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Abstract. The goal of this research is to discover some identities in the general form of the sum of
left and right-sided weighted fractional integrals of a function concerning to another function. Using
composite convex functions, several fractional Hermite-Hadamard inequalities are derived. The veracity
of the inequalities established is demonstrated by drawing graphs of such relationships. Furthermore, our
findings generalize a number of previously published outcomes. These findings will aid in the study of
fractional differential equations and fractional boundary value problems with unique solutions.

1. Introduction

In mathematical analysis and inequality theory, convexity is very essential. Various researchers have
defined many inequalities for convex functions, including the Ostrowski-type [1], Hardy-type [2], Olsen-
type [3] and Gagliardo-Nirenberg-type [4]. Hermite-Hadamard’s inequality [5] is a famous finding of
Hermite and Hadamard for convex functions that gives us a necessary and sufficient condition for a
function to be convex. This inequality for a convex function F : U — R on U C R is defined by

vioy . 1 [ F(v) + F(o)
F(12) = o1 [ Fome < 0T M

2 w

In terms of the Cauchy Mean-Value Theorem for convex functions, Hadamard’s inequality is sensitive.
Hadamard'’s inequality can be used to discover upper and lower bounds for the mean value of a convex
function. In regard to applications, this inequality is used to establish bounds in terms of trapezoid
formulae [6]. It is also employed to explore certain means like in [7]. Similarly, convexity is utilized as a
tool in optimization theory. Various researchers [8-15] have expended efforts to provide new bounds and
estimations by using this inequality. The following fundamentals must be remembered.

2020 Mathematics Subject Classification. Primary 26D10; Secondary 26D15, 26A33, 34B27

Keywords. Composite convex; Weighted fractional integral operators; Riemann-Liouville fractional integral; Hermite-Hadamard
inequality

Received: 18 April 2022; Revised: 02 August 2022; Accepted: 15 August 2022

Communicated by Miodrag Spalevi¢

Email addresses: muhammd . samraiz@uos . edu.pk;msamraizuos@gmail.com (Muhammad Samraiz),
nawazfakhra@gmail .com; fakhra.nawaz@math.uol.edu.pk (Fakhra Nawaz), shanhely@126.com (Shanhe Wu),
sajid_uos2000@yahoo.com (Sajid Igbal), artionkashuri@gmail.com (Artion Kashuri)



M. Samraiz et al. / Filomat 37:9 (2023), 2995-3008 2996
Definition 1.1. [16] Let F : [v, w] — R be termed as convex if for [v, w] C R, we have
F(pd + (1 = 9)p) < pF(®) + (1 - 9)F(p)
where 9, ¢ € [v,w] and p € [0,1].

Definition 1.2. [17]Let h : U € R — R* be a function such that F : U ¢ R — R be h-convex, if F > 0 on U for
@ € (0,1), we have

F(pv + (1 =)o) < h(p)F (v) + 1(1 = p)F(w). (2)
Silvestru Sever Dragomir present the definition of composite convex function in [18] as:

Definition 1.3. A function @ : [v,w] — R is composite-H™' convex on [v, w], if PoH™ : [H(v), H(w)] = R is
convex on [H (@), H(w)] i.e.,

@07{-1((1 CNHE) + >\7{(y)) < (1= 2)D) + XD(y)

forany x,y € [v,w] and X € [0,1].

Definition 1.4. [19] The left-sided and right sided Rieman-Liouville fractional integral (RLFI) I® .F and I" _F of order
¢ > 0, on a finite interval [v, w], are defined as:

I F(v) = % f(v -0 FWdt, v> o
and
I F(v) = % f (t = v Bt v < w,

respectively. Here I represents the usual Gamma function defined by

(e8]

I'(t)= fvtl exp(—v)dv , R(t) > 0.
0

Mubeen et al. present the following definition of k-RLFI in [20].

Definition 1.5. Let F € Ly[v, w]. Then the left and right-sided k-RLI I; JFand IZ)_ [ of order ¢ > 0 with k > 0,
v > 0 are defined by

c _ 1 ( _ il

IU+/kF(V) = —ka(g) f(v W F(udu, v>v
and

IF F@v) = L f( — V)i F(u)d V<

ok M) J Hat '

respectively. Here Ty(c) is the k-Gamma function and 12+ F :IS), F=F).
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Definition 1.6. [21] The weighted fractional integral (WFI) of a function F concerning to another function H of
order ¢ can be written as

Jo . F(9) = f (H(9) = HONT'OOVFOVH (NdX, 9 > v.

1"()

The definition of RLFI of a function concerning to another function given in [19] defined as:

Definition 1.7. Let p : [0, (] — IR be a positive increasing function on (0, Cl, such that p’ exists and continuous on
(6, Q). The RLFI of F with concerning to the function p on [0, C] of order ¢ > 0 are defined by

PN

SG*;pF(V) = @!WF(X)C{X, V>0, (3)
¢ ,
3 F) = — POY e, v <, (4)

I(c) J 100 - pw)I=

provided that the integral exists. The integrals (3) and (4) are called left-sided and right-sided RLFI of a function with
respect to another one.

2. Main Results

The following lemma presents the first key result of this section.

Lemma 2.1. Let F,® : [v, w] — R both are differentiable composite-H ' -convex mappings on (v, w) with v < w. If
F,® € Ly[v, w], then the following identity for fractional integrals holds

D()v(v) + D(w)v(w) T(c+1) g g
2 - 2(7’{(0)) — W(U))C [(D(C‘))]q)/w/:(a)) + q)(v)]q)’arF(v)jl
1
_ (H(w) —H()) S od
otz sy 52

cp(ﬂ—{*l( NH ) + (1 - >\)7-((a)))Fo7-{’1( NH©) + (1= NH (w))

| Ho) - H@) 3
Proof. Consider
.
f (12 — d‘;
i
<Do7-(‘1( NH@) + (1 - >\)7-{(a)))F07-(‘1( NH@) + (1 - >\)7-((a)))
| H©) - H@) o
| CI)o‘H‘l( NH) + (1 - >\)‘H(a)))Fo(H‘1( N H () + (1 >\)7-{(a)))
- Of =255 (H©) - H@) e
L 61307-(‘1( NH@) + (1 - X)W(w))Fo?{‘l( NH) + (1 - >\)7‘((w))
Of N (Ho) - H@) >
_p - 5)
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Integrating, we get

- fl(l ol (1307{‘1( N H W) + (1 - x)W(w))Fow-l( N H W) + (1 - >\)(H(a))) N
1= dx (H(v) — H(w))
0

0)07{‘1( N H©) + (1 — >\)7{(a)))Fo7{‘1( N H©) + (1 - >\)7{(a)))
(H(@) = H(w)) ]
| qaow-l( > H(W) + (1 - x)W(w))Fow-l( N H W) + (1 - >\)7{(w))

_ of S0 x| @)~ H(@) o~

1

—(1- x)g[

0

w

__ OF(w) f (W(u)—”H(v) )gl DF (1)
(Hlw)=H@) ~J \H(@w)=H@)]  (Hlw) - H(©)?

__Pwflw) — d@Ic+1)
C (Hw) -H©)  (H@) - H)

Similarly integrating I, we get

H (u)du

5 F(0).

L (1)07-(‘1( N H©) + (1 - >\)7-((a)))Fo?(‘1( SNH©) + (1 - >\)fH(w))

I = f - ]d>\
y A (H(v) — H(w))

cpow—l( N H W) + (1 - >\)‘H(a)))Fo'H‘1( N Hw) + (1 - >\)?{(w)) )

= (H(w) - Hw) I,
| q)ow-l( NH©) + (1 - >\)7{(a)))Fo‘H‘1( NH©) + (1 - >\)7-((a)))
c—1

- Of x| H) - H@)) Jox
L —0)F() C(H@) - HWE dWFw)
= Hw) - Ho) T / (=70 ) s o

v

__ —Pw)F@) D()I(c+1)
" TH@ - HW) * Hw - Hyr o @

Substituting the values of I; and L, in (5), we have

DO)F(v) + D(w)F (@) T(c +1) ) )
a ~ S T |05, F(@) + @), FO)
_ (H(w) = H(v))
B 2
| ] (1307{‘1( N H(w) + (1 - x)W(w))Fo(H—l( N H () + (1 - >\)‘H(w))
xf[u—x)@—x@] [ .
dX (H() - H(w))

0

This completes the proof. O

Remark 2.2. Ifwe take ®(p) = 1, H(p) = 9 and ¢ = 1 in Lemma 2.1, then we get the result of Dragomir et al. [22,
Lemma 2].
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Remark 2.3. If we take ®(p) = 1 and H(p) = ¢ in Lemma 2.1, then we get the result of Sarikaya et al. [23, Lemma
2].

Lemma 2.4. Let F,® : [v,w] — R both are twice differentiable composite H™'-convex mappings on (v, w). If
F,® € Ly[v, w], then the following equality for fractional integrals holds

DO(V)F(v) + D(w)F(w) I'c+1) c c
- ~ S —HE Y@ F@) + 0, )|
1

(M) - H)? -

P cpowfl( NH W) + (1 - >\)7-((a)))Fo7-(*1( NH@) + (1 - >\)7—{(w))
g (H(@) - HO)P -

Proof. By using Lemma 2.1 and integrating, we have

DO(V)F(v) + D(w)F(w) I'c+1)

2 T 2(H(w) - H(w )g[ (@)JgF (@) + )], _F(v)]

_ @) 70 f[ﬂ ]
0

cpoﬂ—l( N H©) + (1 - >\)7{(a)))F07{‘1( N H W) + (1 - >\)7{(w))

d
AN (H©) - H)) ]dk
| Hw) - H) [ a [cboﬂ—l( N H@) + (1 - x)w(w))Foﬂ—l( SNH©) + (1 - >\)‘H(a)))]
- 2 dx (H(v) — H(w))
X[_(l _ >\)g+1 ~ Ne+l 1
g+1 c+ 1l

—g%f - (1= w“]
0

@oﬂ‘l( N Hw) + (1 - >\)7{(a)))Fo7{‘1( N H (W) + (1 - >\)‘H(a)))

d2
e (H©) - H@) ]d N ]
1
_ (H(w) - H))? R N
B 2(c+1) Oj‘[l (1=>) ~ ]

P q)o?-{‘l( NH©) + (1 - >\)7-((a)))FoT{‘1( NH) + (1 - >\)‘H(a)))
* e (H(w) - H(v))?
The proof is done. O

]d>\.

Remark 2.5. If we take (1) = 1 and H(t) = T in Lemma 2.4, then we obtain the result of Wang et al. [24, Lemma
2.1].

Theorem 2.6. Let F,® : [v,w] — R both are composite HL-convex mappings on (v, w) with v < w. IfF,® €
Lo[v, w], then the following fractional integrals inequalities hold.
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2@0?[71(%%0%—1(%) _ %Q
I'c+1) ; .

= 2H@) —HO)F (‘D(a’)fq:,yf(w) + GI>(v)]q,,w,F(v))

<M; +M,,

where

Q-= fl xc-l(cboff(—l( N H©) + (1 - >\)?((a)))Fo7-(‘1((1 —SOHO) + >\7-((w))

0

+ @ow-l((l —SOH ) + NH(w))Fo?{‘l( N H W) + (1 - >\)7{(w)))d>\,

Z+c+2

My = (2(g T +2)

)(d)(v)F(v) + CD(a))F(w))
and

M, = (m)(q)(v)ﬂw) + (D(w)F(v)).

Proof. By composite H!-convex, we can write

PoH (1 = NHE) + NH(B) < (L= NP + XD(y),

Fow—l(a —SH() + >\7{(y)) < (1= 2F®) + ZF(y).
Substituting X = 3 in (7) and (8), then multiplying the resulting equations, we have

< 1{P@F@ + 20 + WK + 2)FW)
Choose x = w—l( NH@) + (1 - >\)‘H(w)) and y = w—l(a CNHW) + >\7—{(a))), we get

< }L(cpofﬂ-l( N H W) + (1 - >\)‘H(a)))Fo‘H‘1( N H W) + (1 - >\)7{(w))
+ (1)07{‘1((1 ~SOH ) + xﬂ(w))Fo?{‘l( N H W) + (1 - >\)7{(a)))
+ CDo?-(‘l( N Hw) + (1 - >\)‘H(a)))Fo?{‘1((1 —SH©) + >\7-((w))

+ cpov{*l(a —SOH @) + >\T{(w))Fo”H*1((1 —SOH©) + >\7-((a)))).

3000
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Multiplying equation (9) with X~! and integrating over the interval [0, 1] we get
1
q)oq_{—l(q-{(v) 42- 7-{(C‘)) )Fo?(_l(w(v) + (]’{(Cl)) ) f >\g—1d>\

2
0

( fl >\C‘16D07-{‘1( NHW) + (1 - x)ﬂ(w))FofH—l( N H W)+ (1 - >\)‘H(w))d>\

0

<

=

4 [ NTI00H (1= ) H )+ NH@ R N H@) + (1= H @ )i

>\g‘1<1>o‘H‘1( NH©) + (1 - x)(H(a)))Foﬁ—l(a ~SOH®) + >\‘H(a)))d>\

+

+ xg-lqnow-l(a ~SOH@) + >\'H(a)))Fo'H‘1((1 “SOH) + >\7{(w))d > )

e

_Y TP . RGO
= 3y - o O * ey iy e T

1
+ f xg—l(cbow—l( NH) + (1 - x)w(w))Fow-l((l CNH@) + >\?{(a)))
0
+ @ow-l(u ~NH(W) + xw(w))Fow-l( NH(W) + (1 - >\)'H(a))))d N )
G rOeE .
4\(H(w) = H(v))- (H(w) — H(v))s " 2

which gives

s (MM (M)

I F(@) + Fw)+Q)

< I'(c+1)

" 2(H(w) - H())
By substituting x = v and y = w in (7) and (8) respectively, then multiplying the resulting inequalities, we
get

(P@);,, F@) + 25, FO)). (10)

cpoﬂfl(a ~X)H(®) + >\7-((a)))Fo7-(’1((1 - XH(v) + M’(w))
< (1= XNPD)F () + (\ = XN)PO)F (@) + N = X)D(W)F () + N D(w)F(w). (1)
Multiplying the above inequality with X! and then integrating over the interval [0, 1] we get
1
f xrlcpowfl(a = NH @) + xﬂ(w))FoW’l((l - NH©) + XH <w>)d%

0
1

1
< f N1 = N2PW)F(v)d N + Of (NS = XHD()F (w)dN

0
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1 1
+ f(>\g — XN D(w)F(v)d N + f>\g+1(D(w)F(a))d>\,
0 0

which gives

Qo)

Hw) —H@) oot @) <Lt latlst Ly W

where
_ 20(v)F(v)
e+ e+
P(v)F(w)
(c+1)(c+2)
O(w)F(v)
c+D(c+2)

2 =

3 =

and

_ () (@)

L
4 c+2

Multiplying the inequality (11) with (1 — X)<~! and then integrating over the interval [0, 1] we get

I'()P(w)

M}fp’w/:(w) < L5 + L6 + L+ Lg, (13)

where

_ O(v)F(v)

Toc+2

_ O@)F(w)

T+ Dc+2)
D(w)F(v)

(c+Dc+2)

Ls

7

and
_ 20(w)F(w)
T+ +2)

Adding (12) and (13), we get

I'c+1)
2(H(w) — H(v))*

(fb(a)) 50 Fl@) + () ]fp,w,F(v)) < My + M. (14)

By combining (10) and (14), we get the result. [

Example 2.7. The validity of the double inequality presented in (6) for a convex function F(p) = p? can be proved
by plotting the graphs. It is well knowledge the WFI of this function for ®(p) = 1 and H(p) = g are given by

Jo - F(@) = f (@ =X N dN (15)

1
I'(c)
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and
IS _F(v) = L f (ONEET) S NG DN (16)
P I'()
By utilizing these expressions into the double inequality (6), we get
2(v+a))2_£(2(02+w2)(f§2+2g+2) 4w )
2 2\ e+ e+ C+Dc+2)

e e L R R
w? “

v? +

<
2

(17)

Figure 1: The validity of the double inequality (17) is illustrated by the graphs corresponding to v = 0 and w = 1.

The graphs of the dual inequality (17) are presented in Fig. 1 corresponding to ¢ € (0,1]. The Fig. 1 prove that
the dual inequality (17) is true for the admissible choice of the parameters.

Theorem 2.8. Let the integrable synchronous functions K and H on [0, o), then

C r(g + 1) ~C ~C
q)(x)]¢,v+7((x) 2 ((]_{(x) _ 7_{(1))){; \SU+;«7_{7<‘('X)\SU+;«7.{(I)('X)!
where ¢ > 0.
Proof. Since K and H are synchronous on [0, c0), we have
Kw)du) + K()d(v) = Ku)d(v) + K(0)d(u). (18)
Multiplying both sides of (18) by %‘H'(m, v<u<x
results in
(H(x) = H(u)*"!
D()I'(c)
(H(x) = Hw)! (H(x) = Hw)="
D(x)I'(c) D()I'(c)
Further integrating both sides with respect to u over v to x, gives

P)K @) (H(x) = H(v))*

(H(x) — Hw)"
(CIIN(S

H (1)K ()P (1) + H (1)K (0)D(v)

H (1)K u)DP(v) + H (1)K @0)D(u).

o0 K@) + DM+ 1)
D) . K©) .
> B S KO+ G Y5 @), (19)
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Multiplying both sides of (19) by %7—( '(v) and integrating over v to x with respect to v, we get

(Hx) - H@©)" (H(x) - H@©)"

S+ o KO g 1) o KO
1 1
> S PO KO+ Lo B, K,

this implies

fe+l) K@), D).

D(x) ], K(x) = m v

The proof is done. [

Theorem 2.9. Let K, @ : [v,w] — R be such that their derivatives are composite H~'-convex mappings on (v, w)
withv < w. If 1K, 1P| € Ly[v, w], then the following inequality for fractional integrals holds

'(D(U)‘K(v) + O(w) K (w) B I'c+1)
2 2(H(w) — H(a))
< H(w) — H) {(
2

(P@);,, K@) + O, K)

DW)IK ()] + K@) <v>|)x

+(IPOIK @) + D@IK )]+ EKOIP @)+ K@ @)Y

+(I(@IK @) + K @I @I)Z), (20)
where
{6+ (c+1)(c+2)(c+3) SN -~
((c F 1) +2)(c +I)C+ 4) ‘( ) HE)| (—(g D +3) '( ”’(w”'
y = (H (H@) + (HY) (H(w))l
(c+2)(c+3) ’
_ 1 1y 6+(c+1)(c+2)(c+3)
) ((C +2)(c+ 3))‘(7{ : (W(U))‘ (c +1)(c +2)(c +3)(c + 4) ‘(W ((H(w))‘

Proof. By using Lemma 2.1, modulus property and Definition 1.3, we have

'cp(v)7<(u) + P K@) T+ 1)
2 2(H(w) = H(v))*

1
(W(w) H©)
P

(@5, K@) + D)5, Kw)

1 N -
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] qaow—l( NH W) + (1 - >\)?{(a)))7<o?{‘1( N H W) + (1 - >\)fH(w))
AN ( (H() — H(w))

Swfl(“*)””)
0

|

DOH (3 H(w) + (1 = NIH@) JKoH (N HE) + (1= NH(@)

% %( (H) - H@)) )’dx
1
@ HD [0
0
OH (1 H(w) + (1 = NIH@) | EKH N HW) + (1= H(@))
8 (H(w) - H@))
%qaowfl( N H(w) + (1 - >\)7-((a)))7(07-(’1( N H (W) + (1 - >\)7-{(a))))'
X

* ( (H(v) - H(w))

1
:wf((l_x)g_’_xg)
0

x (qmw-l( N H(w) + (1 - >\)7-((a)))
x 7(’07{*1( N H W) + (1 - >\)7{(a)))(7-(’1)'( NH©) + (1 - x)ﬂ(w)))

+ (Woﬂ*l( NH W) + (1 - >\)7—{(w))
x cp’ow-l( N H(w) + (1 - >\)7-{(a)))(7-(‘1)'( N Hw) + (1 — >\)7-((a))))’d>\

- 0w 70 fl((l )
0

x{( X 10+ (1 = @@ X K @)+ (1 = IK @)
+ (N K@+ (1= K@) 7 19+ 0= @)}

(- x)‘(ﬂ-l)’ww)'}d .

x { ~ ‘(ﬂ‘l)’ﬂ(v)

By simple calculation, we get

(I)(U)(]((U) + CD(CU)(]((CU) r(g + 1) ) g
2  2(H(w) - H))* (q’(w)f®,u+7<(w) + <1>(v)]q,,w,7<(v))

< w{(@(v)uw’ ) + IW(U)”(D/(UN)

3005



M. Samraiz et al. / Filomat 37:9 (2023), 2995-3008

X fl (‘(H 1)7—((v) N3 (1= 2 + >\+3)
0

+ '(7{-1 W(w)‘ N2 (1= %)+ xeH(1 —>\)))d>\
+ (|c1><v>||7< (@)] + 1D@)IK )] + K @) + K (@) <v>|)

x f (’(74*1)’7{(1))

0

+ '(7—(’1)/7-(((4))’( N (1= 252 4+ X1 = >\)2))d>\

( N2 (1 = X 4 X1 — x))

1
+(I‘1>(w)ll7('(a))|+|‘K(w)||®'(w)l f ‘((H bl W(v) N = NN - >\)2)
0

+ '(fH—l)’W(w) ((1 — )T NG - >\)3))d ~ }

_ ) ) (

WIK @) + K@) )X
+ (IR @)+ @K @) + KIS @] + K@) )Y
+ (|<1><w>||7<’ (@) + |7<<w>||c1>'<w>|)z}.

Hence the proof is done. [J

3006

Example 2.10. The validity of the double inequality presented in Theorem 2.9 for the convex function K(p) = 9>
D(p) = 1 and H(p) = 9, can be proved by plotting the graphs. Substituting (15) and (16) into the inequality (20),

we can write

(w — V)2V + 2w)
2(c+1)

2 4+ @?

<—- z(wg_ oF f [(@ =)' + (9 — ) 'p*dp

(w=v)2V +2w)
2(c+1)

(21)
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Figure 2: The result of double inequality (21) are illustrated by the graphs corresponding tov =0 and w = 1.

The graphs of dual inequality (21) are plotted in Fig. 2 corresponding to ¢ € (0, 1]. The Fig. 2 prove that the dual
inequality (21) is true for the admissible choice of the parameters.

3. Conclusions

Fractional calculus is an important branch of mathematics. It opens up new vistas of research for
scientists. In continuous progress of fractional calculus, recently Jarad et al. introduced new WFI of a
function concerning other function [21]. In this paper, we have established Hermite-Hadamard inequalities
for the new introduced weighted fractional integral operators via rarely used composite-convex functions.
The validity of established results proved by the graphs of certain special functions. This research may
motivate the researchers working in mathematical sciences.
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