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Abstract. In this work, we introduce a new 2-norm generated by bounded linear functionals on a normed
space X with dimension dim(X) > 2, and investigate its relationship with the Géhler’s 2-norm [Lineare

2-normierte Rdume, Math. Nachr.]. We also derive a norm on X to explore its relation with the usual norm
on X.

1. Introduction and preliminaries

We know how to measure the lengths in a normed space (X, ||.]|), since the notion of norm is to be
regarded as a generalization of the length. But it's not always easy to measure the area on this space. If we
have an inner product on a vector space X with the dimension dim(X) > 2, then we can measure the areas
of parallelograms spanned by the vectors x and y by the determinant

x,x)y {x,y) :
wx)y vy (1)

which is known as Gramian of linearly independent vectors {x, y} in (X, (., .)). Otherwise, at least we need a
semi-inner product or orthogonality to measure the area of a parallelogram. Thus we must recognize that
the notion of norm has a limitation. To pass this limitation, we need a new notion. One of the treatments

is to consider the 2-norm introduced by Gahler [1]. If X is a normed space, then, according to Gahler, the
following formula defines a 2-norm on X [1]

¢ 1
x,y” == sup

fiex’, ||fil|s1

i=1,2

[0 fo(x)
Ay L)

: (2)

Here X’ denotes the dual of X, which consists of bounded linear functionals on X. By this way, we can

compute the area of the parallelogram spanned by two vectors. The equation (1) is known as standard
2-norm and denoted by ) X, y“ 5
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Now, consider the 2-normed space (X, ||., .||). We know how to measure the areas, how can we measure
the lengths? At first, this question was asked by Géhler [1]. He defined [|x||" = [|x,all + [|x, b|| where
{a,b} is linearly independent set and dim(X) > 2. By this way, for X = R? the derived norm ||.|[" is
equivalent to the usual norm ||.||g2. Later, Gunawan [2] derived a norm for the same purpose in a 2-normed
space (X ., .ll) of dimension dim(X) > 2 choosing an arbitrary linearly independent set and actually,
for 2-normed space 17, the space of p-summable sequences (1 < p < o), then obtain that this derived
norm ||.||:7 is equivalent to the usual norm ||.||p on IP. Indeed, as a result of how to measure the distance;
convergence in (Z”, ||.||p) & convergence in (lp, ll., .||p). For Cla, b], the space of all continuous real valued
functions on [a,b], we still don’t know whether we may take arbitrary linearly independent set like I and
L? (The space of p-integrable functions, 1 < p < o0). Let us give the definition of 2-normed space:

Let X be a real vector space of dimension dim(X) > 2 and ||, .|| be a real function on X X X satisfying
the following four conditions. The function ||., .|| is called a 2-norm on X and the pair (X, ||, .|) is called a
2-normed space [1].

(1) lIx, yll = 0 for every x,y € X; [|x, yl| = 0 if and only if x and y are linearly dependent;
) llx, yll = lly, x|l for every x,y € X;

(3) llax, yll = lalllx, yl| for every x,y € X and for every a € R;

@) lIx+z yll < llx, yll + Iz, yll for every x,y,z € X.

Euclidean 2-norm on R? is given by

X11  X12
X21  X22

llx1, x2llg = abs( ), xi=(xn,xp) €R* (i=1,2),

where the subscript E is for Euclidean. The standard 2-norm is exactly same as the Euclidean 2-norm if
X = R?, [3]. For X = R?, from the equation (1) we obtain a better inequality ||x, y | g < ||x||5||y” s which is a

special case of Hadamard’s inequality (see in [3]) where [|x||s := V{(x, x).
Let X be a normed space and f : X — R be a bounded linear functional. Then

LI < 1AMl 3)
By (3), now observe that for every x € X — {0} and f € X’

f@ @)

= T < @

Consequently, f(x) < ||fllllx|| or % < |lx|| for every f € X/, f # 0 and x € X. So, we conclude that

X . G
supf;tolfex,ﬁ(f—’f| = sup“f”ﬂf(x) < |lx|| . From the equations (2) and (3) we have x,y) < I« ||y|| < 0o,

Let fi1, f» be bounded linear functionals. Since fi(x), fi(y), f2(x), f2(y) € R, we obtain f,(x)fi(y) = y fo(x) =
fo(yx) = fo(fi(y)x) € Rwith y = fi(y) € Rand yx = fi(y)x € X. We also have fi(x)f2(y) = 6f2(y) = f2(6y) =
fo(fi(x)y) € Rwith 6 = fi(x) € Rand oy = fi(x)y € X. Then from the Géhler’s 2-norm, for every x, y € X we
have

G
| sup  fo(Ai®)y = fily)x).
A<, lIf2l<1
fufex’

Recall that a sequence (x(n)) in a 2-normed space (X, ||, -||) is called a convergent sequence, if there is an
x € X such that [[x(n) — x,z|| — 0, as n — oo for every z € X. Also, (x(n)) is said to be Cauchy sequence
with respect to the ||, -|| if [|x(m) — x(n), yl| — 0, as m,n — oo for every z € X [4]. A linear 2-normed space
in which every Cauchy sequence is convergent is called a 2-Banach space [7]. Throughout the paper, we
use standard notation and terminology as in [5].

N| =

X,y
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2. Main results

Let x, y € X. Here we define a mapping ||, .|| : XX X — R

|KI

vy = sup [lf(y) - vf@) 5)
<1

A1
fex’

Here X’ denotes the dual space of X, which consists of bounded linear functionals on X.
Proposition 2.1. The mapping ||., .|l in (5) defines a 2-norm on X and the pair (X, ||., .IIX) is a 2-normed space.

Proof. We need to check that ||., .| satisfies the four properties of a 2-norm. First note that the (2), (3) and
(4) are obvious. To verify the (1), let us choose arbitrary x, y,z € X.
Since ||.][x = 0, then ||, -|[¥ > 0 holds.
(=) If |lx, y|IK = SUp ||f|<1 ”xf(y) - yf(x)“X =0, then xf(y) — yf(x) = 0. Consequently, x = % y, thatis; x
fex’
and y are linearly dependent.
(&) If x and y are linearly dependent vectors, then x = ay for a € R. So

Ik, I = sup [lxf) - yf@)
llf]]<1
fex’
= sup [layf(y) - yflay)y
llf]]<1
fex’
=lal sup [lyf(y) - yf) = 0.
ll]]<1
fex
[
Choosing an arbitrary linearly independent set {4, b} in 2-normed space (X, ||., .|[X!
2, we may define another norm ||.|[X! on X with respect to the set {a, b} by

of dimension dim(X) >

[l 2=, all " + [, B (6)
Lemma 2.2. The mapping ||.||X given by (6) is a norm on X with respect to an arbitrary linearly independent set
{a, b} and the pair (X, ||.IIX) is a normed space.

Proof. Note that the ’if part’ of (1), (2) and (3) are obvious. To verify the ‘only if part’ of (1), let x € X. If
1xIIXE = |lx, allXT + ||x, | = 0, then we have ||x,a||X! = 0 and ||x, b||X' = 0 which mean that both x and a are
linearly dependent and x and b are linearly dependent. So there exist scalars «, f such that x = aa = gb. But
from the definition it is known that a and b are linearly independent vectors, hence x = 6. [J

Lemma 2.3. Let ||.|[X! be the derived norm defined by (6) on (X, ||-, -||X) and a,b € X be linearly independent vectors,
then for every x € X we have
[l <" < 2(llallx + [1Bl1x)l x| x-

Proof. By assumptions in this lemma, take an arbitrary x € X. Using triangle inequality

lIx,all = sup |jxf(a) —af()||, < sup (lxllx |f@)] + lallx | fCx)l).

llAll<1 lIAll<1
fex’ fex’

By (4), we obtain ||x, al|"! < 2|jal|x |lx]lx. Replace a with b, so |lx, b||X! < 2 ||b|Ix |Ix]lx. Combine two inequalities
above, then |lx|f < 2(|lallx + [Ibllx)llxllx, for every x € X. [
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Lemma 2.4. Suppose that a,b € X are linearly independent vectors such that ||al|x = ||b|lx in normed space (X, || - ||x).
If fo € X’ such that fo(a) # 0, fo(b) # 0.and 0 < ||follx < 1, then we have Cl|x||x < ||x|[X, for every x € X with

- 1'/‘“'% and g,h € X such that g(a)h(b) — g(b)h(a) # 0,0 < ||gllx: < 1and 0 < ||llx < 1.
* @) K@ O

Proof. Let a,b € X be linearly independent vectors such that [|allx = [|bllx in normed space (X, || - [Ix) with
dim(X) > 2. Now, take an arbitrary x € X and f; € X’ such that fy(a) # 0, fo(b) # 0and 0 < ||follx < 1. Next,
observe that

lIxllx| fo(@)l =llxfo(a) — afo(x) + afo(x)llx
<llxfo(@) — afo(x)llx + llallx] fo(x)]
<Ilx, alf* + llallx| fo(x)!. (7)

Let g,h € X’ such that g(a)h(b) — g(b)h(a) # 0 and 0 < ||gllx < 1and 0 < ||k|[x> < 1. Then we have

(9(@)h(b)—g(b)h(a)) folx)
=fo(x)g(@)h(b) — fo(x)g(b)h(a)
=fo(X)g@h(b) = fo(x)g(0)h(a) + (9(x) fo(@)h(b) = g(x) fo(a)h(b))
+ (h(x) fo(@)g(b) — h(x) fo(a)g(D))
=(fo(x)g(@) = g(x) fo(@)h(b) + (h(x) fo(a) = fo(x)h(@))g(b) + (9(x)h(b) = g(b)r(x)) fo(@)-

Since fo,g,h € X’ with 0 <||follx» £1,0 < |lgllx <1 and 0 < [|h||x < 1, then we have the following equation
by triangle inequality,

lg(@h(b) - gO)h(@) | fo(x)|

< lfo(¥)g9(a) — g() fo(@)lIh(®)| + |h(x) fola) - fo(X)h(a)IIg(b)HI!J(X)h(b)—g(b)h(X)IIfo(ﬂ)I

= |fo(xg(a) — ag())IIh(b)] + | folah(x) — xh(@))lg(b)| + lg(xh(b) — bh(x))l|fo(a)]

< || foll llxg(@) — ag@)|| kil 1Bl + || fol| Nlar(x) = xh@)llx|g]] . 1bl1x 8)
+|g1ly, Ileh() = brElIx]| fol , lallx

< lix, all“'|Ibllx + x, all“'|[bllx + ||g1|X Ilx, b1 lallx

< 2|, al|bllx + [Ix, bl |lallx.-

Now, check that
IIallx
llallx] fo(x)l Iahb— b)h(a)|l fo(x)l
S L — T T N Y

lg(@)h(b) = g(b)h(a)]

By (7) and (8), we obtain

llxllx| fo (@)l < I, all" + llallx| fo ()]

< |l all + W(znx,an’“nbﬂﬂﬁ; I, bl llall) )
_ 2allllbl KI o KI
= (1 + |g<a>h<b>fh<a)>(g<b)|)”x'”” + gane-rago % ol

Next replace a with b, we also have

2llallxIbllx i |1bII% «
lxllxl fo(b)l < (1+|g(a)h(b)_ h(ﬂ)g(bﬂ)nx b+ i gl (10)
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Since a,b € X are linearly independent vectors such that [lal|x = [|bl|x, we have the following by combining
(9) and (10)

[Ixllx (’fo(ﬂ)| + (fo(b)D < (1 + %)(H%allm + ||x,b||KI)

_ 3|jblf KI KI
—(“|g<u>h<b>—h)§a>y(b>|)(”xf”” + Ik, bI)

= _ Blalfy KI
- (1 * |9(ﬁ)h(b)—h(a)g(b)|) [l

S IR S
= (1 + |y(a)h<b>—h<a>g<b)|) [l

[fo@)l+Ifo(b)l
3llall3

Finally, Cllx|lx < ||[x[|X for every x € X with C =
QroRToral

. This completes the proof. [

1+

As a result of combining both of Lemma 2.3 and Lemma 2.4, we obtain the equivalence of the norms
Il.lIx and ||.|[Xf under the conditions of Lemma 2.4.
|I<I

Corollary 2.5. Under the conditions of Lemma 2.4, the derived norm || - ||* is equivalent to the norm ||.||x on X.

Lemma 2.6 and Theorem 2.7 arise as a consequence of Corollary 2.5 under the conditions of Lemma 2.4.

Lemma 2.6. In X, a sequence (x(n)) converges to x with respect to ||.||x if and only if it converges to x with respect
to|l., .|IX. Similarly, a sequence (x(n)) is a Cauchy sequence with respect to ||.||x if and only if it is a Cauchy sequence
with respect to ||., .||XL.

Proof. (=) Let (x(n)) be a sequence convergent to x with respect to ||.|[x. By Lemma 7, for every y € X, we
have 0 < [lx(n) — x, y|I*! < 2|lx(n) — xllx|lyllx — 0, as n —> oo. Thus (x(n)) converges to x with respect to
I, I

(<) Suppose that (x(n)) is a sequence converges to x with respect to ||., .|[. So, for every y € X, we have
llx(17) — x, y|IK! — 0, as n —> 0. Now, take linearly independent vectors a,b € X such that ||a|lx = [|b|lx. By
Lemma 8, we have

0 < Cllx(n) — xllx < llx(n) — x|IX! = [lx(n) — x, al* + ||x(n) — x, bIIK' — 0,

as n — oo. Thus x(n) converges to x with respect to ||.||x. The second part of the theorem can be proved in
a similar way: one only needs to replace the expressions “convergent to x” with “Cauchy” and "“x(n) — x”
with “x(n) — x(m)” and n — co withm,n — co. O

Theorem 2.7. (X, ||, .|[X") is a 2-Banach space if and only if (X, ||.||x) is a Banach space.

Proof. Let (x(n)) be a Cauchy sequence in X with respect to ||.,.|[Xl. Then by Lemma 2.6, (x(1)) is Cauchy
sequence with respect to the norm ||.||x. If (X, ||.|lx) is a Banach space; X is complete with respect to the norm
Il.llx, and then x(r1) must converge to some x € X in ||./[x. By another application of Lemma 2.6, x(#) also
converges to x in ||., .]|Xl. This shows that X is complete with respect to the 2-norm ||., .|[X, that is (X, |[., .|[X/)
is a 2-Banach space. [

Relation between the 2-norms ||., .| and |., .|| is presented in the following theorem.

|G |KI

1
<3

Theorem 2.8. Forevery x,y € X, ||x,y X,y
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Proof. From (2), (4) and (5), for every x, y € X we have the following

G _1 fi() f(x)
x,]/| 2 ﬁeX',SIlb’ﬁlx/Sl AW f(y)

= % sup (LX) f2(v) = i) f2(x))
ﬁGX'/'IilﬁIIX/Sl

=1 sup  HLWAW)-LEAW)
f;EX’,l_lfi”X/Sl

=3 sup  LWAW-xAW)  (for fi= )
fiEX'rvlilfi”x’Sl

= % sup  fo(yf(x) —xf(y)
fiEX’rl_lfi”x’Sl

<t s Al Iy @ - sl
fiEX’rl_lfi”x’Sl

<1 s fyfm-xfw)y
fex ||fll <1

=1 sup  |xfw) -yl
fex ||f]l <1

_ % %y |KI

Hence, for every x,y € X

|KI

X,y

¢ 1
|S§ X,y

O

Theorem 2.9. In X, if there isa C > 0 such that sup g(x) = C||x||x for every x € X, then Cllx, y||XI = 2||x, y|® for

llgll,o <1
every x,y € X.

Proof. Assume that there is a C > 0 such that SUP|il, <1 g(x) = C|lx||x for every x € X. Recall (2), (4), (5) and
take fi=f, b =9,z =xf(y) —yf(x). So
LGAiY) - yh()) = g6 f(y) = yf (V) = 9(2).

By assumption, we obtain sup, ., 9(z) = Cliz|lx. Consequently,

‘= sup fxfly) - yfix)
[1illy <t 1]l <t

fi,feX

= sup  glxf(y) - yf(x)
il <. [gll <1
g,feX’

= sup 9(z) =C sup |lzllx
11l ;}r llglly <1 IIé‘IIglsl

9.J€ feX
=C sup [xf) - yf@y
Il <1
fex’

X,y
for every x, vy € X. Hence, C||x, Yl = 2|Ix, leG foreveryx,ye X. O

2

X,y

-C )KI
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Theorem 2.10. In X, if there exist C1,Cp > 0 such that C1||x||lx < SUup| <1 g(x) < Cyllxllx for every x € X, then
the 2-norms ||-, ||l and ||, ||® are equivalent.

Proof. Let C1,Cy > 0 such that Cyllxllx < SUp|)., <1 g(x) < Collxllx for every x € X. As in the proof of the
above theorem, if we take fi = f, , = gand z = xf(y) — yf(x), then

ffi(y) - ya@) = gxf(y) — yf(x) = g(2).

By assumption, we obtain Cilzl[x < supy; o 9(z) < Collzllx. Consequently,

G
2wyl "= sup  fEAM) - yAK)
[Aill <1 |l <1
fi.freX
= sup g(xf(y) — yf(x))
A1l <1, gl <1
g,feX’
= sup g(z) < Cy sup |lzllx
(1Al =1, [lgllx <1 7]l <1
g9,feX’ fex’
=C sup [xf(y) - yf@),
(£l =1
fex'

X,y
< Glx,y

KI
=G, |

G
x,y|

|KI

=2

for every x, y € X. We also have

G
2|, ]| = sup L&Ay - yfik)
A1l <1, 11 2]l <1
fi,ex’
= sup  g(xf(y) —yf(x)
1111, llgllx <1
g,fexX’
= sup g(z) >2C; sup llzllx
/1l <1, lgllx <1 (/1] <1
g,fexX’ fex
=C1 sup [xf(y) - yf@)y
lI£1],<1
fex'
KI
= C1( X,y |
=2 x,y|G >C x,y|KI

for every x, y € X. We conclude that ||-, || and ||-, -||° are equivalent. [J

3. Concluding remarks

A vector space can be equipped with several 2-norms. In such a case, we may have an equivalence
relation between them. In [6], itis shown that all 2-norms on a finite dimensional vector space are equivalent.
If X is a 2-dimensional space, say X := span{e, ez}, and ., .||1, ||, Il are two 2-norms on X, then one may

verify that the two 2-norms are equivalent. In fact, one can show that [|x, yll, = Allx, yll; with A = %

Indeed, one may verify for X = R? that the 2-norms ||., '”I([iz and |[., .I|§’2 are (strongly) equivalent. Recall
the usual norm on R?, ||x||g: := (x1) + [x2]?)2 for every x = (x1,x2) € R% Let v,w € R?, for every x € R?,
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2
fuw(x) := Y, wexx is a bounded linear functional on R?. Then
k=1

C, | x,y”fl < |x,]/||26 <G | xry”fl

SUP) 1 folist 11020201

and C, = 1

25upy 1y (s PHHua) P

On infinite-dimensional vector spaces there is no quarantee that every two 2-norms are equivalent. In
this work, we define a new 2-norm ||., .|[X! equipped with bounded linear functionals on a normed space
(X, 1l.llx) and investigate its relationship with Géhler’s [1] 2-norm ||, JI°. We also derive a norm ||.|[X! on
X from this 2-norm ||., .J|X and explore its relation with the norm |.|[x on X. We investigate under which
conditions the equivalence of these 2-norms can be satisfied. Corollary 2.5 tells us in particular that ||.||x is
dominated by derived norm II.IX. As we see from Lemma 2.4 equivalence of two norms is obtained with
respect to the linearly independent vectors a,b € X such that [lal|lx = ||b|lx in normed space (X, || - ||x). We
have similar difficulties in proving the strong equivalence between the two 2-norms ||., JE and |I., ]IS on
X. As a matter of fact, we do not know whether the two 2-norms are strongly equivalent or not unless
we examine it in detail for the special cases of X. This ongoing problem will be continued to research for
some special cases of X, for example for I, L¥ (1 < p < o0) and Cla, b]. These all remain as open problems to
explore for the readers.

can be obtained where C; = T
2 supr”g (lwwr P +[wo|P) P
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