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On a classification of faithful representations of the Galilean Lie
algebra on the polynomial ring in three variables

Liang Wu?, Youjun Tan?

#College of Mathematics, Sichuan University, Chengdu 610064, China

Abstract. We show a complete classification of faithful representations of the 2 + 1 space-times Galilean
Lie algebra on the polynomial ring in three variables, where actions of the Galilean Lie algebra are given
by derivations with coefficients of degree at most one. In particular, all such representations of the Galilean
Lie algebra are explicitly constructed and classified by one parameter. In a more general setting we show
that, with respect to a nonzero abelian ideal of a finite-dimensional Lie algebra, there is at most one such
representation up to graded-equivalence.

1. Introduction

Construction and classification of infinite-dimensional representations of Lie algebras are far from being
well understood. Lie algebras of vector fields have naturally infinite-dimensional representations on spaces
of smooth functions, which have been studied extensively in literature, see, for example, [3][4][5][6][8].
Motivated by the classical representations of the 2 + 1 space-times Galilean Lie algebra ® [1] (see Example
4.3 below for convenience), we investigate faithful representations of Lie algebras on polynomial rings,
with an attempt to deduce some classification results.

Representations of a Lie algebra on a polynomial ring involves Lie algebras consisting of differential
operators. Presumably Lie algebras consisting of derivations have relatively simpler structure than those
consisting of differential operators of higher orders, and hence it seems more practical to study a Lie
algebra’s representations given by derivations. Since coefficients of derivations may have higher degrees, it
still maybe very difficult to study such representations. So, at present we restrict ourself to representations
given by derivations with coefficients of degree at most 1.

For brevity we denote the polynomial ring F[xi,---,x,] over a field F by F[X,], and denote by
der<(IF[X;]) the Lie algebra of derivations on IF[X,] with coefficients of degree at most 1. It turns out
that the Lie brackets in der<;(IF[X;]) can be realized as commutators of matrices (see Lemma 2.1 below),
which would simplify some computations. For example, by identifying der<;(IF[X,,]) with the Lie subalge-
bra L,+1(IF) (see (8)) of the general linear Lie algebra g, (IF) we can prove easily a result on commutative Lie
subalgebras of der<; (IF[X,]) (see Proposition 2.3 below), which plays a key role to deduce the main results
of this paper. Moreover, such an identification implies directly existence of some faithful representations
of finite-dimensional Lie algebras on polynomial rings (see Proposition 3.1 below), which means that any
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finite-dimensional Lie algebra can be realized as a subalgebra consisting of derivations on a polynomial
ring.

Given a Lie algebra g over F, we try to deduce some classification results on representations of g on
F[X,,] of the form g — der<;(IF[X,]). Let der;(IF[X,]) be the Lie subalgebra of der<; (IF[X,,]) consisting of 0 and
derivations with homogenous coefficients of degree 1. We show that, classification of representations of the
form g — der;(F[X,]), which maybe called homogeneous representations, is equivalent to classification of
finite g-modules (see Proposition 3.3 below).

Then we consider faithful representations of the form p: g — der<;(FF[X,]) with p(g) N dery(IF[X,]) # 0,
where dery(IF[X,]) is the space of derivations of IF[X, ] with constant coefficients. Such representations are
non-homogeneous. Note that dery(F[X,]) is an abelian ideal of der<;(IF[X,]). Since any faithful represen-
tation of the form g — der<; (IF[X,]) has close relation to abelian ideals of g (see Proposition 16 below), we
shall consider representations of the form p: g — der<;(IF[X,]) satisfying that p()) = dero(FF[X,]), where
b is an abelian ideal of g. As an attempt to classify these representations we introduce the notion of
graded-equivalence (Definition 3.5). One of the main results is Theorem 3.7, which states that, given an
n-dimensional abelian ideal }) of g (g is assumed to be finite-dimensional), there is at most one faithful
representation p: g — der<;(IF[X,]) up to graded-equivalence such that p(h) = dero(IF[X,]).

Since Theorem 3.7 concerns abelian ideals we consider solvable Lie algebras to illustrate its applications.
There is no general classification result on solvable Lie algebras. We take as an example the 2+1 space-times
Galilean Lie algebra ®, which originated from classical mechanics. See [1][2] for the physical background
of ® and its classical representation. First, we explain that & has no faithful representations of the form
® — der<1(R[X,]) forn = 1,2 and of the form ® — der; (R[X3]) (see Proposition 4.2 below), which leads us to
consider faithful representations of ® of the form & — der<;(R[X3]). Second, by applying Theorem 3.7 and
Lemma 4.6, which states that any faithful representation of ® of the form ® — der<; (IR[X3]) maps bijectively
the 3-dimensional abelian ideal $ given by (33) to dery(IR[X3]), we obtain that any faithful representation of
® of the form ® — der<;(IF[X3]) is graded-equivalent to its classical representation (Corollary 4.7). Thirdly,
we obtain the other main result which, in terms of equivalence in the usual sense, completely classifies
all faithful representations of ® of the form ® — der<;(IF[X3]). For details see Theorem 4.10 below. In
particular, all such representations of ® are explicitly given and classified by one parameter.

The paper is organized as follows. In Section 2 we discuss some properties of the Lie algebra der<; (IF[X,]).
In Section 3 we discuss some properties of representations of Lie algebras on polynomial rings and prove
Theorem 3.7. In Section 4 we discuss faithful representations of the Galilean algebra ® on R[X;3], and give
a detailed proof of Theorem 4.10.

2. Derivations with coefficients of degree at most 1

Any derivation d of F[X,] has the form d = Y.\, didy,, where d; = d(x;) € F[X,] and dy, = d/dx;. Let
der(IF[X,]) be the Lie algebra of derivations of IF[X, ], whose Lie bracket is the usual commutator given by

n

[dy,dy] = Z(d1(d2,i) — da(dy,1))0x,, @

i=1

where d; = Y d1idy, do = Y doidy, € der(F[X,]). We shall use the following Lie subalgebras of
der(IF[X,]) given by

derci(FIX,]) = {d=) didy: deg(d)<1), 2
i=1

der;(F[X,]) = {d= Z didy, : d; is homogenous with deg(d;) = 1} U {0}, (3)
i=1

derg(F[X,]) = {d= Z didy, : d;is a constant]}. 4)

i=1
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By (1), der<i1(IF[X,]) and der; (FF[X,]) are Lie subalgebras of der(IF[X,]), and dery(IF[X,]) is an abelian ideal
of der<1(IF[X,,]). Note that

dim der<;(F[X,,]) = n® + n, dimder;(F[X,]) = n?, dimdero(FF[X,]) = n. (5)

The canonical projection @, : der<; (F[X,]) — der;(IF[X,]) given by

@y [Zl diaxi] = Zl(di(xl’ oo, xy) —di(0, -, 0))dy, 6

is a Lie algebra homomorphism. Let IF" be the space of n-dimensional row vectors on F. Regard F" as an
abelian Lie algebra. Then, dero(IF[X,]) is isomorphic to F* via

can.: dero(F[X,])>d = Z didy, > (dy, -+ ,dy) € F". 7)

i=1

An important property of der<; (IF[X,]) is that its Lie bracket given by (1) can be computed via matrices.
More precisely, der<; (IF[X,]) can be identified with a Lie subalgebra of the general linear Lie algebra gl,,,1(IF)
in the following way. Consider the following Lie subalgebra

Lys1(F) := {( ‘2 8 ) . Aegl,(F), ac ]F"} )

of gl,,41(IF). Note that gl,,(IF) becomes a Lie subalgebra of L,.1 (IF) via the canonical embedding A ( 13 8 ),

and the canonical projection

T Lea(F) > L, (F): (ﬁ 8)HA ©)

0
makes [F" an abelian ideal of L, (F). We think the following result should be known, but we did not find
a reference in literature at present.

is a Lie algebra homomorphism. Moreover, the canonical embedding F* < L,.1(FF) givenby a — ( 2 0 )

Lemma 2.1. The mapping given by
Op - xi&x]' = Eij/ axk = En+1,kr 1< i/ ]/k <n, (10)

is a Lie algebra isomorphism from der<i (IF[X,]) to L,+1(IF), where Ep, is the basic matrix defined by Epy(r,8) = 0pr04s,
and the restriction &, of o, to der;(IF[X,]) is a Lie algebra isomorphism from der;(IF[X,]) to gl,(IF).

Proof. Since x;dx,,dy, (1 < i,k < n) form a basis of der<(IF[X,]), 0, is a well-defined bijection. Moreover,
due to

[xi0x;, xirOx, | = OjirXidx, — 0ijXirdx, [Xi0x;, O] = —0kidx;, [Ox,, Ix, 1 =0
and commutators between basic matrices of gl,,1(IF), 0, is a Lie algebra homomorphism. [

So, we have the following commutative diagram of Lie algebras.

0 — derg(F[X,]) — der<; (F[X,]) —= der; (F[X,]) —0 (11)

0 I Lyy1(IF) ——— gl,(F) 0
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To establish equivalence of representations of Lie algebras on IF[X;, ] we shall use some [F-automorphisms
of IF[X,] given by invertible matrices. For any P € GL,(FF) define the [F-automorphism 7p of IF[X,] by

p(f(X)) = f(XP), X=(x1,-+,xn). (12)

In particular, tp(xx) = Y11 P(t, k)x;. It's direct that 7p is also an automorphism of the commutative algebra
IF[X,]. Moreover, we have

Y =XP

TP(8Xif(X)) = ayi(f(Y))r (13)

where Y = (y1,- -+, y») = XP means that yx = 7p(x), 1 < k < n. Note that dy;/dx; = P(j, k). We shall use the
following result.

Lemma 2.2. Let A € gl,,(F) and P € GL,(IF). Then, as IF-linear transformations on IF[X,] it holds that

Gy (A) =Ty (PAP)tp, (14)
where G, ': al,(F) — der1(IF[X,]) is given by Lemma 2.1.
Proof. Fix any f(X) € F[X,]. Then we have

@ (PAP)Tp)(f00) =T (PAPT)(F(XP) “"Z 1 Y (PAPT)(, jxid (FXP))
i,j=1

n

)}

ij=1

n

Z P(i, k)x,-] [Zn: P, )ox. f (XP)]
j=1

i=1

Y, P, AK OPT(C, j)]xiaxj (fXP) = ) Ak,0)

k=1 k(=1

n

Y =XP oy ol P o oY
- Z Ak, €) [; P(l,k)xi] []:le 1(5,]);3%]((\/)8_3(]‘]

k=1
- Ak, ) P(i,k)xi][z [Z(Pl(f, )P, t))]ay, f(Y)] = Y Ak, Oyidy, (FV)
k=1 i=1 =1 \j=1 k=1
and
B@ AN = o ZA(k,f)xkaxmxn] = Y, Al Op(d (FOX))
k=1 k=1
N Al Oy (FON)),
kt=1

and hence the proof is completed. O
We shall use the following result on commutative subalgebras of der<;(IF[X,]).

Proposition 2.3. Assume that A is a commutative subalgebra of der<i(F[X,]) with dim A > [nz /4] + 1. Then
AN dery(F[X,]) # 0.

Proof. By Lemma 2.1, 0,(A) is a commutative subalgebra of L,+1(IF). Let {d} be a basis of A. Then {0,,(dx)}
is a basis of 0, (A). Write

ou(dy) = ( 2‘: 8 ) € Ly (F), Ay € gl,(F), ax € F", 1<k <dimA. (15)
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Then spang{A;} is a commutative subalgebra of gl,(IF), and hence dim spang{A;} < [nz /4] +1 due to Schur’s
theorem [7]. It follows that Ay, -, Agim# are linearly dependent since dim A > [nz /4] + 1. So, we may

choose a; € F (1 < k < dim A), at least one of which is nonzero, such that Z,‘ji?ﬂ arAr = 0. Therefore,

dim A dim A 0 0
0# Gn( Z akdk] = Z axoy(dy) = | 4mA € 0,(A),

Y, amax 0
k=1 k=1 k=1

which implies that Z,‘jg‘ﬂ ardy € dery(F[X,,]) N A. Moreover, Z,‘jg‘ﬂ ardy is nonzero since d1, - - -, dgim.# are

linearly independent. [

3. Properties of representations of Lie algebras given by derivations with coefficients at most one

Let g be a Lie algebra over [F. We shall consider representations of g on the polynomial ring IF[X;] of the
form p: g — der<;(IF[X,,]). We collect some basic facts of such representations as follows.

Proposition 3.1. Assume that g is finite-dimensional. Then, there is an integer m and a faithful representation
g — der (IF[X,]) of g on IF[X,,].

Proof. By Ado’s Theorem there is an embedding g < gl,,(IF) as Lie algebras for some m, and hence there is
an injective Lie algebra homomorphism from g to der; (IF[X,;]) due to Lemma 2.1. O

Recall that IF[X;;] admits the following filtration given by

FcFX,hc - -cFX, k-, (16)
where F[X,, ] = {f € F[X,]: deg(f) <k}, k=0,1,2,---.
Proposition 3.2. Let p: g — der«i(IF[X,]) be a representation of g on F[X,].

(i) Foreachk =0,1,2,---, F[X,]i becomes a finite-dimensional g-module via actions of p(g) € der<i(F[X,]) for
any g € g.
(ii) p is uniquely determined by actions of p(g) € der<1(IF[X,]) (g € g) on

IF4 [Xn] =Fe spanl[:{xll cee Xk

(iii) p(ker(@np)) € dero(F[X,]), where @,: der«1(F[X,]) — deri(F[X,]) is the Lie algebra homomorphism given
by (6). If p is faithful then ker(@,p) is an abelian ideal of g.

n
Proof. (i) is direct by definitions. (ii) follows since for any g € g it holds that p(g) = Y. p(g)(xi)dx,, 1 <i < n.
i=1

(iii) For any g € ker(@.,p), by @,(p(g)) = 0 and ker @, = dero(IF[X,]) it follows that p(g) € derp(IF[X,]).
Assume that p is faithful. For any g1, g» € ker(@,p), since dero(IF[X,]) is abelian, p([g1, 1) = [p(g1), p(g2)] =
0, and hence [g1, g»] = O since kerp =0. O

The category of finite-dimensional g-modules can be identified with a full subcategory of the category of
representations of g of the form p: g — der(IF[X,]). In fact, we have the following statement, where g is not
necessarily finite-dimensional.

Proposition 3.3. Let M be an n-dimensional g-module. Then there is a representation of g on IF[X,] of the form p:
g — der(IF[X,,]) such that M = spang{xy,-- - ,x,} as g-modules. Moreover, such representations of g on polynomial
ring of n variables are uniquely determined up to equivalence.
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Proof. (Existence.) Let pg : ¢ — gl(M) be the g-module structure on M, and S(M) the symmetric algebra over
M. Then S(M) becomes a g-module with its module structure, denoted again by po, given by po(g)(uv) =
po(8)(u)o + 1po(8)(0), g € 8, 1,0 € S(M),

Fix a basis {vy, -+ ,v,} of M. Then there is an associative algebra isomorphism o: S(M) — F[X,] given
by v; = x;,1 <i<n. Forany g € g set

p(g) := apo(g)o™" : F[X,] — FIX,]. (17)

By a direct check we get that p(g) € der(IF[X,]), and the mapping p: g — der(FF[X,]) given by (17) is a Lie

n
algebra homomorphism. Moreover, for any g € g, we may write p(g) = . d;dy, with d; € F[X,], and hence
i=1

d; = p(g)(x)) = o(po(8)o™" (x)) = o(po(8)(v))) € spanglx, -+, xu}, 1< j<m,

which means that

n

p(8) = ), o(po(8)(©))3x, € ders(FIX,]), g€ g. (18)

i=1

Since 6(M) = spang{xy, - -+, x,} and po(g)(M) C M, the existence part is proved.

(Uniqueness.) Let p: g — deri(F[X,]) and p: g — der;(IF[Y,]) be representations of g such that
M = spang{xy,---,x,} = spang{yi,---, yx} as g-modules, where IF[Y,] is the polynomial ring of y1,---, ¥,
and der(FF[Y,]) is given by (3). Then there is an invertible matrix P € GL,(FF) such that the [F-isomorphism
(x1,-++ ,x0) = (Y1, -+, yu)P is a g-module isomorphism from spang{xy, - -+, x,} to spang{y,- -+, y,}. For any
g € g, since p(g) € der;(IF[X;]) and p’(g) € der;(IF[Y,]), by Lemma 2.1 we get matrices A; = 6,(p(g)) and
By = 0,(p’(g)) in gl,(IF) satisfying that

PAg = B,P, (19)
(p(g)(x1), -+, p(g)(xn)) = (x1,-- -, xn)Ag, (P (&)(W1), -+, P’ (&)(Yn)) = (Y1, -+, Yn)Bg.
Denote by xp the isomorphism of commutative algebras from F[X,] to F[Y,] determined uniquely by
xp(x;) = ZP(]', yj, 1<i<n. (20)
=1
Similar to (13), it holds that
a VA n .
K@ (flar -+ ) = LX)y @

I(xp(xi) T

It remains to check that xp is a g-module homomorphism. Recall that

p®) =) PR, p/(8)= ) p&)¥)dy, €. (22)
i=1 =1
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Fix any f(x1---,x,) € F[X;]. Then, for any g € g we have

@O x) =Y ) frnba) )
j=1
B 2 v 9 fee(a), - xe(x) dxp(xi)
- ]Z; PO L™ 300 w) 9,
DY )P D@ Fr %))
i,j=1
2N NN Btk PG ieap(@s (FGxn -+, x0))
k=1 j=1 i=1
- Z Z(ng)(k, DYexp(0x (fx1 -+, X))
k=1 i=1
Similarly, we have
xp(p(@)(f(x1 -+, xn)) D xe p(8)(xi) (fx1 -+, xn))
i=1
@ Ag(€,Dxp(xe)xp@x (1 -+, %))
¢=1 i=1
Y Pk, O)Ag(€, D)y xp(dx (f(x1 -+, xn)))
k=1 i=1 (=1
= (PAg)(k, D)y xp (@, (f(x1 -+, Xn)))-
k=1 i=1

’

So, by PA; = BgP we get xp(p(g)) = p’(g)xp as required. [J

Example 3.4. Consider the 3-dimensional complex simple Lie algebra sl,(C) with standard basis {e, h, f}, i.e., [e, f] =
h, [h,e] = 2e, [h,f] = =2f. Let M = {v1,v2} be the canonical 2-dimensional irreducible module of sl,(C). The
mapping p: sl(C) — der1(C[xy, x2]) given by Proposition 3.3 is (see (18))

P(e) = xl&xz/ P(h) = x18x1 - x28xz/ P(f) = x28x1r (23)
which is a well-known faithful representation of sl,(C) on Clx1,x2] (see [9, Exercise 4, §7]). In particular, M =
spang{x, x2}. O

Generally, in terms of equivalence in the usual sense it is difficult to classify representations of the form
g — der<i(F[X,]) on F[X,]. Given such a representation p: g — der<;(IF[X,]), by Proposition 3.2 we get a
graded g-module Gal‘z‘;llF[Xn]k /IF[Xy]k-1. For brevity we make the following definition.

Definition 3.5. Let p, p: ¢ — der<;(F[X,]) be representations of g on IF[X,]. If their induced graded modules are
isomorphic as graded modules, then p and p are called graded-equivalent.

In other words, p and g are called graded-equivalent if for each k > 1 there is an F-automorphism 7; of
F[X,]k/FF[X;]Jx-1 such that the diagram

X, 1k /X ko1 —— B I/ Xl

P(g)l lﬁ(g)

Xk /X Tk 1 —— F[X, 1k /Xl
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commutes for any g € g. Moreover, if p, p: g — der;(F[X,]) C der<;(F[X,]) are representations of g, then
graded-equivalence of p and p is just the quasi-isomorphism of graded modules.

Example 3.6. Let p: g — der«i(F[X,]) be representations of g on F[X,]. Then p and p = @,p: g —
der; (F[X,]) are graded-equivalent, where @, is the Lie algebra homomorphism given by (6). Indeed, for any

fX) = fo(X) mod(IF[X,]x-1) with fo(X) being a homogenous polynomial of degree k, for any g € g it holds that

p(2)(F(X)) = p(&)(fo(X)) mod(F[X, k1) = p(g)(fo(X)) mod(F[X,]e-1)
due to the definition of p.

Motivated by Proposition 3.2 (iii), for finite-dimensional Lie algebras which has abelian ideals, we consider
classification in terms of graded-equivalence of their faithful representations on polynomial rings. We have
the following main result of this section.

Theorem 3.7. Assume that g is finite-dimensional. Let Yy be an abelian ideal of ¢ with dimbY = n. Then there
is at most one faithful representation up to graded-equivalence of g of the form p: ¢ — der<1(IF[X,]) such that

p(b) = dero(F[X]).

Proof. Assume that such a faithful representation p: g — der<i(F[X,]) exists. Recall the Lie algebra
isomorphism o,,: der<;(F[X;]) given by Lemma 2.1. Fix any basis {h;}! ; of h. Since p is faithful and
p(b) = derp(IF[X,]), the vectors a; := 0,(p(h;)) € F" (1 < i < n) are linearly independent, and hence we get
an invertible matrix Q := (ay,--- , ).

Extend {h;}, to a basis {h;}]; U {gj}f:1 of g, and set

an(p(g)) = ( ‘;‘]] 8 ) 1<j<¢ )

Since ) is an ideal of g, there are constants ci.‘]. € IF such that

n
[higl=) chhe 1<i<n 1<j<¢, (25)
k=1
from which we deduce that

0 0\ (4 0\]_ . oV k[0 0
[( a; 0 )/( Vi 0 )] = [Un(P(hz))rUn(P(g]))] = ;Clj( ar 0 )
So,
aiAj = cf].ak, 1<i<n, 1<j<Ct. (26)
k=1

Varying i from 1 to n, we get for each j that

o, o .
j j 1j
QA;=C,Q, where Cj=| -+ = oo o | (27)
2 n
nj nj nj
Since Q is invertible, we get that
Ai=Q7'CQ 1<j<¢, (28)

which means that 1,0,,(p(g;)) (see (9)) is uniquely determined by p(h;), 1 <i < n.
Similarly, if p: ¢ — der<1(IF[X,]) is another faithful representation of g on F[X,] satisfying that p(h) =
dery(F[X,]), then we have the similar identity

Aj=0Q7'CiQ, 1<j<¢, (29)
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where Aj = 1,0,(P(g))), Q=(a, ,a,)" and & = 0,p(h;) € F". So, by (28) and (29) it follows that
Aj=PAP7!, 1<j<g¢, (30)

where P := Q7'Q € GL,(F). We use P to show that p and { are graded-equivalent. Indeed, the IF-
automorphism 7p on F[X,] given by (12) induces for each m > 1 an F-automorphism, denoted by 7,,, on
F[Xy1n/F[Xn]m-1. By Definition 3.5, it remains to check that, for1 <i<nand1<j<¢,

Tmp(hy) = p(hi)ty, and T,p(g)) = P(g))Tm (31)

as [F-linear transformations on F[X,, ], /TF[X,],.-

Fix any f(X) = fo(X) mod(F[X,]n-1) with fy(X) being a homogenous polynomial of degree m. Since
phi)(fo(X)) and p(hi)T,(fo(X)) has degree < m — 1, the first identity of (31) follows. To check the second
identity we have

(Tup(g))(F(X))

Tu(p(8)(f0(X))) mod(F[X,]n-1)

(Tw0n (AN (fo(X)) mod (F[X,]u-1)
(30),Legma 2.2 — 1 PO
= @ (PAP YT, (fo(X)) mod(F[X,]-1)

= @ (AN (fo(X)) mOd(F[X,Jw-1) = (P(g)Tm)(fo(X)) mOd(F[X,]-1)

as required. [

4. Faithful representations of the Galilean Lie algebra on the polynomial ring in three variables

In this section we denote by ® the Galilean Lie algebra, which is the six-dimensional Lie algebra over R
with a basis m, h, n;, p; (i = 1,2) under which the Lie bracket is given by [1]

[m/ nl] =1y, [m/nz] = -1y, [nilh] = Ppi, [m/ pl] = P2, [m/ PZ] = —P1, [h/ pl] = OI

32
[p1,p2] = [m1,n2] = [m, h] = [n;, p;] = 0. (32)

In the sequel we shall use the following abelian ideals of & given by
$ := spangth, p1,p2} and N :=spang{p1, p2, n1, N2} (33)

respectively. Since [®, ®] = N, © is solvable, but not nilpotent.

Remark 4.1. Note that any nonzero ideal I of ® must contain p1, p2. One may use this fact to determine all ideals
of ®.

We have the following result.

Proposition 4.2. There is no faithful representations of ® of the form ® — der<i1(R[X,]) for n = 1,2, and there is
no faithful representations of ® of the form ® — der;(R[X3]).

Proof. Since dimder<iR[X;] = 2 < dim ®, there is no faithful representation of ® on R[x] of the form
® — der(R[x]). If there were a faithful representation of ® of the form & — der<;(IR[X;]), then by
dim der<; (R[X;]) = 6 = dim ® we have & = der(IR[X;]) as Lie algebras, which is impossible since ® is
solvable, while by Lemma 2.1, der<;(IR[X;]) is isomorphic to L3(R) which contains a Lie subalgebra iso-
morphic to s(IR). If there were a faithful representation p: ® — der;(IR[X3]) then p(N) is a 4-dimensional
commutative Lie subalgebra of der; (IR[X3]), and hence p(9) N dero(IR[X3]) # 0 by Proposition 2.3, a contra-
diction. O

So, we consider faithful representations of ® on IR[X3] of the form ®& — der<;(IR[X3]).
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Example 4.3. The classical faithful representation py: ® — der<1(R[Xs], which has concrete physical meaning [1],
is given by

po(m) = x20x, — X19x,, po(h) = —0x,,

po(p1) = dx,, po(p2) = v, polna) = X30x,, po(n2) = x30x,.
The canonical projection @3 : der<1(F[X3]) — der1(IF[X3]) given by (6) induces a representation py = @3po:
® — der;(IR[X3]) of ® on R[X3] given by

%(m) = xzaxl - xlale %(h) =0,

po(p1) =0, po(p2) =0, po(ni) = x30y,, po(n2) = x30,,
Clearly pq is not faithful.

(34)

(35)

We present a series with one parameter of faithful representations p; (A € R) of ® of the form ® —
der<1(IR[X3]) as follows.

Lemma 4.4. Forany A € R define the map py: ® — der<1(IR[X]3) by

pA(p1) = dx, pa(p2) = dx,, path) = =0y,
pa(n1) = x30y, + Ady,, pa(n2) = x30x, — Ady,, pa(m) = x20x, — Xx10x,.

Then,
(i) pa is a faithful representation of ® on R[Xz].
(ii) pa, and py, are equivalent if and only if A1 = A,.
(iif) All py (A € R) are graded-equivalent.
Proof. (i) It follows by a direct check.
(ii) If pa, and p,, are equivalent then there is an R-automorphism ¢ of R[X3] such that

(P @) = (P, (BP)(f), g€, feRXs] (37)

Choosing g = p1, p2, hand f(x1, x2, x3) = x1 in (37) we get o(x1) € R[x1], dx, (@(x1)) = @(1). Similarly, ¢(x;) €
R[x2], dx,(@(x2)) = @(1); @(x3) € R[x3], Iy, (@(x3)) = @(1). Now, by choosing g = n; and f(x1, x2, x3) = xp in
(37) we get that A1¢(1) = A,¢(1), and hence A; = A, as required since ¢(1) # 0.

(iii) It follows by Example 3.6, since py = @,px = po holds for any A € R, where py is given by (35). O

(36)

Remark 4.5. Due to (36), po for A = 0 coincides with the representation given by Example 4.3. As kindly pointed
out by the referee, it would be interesting to elucidate some physical meaning of the representation p, for any A € R.

In the remaining of this section we shall classify all faithful representations of ® of the form ¢ —
der<1(R[X3]) in terms of the usual equivalence, not just graded-equivalence. To this end we fix some
notations for basis elements p1, py, h, ny, ny, m of ® as follows. Recall the mapping o, given by Lemma 2.1.
For any representation p: ® — der<;(IR[X3]) set

A 0 Ay 0 Az 0
(03p)(p1) = ( 5 0 ) (03p)(p2) = ( 5 0 ),(Usp)(h) = ( 5 0 )

A60)

(38)
(U3P)(n1) :( 12: 8 )/ (03P)(n2) =( ?55 8 )/(03P)(m) :( o6 0

where A; € gl3(R), 6; € R?, 1 < i < 6. For example, the identity (o3p)(m) = ( 126 8 ) is equivalent to
6

p(m) = szzl Ag(i, )xidy; + Z?zl ti0y, € der<1(R[X3], where (t1, 2, t3) is the row vector 6 € R, and As(l, j) is
the (i, j)-entry of As. Moreover, for brevity we set

01
02 | € gl3(R). (39)
03

The following observation plays a key role for our arguments of classification.

A=
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Lemma 4.6. Keep notation as above. Let p: & — der<1(R[X3]) be a faithful representation of ®. Then A; = Ay =
Az = 0. Moreover, the matrix A given by (39) is invertible and p(9) = dero(IR[X3]).

Proof. Since p is faithful and 9t is a 4-dimensional abelian ideal of ®, p(9) is a 4-dimensional commutative
algebra of der<;(R[X3]), and hence p(9t) N dero(R[X3]) # 0 due to Proposition 2.3. So we can choose
0 # g1 = ring + ranp +51p1 + Sop2 € Yt such that p(gr) € p(N) Ndero(R[X3]), 73, 5; € R. Then by Lemma 2.1 we
get

0 0
(0'3p)(g1) = ( y 0 ), Y= 7"164 + 1’255 + 51(51 + 5262 € R3.

Set g5 := [g1, m] = ron1 — 1Ny + spp1 — s1p2. Then 0 # g € N since N is an ideal of G and at least one of 7y,
12, 81, $2 is nonzero. By

0 O
(03p)(82) = [(93p)(g1), (03p)(m)] =( yAs 0 )
it follows that p(gz) € p(9) N dero(R[X3]) due to Lemma 2.1. Set
g3 = [g1, h] =rip1 + rop2, g4 :=[go, h] = rap1 — r1p2.

By a similar argument we get that p(g3), p(gs) € p(M) N dero(R[X3]). But dim p(9) N der(R[X3]) < 3. So, g;
(1 <i < 4) are linearly dependent, which means that

rn r2 s S
r; -1 S =5
0 0 1 14
0 0 r —-n

det = —(r% + r%) =0,

and hence r; = r, = 0 since r; € R. Therefore,

g1 =51p1 +52P2, &2 =52p1 —Sip2 €N,

and hence p(p1), p(p2) € p(N) N dero(R[X3]) by s152 # 0, from which we deduce that A; = A, = 0 by Lemma
2.1. Moreover, by (32) and (38) we get that

01A;i = 02A; =0, [A,Aj]=0, i,j=3,4,5, (40)

Indeed, by (03p)([n), h]) = (o3p)([n;, p:]) = 0 and (38) we get the first identity; by (o3p)([n;, h]) = (o3p)(p:),
A1 = A, = 0 and (38) we get the second identity.

Assume contrarily that A; # 0. By (40) it follows that rank(As) = 1, since 61,6, € R® are linearly
independent. Therefore, As is similar to a diagonal matrix over IR, i.e., thereis 0 # A3 € R and 6y € R3 such
that

00 0 51
TAsT =] 0 0 0 |, T:=| 6 |eGLyR). (41)
0 0 As 5o
Since [A3, A4] = 0 = [A3, As] due to (40), by (41) and A3 # 0 we get that
00 0 00 0
TAT =] 0 0 0 |, TAsT'!=[0 0 0 |, (42)
0 0 A4 0 0 As

where A4, A5 € R. So, by A3 # 0, (41) and (42) there are p4, us € R such that gAz + Ay = 0 and psAs +As =0,
from which we deduce by using (38) that

0 0 0 0
(asp)(#4h+nl)=( 1sd3+ 04 O ) ("39)(“5““2):( usds + 85 0 )
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which means that p(ush + ni), p(ush + np) € derg(R[X3]) by Lemma 2.1. We have already shown that
p(p1), p(p2) € derg(R[X3]). Since dim dery(IR[X3]) = 3, there are t; € IR, at least one of which is nonzero, such
that

tip(p1) + tap(p2) + tap(ush + 1nq) + tap(ush +ny) = 0.

Since ker p = 0 we get t1p1 + tapa + (t3144 + tapis)h + t3ng + t4np = 0, from which we deduce thatt; = t, = t3 =
ty = 0, a contradiction, since p1, p2, h, nj, ny, ny are linearly independent. Therefore, we have shown that
Az =0 as required.

By A; = Ay = A3 = 0 and Lemma 2.1 we get that 61, 62, 63 are linearly independent since p is faithful. So
A is invertible and p(9) = dero(R[Xz]). O

By Theorem 3.7 and Lemma 4.6 we get the following corollary, which extends Lemma 4.4 (iii).

Corollary 4.7. All faithful representations of the form p: ® — der<;(IR[X3]) are graded-equivalent to the represen-
tation of ® given by (34).

We continue to discuss the matrices given in (38) for faithful representations of ® of the form & —
der<(IR[X3]).

Lemma 4.8. Keep notation as above. If p: ® — der<1(R[X3]) is faithful then,
(i) For row vectors 04,05, 06 in (38) there are unique ay, a,, c1,c; € R such that
64 = a161 + £l262, 65 = —Ll261 + 61162, 66 = C161 + C262. (43)

In particular, 5; € spang{61,0,},i=4,5,6.
(ii) The matrices Ay, As, Ag in (38) are uniquely determined via

0 00 0 0 0 0 -1 0
AAT=ATY 0 0 0|, AsA'=A110 0 0|, AAt=AT11 0 0| (44)
-1 0 0 0 -1 0 0 0 0
where A is given by (39).

Proof. (i) By Lemma 4.6, 04, 05, 0¢ can be uniquely linearly presented by 01, 05, 03. Hence there are unique
a;,b;, c; € R such that

04 = 101 + 207 + a303, 05 = b101 + b2z + U303, O = €101 + €202 + €303.
It remains to show that a3 = b3 = ¢3 = 0 and by = —a, b, = a;. By (38) and

[(g3p)(m), (a3p)(n1)] = (03p)(n2), [(03p)(m), (03p)(n2)] = =(03p)(n1)
we get that

05 = 06A4 — 04As, 04 = —(06As — 05A¢). (45)
Moreover, similar to (40), by A1 = Ay = Az = 0 (see Lemma 4.6) we get that

—01A6 = 02, 02A6 =01, 03A6 =0, —03A5 = 02, —03A4 = 01. (46)

Then we have

65 = b161 + bzéz + b353 (4:5) (36A4 — 0445
40),(46
= (C161 + 00 + C363)A4 - ({Il151 + a0, + tZ3(S3)A6 ¢ ):( ) (—LZZ - C3)61 +a10,,
which implies that b3 = 0 and b, = a3,b; = —a, — c3, since 61,02, 03 are linearly independent. Similarly, we

get that 54 = (a2 + 2¢3)0 + 2161, which means that c3 = 0, and hence b, = a1, by = —a; as required.
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(ii) By (40) and (46) we have

0 0 -0
Ad,=| 0 | Aas=| o | Aa=| & |
-0 -0 0

Write A~ = (y1 2 73), where y; is a 3-dimensional column vector over R, that is, 6;y j = 0ij, the Kronecker
notation. It follows that

0 0 0 O
0 [0rr290=| 0 0 0]
1

-1 0 0

AAAT =

The other two identities in (44) are similar. [
We write down explicitly all faithful representations of ® of the form & — der<;(IR[X3]) as follows.

Lemma 4.9. Let dy,dy, ds € dero(R[X3]) be linearly independent, f1,1,,f3 € R[X3] be homogeneous of degree 1
satisfying d;(f;) = 0;j, and a;, c; (i = 1,2) be real numbers. Set

p(p1) =di1, p(p2) =dz, p(h) =ds, (47)
p(ny) = (=f3 + a1)d; + axda, p(ny) = —apd; + (—f3 +ay)dy, (48)
p(m) = (f2 + ¢1)d1 — (f1 — c2)da. (49)

Then (47)-(49) define a faithful of ® of the form ® — der<1(R[X3]). Conversely, any faithful representation p:
® — der«1(R[X3]) has the form given by (47)-(49).

Proof. By choices of d;, f; and (47)-(49) it follows that p(g) € der<;(IR[X3]) for any g € ®. It's direct to
check that (47)-(49) define a representation of ®. For example, we can check [p(m), p(n1)] = p(ny) holds as
derivations of R[X3]. Indeed, by d;(f3) = 0 and di(f;) = 0 we have [(f, + c1)dy, (—f3 + a1)d1] = 0, and by
dl(fl) = 1, dz(fg,) =0we get

[(f1 — c2)da, (—f5 +aq)d4]

(f1 = c2)da((—f3 + a1)d1) — ((=f3 + a1)d1)((F1 — c2)d2)
(fl - Cz)(—fg, + al)dzdl - (—f3 + al)dz - (f1 — C2)(—f3 + ﬂl)dldz = —(—f3 + Lll)dz

since did, = d,d; as derivations of IR[X3]. Similarly, we have

[(f1 = c2)d2,a2d1] = 0, [(f2 + c1)dy,a2d2] = —aod;.
Therefore, by (48) and (49) we get that

[p(m), p(n1)] = [(f2 +c1)d1 = (1 —c2)d2, (—f3 +a1)dy +a2dz] = —axdy + (—f3 + a1)d2 = p(n2)
as required. Moreover, if g = u1p1 + uap2 + ush + ugn; + usps + uzm € ker p (u; € R), then by (48) and (49)
we have

der<ai(R[X3]) 20 = (u1 + ua(~f3 +a1) — uzas + ug(fa + c1))ds

+(u2 + uygap + M5(—f3 + ﬂl) - uﬁ(fl - Cz))dz + M3d3.

Applying both sides to f(x1,x2,x3) = f1, f(x1,%2,x3) = £, and f(x1,x2,x3) = f3 respectively, and using
di(f;) = 6;j we get that

ur + ug(—f3 + a1) —upas + ug(f +c1) = 0,
Uy + Ugdr + u5(—f3 + al) - u6(f1 - Cz) = 0,
Uz = 0.

By comparing degrees of polynomials we get that #; = 0 (1 < i < 6), which implies that p is faithful.
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Now we assume that p: & — der<1(IR[X3]) is a faithful representation of ®. Recall the notation given
A; 0
; e 1 A
in (38). Set d; := o} 5 0
independent and (47) holds.
By Lemma 2.1 we get that the derivation D; := (0_3)‘1(A]-) € deri(R[X3]) for j = 4,5,6, where A; is given
by (38). Then, by Lemma 4.8 (i) and Lemma 2.1 we get that

), i =1,2,3. By Lemma 4.6 we get that d;,d>,d; € dero(R[X3]) are linearly

p() = Dy + a1ds + axdy, p(nz) = Ds —axdy + a1dy, p(m) = Dg + ¢1dy + c2da. (50)

We compute D; further as follows. By Lemma 4.6 we define homogeneous polynomials f3, f5, f3 € R[X3] of
degree 1 by setting (f; f, f3) = (x1 x2 x3)A~!, where A is given by (39). By the definition of A (see (39)) we
have 6; = (A(i, 1) A(i, 2) A(i, 3)), and hence d; = 22:1 A(i, k)dy,. So, for 1 < i, j < 3 we have

3
Y AG, k)aka
k=1

Now we claim that

Dy = —f3d;, Ds = —f3dy, Ds = fod; — fidy (52)

d(fj) =

3 3
2}4WWMJ=Z}WJM1®ﬂ=MAU@D=%- (51)
(=1 k=1

as derivations of R[X3]. Since f;,f;,f3 and x1, xp, x3 are equivalent in the linear space spang{xi, x, x3}, it
suffices to check both sides of each identity in (52) have the same actions on f;, f;, f3 € IR[X3]. For example,

we have
0
0
0

which implies the first identity in (52). The other two identities in (52) can be obtained similarly. By (50)
and (52) we get (48) and (49) as required. [J

0
emma 2. _1 (44 _
Dy(fi f2f5) = Da((rrx2 x)A™) "2 (G x2 x9)ADAT E (1 x x9)A7| 0

0
0
-1 0

0O 00 -
= (hfaf3)] 0 0 0| =(-£00)0 = —f3di(f; > f3),
-1 0 0

Now we are in the position to prove the main result of this section.

Theorem 4.10. Let p: & — der<i(IR[X3]) be a faithful representation of ® on R[X3]. Then there is a unique A € R
such that p is equivalent to p, given by (36).

Proof. The uniqueness of A follows by Lemma 4.4 (ii).

It remains to show existence of A. By Lemma 4.9, p(p1), p(p2), pth), p(r1), p(nz) and p(m) are given
by (47)-(49) for some linearly independent derivations di, d», d3 € dero(IR[X3]), homogeneous polynomials
f1,f2,f3 € R[X3] of degree 1 satisfying d;(f;) = 6;;, and real numbers a;,¢; (i = 1,2). By the computation in
(51) we have (f; f» f3) = (x1 x2 x3)A™" and hence

of; 1, )

L = <ik<3.

o A (ki), 1<ik<3 (53)
We show that p is equivalent to p, given by (36) for A = a,. To this end we consider the R-automorphism
T of R[X3] given by

T h(xl,xz, X3) [ h(fl — (2, fz +C1, —f3 + {11). (54)
Clearly 7 is also an automorphism of IR[X3] as a commutative algebra. Similar to (13), fori = 1,2, 3 it holds
that

AT (h)

ot =T (dxh), heR[Xs]. (55)
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It suffices to check that 7 p,,(g) = p(g)7 as R-linear transformations on IR[X3] holds for g being any one of
the basis elements p1, p2, h, n1, n; and m of ®.

By the definition of A (see (39)) we have 6; = (A(;, 1) A(i,2) A(i,3)), and hence d; = ):izl A(i, k)Oy, .
Therefore, for any h € R[X;] it holds that

3 3 AT (h) of;
p(h)(T () =4 —d3(T(h)) = ZA(B,k)axk(‘T (h) = ZA 3,k) (gf( ) gxk]
k=1 k=1 =1
3 3
P i=1 \k=1 !
- ‘9‘;‘}” D (00 1) L T (o ()M).

So p(h)7T = T p4,(h) follows. Similarly, p(p1)7 = 7 ps,(P1), P(P2)T = T pa,(p2)- Based on these identities we
proceed to consider other basis elements of ®.
Since 7™ is also a commutative algebra automorphism, it holds that

(9)

p)T (~f3 + a)di 7 + ﬂzdz‘T ( f3 + a)p(p1)T + azp(p2)T

= (-t +a))7 pao, (p1) + 227 pa, (p2)
54 36
= (—f3 + a1)7~8x1 + ﬂzT&xZ (=) T(x3)T8x1 + a[l‘&,Q = T(X3(9x1 + a28x2) (=) Tpgz (1’11)
as required. Similarly we obtain p(ny)7 = 7 p,,(n2) and p(m)7 = 7 pg,(m). This completes the proof. O

Remark 4.11. By Lemma 4.4 (iii) and Theorem 4.10, all faithful of ® of the form & — der<;(IR[X3]) are graded-
equivalent. So we can deduce Corollary 4.7 without using Theorem 3.7.
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