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Asymptotic normality of the Stirling-Whitney-Riordan triangle

Wan-Ming Guo?, Lily Li Liu**

#School of Mathematical Sciences, Qufu Normal University, Qufu 273165, PR China

Abstract. Recently, Zhu [34] introduced a Stirling-Whitney-Riordan triangle [T, k], k0 satisfying the recur-
rence

Tox = (bik + b)) Ty 51 + [(2Aby + a1)k + az + A(by + b2)] T x + Aar + Aby)(k + )T -y k41,

where initial conditions T,,x = 0 unless 0 < k < n and Ty = 1. Denote by T,, =

t=0 Tnk- In this paper, we
show the asymptotic normality of T, x and give an asymptotic formula of T,,.. As applications, we show the

asymptotic normality of many famous combinatorial numbers, such as the Stirling numbers of the second
kind, the Whitney numbers of the second kind, the r-Stirling numbers and the r~-Whitney numbers of the
second kind.

1. Introduction

Let a(n, k) be a double-index sequence of nonnegative numbers and let

a(n, k)
,k =T N 1
k) = g (1)

denote the normalized probabilities. Following Bender [3], we say that a(n, k) is asymptotically normal by a
central limit theorem, if

1 Yo
lim sup pn k) — — f et 2dt =0,
N2 veR kS‘u”Z+X5;, VZT[ -0

)

where 1, and 02 are the mean and the variance of a(n, k) respectively. We say that a(n, k) is asymptotically
normal by a local limit theorem on IR, if

an(ﬂ, I.‘un + xGnJ) - LeﬂCZQ

=0.
V21

lim sup
n—oo xeR

)
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In this case,
g & 22 aln,))
an, k) ~ ————, asn — oo,
( oV
where k = u, + x0, and x = O(1). Clearly, the validity of (3) implies that of (2).

Many combinatorial numbers satisfy the central and local limit theorems, including the binomial coef-
ficients (}), the signless Stirling numbers of the first kind [17], the Stirling numbers of the second kind [21],
the Eulerian numbers [15], the g-derangement numbers [11], the coefficients of g-Catalan numbers [10], and
the Laplacian coefficients of graphs [31]. We refer the reader to the survey of Canfield [9]. Recently, Hwang
et al. [22] investigated the asymptotic distributions of recurrence sequence of Eulerian type, which includes
hundreds of examples. Liu et al. [25] proved the asymptotic normality of combinatorial numbers related to
Dowling lattices.

LetR (resp. R=%, R>%) denote the set of all (resp. nonnegative, positive) realnumbers. For {7, a1, a;, b1, by} €
R, Zhu [34] defined a Stirling-Whitney-Riordan triangle [T, x]n >0, which satisfies the recurrence relation

Tn,k = (blk + bZ)Tn—l,k—l + [(2/\171 + al)k +a; + /\(bl + bZ)]Tn—l,k + /\(a1 + /\bl)(k + l)Tn—l,k+1r (4)

where initial conditions T),x = 0 unless 0 < k < n and Too = 1. Let its row generating function T,(gq) =
Yoo Tugt for n > 0. In [34], it was proved that under some inequalities of the coefficients,

(i) [Tyxlnx is coefficientwise totally positive in all the indeterminates;
(ii) Tx(g) has only real zeros;
(iii) the Turdn-type polynomial Ty4+1(q)Tn-1(q) — T2 (9) is stable;
(iv) Tu(g) is g-Stieltjes moment and 3-g-log-convex.
These properties can be applied to many famous combinatorial numbers.
n
k (’

which enumerates the number of partitions of a set with n elements consisting of k disjoint nonempty subsets.
Its row generating function, i.e., the Bell polynomial, is

Bu(x) = Z{ ’; }xk.

k=0

Example 1.1. (1) Fora; = b, = 1and a, = by = A = 0, Ty is the Stirling number of the second kind {

See [2,7,12,14, 18, 19, 23, 24, 30, 32, 33] for many nice properties of the Stirling number of the second kind
and the Bell polynomial.

(2) Forai=b1=1,a0=by=A=0,Ty = k!{ Z } Let G = k!{ Z }, which counts the number of distinct

ordered partitions of a set with n elements. The row generating function G,(x) = Y.;_; Guxx* is called the
geometric polynomial and was studied by Tanny in [29].

(3) For A =0, T, are the coefficients of a generalized ordered Bell polynomial, which were studied by Barbero et
al. [1], Guo and Zhu [20].

(4) Foray =m, by = A =0, ay = by =1, Ty, is the Whitney number of the second kind, denote by W,,(n, k).
In 1973, Dowling [16] introduced a class of geometric lattices based on finite group G of order m > 1, called
Dowling lattices. Let Q,(G) be Dowling lattices of rank n associated to G. When m = 1, that is, G is the
trivial group, Q,(G) is isomorphic to the lattice I'l,41 of partition of an (n + 1) set. Its row generatinng function
D,(m, x) = Y.j_o Win(n, k)x* is called the Dowling polynomial by Benoumhani [5].
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(5) Fora; =m, by =A =0, ay = by =1, Tpp = K'Wy,(n, k), where W,,(n, k) is the Whitney number of the second
kind defined as (4). Its row generating function F,,(n,x) = Y.j_o k!Wy(n, k)x* is called the Tanny-geometric
polynomial in [5]. See [5, 6,12, 23, 30, 32, 33] for some properties of the Whitney number of the second kind
and the Dowling polynomial.

(6) For A =by =0, a0 =1anday =by =m, T, = m* kW, (n, k), which are the coefficients of a generalized
Dowling polynomial
Fyma(x) = Z k'W,,(n, k)mkxk
k=0

introduced by Benoumhani [5]. See Benoumhani [4-6] for the recurrence relations, the exponential generating
functions and the reality of zeros of these Dowling polynomials.

7) For A =by =0, a1 = by =1, ap = r, T, is the r-Stirling number " defined by Broder [8], which
, 8 k Y

r
enumerates the number of partitions of the set [n] having k non-empty disjoint subset, such that the numbers
1,2,...,rarein distinct subsets [8]. The row generating function

S (4

B =Y { 117 1,
k=0 r

is called the r-Bell polynomial by Mezd [8].

(8) ForA=b1 =0, by =1, a1 = m, and ay = r, Ty, is the r-Whitney number of the second kind W, ,(n, k). The
row generating function

Dn,m,r(x) = Z Wm,r(n/ k)xk
k=0

is called the r-Dowling polynomial by Choen and Jung [13].

(9) Fora, =b1 =0and a; = b, = A =1, Ty, equal the numbers a, x of set partitions of [n] in which exactly k
blocks have been distinguished (see [28, A049020]). The triangle [a, k] first arose in Riordan’s letter [27]. We
refer reader to [28, A049020] for more information.

The aim of this paper is to study asymptotic properties of the Stirling-Whitney-Riordan triangle. We
define T,, = T,,(1) = Yr_y Tnk- In this paper, we first present an asymptotic formula of T, and then prove
the asymptotic normality of T}, k. More precisely, we have the following.

Theorem 1.2. Let {a1,b1} C R and {A,ap, by} € RZC. If Ry is the unique positive solution of the equation

-1
n=aR + (b1 + b)(1 + A)Re" R |1 + 2—1(1 +A)(1 - e“lR)]
1

il
satisfying the condition 0 < Ry < % I 50| then we have

)
[ @) T
T, ije 1+ o (1-¢e"7) , (5)

where

-1

Y= 2n(n+a+p), a=(b+b)1+ /\)R%ale‘”Rl [1 + 2—1(1 +A)(1 - R
1

-2
B = (b1 + by)(1 + A)*b1 R [1 + 2—1(1 +A)(1—eR )] '
1

Theorem 1.3. Let {a1,b1} SR>, {A, a5, by} € R0, Ifa1(b1 + by) > biay, then the coefficients T, x are asymptotically

normal.
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2. Proof of Theorem 1.2

In this section, we present a proof of Theorem 1.2.

Proof. [Proof of Theorem 1.2]
When a; # 0,b; # 0, the exponential generating function of T,(q) is

n o —1+%
Zn(q)%:eazf[ubl(q”’“ ‘”’]( ), ©®)

a
n>0 )

(see [34] for instance). Following Moser and Wyma [26], by Cauchy’s formula, we can write T, as

_nt et [1 + %?—M]—(1+%)

= dt.
27 Jjy=r g+l

Set t = Re'. Then it yields

[ i bi(1+ A 1_[11R€i6 A
- g [ ML o
Let
. by
ei0 —in b (1+)\)<],5,0le19) 7(1+H)
F(G):lnf“zR 0[1+1+] Ce=nh

We decompose the integral (7) into three parts

( I :+ I + f n)exp(F(@))d@. 6)

In what follows we will prove that integrals f_ : and fg " are negligible, and then the greatest contribution

to (8) comes from the middle part f_ i. By computing, we derive
by -1
F(0) = amRie® —in + (by + by)(1 + A)Rig™Re"+i0 [1 + (1 + A)(1 — ek )] ,

FN(Q)

-1
—a>Re® + (by + by)(1 + A)Ri(aiRie'® + i)eRe“+i® [1 + 21+ )1 - “1”“)]
2

_(bl + bz)bl(l + /\)ZRZez(ﬂlei0+19) [1 + Z_l(l + /\)( /Z1RE )]
1

Therefore we have

by
’(“H)

lneﬂzR[1+%(1+/\)(1—e“11<)]

FO) =
-1
F'(0) = aRi—in+ (b1 +bo)(1 + A)Rie™R [1 + 21+ A)(1 - e‘”R)] ,
-1
F’(0) = —aR— (b +bo)(A+ ADR@R + 1)enR [1 + b 2a+0a- “IR)] -

-2
(by + b)b1 (1 + A)ZRZ 201 R [1 + (1 +A)(1 - ulR)] )
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Note that F'(0) = 0 is equivalent to the equation

-1
=ay + (b1 + ba)(1 + A)e”lR[l + Z—lu +A)(1 - eﬂlR)] .
1

Let h(R) = § and
-1
o(R) = ap + (b1 + by)(1 + /\)e”’R[l + 2—1(1 + )1 - e’“R)] .
1
We derive
[a1 + bl(l + /\)]EalR

/R =(b b)) (1 A
7R = (oo + )1+ )[1+Z—1(1+A)(1—ea1R)]2

where a1, b1, A, by is nonnegative. Obviously v(R) is increasing and h(R) is decreasing in the interval

T+ 5y . . . I+ 5y
(O, ﬂll ln( +l’1<1”))) respectively. It is not hard to obtain v(0) = a, + '%m > 0 and h(% ln( +b1“*"’)) =

a9
= ] > 0. In addition, (R) = +coas R — allln<1+b1(“’”) and i(R) — +o0 as R — 0. In consequence, there

ln(l+m
. . 1 (1+$1+}\)) _
exists a point R; € (0, a In\" % ) such that v(Ry) = h(Ry).
Expanding the integral fé " in the Taylor series about 6 = 0, we obtain

j;n exp(F(Q))dQ’

f i exp (F(O) +F(0)0 + P”(O)%z + 0(92)) d@‘

exp(F(0)) f " exp (P’(O)e + F"(O)%2 + 0(62))d6’

exp(F(0)) f

b - 1+:% ud 92
ek [1 + a—l(l +A)(1 - e”lRl)] f exp (F"(O)7 + 0(92)) do.
1 €

IA

do

92
exp (P’(O)e + P"(O)7 + 0(62))

In addition, we also derive

FI/ (0)

-1
—a;Ry — (b1 + by)(1 + ARy (a1Ry + 1) ™ [1 + Z—l(l +A)(1 - eﬂlRl)] -
1

-2
(b1 + b)bi (1 + A)*Rie*m R [1 + %(1 +A)(1 - e“lRl)]

-1
—{n T (by + ba)(1 + M) R2enR [1 n ?(1 L - e"lRl)] n
1

-2
1+ ba)br (1 + APRIR (14 241 4 21 - eaml)] |
1

In consequence, for the integral fg " in (8), we obtain

u 2
f exp (F"(O)% + 0(92))(19 —0 as n— oo.



W.-M. Guo, L.L. Liu / Filomat 37:9 (2023), 2923-2934 2928

The same calculations are valid for f_ :. So

n! ¢ L, 02 )
T, ~ IR exp(F(0)) f:g exp (F (O)? +0(0 )) doe

n! azRq by R _(1+:l)
= — 1+ —=1+A)(1-e"™ !
T [1+ 50+ =]

e 2 1
f exp{ - %{n + (b1 + b)(1+ D21+ Z—l(l FA)(1 - R
. 1

&

-2
+ (b +b)by(1+ A)PRE R [1 + Z—l(l + )1 =] T+ 0(92)}d@.
1

Let
Q= n+a+po,

where

-1
o= (bl + bz)(l + A)R%ﬂu,’alRl [1 + 2_1(1 + A)(l _ eﬂlRl)] ,

-2
B=(b1+b)bi(1+ /\)ZR%ez'“R] [1 + 2_1(1 + A)(1 — gnR )] )

Observing for large enough 1, we integrate on the real axis and get

(142
1+2)

!
NI [1 - 2—1(1 +A)(1 - e”lRl)]
1

2nR! Jn+ a+ p

00 2
[ ept-Za

_ n! AR bl a1Rq
= Rwe 1+a1(1+/\)(1 et

{8)
|

4

where ) = \2n(n+a+p). O

3. Proof of Theorem 1.3

In this section, we give a proof of Theorem 1.3. Before it, we need some known results.

A standard approach to demonstrating the asymptotic normality is the following criterion, which was
used by Harper [21] to show the asymptotic normality of the Stirling numbers of the second kind. We refer
the reader to [3, 9, 14] for the asymptotic normality.

Lemma 3.1. [31] Suppose that A,(x) = Y.}_, a(n, k)x* have only real zero and A, (x) = [T, (x +1;). Let

If 6, — +0c0, then the numbers a(n, k) are asymptotically normal with the mean u, and the variance 3.
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Remark 3.2. [9] Suppose that A,(x) = Yi_oa(n,k)x*. Then the mean and the variance of a(n, k) are given by the
following expressions
A Yiogka(n k)

A T T amb

&_Mm+mmx(mmf_mﬂwwm_ﬁ
"TAM T AL \AD) T Tkl "

Now we are in a position to prove Theorem 1.3.

Proof. [Proof of Theorem 1.3] If a1 (b1 + by) > byay, then the row generating function Ty, (9) = Y.;_, T,,/qu has
only real zeros [34]. So by Lemma 3.1, it suffices to prove that the variance of T, tends to +coasn — oo .
Let T, = Ty(1) = Yoo Tnk- By the recurrence (4), we have

Z KTk Tni1 = [(A + 1)(b1 + b2) + ] Ty,
[(A +1)2by + (A + 1)aq]

So the mean and the variance of T}, are

ZZ:() an,k 1 Ty
o S T T T O D el
Z k Tnk
U%l = Z]‘(‘kﬁ 1/[31
- 1 Tn+2 _ 22 3 Tn+1
= [(/\ n 1)2b1 " (A n 1)a1]2 Tn [(2/\ +3-A )bl + (2/\ + 2)172 + 2a, /\{11] Tn

—[[(A +1)%b1 + (A + Daq (b1 + by) — [(A+1)(by + bp) +a2][(2+ A)b1 + (A + 1)by
+a, — Aay — /\Zbll]] - M%.

Using the asymptotic formula (5) of T,;, we have

2 LioFTux n+1 {1+[(A2—1)b1+)\a1]R1 ©)

O YT T I 1Pl + (A D R?

Now we claim that 1 + [(A2 — 1)by + Aa1]R; > 0. It is easy to get that (A> — 1)by + Agy is increasing in
(0, 4+0). Soif A = 0, then (A2 — 1)b; + Aa; = —b; is minimum in the interval (0, +c0). Hence we have
by

1+ [(A% - 1)b1+)\a1]R1>1—b1R1>1——1 (1+b >0,
1

forR; € (0,1 -In(1+ 51y T ) € (0, % o In(1+ ) and In(1 + §) < 3 whenay, by > 0.

2

Followmg (9), we have o, — +oo asn —oo. []

For a; # 0 or b; = 0, using continuity of functions, the exponential generating function is

Z Tn(q):l_n' _ eu2t+[

n>0

by (g+A)(@11-1)
a

(see Zhu [34]). In this case, we also obtain an asymptotic formula of T, and the asymptotic normality of
Ty in the following theorem. It can be proved by the same technique used in the proof of Theorems 1.2
and 1.3. So we omit its proof for brevity.
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Theorem 3.3. Let {a1} € R*® and {a, by, A} € RZC. Then
(i) an asymptotic formula of T, is
n!

b
T, ~ exp (a2R2 + 21+ )R — 1)),
Ry \/Zn(n +aR2euRe) a

where Ry is the unique positive solution n = a;R + by (1 + A)Re“R,

(ii) the coefficients T,y are asymptotically normal.

4. Applications

In this section, we give some applications of Theorems 1.2, 1.3 and 3.3, and obtain asymptotic formulas
and the asymptotic normality of some combinatorial numbers or polynomials related to the Stirling-
Whitney-Riordan triangle.

It is well-known that many classical combinatorial numbers satisfy the following recurrence

N d(day — by)

Tuk = AMaon +ark +a)T -1k + (bon + bik + bo)T -1 51 1

(n —k+ 1)Tn—1,k—2;
(10)

with 790 = 1and 7,,x = 0 unless 0 < k < 1. We also denote its row generating function by 7,,(q) = Ys0 Tnxq"
forn > 0.
Now we consider the asymptotic normality of triangles satisfying the following two types of recurrences
() T = MA@k +a2) T+ [=darn + (01 + 2dan)k + by = by = d(ar = a)] Ty = T 00 =k + DT oo
ii) T, = Alaon — agk + a» — ag)Tu_r x + [(bo + 2dag)(n — k) + by + da] Tp_q g +282990) (37 — k4 1)T,_1 4o
y p p 1 y
The next relationship was proved by Zhu [35].

Theorem 4.1. [35] Let [T x]n x>0 be defined in (10). Then there exists an array [Apiln k=0 satisfying the recurrence
relation

An,k = [[bo + d(&ll — ﬂo)]?’l + (bl — Zdal)k + bz + d(ﬂl — az)]An_l,k_l + (ﬂoi’l + ﬂlk + az)An_l_k
with Ao =1 and A, = 0 unless 0 < k < n such that their row-generating functions satisfy

Tal) = O+ o) A0

forn>0.

For [T, k] in (i), by Theorem 4.1, we obtain a corresponding array [A,, il x as follows: A, = (a1k +
a2) A1 + [(br(k = 1) + b2 ] A1 k-1

Clearly, if A = 0 and b, — by — b, in recurrence relation (4), then the String-Whitney-Riordan triangle
T, x reduces to A, . Thus for A,(x) = Y s .?(,,/kxk, we have the exponential generating function

b

" _ aq b
Z ﬂ”(x)ﬁ = exp(azt) [ul +bix — blxexp(alt)] ' (1)
n>0
So we derive
" " q ﬂ
;)T”(q)n! B ;(A +dq) A (/\ + dq) n!

by

ai1(A +dq) z
a1(A +dq) + b1g — bigexp(ar(A + dg)t)

= exp(ayt(A +dq)) [ (12)
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Corollary 4.2. (1)

by
m(A+d) P
Zn: n! (exp(ﬂz()\ +d)Ry) [glum)wl—lbl e+xp(a1(A+d)R1)] ! )
T, = Tn,k ~ ’
=0 Rq’ \2n(n + 1)
bza%(/\ + d)zR% exp(a1(A + d)Ry) blbzaf(/\ + d)zR% exp(2a1(A + d)Ry)

- ﬂl()\ + d) + l’Jl - l’Jl exp(al(/\ + d)Rl) * [ﬂl()\ + d) + bl - bl exp(al(/\ + d)Rl)]z

and Ry is the positive solution of

where

a1(A + d)Rexpai(A +d)R

n=ay(A+dR+ bzal(/\ +d) + by — by expai(A +d)R’

(2) If boai1(A + d) > ax(A + d)by, then the coefficients T, are asymptotically normal.
For [T, x]nx in (ii), by Theorem 4.1, we get a corresponding array [B,, ], satisfying
Bk = lao(n —k —1) + a2]By-1x + [bo(n — k) + b21By-1 1.
Let B =8B, k. It yields
B =laolk=1) +a]8B, | +[bok + DB, _, ;.

So we have B;,(x) = x"B,(3), where B;,(x) = ¥,50 B, X", Bu(%) = X150 Busx*.
Combining (11) and B;,(x) = x”Bn(%), we have the exponential generating function:

tn n q tn
YL@ = Y (A+dp'B, (qu) -

n>0 n>0
A +dg\ (tg)"
- Y ( q) (tq)
n>0
boq ]:tZJ
= exp(byt )
p(baty) [qbo + ao(A + dq) — ag(A + dq) exp(botq)
Corollary 43. (1)
b i
n nt (exp(ble) [bo+ﬂo(?\+d)fag(0A+d) exp(boRy1) 0 )
T, = Tn,k ~ ;
=0 R} 27mt(n + )
where
a;b3R3(A + d) exp(boR1) 1 bSR3 (A + d)?ag exp(2boR1)

H= l’JO + lZo(A + d) - ao(/\ + d) EXp(boRl) - [bo + ﬂo(/\ + d) - QQ(A + d) exp(boRl)]z
and Ry is the positive solution of

ﬂzb()R(/\ + d) exp(bOR)
b() + ll()(/\ + d) - tlo(/\ + d) exp(bOR) ’

Tl=b2R+

2) If ao(A + d)bo > baag(A + d), then the coefficients T, x are asymptotically normal.

By Theorems 1.2, 1.3 and 3.3, for those combinatorial numbers in Example 1.1, we have the following
asymptotic formulas in a unified manner.
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Example 4.4. The following asymptotic formulas hold.
(1) The Bell numbers

exp(eRZ -1,

n
!
By= Y S(n,K) ~ i
=0 Ry \[2m(n + R3eR2)
where Ry is the unique positive solution Re® = n;

(2) The ordered Bell numbers

n!

R? \/Zn(n(2 — eR1)2 + 2RZR1)

G, = Zk!S(n, k) ~
k=0

where Ry is the unique solution n = ReR®(2 — eR)™! and satisfying 0 < Ry < 1;

(3) The Whitney numbers of the second kind

n!
R2 \[27m(n + mR3emRe)

where Ry is the unique positive solution n = R + Re"%;

Dy =Y Wil k) ~ exp Rz + = (o - n),
k=0

(4) The numbers

mnlef

F, = Z Wioi(11, K)K! ~ ,
k=0

R! \/Zn(n(m +1—emRi)2 + m2(m + 1)R7emR)

where Ry is the unique solution n = R + Re"R(1 + L (1 — ¢™®))™1 and satisfies 0 < Ry < 1;

(5) The numbers of Riordan

n!

k=0 Ry \[27m(n + R3eR2)

where Ry is the unique positive solution of n = 2ReX;

exp(2(e® - 1)),

(6) The numbers A154602, let b, = A154602

n
n!
Ev=Y by~ exp((e2e - 1)),
k=0 Ry \J2m(n + 2R3e2R:)
where Ry is unique positive solution n = 2Re*X;

(7) The r-Bell numbers

i Lexp(rR, + eRe — 1
Ho= Y Si(n,k)~ - xpiRa e 1)

k=0 R \J27m(n + R3eR2)

where Ry is the unique positive solution n = rR + ReX;

2932
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(8) The r-Dowling numbers

L,=

i mr(11, k) nlexp(rRp + L(emR1))

Wi (n, k) ~ ,
k=0 RZ \J2m(n + mR2eR2)

where Ry is the unique positive solution n = rR + Re"R

(9) The numbers

nlef

n
V= ) kW, (n, k) ~ ,
=0 R! \/271(11(2 — e"Ri)2 4 2m2R3emRy)

where Ry is the solution of R + "R = y satisfying 0 < Ry < 1;

P

(10) The generalized ordered Bell polynomial coefficients U, i

m—Z%k
where P = \2n(n + a + p),

(1412
eale [ z_l(l —eulRl)] ( bl),

1

-1
a = (b1 + by)Riaye"™ [1 + 2—1(1 —enk )] ,
1

-2
B = (b + bZ)b1R2 201 R, [1 + (1 R )] )

-1
and Ry is the unique positive solution of n = a;R + (by + by)Re"R [1 + %(1 - e”lR)] satisfying 0 < Ry <
1 ln(“%) .

1

Corollary 4.5. The sequences (S(n,k)), (k!S(n,k)), (Win(n,k)), (K!'Wyu(n,k)), @), (bug), (S:(n,k)), (Wi (n,k)),
(MKW, (n, k)) are asymptotically normal respectively.
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