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Abstract. In this paper, we pursue two purposes. Our first goal is to study a new system of extended
multi-valued nonlinear variational inclusions in Banach spaces and to establish its equivalence with a
system of fixed point problems with the help of the concept of (H, n)-proximal mapping. The obtained
alternative equivalent formulation is used and a new iterative algorithm for finding its approximate solution
is proposed. Under some appropriate assumptions imposed on the mappings and parameters involved
in the system of extended multi-valued nonlinear variational inclusions, the existence of solution for
the system mentioned above is proved and the convergence analysis of the sequences generated by our
suggested iterative algorithm is discussed. The second objective of this paper is to investigate and analyze
the notion of C,-n-monotone mapping, which is an extension of the concept of C,-monotone mapping,
and to point out some remarks relating to C,-n-monotone mapping and the results concerning it appeared
in the literature. The results presented in this paper are new, and improve and generalize many known
corresponding results.

1. Introduction

The theory of variational inequalities which its history can be traced back to 1959 with the work of
Signorini [24], in which the author posed the first problem involving a variational inequality the so-called
Signorini contact problem, plays an important role in many different areas of mathematics such as optimiza-
tion theory, economic equilibrium, partial differential equations, mechanics, management, engineering, etc.
In fact, variational inequalities and their generalizations have been recognized as suitable mathematical
models for dealing with many problems arising in the fields mentioned above. Later, because of its wide
applications in different branches of sciences, the theory of variational inequality has been extended and
generalized in many different directions. There is no doubt that among the generalizations, variational in-
clusion is one of the most interesting and well-known ones and this is the reason why in the last two decades
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many researchers have shown interest in studying various classes of variational inclusion problems. For
additional references among with more details, the reader is referred to [1-13, 15-20, 22, 25-28, 32] and the
references therein.

It is worthwhile to emphasize that the existence of solutions and approximation of solutions by the
iterative algorithms are two important problems in the theory of variational inequalities and their gener-
alizations. For this reason, in recent decades, several numerical methods have been devised for solving
variational inequalities and related optimization problems in Euclidean and Hilbert spaces, such as the pro-
jection methods and its variant forms, linear approximation, descent method, Newton’s method and the
method based on auxiliary principle technique. In particular, the method based on the resolvent operator
technique is a generalization of the projection method and has been widely used for solving variational
inclusions. Over the last few decades, the study of problems and equations with monotone and accretive
operators have been one of the most active research areas of optimization theory and nonlinear functional
analysis. The study of the notion of invexity as an important and significant generalization of convexity
was first made by Hanson [14] in 1981. By replacing the linear term y — x appearing in the formulation
of variational inequalities by a vector-valued term 7(y, x), where 7 is a vector-valued bifunction, Parida
et al. [23] and Yang and Chen [31] introduced, independently, the notion of variational-like inequality or
pre-variational inequality. Here it is to be noted that due to the nature of variational-like inequalities, that is
the involvement of the vector-valued term 7(y, x) in the formulations of variational-like inequalities, among
numerical techniques available in the literature, only few of them can be used to compute approximate so-
lutions of variational-like inequality problems. The auxiliary principle technique and the proximal method
are the most studied methods for solving variational-like inequalities. The introduction of the notions of
n-subdifferential and n-proximal point mappings of a proper functional was first made by Ding and Luo
[8] and Lee et al. [18], independently. In 2002, Ding and Xia [9] succeeded to introduce the notion of |-
proximal mapping for a lower semicontinuous subdifferentiable proper (may not be convex) functional on
reflexive Banach spaces, and proved its existence and Lipschitz continuity under some suitable conditions.
Attempts in this direction have been continued and further resolvent operators have been introduced. For
example, in 2005, Ahmad et al. [1] and Kazmi and Bhat [16] succeeded, independently, to introduce the
notion of [7-proximal (also referred to as P-n-proximal) mapping for a nonconvex lower semicontinuous 7-
subdifferentiable proper functional on reflexive Banach spaces as an extension of the concept of J-proximal
mapping appeared in [9]. The existence and Lipschitz continuity of such proximal mappings have been
proved under some appropriate conditions in [1, 16]. They also proposed some iterative algorithms for
solving some classes of generalized multivalued nonlinear variational-like inequalities in the framework
of Banach spaces.

Inspired by their wide applications in modern optimization and variational analysis, during the last two
decades, much attention has given to develop and generalize the notion of maximal monotone operator.
One of the first efforts in this direction was carried out by Fang and Huang [10] in 2003, who introduced
the concept of H-monotone operator and defined the resolvent operator associated with it. Subsequently,
Xia and Huang [28] introduced the concept of general H-monotone mapping as a generalization of the
notions of J-proximal mapping [9] and H-monotone operator [10]. They defined the proximal mapping
associated with general H-monotone operator, which is different from the resolvent operator associated
with the H-accretive operator considered and studied by Fang and Huang [11]. They also introduced a new
class of variational inclusions with general H-monotone operator and constructed an iterative algorithm
for solving this class of variational inclusions by using the proximal mapping. The efforts in this direction
have been continued and in 2010, Luo and Huang [20] introduced the concept of B-monotone operator
as a generalization of general H-monotone mapping and by using the notion of the proximal mapping,
they constructed an iterative algorithm for solving a class of variational inclusions involving B-monotone
operators in Banach spaces. Two years later, Nazemi [22] introduced and studied the notion of C,-monotone
mappings as a generalization of general H-monotone and B-monotone operators. She considered a class
of variational inclusions involving C,-monotone mappings in Banach spaces and suggested an iterative
algorithm for solving this class of variational inclusions by using the technique of proximal mapping.
In the meanwhile, she discussed the convergence of the sequences generated by the proposed iterative
algorithm under some suitable conditions. One year later, Guan and Hu [13] introduced and studied
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the notion C,-n-monotone mapping as an extension of C,-monotone mapping. They considered a class
of variational inclusions involving C,-n-monotone mapping which is a generalized form of the class of
variational inclusions involving C,-monotone mapping considered in [22]. They proposed a new proximal
mapping and proved its Lipschitz continuity and suggested an iterative algorithm by using the new
proximal mapping. They also studied the convergence analysis of the sequences generated by the suggested
iterative algorithm under some appropriate conditions.

The rest of the paper is organized as follows. Section 2 recalls the basic definitions and preliminaries
concerning general (H, 17)-monotone operator and its associated proximal mappings in a g-uniformly smooth
Banach space setting that are broadly used throughout the whole paper. This section is ended with a new
conclusion, in which the Lipschitz continuity of the proximal-point mapping associated with a general (H, 1))-
monotone operator is proved and a new estimate of its Lipschitz constant is computed. In Sect. 3, a new
system of extended multi-valued nonlinear variational inclusions (for short, SEMNVI) is considered and its
equivalence with a system of fixed point problems is demonstrated. By using the obtained equivalence, an
iterative algorithm for finding an approximate solution of the SEMNVI is constructed. As an application of
the proposed algorithm, at the end of Sect. 3, under some suitable assumptions imposed on the parameters
and operators, the strong convergence of the sequences generated by our suggested iterative algorithm to
the solution of the SEMNVI is proved. Section 4 is devoted to the investigation and analysis of the notion of
C,-n-monotone mapping introduced and studied in [13]. We point out that under the conditions imposed
on C,-n-monotone mapping in [13], every C,--monotone mapping is actually a general (H, 77)-monotone
operator and is not a new one. Moreover, we review and investigate the results appeared in [13] and by
pointing out some comments regarding them, we show that one can deduce all the conclusions existing in
[13] with the aid of the results given in the previous sections.

2. Preliminaries and Basic Results

Let E be a real Banach space with the topological dual space E*. Suppose that CB(E) denote the family

of all the nonempty closed and bounded subsets of E. Furthermore, let H (.,.) be the Hausdorff metric on
CB(E) defined by

E(A,B) = max{supinf||x — y|,sup inf||x — y||}, VA, B € CB(E).
yeA YEB yeB X€A

For a real constant g > 1, the generalized duality mapping J, : E = E" is defined by

Jo@) = {f" € E" < (x, f) = Il IIf Il = X7}, VxeE.

In particular, ], = Jis the usual normalized duality mapping. It is known that, in general, J,;(x) = X172 ]2 (x),
for all x # 0 and ] is single-valued if E* is strictly convex. We recall that a Banach space E is said to be
strictly convex if @ <lforallx,y € U= {z € E: |zl =1} with x # y. If E is a Hilbert space, then J,
becomes the identity mapping on E.

The modulus of smoothness of E is the function pg : [0, +00) — [0, +00) defined by

1
pe(t) = sup{z (Il + yll +[lx = yl) = 1 = [lxll < 1, flyll < #}.

A Banach space E is called uniformly smooth if %in(} pET(t) =0.

For a real constant g > 1, a Banach space E is called g-uniformly smooth if there exists a constant C > 0
such that pg(t) < Ct for all t € [0, +0). It is well known that (see e.g. [29]) L, (or I;) is g-uniformly smooth
for 1 < g <2 and is 2-uniformly smooth if 4 > 2. Note that ], is single-valued if E is uniformly smooth.

In the study of characteristic inequalities in g-uniformly smooth Banach spaces, Xu [29] proved the
following result.
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Lemma 2.1. Let E be a real uniformly smooth Banach space. For a real constant q > 1, E is g-uniformly smooth if
and only if there exists a constant c; > 0 such that for all x, y € E,

Il + yllT < Hlxll7 + ¢y, Ty () + cqllyll”.
We also recall the following concepts and some known results which shall be used in the sequel.

Definition 2.2. Let E be a real Banach space with the dual space E* and let 1 : EXE — E be a vector-valued mapping.
A single-valued mapping T : E — E* is said to be

(i) monotone if
(T(x)-T(y),x-y)=0, Vx,y€E
(ii) n-monotone if
(T(x)-T(y),n(x,y)) >0, Vx,y€eE;
(iii) k-strongly monotone if there exists a constant k > 0 such that
(T(x) = T(y),x—y) > kllx—yl?, VYx,y€eEL;
(iv) y-strongly n-monotone if there exists a constant y > 0 such that
(T@) =T, e y) 2 ylx=yl?, Vx,y € E;
(v) p-Lipschitz continuous if there exists a constant p > 0 such that
IT() =TIl < pllx=yll, Vx,y €E.
Definition 2.3. Let E be a real Banach space with the dual space E* and let 1) : EXE — E be a vector-valued mapping.
A multi-valued mapping M : E 3 E is said to be
(i) monotone if
(u—v,x-yy>20, Vx,y€eEuc ]\’/\I(x),v € ]\71(y);
(if) n-monotone if
(-0, y) =0, VxyeEueMy),veMy)
(iii) strongly monotone with constant r (or r-strongly monotone) if there exists a constant v > 0 such that
(w—ov,n0x,y) 2 rllx -y, Vx,yeEueM@),veMy)

(iv) strongly n-monotone with constant O (or O-strongly n-monotone) if there exists a constant 8 > 0 such that

(—0,10,y) =0k —yl>, Vx,ye€E, ueMy),oeMy).

Definition 2.4. [15] A multi-valued operator M : H = H is said to be

(i) maximal monotone if M is monotone and (I + /\]VI)(‘H) = H holds for all A > 0, where I stands for the identity
mapping on H;
(ii) maximal n-monotone if Mis n-monotone and (I + /UVI)(W ) = H holds for every A > 0.

Here it is to be noted that M is a maximal n-monotone operator if and only if M is n-monotone and
there is no other n-monotone operator whose graph contains strictly Graph(]VI), where Graph(]\’/\f) ={(x,u) €
HXH :ueMx).

Xia and Huang [28] introduced a class of generalized monotone operators the so-called general H-
monotone operators as follows.
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Definition 2.5. [28, Theorem 3.1] Let E be a Banach space with the dual space E* and let H : E — E be a single-
valued mapping, and M : E =3 E* be a multi-valued mapping. M is said to be general H-monotone if M is monotone
and (H + AM)(E) = E* holds for every A > 0.

Lou et al. [19] and Alimohammady and Roohi [3] introduced and studied the class of general (H, 1)-
monotone operators (also referred to as (H,n)-monotone operators in literature, see for example, [19,
Definition 1.2(7)]) as a generalization of the class of general H-monotone operators as follows.

Definition 2.6. A multi-valued operator M : E =3 E* is said to be general (H,n)-monotone operator if M is
n-monotone and (H + AM)(E) = E* holds for every A > 0.

Remark 2.7. When E = H is a Hilbert space, the general (H, n)-monotone operator reduces to the (H, 1))-
monotone operator introduced in [12]. If n(x,y) = x — y for all x,y € E, then Definition 2.6 reduces
to Definition 2.5, that is, the general (H, 7)-monotone operator coincides with the general H-monotone
operator. For the case where E = H and 7n(x,y) = x — y, for all x,y € E, then Definition 2.6 reduces to
Definition 2.1 in [10], that is, the definition H-monotone operator. If E = H and H = g, then Definition
2.6 reduces to the definition g-n-monotone operator introduced in [32]. If E = H and H = I, the identity
mapping, then Definition 2.6 reduces to Definition 2.4(ii), that is, the definition maximal n-monotone
operator considered in [15].

The following two examples illustrate that for the vector-valued mappingsn: EXE - Eand H : E = E,
a general (H, 7)-monotone operator may be neither general H-monotone nor maximal 7-monotone.

Example 2.8. Let E = R and let the operators M:E =3 Eand n: E X E — E be defined by

. xX+p, ifx <y,
M) =3 {-B-rv.B—7} ifx=y,
-x-p, ifx>vy,

and n(x, y) = axTyi(y" — x"), for all x,y € E, respectively, where a, p > 0 and y € R are arbitrary but fixed, and q
and n are arbitrary but fixed even and odd natural numbers, respectively. For all x,y > y, x # y, we have
(M(x) - M(y),x — y) = —~(x - y* <0,

_ yn —x"

— n L. n L.
that is, M is not monotone. Since y" — x" = (y —x) ¥ Yy Ix7 forall x,y € E, x # y, we have '21 y"ixi! =%
j= j=

Ifx=y=0,then Y, y"Jxi™t =0. Ifx,y > 0 or x,y < 0, obviously, . y"~Ix/=' > 0. For the case where x > 0
j=1 j=1

and y < 0, in view of the fact that n is an odd natural number, we have y —x < 0 and y" —x" < 0. If x < 0 and

y > 0, since n is an odd natural number, it follows that y — x > 0 and y" — x" > 0. Hence, in both cases, we conclude

that Y, y"Ix/=t > 0. In the case when x = 0 and y # 0, or x # 0 and y = 0, clearly Y, y"/x/=1 > 0. Therefore,
=t =

f y"ixi >0, forall x,y € E. Ifx >y and y <y, then M(x) = x — B, M(y) = y + B and we have
=1

(M(x) = M(y), n(x, y)) = (x = p = y = BaxTy(y" — x)

= [~(y = %) = 2BlaxTyi(y —x) ) y" !

=1

= —a(y -2y Yy

=1

= 2apxTyi(y - x) Y |y,

=1
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n . .
Taking into account that B > 0, y < x, q is an even natural number and Y, y"~xI=1 > 0, the above equality implies
j=1

that (M(x) - M(y), n(x, y)) = 0. For the case where x <y and y >y, then ]VI(x) =x+p, M(y) =y — B and we have
n n
(M(x) = M(y), nx, ) = —a(y — xP26Ty1 Yy + 2apxyfi(y —x) ) "o,
j=1 j=1
Considering the facts that § > 0, y > x, q is an even natural number, and i y"7ixi=1 > 0, from the preceding equality
j=1
it follows that (M(x) - ]VI(y), n(x, y)) = 0. Similarly, one can deduce that
(u—o,n(xy) =0, VxyeEueM®x),veMy),

that is, M is an n-monotone operator. Since

. (1-A)x+AB, ifx <y,
I+ AM)(x) =4 {1 =A)y—AB, (1 —-A)yy+AB}, ifx=vy,
(1-2A)x—-AB, ifx>vy,

forall x,y € E, it is easy to see that (I + AM)(E) # E, forall A > 1, that is, M is not a maximal n-monotone operator.
Now, let us define the operator H : E — E as follows:

_ =3 ifx<y,
Hx) _{ (x=y)?, ifx>y.

In virtue of the fact that M is not monotone, it follows that M is not a general H-monotone operator. It can be easily
observed that (H + AM)(E) = E, for every A > 0. This fact implies that M is a general (H, n)-monotone operator.

Example 2.9. Let E = R and let the operators M:E =3 Eand 1 : ExX E — E be defined by
. ax+p, ifx <0,
M(x) =4 {=B,B} ifx=0,
ax—p, if x>0,

and n(x, y) = yxTyl(y" — x"), for all x, y € E, respectively, where a < 0 and f, ¥ > 0 are arbitrary but fixed real
numbers, and g and 7 are arbitrary but fixed even and odd natural numbers, respectively. Relying on the
factthat o < 0, forall x, y > 0, x # y, we have

(M(x) - ]VI(y),x -y =alx— y)2 <0,

that is, M is not monotone. Let x > yand y < y. Then M(x) = ax — B and ]\71(y) =ay+p. Sincea <0<,

n . .
¥ < x, q is an even natural number and Y, y"/x/~! > 0, we have
j=1

(M(x) - ]VI(}/), nex, y)) = —ay(y — x)*x7y7 Z Y I = 2B xTyi(y — x) Z Yy > 0.
j=1 =1
If x <yand y >y, then M(x) = ax + B, A’/\I(y) = ay + p and we have

(M(x) = M(y),n(x, ) = —ap(y = xPxTy1 Yy Ix !+ 28y2yfi(y =) ) |y 2 0,
= =
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In a similar fashion to the preceding analysis, one can show that
(u-o,nx,y)» =0, VYx,y€eEuc ]VI(x), vE ]\71(y),
that is, M is an n-monotone operator. Thanks to the fact that

_ 1+ Aa)x+ AB, if x <0,
(I+AM)(x) =4 {=AB,AB), ifx=0,
1+ Aa)x = AB, ifx>0,

forall x, y € E, it is easy to check that (I + /\M)(E) # E, forall A > —i, thatis, M is not a maximal n-monotone
operator. We now define the operator H : E — E as follows:

—x2, ifx <0,
X2, ifx > 0.

H(x) = {

Since M is not monotone, we conclude that M is not a general H-monotone operator. It is easy to see that
(H+ AM)(E) = E, for every A > 0. This fact ensures that M is a general (H, 7)-monotone operator.

The following example shows that for given vector-valued mappings H: E - Eandn: EXE = E, a
maximal n-monotone operator need not be general (H, )-monotone operator.

Example 2.10. Let E = R and let the operators M:E =3 Eand n: EXE — E be defined by M(x) = x* and
n(x,y) = axPyP(x" — y"), where « is a positive real number, k and 7 are two arbitrary but fixed odd natural
numbers, and f§ is an arbitrary but fixed even natural number. Since k is an odd natural number, for all
x,y € E, we have

k
(M) - M(y),x - y) = (F =) —) = (= y? ) Ty > 0,
j=1

that is, M is monotone. In the meanwhile, for all x, y € E, we have

(M(x) = M(y), n(x, y)) = a( — y)fyP (" — )

k n
= axyf(x = y2() H Iy HY Ty,
=1 =1

k . n .
Taking into account that k and n are two odd natural numbers, it follows that ), x*~/y/=! > 0and ), x"/y/~1 >
j=1 j=1
0, for all x,y € E. This fact and the facts that g is an even natural number and a > 0 guarantee that
(M(x) = M(y),n(x, y)) 2 0, for all x, y € E, that is, M is an n-monotone operator. On the other hand, for every
A > 0and x € E, we have (I + AM)(x) = x + Ax*. Owing to the fact that k is an odd natural number, it follows

that (I + /\]VI)(E) = E, for every A > 0. This fact implies that M is a maximal n-monotone operator. Now, let
us define the operator H : E — E by H(x) = x%, for all x € E. Then, by taking A = 1, for all x € E, we have

(H + AM)(x) = H(x) + M(x) = % + 2* = (5 + 1).

Since k is an odd natural number, it follows that (H + M)(E) # E, thatis, (H + )UVI)(E) = E does not hold for
all A > 0. Hence, M is not a general H-monotone and general (H, n)-monotone operator.

Theorem 2.11. Let E be a reflexive Banach space with the dual space E* and n : E x E — E be a vector-valued
operator. Suppose that H : E — E* is an n-monotone operator and M : E =3 E* is a O-strongly n-monotone operator.
Then, the mapping (H + AM)™! : Range(H + AM) — E is single-valued for every real constant A > 0.
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Proof. Suppose, by contradiction, that there exists some z € Range(H + AM) such that x, yeH+ AM)™(2)

and x # y. Then, we have z € (H + /\M)(x) and z € (H + )\]\’/\I)(y), and so there exists u € ]\’/\I(x) and v € ]\’/\I(y)
such that

H(x) + Au = H(y) + Av. (1)
Since H is -monotone and Mis O-strongly n-monotone, by (1), yields

A6lIx = yI* < (H(x) — H(y), n(x, y)) + AMu —v,1(x,y)) =0,

which implies that x = y. Obviously, this is in contradiction to our assumption. [

We obtain the following corollary as a direct consequent of the previous theorem immediately.

Corollary 2.12. Let E be a reflexive Banach space with the dual space E* and 1 : E X E — E be a vector-valued
operator. Let H : E — E* be an n-monotone operator and M : E =3 E* be a general (H, n)-strongly monotone operator
with constant 0. Then, the mapping (H + AM)™ : E* — E is single-valued for every constant A > 0.

By utilizing Corollary 2.12, we can define the proximal mapping R;IUA associated with H, 17,]\71 and
constant A > 0 as follows. '

Definition 2.13. Let E be a reflexive Banach space with the dual space E* and let 1 : E X E — E be a vector-valued
operator. Suppose that H : E — E* is an n-monotone operator and M : E =3 E* is a general strongly (H, n)-monotone
mapping with constant y. For every real constant A > 0, the proximal mapping RAHAAUA : E* — E associated with

H, 17,]\71 and constant A > 0 is defined by R%’Z(x*) =(H+ A]\?I)‘%x*)for all x* € E*.

Definition 2.14. A vector-valued mapping n : E X E — E is said to be t-Lipschitz continuous if there exists a
constant T > 0 such that ||n(x, y)l| < tllx — yl|, forall x, y € E.

Theorem 2.15. Let E be a reflexive Banach space with the dual space E* and 1 : EXE — E be a x-Lipschitz continuous
operator. Suppose that H : E — E* is an n-monotone operator and M : E =3 E* is a general (H, )-strongly monotone
with constant 0. Then, the proximal mapping R%,UA : E* — Eis §5-Lipschitz continuous, i..,

H, X H/ * K * * * * *
IR ()= R ()l < oIk = yll, V', y € B

Proof. In view of the fact that Mis a general (H,n)-monotone operator, for any given x*,y* € E* with
||RAH7I”;(x*) - R%’”A(y")ll # 0, we have

Hn /sy _ N Hn /owy N
RM/A(x )=H+AM)"(x") and RM’A(y )=H+AM)"(v"),
from which we deduce that
“1g* Hn , « sapHN ok 1+ Hn , « s opHN s
A - HRY () € MR () and A7 (" — HRE () € MR ()
Since M is O-strongly n-monotone, it follows that
Ty Hn ooy g4 Hn , « Hn , « Hn , Hn ooy pHN sy 2
AT = HRE () = (v = HRE! (), 1R (), RE () = OIRE () = R ()P
Taking into account that A~! > 0, from the above inequality, we obtain

o =y R (@), R (1) 2 (HERE () = HRY (5), 1R (), RE” () + AOIRE” () = R ()]
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The preceding inequality and the facts that 1 is x-Lipschitz continuous and H is 7-monotone imply that
wll” = YIRS () = RE ()l 2 " = iR (@), R ()
> (¢ =y R ), RET ()
> (HRY () = HRZ" (), 1R (x),
R () + AOIRE" () = RE (I
> AOIIRE" () = RE" ()P

In view of the fact that IIRAH{;(x*) - Rga(y*)ll # 0, dividing both sides of the last inequality by ||RAIEA"Z\(x*) -
R (4)]] # 0, we yield

IRE () = R () < 5 llx” = vl

This completes the proof. [J

Remark 2.16. By a careful reading, we found that there is a small mistake in Theorem 3.9 of [28]. In fact,
the space E must be assumed as a reflexive Banach space with the dual space E*, as we have added the
mentioned assumption to Theorem 2.15. At the same time, it is worthwhile to stress that Theorem 2.15
improves Theorem 3.9 in [28]. Indeed, in Theorem 3.9 of [28], the strict n-monotonicity condition of the
operator H has been reduced to the 7-monotonicity condition in Theorem 2.15.

Corollary 2.17. [28, Theorem 3.2] Suppose that E is a reflexive Banach space with the dual space E*. Let H : E — E*
be a mapping, and M : E =3 E* be a general H-monotone mapping. Then the following conclusions hold.

(i) If H is a strongly monotone mapping with constant y, then the proximal mapping RIF\’/L 1 ¢ E" = Eis Lipschitz
continuous with constant )1,,

(ii) If H is a strictly monotone mapping and M is a strongly monotone mapping with constant p, then the proximal
mapping Rﬁ : E* — E is Lipschitz continuous with constant A

Remark 2.18. It is significant to mention that Theorem 2.15 generalizes Theorem 3.2 in [28]. In fact, if
n(x,y) = x—y, forall x, y € E, then the conclusion of Theorem 2.15 reduces to the conclusion (b) of Theorem
3.2 in [28]. By comparing Theorem 3.2(b) in [28] and Theorem 2.15, and due to the fact that the strict
n-monotonicity condition of the operator H in [28, Theorem 3.2(b)] has been reduced to the -monotonicity
condition in Theorem 2.15, we note that Theorem 2.15 is an improvement version of Theorem 3.2(b) in [28].
Note, in particular, that Theorem 2.15 extends and improves Theorem 2.2 in [10], Lemma 2.2 in [12] and
Theorem 2.2 in [32].

3. Formulations, Existence Results of Solution and Convergence Analysis
Letforeachi € {1,2,...,n}and j € {1,2}, E;; be a real Banach space equipped with the dual space E; ; and
norm [L.[;;, {.,.);; be the dual pair between E; ; and E* Suppose that fori =1,2,...,n, A; : Ej1 — El*l, pi:

Ei1 = Ei1, 9i t En—g-1q0 = Eu—i-1)1, Pi : H En—(k-1y1 — E ,andF;: H Eyo — E , are single-valued operators.

=1
Assume further that fori =1,2...,n, T Ei1 =3 CB(E, 2) S;i: E,_ (1 y = CB(E @-11) and M; : E;jp 3 E7
are multi-valued operators. For each i €{L,2,...,n} and any given a; € E} , we consider the followmg
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n
system of extended multi-valued nonlinear variational inclusions (SEMNVI): Find (x1,x2,...,x,) € [T Ei1,
i=1

n n
(51,52, ...,51) € I Silxn—¢—1)) and (1, to, ..., t,) € [1 Ti(x;) such that for each i € {1,2,...,n},
i=1 i=1

a; € Ai(xi — pi(xi)) + Pi(g1(s1), 92(52), - - -, gn(Sn)) + Mi(xi) — Fi(t1, b2, - - -, tn). 2)
Iffori=1,2,...,n,En =E E |, =E,E2=E;,Si=P;=0,pi=p,Ai = A, M; = ]\71 F; = Fand 4; = a, then
the SEMNVI (2) collapses to the followmg multi-valued nonlinear variational inclusion problem (NMVIP):
Find x € Eand (fy,t,,...,t,) € H T;(x) such that
i=1

a € A(x — p(x)) + M(x) = F(t, ta, ..., £). 3)

We remark that for suitable and appropriate choices of the operators A;, F;, T;, Si, Pi, M;, gi, pi and the
underlying spaces E; ; fori = 1,2,...,nand j = 1,2, the SEMNVI (2) reduces to various classes of variational
inclusions and variational inequalities, see for example, [12, 17, 22, 27, 30] and the references therein.

With the goal of finding a characterization of a solution of the SEMNVI (2), we present the following
result in which the equivalence between the SEMNVI (2) and a fixed point problem is stated.

Theorem 3.1. Let for each i € {1,2,...,n}, Ei; be a reﬂexwe Banach space with the dual space E* and E;, be
a real Banach space with the dual space Ej‘, Let fori = 1,2,...,n, A;,Si, Ti, Fi, Pi, gi, pi and a; be the same as
in the SEMNVI (2). Suppose further that for i = 1,2,...,n, n; : E;1 X Ej1 — Ejq is a vector-valued operator,
H;:Ei; — E* is an n;-monotone operator, and M; : E;1 =3 E* is a general (H;, n;)-strongly monotone operator.

n

Then, (x1,%2,...,%y) € HE”, (s1,82,...,81) € H Si(xn—(i—1)) and (t1,t2, ..., ts) € I1 Ti(x;) are the solution of the
i=1

SEMNVI (2), if and only zf fori=1,2,.

X = H M [Hi(xi) = Ai(Ai(xi = pi(x)) + Pi(gi(s1), 92(52), - -+, gu(sn)) — @i = Filtr, b2, £))] (4)
where A; >0 (i=1,2,...,n) are constants.

Proof. By using Definition 2.13, it follows that (x1,x2,...,%4,51,52,...,54,t1,...,t,) is a solution of the SEM-
NVI (2) if and only if for eachi € {1,2,...,n},

a; € Ai(Xi — pi(x,')) + Pi(gl(sl), 92(52), . /gn(sn)) + Mi(xi) — Fi(tl, t,..., tn)
© Aila; + Fi(ty, ta, ..., tn) — Ai(xi — pi(xi)) = Pi(g1(51), 92(82), - - -, §u(Sn))] € AiMi(x:)
& Hi(x;) — Ai[Ai(x; — pi(xi)) + Pi(91(51), 92(52), - - -, u(sn)) — @i — Fi(ty, to, . . ., ty)] € Hi(x;) + AiMi(x;)
= (H; + LMy)(xy)
© X = H " [Hi(xi) = Ai(Ai(xi = pi(x)) + Pi(gi (1), 92(52), - -+, gn(sn) — @i = Filtr, t2, ., £))]

where A; >0 (i = 1,2, ..., n) are constants. This gives the desired result. [

Corollary 3.2. Let E be a reflexive Banach space with the dual space E*, and for each i € {1,2,...,n}, E; be a real
Banach space with the dual space E:. Let A,F,T; (i =1,2,...,n), p and a be the same as in the NMVIP (3). Suppose

further that n : E X E — E is a vector-valued operator, H : E — E* is an n-monotone operator, and M:E=3Eis
n n

a general (H, n)-strongly monotone operator. Then, (x,t1,t2,...,t,) € E X I] Ti(x) € E X [ E; is a solution of the
i=1 i=1

NMVIP (3), if and only if

X = R%”A [H(x) — A(A(x — p(x)) —a — F(t1, by, . .., t2)], (5)

where A > 0 is a constant.
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Lemma 3.3. [21] Let (E, d) be a complete metric space and T : E — CB(E) be a multi-valued mapping. Then for any
€ > 0 and for any given x,y € E, u € T(x), there exists v € T(y) such that

d(u,0) < (1+ H(T(), Tv)),
where H (., .) is the Hausdorff metric on CB(E).

We now apply the fixed point formulation (4) and Nadler’s technique [21] to construct the following
iterative algorithm for solving the SEMNVI (2).

Algorithm 3.4. Let for each i € {1,2,...,n}, Eiy be a real reflexive Banach space with the dual space E;, and E;, be

a real Banach space with the dual space E* Suppose that A;, Si, Ti, Fi, Pi, gi,piand a; (i = 1,2,. n) are the same

as in the SEMNVI (2). Assume further that fori=1,2,...,n, 1 Ej1 XEqy = Ejiisa vector—valued operatot,

H; : Eiy — E:, is an n;-monotone operator, and M; : E;; :3 E* is a general (H;, 1;)-strongly monotone opemtor
n

For any given (x10,X20,---,%n0) € [1Ei1, (10,520, ---,510) € H Si(xn—(i-1)0) and (t10,t20,---,tn0) € H Ti(xip),

i=1

compute the iterative sequences {(X1,m, X2m, - -, Xn m)}m o 181, m,52 mr e s Suam)h—g @A {(t1,m, tom, - - nm)} o

n n n
ITEi1, I1 En—-1)1 and 1 Ein, respectively, by the iterative schemes
‘ i=1 i=1
Xim+1 = (1 a)xz m CVRHX o [H (xz m) Ai(Ai(xi,m - pi(xi,m)) + Pi(gl(sl,m)r 92(52,;11)/ .. 1gn(sn,m)) — 4

—F; (tl s t2 mr - n m))] + A€im + Yim,

(6)
Sim € Si(Xn—i-1),m) : I8im+1 = Simlln—-11 < (1 + (1 +m)” 1)Hn (-1 (Si(Xn—(i-1),m+1), Si(Xn—(i-1),m)),
1,m € Tl(xz,m) ||tz,m+1 - tz,m||z,2 < (1 + (1 + m) 1)H1,2(T (xz,m+1) T (xz,m))
wherei =1,2,...,m;m=0,1,2,...; Ay, > Oareconstants; a € (0, 1] is a relaxation parameter, and {(ex,m, €2,m, - - - , €n,m)} gy
and {(rim, *2m, - - -, Tnm)},n_ Are two sequences in H Ei; to take into account a possible inexact computation of the
resolvent mapping point satzsfymg the following condztzons:
Lim |lejmllip = im [ripllii =0, i=1,2,...,n;
m—oo m—oo
L lleim = eimllin <oo, i=1,2,...,1; @)
m=0

YoM = Tim=allin < oo, i=1,2,...,n.
By using the fixed point formulation (6) and Nadler’s technique [21], we are able to suggest the following
iterative algorithm for solving the NMVIP (3).

Algorithm 3.5. Assume that E is a real reflexive Banach space with the dual space E*, and for eachi € {1,2,...,n},
E; is a real Banach space with the dual space E;. Let A,ET; (i=1,2,...,n), pand a be the same as in the NMVIP
(3). Suppose further that n : E X E — E is a vector-valued operator, H : E — E* is an n-monotone operator, and

— n
M : E 3 E* is a general (H, n))-strongly monotone operator. For any given xo € E and (t19,t20,...,tu0) € H Ti(xo),

define the iterative sequences {x,}", in E and {(t1,m, tom, - - -, tam)}y,_y S H Ti(xy,) by the iterative scmemes

X1 = R TH(n) = AAG) = plen)) = @ = F(tvm, b - b)),
tim € Tixm) : i = tilli < (L + (1 +m) ) H{(Ti(ms1), TiCxm)),

wherei=1,2,...,m;m=0,1,2,...,and A > 0 is a constant.

Before turning to the main result of this paper, we need to recall the definitions mentioned below which
shall be used in the sequel.
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Definition 3.6. A set-valued mapping T : E =3 CB(E) is said to be ﬁ-Lipschitz continuous with constant g (or
o-H-Lipschitz continuous) if there exists a constant ¢ > 0 such that

H(T(x), T() < ollx — yll, Vx,y€E,

where H (., .) is the Hausdorff metric on CB(E).

Definition 3.7. Let E be a real g-uniformly smooth Banach space. A mapping g : E — E is said to be (y, u)-relaxed
cocoercive if there exist two constants y, u > 0 such that

9(x) =g, J;(x = y)) = =yllg(x) — gWII” + pllx = yll!, Vx,y €E.

Definition 3.8. Let E be a real Banach space with the dual space E*; fori=1,,2,...,n, E; be real Banach spaces and
T; : E =3 CB(E;) be multi-valued mappings. A mapping F : H E; — E* is said to be Ar,-Lipschitz continuous in the

=1
ith argument with respect to T; (i = 1,2, ..., n) if there exzsts a constant Ap, > 0 such that

“F(xl/ X2,y Xic1, Ui, Xigls e oy xn) - F(.X'], X2,y Xic1, Ui2, Xigly e oy xn)”
< Aplluin —uwipll, Yy1,y2 € E,x1 € Eq, ..., xi-1 € Eisq,xi41 € Eiv1, ..., %0 € Ey, uin € Ti(y1), ttip € Ti(y2).

Theorem 3.9. Let for each i € {1,2,...,n}, Ei1 be a gi1-uniformly smooth Banach space with q;1 > 1 and the
dual space E;,, and E;» be a real Banach space with the dual space E?,. Assume that for each i € {1,2,...,n},
A; : Eiy — E| is a t-Lipschitz continuous mapping, p; : E;x — Eij is a (yi, p;)-relaxed cocoercive and Ay,-Lipschitz
continuous mapping and P; H Ey-(-11 — Ej, is a Ap,-Lipschitz continuous mapping in the jth argument
(j=1,2,...,n). Let for each i e {1 2,...,n}, the mapping g; : Ey—i-1)1 — Eu—i-1)1 be Ag-Lipschitz continuous,
S;: E,,,(,-,l),l :; CB(Ey—(i-1)1) and T; : E,,l = CB(EI 2) be As,-H,,—i—1y1-Lipschitz continuous and At,-H;-Lipschitz
continuous mappings, respectively, and F; H Ex, — Ej, be a Ap,-Lipschitz continuous mapping in the jth

arqument (j = 1,2,...,n). Suppose further thatfor eachi € {1,2,...,n}, n; : Ei1 X E;1 — Ej1 is a ki-Lipschitz
continuous mapping, H Ei1 — Eij is a 6;-Lipschitz continuous mappmg and M; : Eiy 3 E is a O;-strongly
monotone mapping. If there exists constants A; > 0 (i = 1,2,...,n) such that for eachi € {1,2,...,n},

ki(®; + Aiti "Y1 = giagti + @inyi + g DAY 2 KiPiumi-n Ao " kidp, At

4 17 on—(i-1) it i
+ + <1, (8)
A,-Gi =1 9]' ; 9]‘

and for the case when gy (i € {1,2,...,n}) is an even natural number, in addition to (8), we have g;1u; <
1+ (gi1yi + ¢y, /\Zj’l, where cg,, (i =1,2,...,n) are constants guaranteed by Lemma 2.1, then the iterative sequences
{CcLms Xm0 X o 11 S2,ms - - s Sum) ey @A At s toms - - -, tnm) e S€ETated by Algorithm 3.4 converge
stronglyto(x1,x2,...,%Xn),(S1,52,...,8.)and (t1,tp, . .., t,), respectively, and (x1, X2, ..., X, 51,52, ..., Sn, t1, t2, . . ., tn)
is a solution of the SEMNVI (2).
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Proof. It follows from (6), Theorem 3.1 and the assumptions that for eachi € {1,2,...,n} and m € IN,

1%i a1 = Ximllin = (1 — @)xim + aRZ”A [Hi(xim) — Ai(Ai(Xim = pi(Xim))
+ Pi(gl(sl,m)/ 92(52,m), ey gn(sn,m)) —a; — Fi(tl,mr tZ,m/ ey tn,m))]

Hi/ i
+aepy + rim — (1 = a)xjm + OéRMlZ\i [H;(xim-1)

= Ai(Ai(Xim—1 — pi(xim=1)) + Pi(g1(51,m-1), 2(S2,m=1), - - -, Gu(Snpm=1))
—a; = Fi(tym—1,t2m=1, - - tum=1))] + @€im-1 + 1im=1)llin

(1 = )i — Ximoallia + IRy [Hi(im) = Ai(Ai(im — pilim))

+ Pi(g1(51,m), 92(52,m)s - -+ Gu(Snm)) — i = Filtums toms - - s tum))]

- RZ\PZWA [H;(xim-1) — Ai(Ai(xi -1 — pi(Xim-1))

+ Pi(91(51,m-1), 2(S2,m=1), - - - » Gu(Snm=1))

—a; — Fi(tym—1,t2m=1, - - -, tum=1)1llin

+ allem — eim-1llin + I1im — 7im—1lli1

k;
< (1 = a)llxim — Xipm—1llin + a(ﬁ”Hi(xi,m) — Ai(Ai(xim — pi(xim)) )

IA

+ Pi(gl (Sl,m)/ gZ(SZ,M)/ ceey gn(sn,m)) —4aj — Fi(tl,m/ to iy eees tn,m)
— (Hi(xim-1) = Ai(Ai(xim-1 — pi(Xim-1))

+ Pi(g1(51,m-1), 92(82,m-1), - - - » Gn(Sn,m-1))

—a; — Fi(tym-1, tam=1, - - - s tnm—1))Ili1)

+ alleim — eim-tllin + 17im = rim-1llin
k.
< (U= @iz = Xl + & 15 (IHiim) = HiCxin)lia
1Y

+ AillAi(Xim = pi(Xim)) = Ai(Xim-1 = pi(Xim-1))lli1
+ AlHPl(gl (Sl,m)r 92(52,;11)/ ceer9n (sn,m))
= Pi(g1(51,m-1), 92(S2,m=1), - - » Gun(Snm-1))lli1

+ AEi(t s toms - - o tum) — Fittim=1, tom—1, - -+, tn,m—l)”i,l)

+ allem — eim-1llin + I1im = Tim-1lli1-

Since foreachi € {1,2,...,n}and m € IN, the mappings H; and A; are 6;-Lipschitz continuous and 7;-Lipschitz
continuous, respectively, we yield

1H(xim) — Hi(m—0lli1 < 8illxim — Xim-1llin (10)
and
1A (xXim = pi(xim)) — Ai(Xim—1 — Pilxim-alix < TillXim = Xim-1 — Pi(Xim) = Pi(Xim=1))lli1- (11)

Owing to the facts that for eachi € {1,2,...,n}, piisa (y;, y;)-relaxed cocoercive and A, -Lipschitz continuous
mapping, E;; is a real g;;-uniformly smooth Banach space with g;; > 1, invoking Lemma 2.1, for each
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i€{1,2,...,n} there exists c;;, > 0 such that for each m € N, we have

Xim = Xim-1 = Qi) = Pilim-a DT < Wi = Xt llfy + € pi(eim) = pilim-)lIT}
= i 1piXim) = PiXim-1), Jg;, i — Xijm—1))i1
< ”xi,m - xi,m—l“?/ii] + qu,l ”pi(xi,m) - pi(xi,m—l)”?:i]
= gia (VillpiCeim) = pieim- DI + pilli — xi,m—1llz"f)
= (1= giapillxim — X I+ (qinyi + cg)lpiCxim) — piCim-1)IIT
1,1 i1

< (l = qiapi + (qiayi + Cq[,l)/\Z§’1)||xi,m = ximallfy,

which implies that

xim = Xim—1 — PiXim) = PiXim-)lip < "AJ1 = giapi + @Ginyi + Cq,,l)AZ§'1||xi,m = Xim-1llia- (12)

Since for eachi € {1,2,...,n}, the mapping P; is A; j-Lipschitz continuous in the jth argument (j = 1,2,...,n),

the mapping g; is A, -Lipschitz continuous and the mapping S; is As,-H,,—-1),1-Lipschitz continuous, by using
(6), foreachie{1,2,...,n} and m € N, we get

WPi(g1(s1,m), 92(52,m), 93(S3,m), - - - » Gu(Snm)) — Pi(g1(51,m-1), 92(S2,m-1), 93(S3,m), - - - » Gu(Snm-1)li1

< WPi(g1(51,m), 92(S2,m), 93(83,m), + + -+ G (Sn,m)) — Pilg1(81,m-1), 92(S2,m), 93(S3,m)s - - - » G (Sum))Nli1
+ 1Pi(g1(51,m-1), 92(S2,m), 93(S3,m), - - - » G (Sum)) = Pig1(S1,m-1), 92(S2,m-1), 93(S3,m)s - - - » GreSrm)liy + - ..
+IPi(g1(51,m-1), 92(82,m-1), + - - » Gn-1(Sn-1,m-1), G (S,m))

= Pi(g1(51,m-1), 92(S2,m-1), - -+ Gn=1(Sn-1,m), G (Sn,m-1))lli 1

= Z IPi(91(51,m-1), 92(S2,m-1), - - - » §j-1(Sj=1,m-1), Gj(Sjm), Fj1(Sjs1,m)s - - Fn(Snm))

i=1
= Pi(g1(51,m-1), g2(S2,m-1), - -+, §j-1(Sj-1,m-1), §j(Sjm-1), Fj+1(Sj+1,m)s - - - » G (Sum)li1

n
<Y Apllgi(5im) = 716 im Dl

=1

n
< Z Ap, Agillsjm = 8jm-1lln--1)1
=1

(13)

n
< Z Ap,Ag, (1 +m ™ YHy (1)1 (S (Xn—(-1)m)s Si(Xn—(j-1)m-1))
=

=

< ) Ap,AgAs (L +m ) u(-1ym — Xn—(-1)m-1lln-G-1)1-
=1

Taking into account that for each i € {1,2,...,n}, the mapping F; is A, -Lipschitz continuous in the jth
argument (j = 1,2,...,n), the mapping T; is /\T‘.-Ailz-Lipschitz continuous, by using (6), for each i €
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{1,2,...,n} and m € IN, we obtain

WEi(t1,ms toms t3,ms - - tum) = Filtim-1, t2m=1,t3,m-1, - - -, tum-1)lli
< WFi(krms tam -« s tnm) = Filttym=1,t2ms - tnm)llin
+ Wity m—1, t2,ms tams - - s tum) = Fitbim—1, tom-1, t3,ms - - - s tu)ll + - .
+ Wity m—1, t2m—1, - -« s tum—1, tnm)

= Fittium=1,tam=1, - - - tym=t1, tum=1)llin
n
= Z Fi(t1m-1,tom1, - - s tj=tm=1s tjms st ms - - o s tum)
=1

= Filttum-1, tam-1, - tj=1,m=1, tim=1, tjstms - -« s bnm)llin (14)

n
< Z A lEm = tim=llj2
=1

n
< Y Ak, (1 m ) H (T, Tj(jm1))
j=1

n
-1
< E A1—",»,,-AT]'(1 +m )“xj,m — Xjm-1
j=1

lj1-

Combining (9)—(14), for eachi € {1,2,...,n} and m € IN, yields

i m+1 = Xigmllin < (1= a)llxim — Xim-1llin

ki(i + Aiti "1 — giapi + (Ginyi + qu,l)/\Zi’])

+a Xim — Xim—
/\iei “ i,m im—1

i1

ki v _
+ 511 Z Ap,AgAs;(1+m On=-=1ym = Xn—(-1ym-1lln—(-1)1
=1

ki v B
to Z} A A, (U 1) = jnall1)
., (15)

+ allem — eim-1llin + I1im — 7im-1lli1

=1 = )lIxim — xipm-1llip + a(wi,mllxi,m = Xim-1llin

ki v _
+ 511 Z Ap, AgAs (1 +m D=1y — Xn=(=1ym-1lln—(-1),1
=1

ki v i
+ g 2w AT IR - Xim-1llj1)
—

]
+ alleim — eim-1

lig + Wrim = rim-llin,

where foreachi € {1,2,...,n},

ki(5i + Aiti 1 = qipi + (giayi + qu/l)AZli'l)

w; =
' AiO;

. 1 kidp, AgAs, (1+m™) n

Setting 9;,, = Y, % and Qjm = ).

kiAFi j /\T]. (1+m‘1)
: 0
=1 i=1

foreachi € {1,2,...,n}, and A(m) = max{w;, +
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Sn-(i-ym + Qjm : j = 1,2,...,n}, it follows from (15) that

Z ”xl m+1l —

— Xim— 1”11

(16)

”7’1 m

In virtue of the facts that for each j € {1,2,...,n}, 9;,, — 9; and Q;» — Qj, as m — oo, we deduce that
A(m) = A, asm — oo, where A = max{w; +9,(j-1)+Qj: j=1,2,...,n}. Now, letting p(m) = 1 —a +aA(m),
for each m > 0, we know that ¢(m) — ¢, as m — oo, where ¢ =1 — a + aA. Clearly, (8) implies that A < 1
and so ¢ € (0,1). Hence, there exists ¢ € (0,1) (take ¢ = (”Tﬂ € (@, 1)) and ny € IN such that ¢(n) < ¢, for all
n > np. Then, for all n > ny, by (16), it follows that

Z ”xl m+1 = = Yim— 1”11
= qa[qa “rz m—-1 —
i= i=1 i=1
n
+a ”ri,m -
i=1 i=1
n
A2
=¢ Z (1 -1 — ||€i,m—1 - 3 ) (17)
=1
n
+ ”rzm 1~ Vim- 2”11 + Z ”rlm Vim— 1”11
i=1 i=1
m-ny n
Z”xl no+1 — Xing “61 m—(j—1)
=1 i=1
m-ny n
+ &M m—(j-1) = Tinillin-
j=1 i=1

The preceding relation (17) implies that for any k > [ > ny,

n k-1
Z ”xi,k - Z Z ”xl m+1 —
i=1 i=1 m=I m=l i=1
k-1 n k=1 m-ny n
< A" g1 — Xyl Z Z Z & Nleim—(j-1) — €im—jllin (18)
m=l i=1 m=l j=1 i=1
k=1 m-ny n
+ P
m=l j=1 i=1

In the light of the fact ¢ < 1, (7) and (18) guarantee that

n
PMLETE
i=1

(19)




J. Balooee et al. / Filomat 37:9 (2023), 2935-2960 2951

n
Now, let us define a norm ||.|l. on [] E;1 by
i=1

n

n
et x2, o xlle = Y il Yo, € [ ] Ean.
i=1

i=1
n
It is easy to see that ([] E;1, ||.Il) is a Banach space. Then (19) ensures that
iz
“(xl,k/ xz,k/ e /xn,k) - (xl,ll xz,l/ e /xn,l)”* - 0/ as Z - OO/

that is, the sequence {(x1,1, X2, - .., Xn)}, is a Cauchy sequence in H Ei1. The completeness of H E;1 implies
i=1 i=1

n
the existence of (x1,x,...,%;) € [] E;1 such that
i=1

(X1 ms X2 p1s + -+ ) Xpyn) = (X1,X2,...,%Xy), asm — oo.
Considering the fact that for each i € {1,2,...,n}, the mapping S; is A si—Ai,l—LipschitZ continuous, by using
(6), foreachie {1,2,...,n} and m > 0, we get

lIsim+1 = Simlln—-1y1 < (1 + (1 +m) ™ YHy—-1)1(Si(Xn—i=1),m+1), Si(Xn—(i=1,m))

< (1 + 1+ m) ™ YAs X1y me1 = Xn—iimtymlla—(-1)-

Since for each i € {1,2,...,n}, lIXjms1 — Ximllin — 0, as m — co, from (20), we conclude that [ls;;+1 —
Simlln-i-1)1 — 0, as n — co. Hence,

(20)

n

Lm Y lsime1 — Simlla-—11 = W(S1,m+1,52m41, - - 5 Suma1) = (St S2,m5 -+ Su)lle = 0,

m—oo

i=1
n n
that is, the sequence {(s1,m,S2,m, - --,Sum)},, i also a Cauchy sequence in ITSi(xp—i-1)) € T1Ei1. Conse-
i=1 i=1

n
quently, there exists (s1,52,...,5,) € [ Ei1 such that
i=1

(St,msS2,ms -+ s Snm) = (S1,52,--.,50), asm — oo,

In the meanwhile, due to the fact that for each i € {1,2,...,n}, the mapping S; is Asi-ﬁn_(i_l),l-Lipschitz
continuous, we infer that

da(si, Si(xu—(i-1))) = inf{lls; = tllu—i—1)1 : t € Si(Xu—(i-1))}
< lsi = simllu—-1)1 + d(Sipm, Si(Xn-(i-1)))
< lsi = simlln—-1)1 + Hpu—(i=1),1(Si(Xn—(i=1),m), Si(Xn—(i-1)))
< llsi = Simll—-1)1 + As;l1Xn—i—1),m — Xn—i=1)lln=a-1)

The right-hand side of the above inequality approaches zero, as m — oo. Accordingly, fori = 1,2,...,n
we derive that s; € S~(xn (i-1)) - In a similar way, on can show that the sequence {(t1,m, tom, - -, tam)},,_, is @

Cauchy sequence in H Ti(xim) € H Eio,
(tl,m, t2,ml ey tn,m) - (tlr t21 ey tn)r as m — oo,

for some (t1,t2,...,ty) € H Eipand t; € Ti(x;) fori = 1,2,...,n. Since the mappings RM’ 7\‘ , Hi, i, Ai, P;, Si,

T, Fi,giand p; (i=1,2,. n) are continuous, it follows from (5) and (7) that for each i € {1,2,...,n},

X = H o L Hi(x0) = Ai(Ai(xi = pi(xi)) + Pi(g1(s1), 92(52), - - -, Gn(sn)) — ai = Fi(ta, t2, .., £0))]-
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n n
Now, this factand Theorem 3.1 guarantee that (x1, X2, ..., Xy, 51,52, ..., Xn, t1,t2, ..., tn) € [T Ein X I Si(xp—ii=1)) ¥
i=1 i=1

I1 Ti(x;) is a solution of the SEMNVI (2). This completes the proof. [
i=1
The following corollary is an immediately consequence of the above theorem.

Corollary 3.10. Let E be a real g-uniformly smooth Banach space with the dual space E*, and let fori=1,2,...,n,

E; be real Banach spaces. Let the vector-valued mapping n : E X E — E be k-Lipschitz continuous, H : E — E* an

n-monotone and 6-Lipschitz continuous mapping, p : E — E a (y, p)-relaxed cocoercive and A,-Lipschitz continuous

mapping, and M : E =3 E* a general (H, n)-strongly monotone mapping with constant 6. Let A : E — E* be a

t-Lipslchitz continuous mapping and for each i € {1,2,...,n}, T; : E =3 CB(E;) be a Ay-H;-Lipschitz continuous
n

mapping. Suppose further that F : T] E; — E* is Ar,-Lipschitz continuous in the ith arqument (i = 1,2,...,n) and
i=1

there exists a constant A > 0 such that

%(mm(/l —qu @y e+ A Y Ardy) <1, (1)
i=1

and for the case when q is an even natural number, in addition to (21), the condition qu < 1+ (qy + cq)/\z holds,

(e8]

where c, is a constant guaranteed by Lemma 2.1. Then, the iterative sequences {x,}_, and {(t1,m, t2m - - -, tum)}y,_y
n n

generated by Algorithm 3.5 converges strongly to x € E and (t4,t2,...,t,) € ] Ti(x) € I Ei, respectively, and
i=1 i=1

(x,t1,t2, ..., ty) is a solution of the NMVIP (3).

4. Remarks on C,-n-monotone mappings

In this section, the C,-n-monotone mapping introduced in [13] is investigated and analyzed and some
important facts concerning it are pointed out. At the same time, we show that one can derive the results in
[13] by using the conclusions of the previous sections.

n
Definition 4.1. [13, Definition 6] Let n > 3 and M : []E; =3 E* be a multi-valued mapping, fi : E — E;,
i=1
i=1,2,...,nand n: EXE — E single-valued mappings.
(i) Foreach1l <i<mn,M(...,f;...)is said to be a;-strongly n-monotone with respect to f; (in the ith argument)
if there exists a constant a; > 0 such that

<wi - wl{/ Tl(x, ]/)> > ai||x - ]/”2, vx/ ]// U € El/ Uy € EZ/ s Ui € Ei—ll Uit € Ei+1/ s Uy € En/
w; € M(uy, ..., Ui, fi(X), Uir1, ..., Un), w; € M(uy, ..., ui-1, fi(y), tis1, - - -, Un)-

(if) Foreach1 <i<mn,M(...,f; ...)issaid to be B;-relaxed n-monotone with respect to f; (in the ith arqument) if
there exists a constant B; > 0 such that

<wi - wll'/ T}(x/ ]/)> = _ﬁillx - ]/“2/ Vx/]/ € E/ Ui € El/uz € EZ/ s, U1 € Ei—llui+1 € Ei+1/ ..., Up € Enl
wi € M(uy, ..., wiq, fi(X), i1, ..., ), W, € M(u1, ..., Uiz, fi(Y), tis1, - .., Un).

(iii) By assumption that n be an even natural number, M is said to be a1 oazfy . . . y—_1Pn-symmetric n-monotone
with respect to fi, fo,..., fu if, foreach i € {1,3,...,n =1}, M(..., fi,...) is a;-strongly n-monotone with
respect to f; (in the ith argument) and for each j € {2,4,...,n}, M(..., fj,...) is Bj-relaxed n-monotone with
respect to f; (in the jth argument) with a1 + a3 + -+ + ay—1 > o + g + -+ + B

(iv) By assumption that n be an odd natural number, M is said to be a1fact3Pa . . . Pn—10-Symmetric n-monotone
with respect to f1, fa,..., fu if, foreachi € {1,3,...,n}, M(..., fi,...) is a;-strongly n-monotone with respect
to f; (in the ith argument) and for each j € {2,4,...,n—=1}, M(..., fj,...) is Bj-relaxed n-monotone with respect
to f; (in the jth argument) with ay + az + -+ a, > o+ Py + -+ + f1.
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Proposition 4.2. Let E be a real Banach space with the dual space E*, and let for i = 1,2,...,n, E; be real Banach
spaces. Suppose that n > 3and f;: E — E; (i =1,2,...,n)and n : E X E — E are vector-valued mappings and M :
H E; = E* a multi-valued mapping. Furthermore, let M:E3E be defined by ZVI(x) = M(fi(x), fo(x), ..., fu(x)),

i=1
forall x € E. Then, the following conclusions hold:

(i) If nis an even natural number and M is an a1Boazfs . . . 1 Pn-symmetric n-monotone mapping with respect

n

to fi1, fa, ..., fu, then Misa ZZ: (at2i—1 — Poi)-strongly n-monotone mapping.
i=1

(i) If n is an odd natural number and M is an a1 a3 . . . Pu-10-Symmetric n-monotone mapping with respect

1 1
to fi, fa, ..., fu, then Misa ( Y ari— Y ,BZi)—strongly n-monotone mapping.
i=1 i=1
Proof. We first let n be an even natural number. Owing to the fact that M is an a1 foa3fs . . . -1 fn-symmetric
n-monotone mapping with respect to fi, fo,..., fu, forall x,y € E, u € M(x) = M(fi(x), f2(x), ..., fu(x)) and
v € M(y) = M(A ), (), - .-, fn(y)), we yield

n-1
(=0,1(x,y) = (u+ ) (=w; +w) = 0,0, y))

i=1

n-2
=(u—w,n(x,y)+ Z(wi = Wiz1, N(x, Y)) + {Wn-1 — 0, 1n(x, ¥))

i=1

= (u—wi,n(x,y)) + Z(wzi—l —woi, N(x, ¥)) + Z(wzi = Wois1, N(X, Y)) + {Wy-1 — 0, 1(x, y)) (22)
im1 i=1

n=2 n=2
2 2

2 2 2 2

> aqllx = yll —E Baillx — yll +§ aistllx = ylI= = Ballx — vl
i=1 i=1

n

3 3 7
2 2 2
=Y e —ylP =Y pulle = ylP =Y (a1 — Bai)llx - yiP,
i=1 i=1

i=1

where for each 1 < i < n -1, w; € M(AW), L), ..., fi(y), fix1(x),..., fu(x)). Taking into account that

n n

a1t+az+-tau_1 = i Qi1 > Po+Pa+- 4Py = i pBai, it follows from (22) that Misa i (agi—1 — Bai)-strongly
i=1 i=1 i=1
n-monotone mapping.

We now prove conclusion (ii). Assume thatn is an odd natural number. Since M is an a18,a3f4 . . . fu—10n-
symmetric 7-monotone mapping with respectto f1, fa, ..., fu, forallx, y € E,u € M(x) = M(fi(x), f2(x), ..., fu(x))
and v € M(y) = M(f1(v), f2(y), - .., fu(y)), we obtain

n—1

=0, y) =+ Y (~w; +w) = v,n(x, )
i=1

n-2
= (u—w,n(x, y)) + Z(wi = Wi, N, Y)) + (W1 = 0, 10(X, Y))
i=1

= Gt = w1, 006, Y + ) (Wit = oy, (%, Y)Y+ Y (a1 = Wi, N, Y)) + (W1 = 0,7, Y))
i=1 i=1
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> alle = yIP = Y aille = yIP + ) coiaallx = yIP + e = yIP
i=1 i=1 (23)

n+l

= i aillx — ylI* — Zz: Baillx = ]/||2(Z a1 — Y Baillx — yll?,
P

i=1 i=1 i=1

n+l n-1
2 2

where for each 1 < i < n -1, w; € M(fi(y), (W), .., fiy), fir1(x),..., fa(x)). Thanks to the facts that

n+l n-1

2 2 —
o +az+-oF+ay =Y a1 > Po+Pat -+ Pus1 = X Poi, making use of (23) we conclude that M is a
i=1 i=1
n+l n=1

( ZZL i1 — 22: ﬁzi)-strongly n-monotone mapping. This completes the proof. O
i=1 i=1

Remark 4.3. In virtue of Proposition 4.2 and the arquments mentioned above, we found that the notions of
a1foasPy . . . a1 fn-symmetric n-monotonicity and a1 fac3Ps . . . Pu-10,-Symmetric n-monotonicity of the mapping
M : E" =3 E* with respect to the mappings fi, fo, ..., fu : E — E, given in parts (iii) and (iv) of Definition 4.1 are
actually the same notion of 6-strong monotonicity of the mapping M = M(fi, f2, ..., fa) presented in Defini-

n+l n=1

% 2 2
tion 2.3(iv), where 6 = ) (@2i—1 — B2i) for the case when 7 is an even natural number, and 0 = ), a1 — ), B
i= i=1 i=1
when 7 is an odd natural number.

Guan and Hu [13] introduced and studied a class of generalized monotone mappings the so-called
C,-n-monotone mappings as follows.
Definition 4.4. [13, Definition 10] Let E be a real Banach space with the dual space E*. Let n > 3; f; : E = E;
(i=1,2,...,n)and C, : E — E* be single-valued mappings and let M : ] E; =3 E* a multi-valued mapping.
i=1
(i) In case n is an even natural number, M is said to be a C,-n-monotone mapping if M is a1foa3fs . .. n-1Pn-
symmetric n-monotone with respect to fi, f2,..., fu and (C, + AM(f1, f2, --., fu))(E) = E* holds, for every
A>0.
(i) In case n is an odd natural number, M is said to be a C,-n-monotone mapping if M is a1f2a3fs . .. Pu-1Qn-
symmetric n-monotone with respect to fi, fa,..., fu and (C, + AM(f1, fa, --., fu))(E) = E* holds, for every
A>0.

With the purpose of showing the existence of the class of C,-n-monotone mappings, the authors [13]
gave [13, Example 12 ]. But, we show that contrary to the claim in [13], the C,-n-monotone mapping
presented in [13, Example 12] is actually a general (H, n)-strongly monotone mapping and is not a new one.

Example 4.5. Let E = I> denote the space of all square-summable sequences, i.e., the space of all sequences
{xm}>_, for which ¥ |x,[* converges, and |||, be a norm defined on 1 by |lx|. = (X Ix?)2, for all

m=1 m=1

€ I2. Tt is well known that *> together with the inner product

(o)

x= {xm}m=1

oy =Y g, Vr= S,y =yl e P
i=1
is a Hilbert space and so E* = 2. In the meanwhile, {em};_,, where for eachm € N, ¢, = (0,0,...,1,0,0,...),
1 at the nth coordinate and all other coordinates are zero, is a Schauder basis of E = 12.
Let n be an even natural number and let for each i € {1,2,...,n}, E; = (E,||.|l;), where ||.|l; ( = 1,2,...,n)
are the equivalent norms on 2 space. Suppose that fori =1,2,...,n, the mappings f; : E — E; are defined
by

oy ) aix+e, ifi=1,3,...,.n—-1,
f'(x)_{—ﬁix+ei, ifi=24,...,n
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2
for all x = (x1,X2,...,Xy,,...) € >, where i-1,P2 > 0(i=1,2,...,%) are constants such that Y (a2ic1 — P2i) =
i=1

y > 0.
Let M : H E; =33 E* be defined by M(u1,uy, ..., u,) = Z(ul e;), for all (uq,up,...,u,) € H E;, and define

themappmgsC E— E'andn:EXE — Eby Cu(x) —x+en+1 and n(x,y) = x—y,forallx y € E. Since
for each i € {1,2,..., 3}, we have f; 1(x) = azi1x + ezi-1 and fo;(x) = —foix + g, forall x,y € E, u; € Ej,

j= 1,2,...,2(i—1),2i,...,n andi=1,2,...,5, we obtain

(M(uy,uz, ... uziz, frie1(x), Ui, ..., Uy) = M(uy, ta, . ..., Uzi2, foir1(y), Ui, . .., Un), N(x, ¥))
= (foic1(x) — frim1(y), x — ¥) = {Qim1X — A2i1 Y, X — Y) = aziallx — I3,
and
(M(uy,uz, ... uzi-1, f2i(X), Uzit1, . .., Un) = M(uy, Uz, . ..., Uzi1, foi(Y), zit1, - .., Un), N(X, Y))
= (foi(x) — foi(y), x — y) = (—Baix + Baiy, x — y) = —Baillx — yli3,

thatis, foreachi € {1,2,..., 3}, M(..., foi1,...)and M(..., fo;, ...) are ap;_1-strongly -monotone with respect
to fri-1 in the (2i — 1)th argument, and fBy;-relaxed 7- monotone with respect to fp; in the (2i)th argument.
Taking into account that for each i € {1,2,...,n — 1 o fire 1s a;-strongly n-monotone with respect
to f; in the ith argument and for each j € {2,4,... f], ) is Bj-relaxed n-monotone with respect

to f; (in the jth argument) and Z(a2, = p2i) =y > 0, it follows that M is an a1fra3f4 . . . -1 fy-symmetric

n-monotone mapping with respect to the mappmgs fi, foreoos fue
At the same time, for all x = {x,,}*_, € I, we yield

n

Mmmﬁmwmmm=2¢m—m:2ﬁm—2a
i i i=1

n

—Zmﬂmamm—z

i=1

= Z(szi—l —Pa)x—Eé=yx—¢,

i=1

n
where ¢ = Y e; = (1,1,...,1,0,0,...), is an element of E = I?> having the first n entries 1 and the rest 0.
i=1

Owing to the fact that for each x € I?, there is % € 2 such that we have (C,, + AM)(X4&1 A;’f”) = x, where

n

y = i(az,-_l — B2i), we deduce that (C, + AM)(E) = E* for every A > 0. Thanks to the above-mentioned
i=1

arguments, the author [13] concluded that M is a C,-n-monotone mapping.
Let us now define the mapping M:E3 E* as M(x) M( fl(x) fz(x) o fu(x)), for all x € E = 2.

Then, for all x = {x,,})®°_, € I?, we have M(x Z(ﬁ(x) —¢) = Z fi(x) — Z e; = yx —é. Moreover, for all

m=1
X = {xm}m 1/]/ = {ym};;;l € lz, we get
(M(x) = M(y), n(x, Y)) = {yx =& = (yy — &), n(x, )) = Yllx — yll3,

thatis, Misa y-strongly n-monotone mapping. By taking H = C,,, it can be easily observed that (H +AM)(E) =
E” holds, for every real constant A > 0. Hence, according to Definition 2.6, M is a general (H, )-monotone

mapping.
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Here it is to be noted that in the light of the arguments mentioned above, in contrary to the claim in
[13], the C,-n-monotone mapping given in [13, Example 12] is actually a general (H, n)-strongly monotone
mapping with constant y, and is not a new one. In general, if E is a real Banach space with the dual space
E,E (i=12...,n) arerealBanachspaces fitE—>E,n:EXE > Eand C, : E = E* (n > 3) are

single-valued mappings and M : H E; 3 E' is a C,-n-monotone mapping, then in view of Definition 4.4,

for the case when 1 is an even natural number, M is an a1 fra3fs . . . y—1f-sSymmetric 7-monotone mapping
with respect to fi, f», ..., fu, and in the case where 7 is an odd natural number, M is an a1fa3f4 - . . Pu-10n-
symmetric n—monotone mapping with respect to fi, fo,..., fu. In the meanwhile, in both the cases, we
have (C, + AM(f1, f2,.-., fa))(E) = E* for every real constant A > 0. Then, by defining M:E = E* as
]VI(x) = M(fi(x), fa(x), ..., fu(x)) forall x € E, and by taking H = C,, invoking Proposition 4.2, Misa strongly
n-monotone mapping. Consequently, in accordance with Definition 2.6, Misa general (H,n)-monotone
mapping and so Definition 4.4 reduces to the definition of a general (H, )-monotone mapping which has
been introduced in [3, 19]. In other words, the class of C,-1-monotone mappings presented in Definition
4.4 is exactly the same class of general (H, 17)-strongly monotone mappings and is not a new one.

Theorem 4.6. [13, Theorem 14] Let E be a real reflexive Banach space with the dual space E*. Let n > 3 and
fitE—=>Ei(i=1,2,...,n)and n: E X E — E be single-valued mappings, C,, : E — E* be an n-monotone mapping

and M : T] E; =3 E* be a C,-n-monotone mapping. Then the mapping (C, + AM(f1, f, - .., )" is single-valued
i=1
for every A > 0.
Proof. Let M : E =3 E* be defined by M(x) := M(fi(x), fo(x), . .., f(x)) for all x € E. Proposition 4.2 implies
that M is a strongly n-monotone mapping. By taking H = C,, it follows that M is a general (H, 17)-strongly
monotone mapping with constant 6, where 0 = i (@2i—1 — B2i) for the case when 7 is an even natural number,
i=1

n+1 Vl 1

and 0 = Z i1 — Z Bo2i, in the case where 7 is an odd natural number. Then, all the conditions of Corollary
i=1 i=1

2.12 hold and so Corollary 2.12 guarantees that (H + /\M) = (C, + AM( fi, fo, e, fn))‘ is single-valued for
every A > 0. The proof is finished. 0O

Based on Theorem 4.6, Guan and Hu [13] defined the proximal mapping RSN

M(fi,foreeorfn) associated with

Cy,, A and the C,-n-monotone mapping M(fi, f2, ..., fu) as follows.

Definition 4.7. [13, Definition 15] Let E be a real reflexive Banach space with the dual space E*. Let n > 3 and
n

fitE—=Ei(i=1,2,...,n) be single-valued mappings, C, : E — E* be an n-monotone mapping and M : [[ E; 3 E
i=1

be a C,-n-monotone mapping. A proximal mapping RN;(? 7}2 ) : E* — E is defined by

Ry (&)= (Co+ AM(fi, fo, o f) &), Y € B,

By defining M:E3E as ]VI(x) = M(fi(x), f(x), ..., fu(x)) for all x € E, and by taking H = C,, from
Proposition 4.2 we deduce that M is a general (H, 17)-strongly monotone mapping. In accordance with
Definition 2.13, for any real constant A > 0, the mapping R;{Z that is, the proximal mapping associated

with H, A and M is defined for any x* € E* as follows:

Hr * C”,A, * X\ — * - *
R () = Ry o) @) = (H + AM)TH () = (Co + AM(fi, o -, )7 ().
Cu,An

M(f1,fa,rfn)
arbitrary real constant A > 0, and a C,-n-monotone mapping M(fi, f2, ..., fu) is actually the same notion of

In fact, the notion of the proximal mapping R associated with an n-monotone mapping C,, an
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the proxrmal mapping R v "

M= M(f1, far-- s fn), and is not a new one.
By assumption that n > 3 is an even natural number, and under some appropriate assumptions, Guan

associated with C,, A and the general (H = C,, )-strongly monotone mapping

and Hu [13] proved the Lipschitz continuity of the proximal mapping RN}’( o) S follows.

Theorem 4.8. [13, Theorem 16] Let E be a real reflexive Banach space with the dual space E*, and let n: EXE — E

be a k-Lipschitz continuous mapping. Let n > 3 and f; : E — E; (i = 1,2,...,n) be single-valued mappings,
n

C, : E — E* be an n-monotone mapping, and M : [] E; =3 E* be a C,-n-monotone mapping. Then, the proximal
i=1

mapping R - :E*—> Eis —-szschztz continuous, where K, = a1 +az + -+ a1 — B2+ Pa+ -+ Pu).

f1 fz rfn)
Proof. Let M : E =3 E* be defined by ]VI(x) = M(fi(x), fa(x), ..., fu(x)) for all x € E. Since n is an even
natural number, M is a C,-n-monotone mapping, in the light of Definition 4.4(i), we deduce that M is an
a1foazfs . . . ay-1fy-symmetric monotone mapping with respect to fi, f, ..., f,. By using Proposition 4.2(i),

—~ 5

it follows that M is a )’ (azi—1 — P2i)-strongly n-monotone mapping. At the same time, by taking H = C,,
i=1

we note that ZVI is a general (H, n7)-strongly monotone with constant 6 = ZZ:((XZH — B2i). Now, Theorem

=1

. . Hn _ pCuAn R . k _ k13 . . .
2.15 implies that RIVM = Ry o) E* > Eis —/\ — = 3¢ -Lipschitz continuous. This completes the
Qzi-1=p2i

Do

il
N

proof. O

Remark 4.9. It should be pointed out that in a similar way to that in the proof of Theorem 4.8, for the case

. . . Cu, A is k
when 7 is an odd natural number, the proximal mapping R /v o o) 1 —Tl -

Z A2i-1— Z ﬁz:
At the same time, by a careful reading the proofs of Theorems 14 and 15 i in [13], we note that there is a small
mistake in the contexts of Theorem 14, Definition 15 and Theorem 16. In fact, the Banach space E must be

assumed reflexive, as we have added the assumption reflexivity of E to Theorem 4.6, Definition 4.7 and
Theorem 4.8.

-Lipschitz continuous.

Letn>3andA:E—E,p:E—E fi:E—E(i=12,...,n),F:[]E — E*besingle-valued mappings
i=1
n
and let T; : E =3 CB(E;) (i = 1,2,...,n) and M : [] E; 3 E* be multi-valued mappings. Recently, for any
i=1
given a € E*, Guan and Hu [13] considered and studied the variational inclusion problem of finding x € E,
t € T1(x),t, € To(x),...,t, € Ty,(x) such that

a € A(x = p(x)) + M(f1(x), 2(x), .., fu(x)) = F(tr, b2, - .. £a)- (24)
In order to find a solution of the problem (24), they gave a characterization of the solution of the problem

(24) by utilizing the proximal mapping RM " f L 38 follows.

Theorem 4.10. [13, Theorem 17] Letn > 3andA:E - E,p:E—>E, fi:E—-E(i=1,2,...,n),F: ﬁE,- — E*
be single-valued mappings and let T; : E = CB(E;) (i = 1,2,...,n) be multi-valued mappings. Let C,;::1 E — E*
be an n-monotone mapping and M : ﬁ E; 3 E* be a C,-n-monotone mapping with respect to fi, fo,..., fu. Then,
(x,t1,t2, ..., ty) is a solution of the prcl;?llem (24) if and only if

= Ry olCul@) = AAG = p() + Aa+ AF(t, . 1)),

where ty € T1(x),tp € Ta(x), ..., t, € Ty(x)and A > 0 is a real constant.
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Proof. Define M:E3FE by ]\71(x) = M(fix), fa(x), ..., fx(x)) for all x € E. From the assumptions and
Proposition 4.2 it follows that M is a strongly n-monotone mapping. By taking H = C,, the assumption

implies that Misa general strongly (H, n7)-strongly monotone mapping. Now, the conclusion follows from
Corollary 3.2 immediately. [

In view of the above-mentioned argument, it is worthwhile to stress that contrary to the claim in [13],
the characterization of the solution for the problem (24), presented in Theorem 4.10, is exactly the same
characterization of the solution for the problem (3) given in Corollary 3.2 and is not a new one.

In order to find an approximate solution of the problem (24), Guan and Hu [13] proposed the following
iterative algorithm based on Theorem 4.10.

Algorithm 4.11. [13, Iterative Algorithm 1] Let E be a real reflexive Banach space with the dual space E*. For any
given xq € E, we choose t1,9 € T1(xo), t20 € Ta(X0), ..., tn0 € Tu(xo) and compute {xu )5 o, (t1,m}me_or (t2m)pegr- -+
{tum)o_, by iterative schemes

Cu, A0

xn+1 = RM(fllﬁ,~--,ﬁ1)[Cn(x’n) - /\A(xm - p(xm)) + /\ﬂ + /\F(tl,ml tZ,mr cecy tn,m)]}
1 —

tl,m € Tl(xm)/' ||t1,m+1 - tl,m” < (1 + m+ 1)H(Tl (xm+1)r Tl(xm))/'
1 —

tZ,m € TZ(xm); ||t2,m+1 - tZ,mH < (1 + m+ 1)H(T2(xm+1)/ TZ(xm));
1 —

tn,m € Tn(xm)/' ||tn,m+1 - tn,m” < (1 + m+ 1)H(Tn(xm+1)/ Tn(xm))r

forallm=0,1,2,....

It is significant to mention that by defining the multi-valued mapping M : E =3 E as Mx) =

M(fi(x), fo(x), ..., fa(x)), for all x € E, and by taking H = C,,, it follows that M is a general (H, n)-strongly
monotone mapping and we note that Algorithm 4.11 is actually the same Algorithm 3.5 and is not a new
one.

Under the assumption that # > 3 is an even natural number and some appropriate assumptions, they
proved the strong convergence of the sequences generated by iterative Algorithm 3.4 to a solution of the
problem (24) as follows.

Theorem 4.12. [13, Theorem 18] Let E be a real g-uniformly smooth Banach space and E* the dual space of E. Let
n: EXE — E be k-Lipschitz continuous. Let n > 3 and f; : E — E; (i = 1,2,...,n) be single-valued mappings,
C, : E — E* an n-monotone and 6-Lipschitz continuous mapping, p : E — E a (y, u)-relaxed cocoercive and

n
Ap-Lipschitz continuous mapping, and M : [] E; =3 E* a C,-n-monotone mapping. Let A : E — E* be a t-Lipschitz
i=1

continuous mapping and for eachi € {1,2,...,n}, let T; : E = CB(E;) be ﬁi—Lipschitz continuous with constant Ay,.
n

Suppose that F : [] E; — E* is Ap,-Lipschitz continuous in the ith argument with respect to T; (i = 1,2,...,n) and
i=1
there exists a constant A > 0 such that the following condition is satisfied:

k 1 -
@+ AT+ qyA} = qu+ AT + A E ARAy) <1, (25)
n i=1

where Ky = ay +az + -+ + ap_1 — (B2 + P4 + -+ + By) and ¢, is a constant guaranteed by Lemma 2.1, and for
the case where q is an even natural number, in addition to (25), the condition qu < 1+ (qy + cq)/\z holds. Then,

the iterative sequences {Xu}_o, {t1mb_or {t2m}pgr - o Abnm) ;o Senerated by Algorithm 4.11 converge strongly to
X, t1,t2, ..., by, respectively, and (x,t1,ta, ..., t,) is a solution of the problem (24).
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Proof. Letus define M:E=3Fas ]\71(x) = M(f1(x), fa(x), ..., fu(x)) forall x € E. Relying on the fact that M is a
C,-n-monotone mapping, and # > 3 is an even natural number, we conclude that M is an a1 234 - . - Xp—1Bn-

symmetric -monotone mapping with respect to fi, f>,..., fu. In accordance with Proposition 4.2(i), M is

a i(azi_l — Bai)-strongly n-monotone mapping. Furthermore, by taking H = C,, it follows that Mis a
i=1
general (H, n)-strongly monotone mapping with constant i (a2i—1 — B2i) and Algorithm 4.11 coincides with
i=1
Algorithm 3.5. Taking 6 = i(aczl-_l — B2i), (25) reduces to (21) in Corollary 3.10. Now, all the conditions
i=1

of Corollary 3.10 hold and so Corollary 3.10 guarantees that the iterative sequences {x,},_, and {t;u}_,

(i=1,2,...,n) generated by Algorithm 4.11 converge strongly to x and t; (i = 1,2, ..., n), respectively, and
(x,t1,t2, ..., ty) is a solution of the problem (24). This completes the proof. [

Remark 4.13. It is worthwhile to emphasize that

(i) owing to the facts that n > 3 is an even natural number and M is a C,,-n-monotone mapping, Definition 4.1(iii)
implies that the constants a; (i = 1,2,...,n — 1) and §; (i = 2,4, ...,n) must be satisfied the condition

7 2 2
Y. (i1 — P2i) > 0, thatis, Y asi1 > Y Boi;
bt i1 i-1

(ii) by a careful reading Theorem 18 in [13], we found that there are two small mistakes in its context.

n

Firstly, since the constants k, A, 6, 7,, Ay, u,¢q,g and Ay, (i = 1,2,...,n) are all positive and i (i1 >
i=1

Boi, it follows that
1

n
2

k L
T (0 + AT+ gyA] = qu + A + 4 Y ArAy) > 0.
" i=1

Hence, (39) in [13], that is, the condition

k 1 -
0< A—Kn(a F AT+ qyA] = qu+ e AD)T + A Y Apdy) <1
i=1
must be replaced by (25) in Theorem 4.12. Secondly, in the case where g is an even natural number, then
the constants u, 7, A, and ¢,, in addition to (25), must be also satisfied the condition qu < 1+(qy + Cq)/\Z,
as we have added the mentioned condition to the assumptions of Theorem 4.12.
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