0

for any i € IN. In light of Theorem 2.1, M has group inverse. In this case,

M#

an# + Q#Pn _ P#QQ# _ PP#Q#
QQ*P*QQ* + Q*PP*QQ* + QQ*PP*Q*

(T A
“\Aag)

A* — (A*)2BD*C — A*B(D*)2C,

(A*YB — (A*)2BDD* — A*BD,

—D*CA* + (D*)2CA™ + D*C(A*?BD*C
(D*)2CA*BD*C + D*CA*B(D*)2C,
—D*C(A*)2B — (D*)2CA*B + D*C(A*)2BDD*
(D*)2CA*BDD* + D*CA*BD*.

+

where

> >
[

[

+ 1+l

This completes the proof. [J

Corollary 3.2. Let A and D have group inverses. If CA'BC = 0, CA'BD =0 fori=0,---,m —1and A™B =0,
D™C = 0, then M has group inverse. In this case,

r A
# _
(i)

where

—A*B(D*)?C — (A*)?2BD*C + A*B(D*)?CAA*
(A*)?BD*CAA* + A*BD*CA?,

—A*BD* + (A*)?BD™ + A*B(D*)?CA*B
(A*)?BD*CA*B + A*BD*C(A*)?B,

(D*2C — (D*)>*CAA* — D*CA*,

D* — (D*)?CA*B — D*C(A*)?B.

>
I+ 1+ 1

M >

Proof. In view of Theorem 3.1, N := ( bc ) has group inverse. Moreover,

B A
2 A

# _
ve(3r)

where

D¥ — (D*)2CA*B — D*C(A*)’B,

(D*2C — (D*)>CAA* — D*CA?,

—-A*BD* + (A*)?BD™ + A*B(D*)?CA*B
(A*)?BD*CA*B + A*BD*C(A*)?B,
—A*B(D*)2C — (A*)*BD*C + A*B(D*)?CAA*.

> > [

=
=+ 1



We easily see that

and so

as required. [
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We now turn to use the alternative splitting approach for a complex block matrix and derive the

following.

Theorem 3.3. Let A and D have group inverses. If ABD'C = 0, CBD'C =0 fori=0,---,n—1and CA™ =0,
BD™ = 0, then M has group inverse. In this case,

where

v

[ >

)

A* — BD*C(A*)? + B(D*2CA*,

~A*BD* — AA*B(D*)* + BD*C(A*)?BD*
B(D¥)2CA*BD* + BD*CA*B(D*Y,

D"C(A*)? + D*CAY,

~C(A*?BD* — CA*B(D*)2 + DD*C(A*)?BD*
D*CA*BD* + DD*CA*B(D*)?.

r
A

> =
([ i (I

[ >

+

Proof. Write M = P + Q, where

(2 8)e(3 )

Since CA™ = 0,BD™ = 0, it follows by [9, Theorem 2.1] that P and Q have group inverses. Moreover, we

have

We easily check that

and so

A# 0 A" 0
# T — .
P _(C(A#)2 0)’P _(—CA# I, |’

(o BO*»\ .. (I, -BD*
es[3  es )

i (0 BD™
Q_(O BDz )/

0 ABD™'\(A 0
0 CBDi-l) C 0)
ABD"'C 0

( CBD"'C 0 )

PQP =

= 0
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In light of Theorem 2.1, M has group inverse. We compute that

o - (I o),
or - (POEEA D),
PIQQ" = (8 L)
PPHQF = (8 b |
QQ'P'QQ* = (8 edone ).
orrag - (8 MOTEEID" )
oy - [§ EOy )
We easily check that
Qi=( Di?lc 81‘ ),
and so

i _
PQP = 0

0

Il
o/

for any i € IN. Therefore we have

M#

+

r
A

7

[m >
~———

where

A* — BD*C(A*)? +

[ o> >
n =+ 1

an# + Q#Pn _
QQ*P*QQ* + Q*PP*QQ* + QQ*PP*Q*

BD-1C BD! A B
0 0 0

BD"'CA BD"!CB )
0

P#QQ# _ PP#Q#

B(D*)2CA*,

—A*BD* — AA*B(D*)? + BD*C(A*)?BD*
B(D*)2CA*BD* + BD*CA*B(D*)?,

D"C(A*)? + D*CA*,

—C(A*2BD* — CA*B(D*)? + DD*C(A*)2BD*

D*CA*BD* + DD*CA*B(D*)2.

This completes the proof. [J

3159

Corollary 3.4. Let A and D have group inverses. If DCA'B =0, BCA'B =0 fori=0,1,--- ,m — 1 and BD™ = 0,

CA™ = 0, then M has group inverse. In this case,

o

[ >

r
A

)
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where
I' = -B(D*)?CA* — BD*C(A*)? + AA*B(D*)>*CA*
+ A*BD*CA* + AA*BD*C(A*)?,
A = A"B(D*)* + A*BD?,
A —D*CA* — DD*C(A*)? + CA*B(D*)?CA*

C(A*)2BD*CA* + CA*BD*C(A*),
D¥ — CA*B(D*)? + C(A*2BD".

I+ 1

(1

Proof. In view of Theorem 3.3, ( g i ) has group inverse. We easily check that

e v )5 500 5)

Analogously to Corollary 3.2, we obtain the result. [

4. Special block matrices

The aim of this section is to present existences and computational formulas for the group inverse of
E I,
F 0
also provide algebraic method to find all function solutions of a new class of singular differential equations
posed by Campbell (see [1]). In [13, Theorem 2.10], Zou et al. investigated the group inverse of the
preceding M under the condition EF = 0, We now extend their result to a wider case.

the anti-triangular block complex matrix M = ) under the weaker perturbation condition. These

Theorem 4.1. Let E,F € C"™" have group inverses. If EFE =0 fori=1,---,n, then M = ( IIE I(,; ) has group

inverse if and only if F"E™F™ = 0. In this case,

4 r A
w o= () 2)
where
I = E*+E'FF* +2EF* + FF*E* — FF*E*FF*
— D2FF*EF*,
A = (E*?+ (E"’FF* + EE*F* + FF*(E*)? + F'E™
- FFYE*’FF* + F*EE*FF* — FF*EE*F¥,
A = FFE™ + F(E*)’FF* + F(E*)?FF* + FF*EE*FF*
+ 2FEE*F#,
5 = -FF*E* + F(E**FF* + F(E*)3FF*
+ FF*E*FF* + 2FE*F*.

Proof. Clearly, we have

E>2+F E
2 _ —
M_( FE F)_P+Q'

where
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Since E, F have group inverses, it follows by [9, Theorem 2.1] that P and Q have group inverses. Since
EFE=0fori=1,--- ,n—1, By using Caylay-Hamilton Theorem, we have EFE = 0 for any i € IN. Therefore

E?F E?F1 E> E
0 0 0 0

_( B’FE? E’FE
- 0 0

PQ'P

=0
for any i € N. In light of Theorem 2.1, M? has group inverse. Moreover, we have

(MZ)# — QnP# + Q#Pn _ P#QQ# _ PP#Q#
+ QQ'P*QQ* + Q"PP*QQ* + QQ*PP*Q*.
Hence,
MMP = (P+ Q)M
PP* + QQ* — PP*QQ* — QQ*PP*Q™.

In light of [9, Theorem 2.1], we have

#\2 #\3 e #
P#:((E) (E*) )Pn: E* -E )
0 0 7 7

F* 0 F™ 0
# O —
Q ‘( X F )'Q ‘( XF+FF*E F" )

where
X = F'EF™ — F*FEF*.
Clearly,
XF + FF*E = FF*EF™.
We easily check that
EE* E*
#
PP = ( vr )
Fr* 0
#o_
QQ - ( _FF#EFH FF# )/
EE*FF* E*FF*
# O —
FF*EE*F"  FF*E*F™
# # M1 _
QQPP'QT = ( —FF*EF™ —FF*EE*F™ )
Hence,
FF* + F"EE*F™ FrE#FT
D _
MM _( 0 FF* + FF*EE*FT™ )
Hence,
FTETET _FWE#FH
— D —
fon = MM ‘( 0 (I, FF'EE*)F™ )
Accordingly,

FRETFT —PREFFT E I
_ D — n
(2 = MMOM = ( 0 (I, - FFPEE*)F™ )( F 0 )

_ FTETF'E FTE™F"
h 0 0 ’

Therefore M has group inverse if and only if F*"E"F" = 0.
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Moreover, we compute that

QTLP# _ ™ E#)Z Fn(E#) )

FF*E*  FF*(EY)?

F#Eﬂ _F#E#
#pm
Qpr = ( ~F*EFF* - F'FEF*  F*E™ )
# 2rr# #\3 o r#
¢yt~ | (E )FF (E")°FF
P QQ - ( 0 7
# T # i
pPPQF = (EEP E*F )
FF#(E#)ZFF# FF#(E*)3FF*
# D #
QQPQQ - ( FF#E#FF# FF#(E#)ZFF# s
F*EE*FF* F*E*FF*
# # #
Q PP QQ - ( P#EPP# F#EE#FF# s
FF*EE*F* FF*E*F*
# #
QQ'PP'Q" = ( —FF*EF"EE*F* —FF*EF"E*F* )
Accordingly, we have
Mt = MM
[ E I y 6
“\F o A€
Ey+A E6+&
Fy Fo !
where
y = FY(E"? + F'E™ + (E"FF* + EE*F* + FF*(E*YFF*
+ F*EE*FF* + FF*EE*F#,
5 = FY(E*Y - F'Ef + (E"YFF + E*F* + FF*(E*)’FF*
+ F*E*FF* + FFEFF#,
A = FF*E* — F*EFF* — F*FEF* — FF*E*FF*
+ F[*EFF* — FF*EFTEE*F*,
& = FF¥E"? + F*E™ — FF¥(E*FF* + F*EE*FF*

FF*EF"E*F*.
LetI'=Ey+ A, A=Eb+ &, A =Fyand E = FO. Then we complete the proof. [

Corollary 4.2. Let E,F € C™" have group inverses. If EFE =0 fori=1,---,n, then M = ( f 1(; ) has group
n
inverse if and only if FFE"F™ = Q. In this case,

r A
#
M _(A E)’

where
I' = -E*FF* + 2FF*(E*)’F + FF*E*FF* + 2F'E*F,
A = E"FF* + FF¥(E*)’F + FF*(E*)?F + FF*EE*FF*
+ 2F*EE*F,
A = (E®?+FFYE*? + F'EE* + (E*)’FF* + E"F*

- FFYE"?FF* + FF*EE*F* — F'EE*FF¥,
= E*+ FF*E* + 2F*E + E*FF* — FF*E*FF*
- 2F*EFF*.

1
|

Proof. Clearly, M* = [(MT)*]T, where MT = (

we obtain the result. O

T
?T 16’ ) Applying Theorem 4.1 to the transpose MT of M,
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We are now ready to prove the following.

L
0

Theorem 4.3. Let E,F € C™" have group inverses. If FE'F =0 fori=1,--- ,n, then M = ( Ilf:

)

E*F™ + EF*EE* + EFF*(E*)*> + EF*EE*
EE*F*E + E*FF*EE* — (E*)’FF*E
EFF*(E*)? - EE*FF'E* + 2F*E

FF*E¥,

—EE*F* + (E*)2F™ + EF*E* + 2EFF*(E*)
EF*E* + EE*F*EE* + E*FF*E*
(E*?FF*EE* — EE*FF*(E*)?

F* + F*EE* — FF*(E*)?,

FF* + FF*EE* + 2F(E*)?

FF*E* + 2F(E*)3.

inverse if and only if EYFTE™ = 0. In this case,

[ >

r
#
wo= ()

where

I+ + 1l

=+ 1 + 1

o >

Proof. Clearly, we have

E’+F E
2 P
M ‘( FE F)_ <

where

F o E® E
P:(FE F)’Q:( 0 0)'

Since E, F have group inverses. By virtue of [9, Theorem 2.1], P and Q have group inverses. Since FE'F
we see that
. EZi E2i—1
[
Q - ( 0 0 ’
and so

; FE%  FpE%-1 F 0
1A — . . =
PQP - ( PE21+1 FEZI )( FE F ) 0
fori=1,---,n.
Moreover, we have

(MZ)# — an# + Q#Pn _ P#QQ# _ pP#Q#
+ QQ'P*QQ* + Q"PP*QQ* + QQ*PP*Q*.

Hence,
MMP = PP*+QQ"* - PP*QQ* — QQ*PP*Q".

As in the proof of Theorem 4.1, we have

F* 0\ .. F©oo0
P#_(F#E—F#FEF# F* )'P _(FF#EF” F”)

(@ EP (B -
Q#‘( 0 0 )'Q ‘( 0 I )

3163

) has group

=0,
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We easily check that
FF* 0
#
PP" =\ _rp'e PPt )’
EE* E*
4
FF*EE*  FF'E*
#
PPPQQ" = ( -FF*E  -FF*EE* )’
QQ*PP*Q™ =
EE*FF*E™ —EE*FF*E* + E*FF*EE* + E*FF*
0 0 ‘
Then
MMP =
EE* + E'FF*E™ E*F™ — E"FF*E* — E*FF*EE*
0 FF* + FF*EE* '
Hence,
Ly — MMP =
E"F"E™ —E*F" + E*FF*E* + E*FF*EE*
0 F* — FF*EE* '
Accordingly,
(Ly — MMP)M =
E"F'E™ —E*F" + E"FF*E* + E*FF*EE* E I,
0 F* - FF*EE* F 0

_( EFFFE"F ETF'E™
B 0 0 '

Therefore M has group inverse if and only if E"F"E™ = 0.
We compute that

ET[F# _E#F#
4 —
Q P# - ( F#E F# )/
PN (E#)ZFTI (E#)3Fn
QP - 0 0 7
F*EE* F'E*
# o
P#QQ - F#E F#EE# s
FF#(E#)Z FF#(E#)B
#OH —
PP Q - —FF#E# _FF#(E#)Z 7
A A
# # 1 2
A, = EE'*F'EE* + E*F'E,
A, = EE*F'E* + E*FYEEY;
Q*PP*QQ* = (%1 %z ),
B, = (E*2FF*EE* — (E*°FF'E,
B, = (E"2FF*E* — (E**FF*EE*;
C G
#DPHO#  —
C1 = EE*FFY(E")?> - E*FF'E?,

C, = EE*FF*(E)® — E*FFH(E")2.
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Accordingly, we have
M#

M(Mz)#

E I, y 6
F 0]\l A 5)

(E)/+/\ E6+<§)
Fy Fs |

where

E"F* + (E"2F™ + F*EE* + FF*(E*)?
EE*F*EE* + E*F*E + (E*)>FF*EE*
(E*3FF*E + EE*FF*(E*)?> — E*FF*E*,
—E*F* + (E*)3F™ + F*E* + FF*(E*)3
EE*F*E* + E*F*EE* + (E*)*FF*E*
(E*3FF*EE* + EE*FF*(E*)® — E*FF*(E*)?,
A = F*E+ F*E - FF*E*,

& = F'+FEE* - FF*(E*)%.

LetI'=Ey+A,A=Eb+ & A =Fy and E = Fo. This completes the proof. [

+ 1+

Corollary 4.4. Let E,F € C™" have group inverses. If FE'FF =0 fori=1,-+- ,n, then M = ( IE S ) has group
n
inverse if and only if E'FTE™ = 0. In this case,

r
#
wo= ()

[ >

where

I' = E*FF* +2(E*F,

A = FF' + EE*FF* + 2(E*)’F,
—~F*EE* + FY(E*)? + E*F*E + 2(E*)3FF*E
E*F*E + EE*F*EE* + E*FF*E?
EE*FF*(E*)*> — (E*)?’FF*EE* + F* + EE*F*
(E2FF,
F"E* + EE*F*E + (E*)*FF*E + EE*F'E
EF*EE* + EE*FF*E* — EFF*(E*)?
(E*)’FF*E — E*FF*EE* + 2EF*
E*FF*.

I+

(4]
+ + 0

Proof. Applying Theorem 4.3 to the transpose of M, we complete the proof as in Corollary 4.2. [
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