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On inequalities of Simpson type for co-ordinated convex functions via
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Abstract. In this study, we prove equality for twice partially differentiable mappings involving the double
generalized fractional integral. Using the established identity, we offer some Simpson’s type inequalities
for differentiable co-ordinated convex functions in a rectangle from the plane R2.

1. Introduction

Simpson’s inequality plays an essential role role in many areas of mathematics. The classical Simpson’s
inequality is expressed as follows for four times continuously differentiable functions:

Theorem 1.1. For a mapping F : [t1,72] — R which is four times continuously differentiable on (11, T2), and let
[E@||. = sup [F®(x1)| < co. Then, one has the inequality

K1€(71,72)

1 [F(tq) + (1) T1 + T2 1 T2
‘5 [—2 + 2]F( 5 )] - f1 E(ic1)dx

T2—T1

< 5 P9 (e = )"

Over the years, many variations of this inequality have been studied for various function classes, such
as convex functions, bounded functions, functions of bounded variation, etc. Specifically, since convexity
theory is an effective and powerful way to solve a large number of problems from different branches
of pure and applied mathematics, many papers have been dedicated to Simpson inequality for convex
functions. For example, some authors proved several Simpson type inequalities for differentiable and twice
differentiable convex functions [5, 36-38]. In [10, 19], the authors study on obtaining some new Simpson
inequalities for Riemann-Liouville fractional integrals. What’s more, a number of papers are devoted to
Simpson type inequalities and important other types of inequalities for several kinds of fractional integrals
or for functions belong to other convex classes [2—4, 6, 11-14, 17, 18, 20, 23-25, 28, 29, 31, 33]. On the other
hand, Ozdemir et al. extended the Simpson inequality for co-ordinated convex mappings in [30]. For some
of the other papers on Simpson inequalities functions of two variables, one can see [1, 8, 32, 40, 41].
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This paper aims to obtain some Simpson type inequalities for co-ordinated convex functions involving
generalized fractional integrals. The general structure of the study consists of five chapters including an
introduction. The remaining part of the paper proceeds as follows: In Section 2, we give the definitions and
theorems to be used in the main section. In Section 3, an identity involving generalized fractional integrals
are presented for partial differentiable functions. Then we establish several Simpson type inequalities for
mappings whose partial derivatives in absolute value are co-ordinated convex in Section 4. At the end of
the paper, some conclusions and further directions of research are discussed in Section 5.

2. Preliminaries

In this section, we present some definitions and results which will be used in our main section. First of
all, we will need the following definition:

Definition 2.1. Let A =: [11,T2] X [13, T4] in R? with 11 < 12 and 13 < 14. A mapping F : A — R is said to be
convex in the bidimensional interval A, if the following inequality holds:

IF (g + (1 — ) ko, k3 + (1 — 8) K4) (1)
< #sF(xq,x3)+s(1—8H)F (xo,x3) +t (1 —5)F (1, x4) + (1 = 1) (1 — 8) [F (3, x4)

forall (x1,x2), (k3,k4) € Aand t,s € [0,1].

In this section we summarize the generalized fractional integrals defined by Sarikaya and Ertugral in
[35].
Let’s define a function ¢ : [0, o0) — [0, o0) satisfying the following conditions :

1
f md)f< 0.
o t

We define the following left-sided and right-sided generalized fractional integral operators, respectively, as
follows:

K1 _ t
71+I(p]F(K1) = f M]F(t)dt, K1 > 11, (2)
7 K1 — t
T2 t—
o-lpF(K1) = f %F(f)dlﬁ K1 < T2 ®3)
X1 — Rl

Some forms of fractional integrals such as Riemann-Liouville fractional integral, k-Riemann-Liouville
fractional integral, Katugampola fractional integrals, conformable fractional integral, Hadamard fractional
integrals, etc are generalized as the most significant feature of generalized fractional integrals. These
important special cases of the integral operators (2) and (3) are mentioned below.

i) If we take ¢ (t) = t, the operators (2) and (3) reduce to the Riemann integral as follows:

K1
IH+]F(1<1) =f F(H)dt, k1 > 11,

1

ITZ,]F(Kl) = f ]F(t)dt, K1 < T3.

ii) If we take @ (t) = %, a > 0, the operators (2) and (3) reduce to the Riemann-Liouville fractional
integral as follows:

1 1
1 F(er) = —— f (k1 — O E L, 10 > 11,
7 @ J.
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F(x1) =

’[2—

@ )f (t—Kl)“llF(t)dt K1 < Top.

iii) If we take ¢ () = m
fractional integral as follows:

t%, a,k > 0, the operators (2) and (3) reduce to the k-Riemann-Liouville

J2 (k1) = @ ( ) f (1 — O V@At x> 11,

X 1 (™ -
I ) = f ) RO <

where

Iy (a) = fo et R@) > 0
and

T, (@) = k%-lr(%), R(a) > 0;k > 0

are given by Mubeen and Habibullah in [26].

There are numerous articles in the literature on inequalities via generalized fractional integrals. Please
refer to any of them [7, 9, 14, 16, 17, 21, 22, 27, 42].

Inspired by this definition, Turkay et al. [39] give the following definitions:

Definition 2.2. Let IF € Li([71, T2] X [73,T4]). The Generalized double fractional integrals ¢ +c;+1py, v +,0u-lpw,
ta— s+ Lo pr o -lp,y are defined by

e - Y- )
comelpaF ) = [ [T EEEIEE I gt k> 1, @
o K1 —t Ko
ek — ) P(s—Ko)
ey F (11, 2) = f f P DT R sy st 1> 11, 2 < 6)
2t —x1) P (x
to-as+ Lo pIF (K1, 12) = f f = 1<11 il 22_ F(t,s)dsdt, k1 < T2, K2 > T3, (6)
and
w (- K (s
to-r-lppF (K1, 102) = f f (Pt DY ]F(f s)dsdt, k1 < Tz, K2 < Ty, 7)
K1 K2 - Kl 5=
<P( ) 4t

where @, 1 : [0, 00) — [0, 00) functions which satisfy fo < o0 and 01 gds < oo, respectively.

In this definition, known fractional integrals can be obtained by some special choices. For example;
i) If we take ¢ (f) = t and ¢ (s) = s, then the operators (4), (5), (6) and (7) transform into the the Riemann
integrals on two coordinates respectively as the following

K1 KD
IT1+,T3+]F (Klr K2) = f f ]F(t,s) det/ K1 > T1, K2 > T3,
T1 T3

K1 Tq
Ity -F (1, 62) = f f F(t,s)dsdt, k1 > 11, K2 < T4,
1 K2
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T2 K2
ITz—,’I3+]F (K1/K2) = f f IF(t, S) det/ Kl < T2, KZ > T3/
K1 T3

and
(%) T4
Irz—,u—]F (Kl,Kz) = f f ]F(t,S) det, K1 < T, K2 < T4.
K1 K2

ii) If we take ¢ () = r( a), Y (s) = r(ﬁ)' then for «, § > 0 the operators (4), (5), (6) and (7) transform into the
Riemann-Liouville integrals on two coordinates [34] respectively as the following

1 K1 Ko _ _
Bl ) = o f f (k1 = D (k2 = sV F (1 9)dsdt, 1 > 71, k2 > T,

1 "o -1 -1
o _]F(K,K)Z—f f (k1 — D (s — 1) T (8, 5) dsdt, 11 > 11, K2 < Ta,
L, 1K) = FOT »J. ). 1 2 1> 71, K2 < T4

1 T2 2 o B
o m]F(Kl,Kz) T@T @) le L (t—x1)"" (2 = s)F TV E (¢, 8) dsdt, 11 < T2, K2 > T3,

and
v, 1 © “ a-1 p-1
Jen - FF (51, %2) = T T (8 @T @) (t=x1)" (s —x2)" F(ts)dsdt, k1 <12, K2 < T4,

along with, I' is the Gamma function.

N:
iif) If we take ¢ () = krk(a) and ¢ () = (ﬁ), for a, B, k > 0 then the operators (4), (5), (6) and (7) transform
into the Riemann-Liouville k—fractional integrals on two coordinates [15] respectively as the following

a,Bk 1 " a_q £
F = — — 1)k — g)k F
rrty+ I (K1, 7%2) R @) T () fﬁ L (k1 —1)F " (k2 = 3) (t,8)dsdt, 11 > 11, K2 > T3,
a Bk e_
T1+T4_]F (Kl,Kz) m f f (Kl - t)k (S - Kz)k ]F(t S) dsdt, k1 > 11, K2 < Ty,

apk _ 1 r (e oy =
o asr F (K1, %2) = m le fTs (t—x1)%" (ko =) T F(t,s)dsdt, k1 < Tp, kK2 > T3,

and
v,k 1 2 T a_q B_q
Jor (k1 k2) = m (t=x1)* (s—1x2)*  F(ts)dsdt, k1 <12, kK2 < Ty,
K1 K2
where Ty is the k-Gamma function.

3. An identity for Generalized double fractional integrals

Throughout this study, for brevity, we define

u

t 3
M= [P0 [P0, ®

0 0
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and

O 0 (ta — K2) 1) C (k2 — 3) 1)
Ay (Ko, s) = ——du, M(xp,8) = — “du

Particularly, if we choose x1 = , then we have

t T2—T1
M (B )= (222 ) 2= [P,

2

T1+T2 T3+T4
2 - 2

0

and

Az(Tl ZTZ,S) = Az(Tl ;Tz,s) =Yo(s) = jwdu.
0

2609

(10)

(11)

Lemma 3.1. Let F : A := [19,72] X [73,T4] = R be an absolutely continuous function on A such that the partial

derivative of order BZBIE;S‘S,S) exist for all (t,s) € A. Then, the following equality holds:

O(11, T2, K1; T3, T4, K2)

(T2 — k1) (T4 = %2)

1 1
= 1) 0f‘!‘(/\l(Kl, 1) -3\ (Kl, i’)) (AZ(KL 1) _ 3A2(K2, S))

36A1(k1, 1) Az (x2,
&2
8t8 —IF(tk1 + (1 — t) 7o, sxp + (1 — ) 74) dsdt
1 1

_{ra ) ~ 1) f(Al(Klz 1) = 3A4(k1, 1)) (Aa(2, 1) — 3Az(k2, )
0

36A1(x1, 1)Az(x2, 1)
0

02
&t& —TF (tx1 + (1 — t) 1o, k0 + (1 — 5) T3) dsdt

(k1 = 71) (14 = K2)
©36A1 (i1, 1) Ag(ic2, 1)

11
ff(Al(Klr 1) = 3A1(x1, 1) (A2(x2, 1) = 3A2(k2, 5))
0 0

B
&t& —TF (tx1 + (1 — ) 71, 8% + (1 — 5) T4) dsdt
(-t)le-m) [ [
K1 —T1) (K2 — T3
362, (51, DAs(x2, 1) f(Al(Klr 1) = 3A1(x1, 1)) (Az(x2, 1) — 3Az(x2, 5))
0 0
B
&t& —TF (tx1 + (1 — ) 71, 8% + (1 — 5) T3) dsdt

where

Q(11, T2, K15 T3, T4, K2)

4F (11, %2) + IF (5c1, 14) + F (11, 13) + F (72, %2) + F (11, %2)
9

+]F (12, 74) + F(12,73) + F (11, 74) + F (71, 73)

36
1 1

e P (T ) -
Brte, 1) el () = 3R

K1—I(P]F (Tll KZ)
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1 1
-  LF -
3hatn 1) = 0™ T 506D

1
_m [ 1<1+I(p1F (T2, T4) + K1+I<pIF (12, 1—3)]

1

_m [KT_I¢]F(T1,T4)+ K1—I§0]F(71,T3)]

v
12A5(x2,1)

1

T 122502, 1) [ o TyF (12,13) + I F (11, T3)]

W1 1 I o F (T2, 7a) + 1 L (e

4 Ai(ky, DAg(icg, 1) 0¥ T2 TN (g, 1) Ag(icp, 1) M7 0¥ 1203

xo-IylF (K1, 73)

[t Iyl (T2, 70) + e IyF (11, 74)]

1 1
+ —wotlowF , + L .F , .
Al(Kll 1)A2(K2,1) K1— K2+, (Tl T4) Al(Klz 1)A2(K2, 1) Kk1— k=L, (T1 T3)

Proof. By using integration by parts, we have

11

Heo= [ [ )= 30000 (sl ) - 38(0z,9) (12
0 a02
XEIF (i’K] + (1 - t) To,SK2 + (1 - S) "C4) dsdt
A1(x1, 1) Aa(x2, 1)

R T r—— [4F(ic1, 12) + 2F(k1, T4) + 2IF(12, %2) + F(72, 74)]

_ 6A2(K2, 1) I IF("[ © ) _ 3A2(K2, 1)
(T2 — K1)(Ta — 12) T T (1 — ) (1 - ko)

K1+I(plF (72/ T4)

6A1(k1, 1) 3A1(xk1,1)
— K I,F (x , — . I.TF ,
(12 — k1)(T4 —12) " vE (k1,74) (Ty — k1)(T4 — 1) 5 (T2, )
9
" (T2 = x1)(T4 — %2) aivrtlpyF (T2, T4),
1 1
7{2 = ff(Al(Kl’ 1) - 3A1(K1’ t)) (AZ(KZI 1) - 3A2(K2, S)) (13)
00

2

Xﬁﬂ:(“ﬁ + (1 =1t) 72, 5%2 + (1 — ) 73) dsdt

= b, DA 1) e ) 4 2F (e, 1) + 2F (1, K2) + E(ta, 13)]
(T2 = x1) (k2 = 73)
6A2(K2, 1) 3A2(K2, 1)

(T2 — x1)(K2 — T3) warlpF (T2 762) + (T2 — x1)(K2 — T3)

K1+I([)]F (TZ/ TB)

6A1(K1, 1) 3/\1(1{1, 1)
_I,F + o—IyF (T2,
(T2 — k1)(k2 — 3) 7Y (1, 73) (T — k1) (kp — 13) 7 (72, 3)
9

- < —I ]F 12 7
(T — K1) (kp — T3) ol (12, 73)

11
Hs = (A1(xc1, 1) = 3A1(x1, 1)) (Aa(k2, 1) — BAa(k2, ) (14)
/]



H. Kara et al. / Filomat 37:8 (2023), 2605-2631 2611

2
&f& IF (ticy + (1 — £) 11,810 + (1 — 5) T4) dsdt
= Dl DA D) ) 4 2 (i, 1) + 2F(t, K2) + Bt 7)]

(k1 — T1)(T4 — %2)

6A2(K2, 1) 3Ax(k2, 1)

K1—I F ,K2) + K1—I F s

(K1 —T)(Ta—12) 7 (0, %2) (K1 — ) (Ta—12) 7 (%)

6A1(x1, 1) 3A1(x1,1)

1<2+I¢)]F (Kl, T4) + K2+I1/;1F (Tll T4)

(k1 — T1)(T4 — %2)
9

(k1 - T1)(1T4 — K2)

(k1 — 71)(T4 — K2)

K1*,K2+Iq7,l7[)]F (Tlr 7/—4) 7

and
11
Hy = A1(x1,1) = 3A1(x1, 1) (A2(k2, 1) = BAs(k2, 5)) (15)
[

(9 B 1F(t1<1 + (1 —1t) 11,8k + (1 — s) 13) dsdt

- e (4, k) + 2F (1, ) + 2B, 1) + ()

6A2(x2,1) 3Ax(k2,1)
- Lo (T1,10) — w-loF(T1,T
(K1 — Tl)(Kz _ T3) 179 ( 1 2) (K1 — T1)(K2 — T3) 1= ( 1 3)
6A1(x1,1) 3A1(x1,1)
- 1<2—I IF (x ,T3) — Kz—I F(t ,T
(Kl - Tl)(Kz - T3) v ( ! 3) (K1 - T1)(K2 - T3) v ( ! 3)
9

' (k1 = 11)(%2 — 13) w1 a-lpy T (T1,73) -

By the equalities (12)-(15), we have

(2 —xk) (T4 —x2) (12 —%1) (k2 — T3)
36A1(k1, DAa(ka, 1) 36A1(k1, 1)As(ka, 1)
(k1 — 11) (T4 — K2) (k1 — 11) (K2 — 13) H,

B 36A1 (Kl, 1)A2(K2, 1) 36A1 (Klz 1)A2(K2/ )
= Q(11, T2, K1; T3, T4, K2)

which completes the proof. [

Corollary 3.2. Under assumptions of Lemma 3.1 with «y = U5 and 1, = 25 we have the equality

O(t1, 12,73, T4)

(12 = 71) (T4 — T3)

1 1
T 1T (YL () Of Of (Y1 (1) =373 (1) (Y2 (1) = 33 (5))

9% t 2—t s 2—5s
8t8 (T1+ 5 12,513+ 5 T4)dsdt

11
(12 = 11) (14 — 73)

14471 (1) (1) f f (Y1 (1) =371 (1) (Y2 (1) = 3Y3 ()
0 0

22 t 2—t s 2-5
8t8 (11+ > 72,§T4+ 5 T3)dsdt
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(Tz—Tl)(T4 T3)
1447, (1)Y5 (1) f f (Y1 (1) =373 (1) (Y2 (1) = 32 (5))

o (t’[ +2_t’[ ET +2_ T)dsdt
X Jtas D R N
1 1

(12 = 71) (T4 — 73)
+ (Y1 (1) =377 (1) (Y2 (1) = 3Y2(s))
P o

14471 (1)Y> (1)

02 t 2—t s -5
—TF|(= — T, = dsdt
X Jtds ( 7 Tt T3) i

where

O(11, T2; T3, T4)
IF-(71+72 )+IF(T1+T2 )+41F(71+2—72, T3;T4)+]F(T T3+T4)+]F(T1, Tg;—u)
9
+]F (12, 74) + F (12, 13) + F (71, 74) + F (71, 73)
36

1 T3 + T4 T3+ T4
_3Y1(1)[¥+I"’1F(T2’ 2 )+ ¥-I@]F(T1' 2 )]

1 T1+ T2 71+ T2
3Y2(1)[ o I“D]F( ’”)J’ ﬁ-l‘ﬂ:( 2 ’T3)]
__1

1271(1)

+ mm Lo (T, 74) + m_lqﬁF(TLTs)]
2 2

1
12Y, (1)

[@J@F (12, 74) + mim IpF (72, 73)

[y;rll/;]l: (12, Ta) + e TyIF (11, 74)

+ ¥_1¢P(T2, T3) + $_I¢]F (T1,T3)]

1

TS e o 02+ sy F (02 )

+ LA B +I<p,1pIF (T1,7T4) + = s Tt _I(p,wlF (11, TS)] .

Corollary 3.3. In Lemma 3.1, if we choose @(t) = t and Y(s) = s for all (t,s) € A, then we obtain the equality

N(T1, T2, K1; T3, T4, K2)

1
_ (12— Kl) (T4 — K2)
/

(12 — K1) (k2 — T5)
36

1-3nQ1- 3s) ]F(le + (1 = 1) 7p,5%p + (1 —5) T4) dsdt

O%H

(1-3)(1-3s) IF(t1<1 + (1 —t)1a,5x2 + (1 —s) T3) dsdt

8tc9

2

otds

(k1 —11) (14 — 1)
36

(1-3t)(1-3s) ==F (txg + (1 = t) 71, 5%2 + (1 — 5) T4) dsdt

S
G
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Jr("l_“)("2 %) f f (1-3)(1-39) 5 aIF(tKl+(1—t)71,s1<2+(1—5)13)dsdt

where

N(T1, T2, K1; T3, T4, K2)
4F (11, x2) + IF (i1, 14) + F (11, 3) + F (12, %2) + F (11, %2)

9
+IF(T2, 14) + F (12, 73) + F (11, 74) + F (11, 73)
36
S(Tz_Kl)f]F(t ) dt - )fIF(t ) dt

1
—3 1) fIF(Kl,S) ds — 30 =20 T f]P(Kl,S) ds

3

1 1 K1
_—12 (Tz — Kl) f []F (t, T4) +F (t, T3)] dt — m f[lp (t, T4) +F (t, T3)] dt

—12(T4_K2)f [[F(ta,s) + IF(11,8)] ds — —T)f[IF (12,9) + F(11,5)] ds
{(TZ_Kl)(Kz—Tg)ff]F(ts dsdt+( ra—_ (Kz_Tg)ff]F(t s) dsdt

1 " 1 K1 Kz
e ) JFevsi e [ | ]F(t's)ds"“m

Corollary 3.4. In Lemma 3.1, if we choose ¢(t) = F(a and P(s) = S;) forall (t,5) € A, then we obtain the equality

D(t1, T2, K1; T3, T4, Kz
1

- (TZ_’“ (” ) f f (1-3t9 (1~ 3sﬁ)—11:(t1<1+(1—t)Tz,SK2+(1—s)T4)dsdt

(12 = 1) (k2 — 13)
36

(1- t“)(l 3sﬁ);’—81[:(t;<l+(1 1) Ta, 5% + (1 — 8) T3) dsdt

_(K1 - 71) (T4 — %2) g

36

(1- 3t“)<1 - 3sﬁ) J ——TF(tr + (1 — £) 71, 552 + (1 — 8) 74) dsdt

dtds

(k1 — 71) (k2 — T3)
36

(1-3t% (1 - 3sﬁ) il

BTN —F (tx1 + (1 = t) T1,8%2 + (1 — 8) 13) dsdt

S T—- O%H -
s e o%H

where

D(t1, T2, K1; T3, T4, K2)
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4FF (x1, 12) + F (1, 14) + F (x1, 73) + F (12, 2) + F (11, k2)

9
+]F (12, 14) + F (12, 73) + F (11, 74) + F (11, 73)
36
T(a+1) Fa+1)
_W K1+]F (TZ, KZ) WIM_F (Tll KZ)
L@+ RO
, - I\ —]F 7
YR I8, JF (i1, 74) YL (x1,73)
1
12 (:: t K)) []K1+]F (72/ T4 + ]K1+1F (72, 13)]
1
12(}:&;)) [J,q_u:(n,u +Je_F (TLW]
T 1
_% l:]£2+ (T2, 74) + ]iﬁ]l: (11, 74)]
4= K2
T 1
_ﬁ [Ifz_ (10, T3) + IQZ—IF(TLT:%)]
2= T3
Ia+1IE+1)
S e
4
1 op . y
]F ! K1+,K: —]F 7
§ [(T2 — 1) (1q — 1g)f T (72 ma) + (T2 — x1)" (kg — T3)f 1% (T2, 73)
1 T 1)+ ' o F(n,1)|.

(k1 — Tl)a (T4 = Kz)ﬁ (r1 — Tl)a (Kz - T3)/3I

2614

Corollary 3.5. In Lemma 3.1, if we choose ¢(t) = 7~ (a) and Y(s) = 7 ([3) for all (t,s) € A, then we obtain the equality

E(T1, T2, K1; T3, T4, Kz)

1
_ (Tz—Kl)(T4—K2) fl 3tk 1 35/;) 9

FTER IE (txy + (1 — £) 12,512 + (1 — 8) T4) dsdt

(12 —x1) (k2 — 13)
36

(1-3tF)(1-3s) aia F(tcs + (1= )72, 552+ (1 =) 73) ddlt

(1 — 1) (14 — %2)
36

(1 - 3t%) (1 - 3sk) 8&8 IF(txy + (1 — ) 11,812 + (1 — 5) 74) dsdt

(k1 — Tl) (Kz - 13)

YRR IF (txcy + (1 — £) 11,810 + (1 — 8) T3) dsdt

%~ - °%~ -
S S S

(1-3t) 1 3Sk) il

where

E(T1, T2, K1; T3, T4, K2)
4FF (1, 12) + F (1, 14) + F (k1, 73) + F (12, 2) + F (11, k2)
9

F (12, 74) + F (12, 13) + F (11, 14) + F (11, 73)
+
36
Fk(a + k) o Fk(a + k)

m (T2, Kz) -
3(1p —xp)F 3 (i — 1)f

]zl F (Tll KZ)
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T k T k
—M]iﬁkﬂ:(m, T4) = ](('B—+)ﬁ S, 4 (K1, 73)
3 (T4 — K2)F 3 (k2 — 13)F
Ti(a + k
- 12 (k( )) a [ K1+, k (TZr T4) + ]::1+/le (TZ/ T3)]
Ty — K
Ti(a + k
—ﬁ []f:l GJF (T, ) + T (T1/73)]
K1—1T
Tk ﬁ + k
( o LGRS o IR
12 Tg — K2
(B +k)
—% []ﬁ JF (T2, 73) +] IF(TllTs)]
12 (xp — T3)F
+Fk(a + I8 + k)
4
1 apk 1 apk
X o B ]K1+,1<2+]F (T2/ T4) + B ]1<1+ kz_IF (T2/ TS)
(T2 —x1)* (T4 — K2)F (12 — K1) ¥ (k2 — T3)*
1 @, 1 a,p,
+ ; Mﬁ kK2+]F (’[1, "[4) + B ; ]Klﬁ_lsz_]F‘ ("[1, ’[3)] .
(k1 = T1)F (14 — 1) * (k1 — T1)* (k2 — T3)F

4. Simpson type inequalities for Generalized double Fractional Integrals
Theorem 4.1. Suppose that the assumptions of Lemma 3.1 hold. If the mapping |%) is co-ordinated convex on A,
then we have the following inequality for generalized fractional integrals

€71, T2, %15 T3, T4, K2)|

(12 = x1) (T4 — K2)
36A1 (Kl, 1)A2(K2, 1)
2

(9

aZ
dtds

IA

+ ﬂ182

|

+ .?th,

|

+ .7{432

|

+ \?{483
1

A = f FAL Gk, 1) = 3A(x, Bl e, (16)
0

== (11, x2) == (x1,74)

P
[%B L otas

+ A By | =— + AB, |=—=F (TZI 7-'4)

0?
otds

(12 = k1) (K2 — 73)
36A1(x1, 1)Ax(xc2, 1)
2

dtds

(k1 — 11) (T4 — K2)
36A1(x1, 1)Az(x2, 1)
2
8 Js F (11, %2)

02
== (x1, x2) ETER =1 (1, 73)

[ﬂl& Jtds

+ Ao By | =="F (12, 2)| + ArB3 | == (12, 73)

9?
dtds

&2
dtds

02
[&"h& = (x1, x2) 3105 = F (x1, 74)

P
ETER == (11, 74)

+ ﬂgBl + ﬂSBZ

(k1 — 11) (k2 — 73)
36A1(K1, 1)A2(K2, 1)
2

d
dtds

== 1F (x1, x2) —1IF (x1, 73)

J?
dtds

e
[ﬂ‘*& tds

02
+ Az B, F (71, %2)| + A3 B3 ETER == (11, 13)

where
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A = f (1= O 1As(1, 1) - 3Aa(k, B d,
0
1

A = f (1= ) 1Ak, 1) = 3, B db
1

A = f FlAu (1, 1) = 3As (i1, Bl dE

0

and

1
8 = f 5 1Aa(ka, 1) — 3Aa(ica, )] s,
0
B, = f(l—s) |Aa(ic2, 1) — 3Ax(x2, 8)| ds,

B3 = f(l = 5)|Az(x2, 1) = 3Az(k2, 5)| ds,

1

By = fS|A2(K2,1)—3A2(K2,S)|ds-

0
Proof. By taking modulus in Lemma 3.1, we have

|Q(T1, T2, %1, T3, T4, K2)|

IN

1 1
(12 — K1) (T4 — K2)
sa it [ Of [As1,1) = 381G, Dl As (2, 1) = 3ol )

2

Bt 3 dsdt

]F(tKl + (1 t) Tp,SK2 + (1 - S) "C4)

1

1
(12 — k1) (K2 — 73)
+ |A1(%1, 1) = 3Aq(k1, D) 1A2(K2, 1) = 3As(K2, 9)]
if

36A1(x1, 1)Az(x2, 1)
0

—TF (tx1 + (1 — t) 1o, 5k + (1 — S) T3)| dsdt

d?
" |9tas

1

1
o - 1) (T — ) f f (AnGes, 1) = 3A1 (s, B [Aa(ca, 1) — 3Aa(ia, )|
0

36A1(k1, 1) Aa(x2, 1)
0
B
9t3 —TF (tx1 + (1 —t) 71,5k + (1 — s) T4)| dsdt

1 1

(k1 — 1) (k2 — 73) f

A 1) - 3A A 1) - 3A

+36A1(K1,1)A2(K2,1) I 1(Klr ) 3 1(K1/t)|| 2(K2r ) 3 2(K2,S)|
0 0

2616

(17)

(18)
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2

88(9 F(tky + (1 —t) 71,512 + (1 — 8) 73)| dsdt.

. 2 . .
Since |%( is co-ordinated convex, we have

1 1

T) — K T4 — K

a2 SO [ st 1) = 34w, D1 A, 1) = 3a(va, )
0 0

2

d
8t8 —IF (tx1 + (1 = t) 1o, 5% + (1 — s) T4)| dsdt

IN

1 1
(T2 — k1) (T4 — %2)
e Of Of [Av(r, 1) = 3Aq 061, Bl 1Aa(ka, 1) — 3Aa(ca, )]

X (ts

+(1-1s

P (e, )| £ = 9)|-LF (11, 0)
Jtgs k2 Jtgs 1T

2
dtods
(12 = x1) (T4 — K2)
36A1(x1, 1)As(x2, 1)

—=F (1, )|+ (1 -1)(1 - ) 1F(T2/T4)

)dsdt

2
%IF (1, %2)

1
Xff(|/\1(1<1/1)—3/\1(7<1/f)| [A2(x2, 1) = 3Az(x2, 5)| ts
00

2

d
+ [A1(x1, 1) = 3Aq(x1, £ [A2(x2, 1) = 3A2(K2,8)| (1 —5) ETEN F (x1, T4)

+ [A1(k1, 1) = 3Aq(k1, )] [A2(x2, 1) = 3A2(x2,8)[ (1 — 1) s ]F (T2, %2)

8t8

+ [A1(x1, 1) = BA1(x1, )] |A2(k2, 1) = BAa (2, 8)| (1 — 1) (1 - ) ]F (T2, 74)

) dsdt

(12 = x1) (T4 — K2)
36A1(x1, 1)Az(x2, 1)

—=F (x1, x2)| + A1 By | =5-F (x1, 74)

|

7?
dtds

22
X [ﬂlﬂl tos

2

P 2
(9 Js F (12, %2)

J
ETER == (12, 14)

+ ﬂzBl + ﬂZBZ

Similarly, we obtain

1 1
(r2 — k1) (2 — T3) f ALkt 1) = 3Axkr, )] 1Aa(iz, 1) — 3Aa(ic, )|
0

36A1(c1, 1)Aa(x2, 1)
0

B
8 Js

(12 = k1) (K2 — 73)
36A1(x1, 1)Ax(x2, 1) [ﬂ184

—TF (tx1 + (1 — t) 7o, 5% + (1 — s) T3)| dsdt

+ A1 B3 ]F(Klr T3)

=1 (11, x2)

9?
dtds

9?
dtds

2617

(19)

(20)
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|

1
f|A1(K1, 1) = 3Aq(x1, £)|A2(x2, 1) — 3A2(x2, 5)| (21)

pL

+ B 55

F (12, k2)| + A2 B3 ]F (T2, 73)

Bt&

(k1 — 1) (T4 — K2)
36A1 (Kl, 1)A2(K2, 1)

—TF (tx1 + (1 — ) 71,5k + (1 — ) T4)| dsdt

02
8t&
(k1 = 71) (T4 — K2)
36A1(x1, 1)Ax(x2, 1)

82
(9 D5 (T1,K2)

IN

== (1, x2)| + AsB»

|

== (x1, 74)

J?
dtds

7
[ﬂ‘*g ' 3ras

P
ETER == (11, 74)

+ ﬂgBl + ﬂSBZ

and

1 1
(Kl - Tl) (Kz - T3)
S Of Of (A, 1) = 384 (i1, Bl 1Aa(ik2, 1) — 3Aa(iz, ) (22)

2
91‘3
(k1 — 71) (%2 — 13)

36A1(x1, 1) Az (12, 1)
2

d
dtds

—F(tk1 + (1 — ) 71, 8% + (1 — s) 73)| dsdt

2

J 2
dtds

d
dtds

== (1, x2)| + AsB3 | ==-F (1, 73)

|

If we substitute the inequalities (19)-(22) in (18), then we obtain the desired result. [

IA

[ﬂ4B4

P
+ A3By |=="F (11, x2)| + A3 B3 ETER == (11, 13)

Corollary 4.2. Under assumptions of Theorem 4.1 with 11 = 952 and k, = 252, we have the following Simpson
type inequality for generalized fractional integrals
[O(71, 72573, 74)|
(T2 — 1) (T4 — T3)
< 1447, (1) Y5 (1) (As + As) (B5 + By)
P P Py 2
[8t8 F (71, 73)| + ETER 55 F (11, 14)| + FTER 55 F (12, 13)| + IF(T2/T4)}
where O(11, T2; T3, T4) is defined as in Corollary 3.2 and
1
= [ -amiond A= [ a-nm -, @)
0 0
and
1
Bs = fs [Y2(1) — 3Y5(s)lds, B = f(l —5)[Y2(1) — 3Y(s)| ds. (24)
0 0
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Corollary 4.3. In Theorem 4.1, if we choose @(t) = t and Y(s) = s for all (t,s) € A, then we obtain the following
inequality for Riemann integrals

IN(T1, T2, K1; T3, T4, K2)|

< (12 - K1;’é’r4 - K2) [% %;IF (k1, 12)| + 54 > (;:; IF (k1,T4)
kT o R e s |
+(T2 - Kléékz - T3) [% o’)(i;s]F(Kl/KZ) + ;—228—7 %;SIF(KLTS)
+ 2%% S35 F (T2 12)| + 2722 8:9 1F(T2,T3)]
LK - 71:)%274 — K2) [éj; a(i; I (k1, 12)| + 328—7 %;SIF(KL’M)
Lk - TlééKz —73) [% ai;S]F (1, 12)| + ;Z 287 ;; IF (i1, 73)

where 8(t1, T2, K1; T3, T4, K2) is defined as in Corollary 3.3.

Remark 4.4. If we choose 11 = Tl;'” and xp = “;” in Corollary 4.3, then Corollary 4.3 reduces to [30, Theorem 3].

Corollary 4.5. In Theorem 4.1, if we choose ¢(t) = F(a) and P(s) = Sﬂ for all (t,s) € A, then we obtain the following
inequality for Riemann-Liouville fractional integrals

|D(T1, T2, K1; T3, T4, K2)]

wz—Kgg4—m)k3(>CM@

0?

dtds

——F (1, k2)| + C1 (@) C2 (B)

|

+C1 () C2 (,3)

|

mkumwuw +C1@C:(p)

P 2
ETER =—=IF (11, x2)| + C2 (@) C2 (B) ﬁIF(TL’M)]

(1 = 71) (K2 =
36

81‘8 F (x1, T4)

+ C2 (@) C1(B) ]F(Tz, K2)

+C2(a)C2(B)

8t& ata F(12,74)

(T2 — %1) (k2 —
36

lF(Kl,Kz) ]F(K1,T3)

at8

2

+C2(a)C1(B) lF(Tz, 12)| + C2(a) C2 (B)

8t8

ata F (12, 13)

(k1 —71) (T4 —
36

F (11, k2) 1F(K1,T4)

81‘8

+ Cz (oz) C1 (,3)

]F(Kl, ) +Cl (O()CZ (‘3) ]F(Kl,’fg)

&t&

2 2
+ Ca2 () C1 (B) aia F (11, k2)| + C2 (@) C2 (B) %]F(TLFQ)]
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where O(t1, T2, k1; T3, T4, K2) is defined as in Corollary 3.4 and

o -l 52

+2
G0 = 2(%)5[1 g+1]_ (%)[ c;+2] (g+1)3(g+2)_%'

8
Corollary 4.6. In Theorem 4.1, if we choose @(t) = kr a) and Y(s) = k;kk(ﬁ) for all (t,5) € A, then we obtain the
following inequality for k-Riemann-Liouville fractional integrals

Ci(9)

|E(T1, T2, K1; T3, T4, K2)|

_(””ﬂg““qamwﬂwwwﬁWmmﬂ

P
+ D1 (a, k) Dy (B, k) ‘%IF(KL’M)

] 2

J
+ D1 (o, k) Dy (B, k)’atas]F(Kera)
82

Jtds }

B 2
ETER 552 F (161, %2)| + D1 (a, k) D2 (B, k) pTEN

Jtds ]

02 02
ETER == (1, 12)| + D1 (o, k) D (B, k) YRR

where E(T1, T2, K1; T3, T4, K2) is defined as in Corollary 3.5 and

2(1)1" [1L]3_’<1 (26)

]F(Tz, K2) ]F(Tz, Ty)

+ Dy (o, k) Dy (B, k)

+ D (a,k) D, (B, k)

8t& &ta

]F(K11K2)

36 &’ta

(2= x1) (k2 — T5) [z)l (a,k) D1 (B, k)

+ D (a,k) D, (B, k) | 55-F (12, 13)

+ Ds (o, k) D1 (B, k)‘ ]F(T2, K2)

=55 F (x1, 74)

+(K1 - 71:)32’[4 o) [1)1 (a, k) D1 (B, k)

+D2 (Ol k)Z)1 (ﬁ k) IF(T1,K2) +.Z)2 (Oz,k)ﬂz (ﬁ,k) IF(T1,74)

8t8

==5-IF (x1,73)

36

+(1<1 - 71) (k2 — T3) [1)1 (a, k) D1 (B, k)

+ Dy (a, k) Di (B, k)‘ ]F(THKz) + Dy (a, k) D> (B, k)‘ ]F(T1,T3)

Dile k) 3) |27 crak| T cr2k 2

k 2k
1 k 1\< |1 k
2(?_:) [1_ +k _2(5) [§_g+2k "

Theorem 4.7. Suppose that the assumptions of Lemma 3.1 hold. If the mapping |%(qis co-ordinated convex on A,
q > 1, then we have the following inequality for generalized fractional integrals,

1
C+bc+20) 2

Di(c, k)

1Q(T1, T2, K1; T3, T4, K2)|

1
4

1 1
(WWW““[ffwmnﬂmmwwmmamemq
0 0

36A1 (Kl, 1)A2(K2, 1)
1/{| 92 q 2 q 92 q o N3
X [ ( otos ]F(Kl’KZ) ata ]F(Klr 74) ata ]F(TZI KZ) ata IF(TZI T4) )]
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1

1 1 P
(12 — K1) (k2 — 73) ff p _ p
+36A1(K1, DAa(ics, 1) [A1(x1,1) = 3A1(x1, DIF |A2(k2, 1) — 3Aa(x2, s)IF dsdt
0 0
)

[1( 2
X
11 ?
=) (T — ) [ [ [ 1130000 |/\2(K2,1)—3A2(K2/5)|pd5dtJ
0 0

q q 2

" 105

2 q

]F (k1,T3) lF (T2, %k2) =1 (12, 13)

== IF (x1, x2)

8t8 8t<9

otds
36A1(x1,1)Aa(x2, 1)

1(8

otds

I

1 1
y - m) e ) [ I |A1<K1,1>—SAl(Kl,t)mz(Kz,l)—3Az<1<z,s>l”dsdtJ
0 0

q q q

X F (%1, x2) ]F(K1/T4) ]F(Tl,Kz) ]F(Tl, Ty)

81‘8 8 ds &t&

1
P

36A1(K1, Az Ko, 1)

q

1] & 1 ] 2 P K
X[ (3t3 FF (1, k2) ata ]F(KLTS) 1500 =1 (11, %2) 1505 =1 (11, 13) )]
where + = 1 =1.
, we have
(27)
1 1
(T2 — 11) (T4 — K2) Ar(ier, 1) = 3A; (k1 Bl [Aa(ica, 1) = 3A
364, (1, Ao (i, 1) [A1(xq,1) = 101, O A2(x2, 1) - 2(Kk2,9)|
0 0
&2
ata —IF (tx1 + (1 — t) 1o, 5% + (1 — s) T4)| dsdt
‘;17
< (o) Ai (i1, 1) = 3Aq(k1, O [Aa(ics, 1) = 3A P dsdt
< 36A1(1<1,1)A2(1<2,1) | 1(xc1, 1) = 3A1(xc1, P [Az (2, 1) = 3Az (12, 5)I ds
11 ] i
X ff ]F(t1q+ (1 =1 1o,sk + (1 —5)14) dsdtJ
0 0
1 1 P
< ook [ [ a0, = 300060, 08 1ot ) - 30097 dsdt]
7 I O 0
1 pav) q 2 q 92 q P N7
X[ (ata IF (1, 12) il T =1 (x1,74) 15105 =1 (12, %2) 15105 =—=1IF (12, 14) )]
Similarly, we get
1 1
s [ s, 1) - 380 Dl Idali 1) - 38a(i, ) 28)
0 0
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2

88(9 F(txy + (1 — ) T, 512 + (1 — 5) T3)| dsdt

IN

1 1
(z2 ~ %) (xcy = 75) [ f f A1, 1) = 3A1(ict, D |A2<K2,1>—3A2(K2,s)|wsdt]
0 0

36A1(x1, 1) Az (12, 1)

36A1(k1,1)Ax(x2,1)
1 a q 82 q q N
X[ (&w F (%1, x2) * 15155 —F (x1, 73) 8& ]F(Tz,Kz) 8t8 IF(Tz,T3) )] ,
G — 1) (T4 — 1) A — 3A1(k1, D] 1As(ica, 1) — 3A 29
36A1(K1,1)A2(K2,1) | 1(x1,1) 1(x1, B |A2(x2,1) = 3Az(k2, 5)] (29)
aZ
8 o —TF (tx1 + (1 — ) 71,5k + (1 — ) T4)| dsdt
1 1 %
< 3221@?)1&42(;?1) [ f f A1, 1) — 381G, O [Aa(i2, 1) — 30 (s, 5)P dsdt]
0 0
1] o i 2 2 T2 N
X[ (81‘8 IF (1, 12) * 15155 —1IF (x1, 74) * 1558 —IF (11, x2) 15105 —1IF (71, 74) )]
and
1 1
3(6’21;;11)1()’;22(‘1;31) f (A1, 1) = 384 (i1, B [Aa(k2, 1) = 3 (i, ) (30)
0 0
82
8 5 —TF (tx1 + (1 — t) 71,5k + (1 — s) T3)| dsdt
1 1 %
c ta-mle-m) [ f f (A1, 1) = 341, O |A2(K2,1)—3A2(K2,5)|pd5dt]
0 0

q q q

1(] & 2 % P N\’
—F —F —F —F
X [ ( SiasFler2)| + 155 F ki, )| + |55 (11, K2)| + | 5= (11, 75) )]
By substituting the inequalities (27)-(30) in (18), we establish required result. [
Corollary 4.8. Under assumptions of Theorem 4.7 with 1 = U5 and «; = 25, we have the following Simpson

type inequality for generalized fractional integrals

|O(11, T2; T3, T4)|
1

1 1 p
f f Y1 (1) = 374 (O Y2 (1) - 375 <t>|"dsdt]
0 0

(T2 — 11) (T4 — T3)
= 4, ()Y, ()

<[

92 T3 + T4 i
F
" |5t0s (”’ 2 ) "

q

92 (’[1+T2 T3+T4)q

92 ]F(T1+T2 ’[)
Jtds 2 2 o

*\tas 2
i

v
Otos F (12, 14)
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1 02 T1+ T2 T3+ T4 I 02 T1 + T2 1
+Z[atas ( 2 2 ) " otas ]F( 2 'T3)
92 T3 + T4 i 1
i BtBSIF(TZ' 2 ) aw F (72, 72)
+ 1 02 (T1+T2,T3+T4)q ]F T1 + Tzl )
4 \|dtds 2 2 dtds
92 T3 + T4 i 1 %
i BtasIF(Tl' 2 ) ata P,

+ 1 02 (T1+’Iz T3+T4)q ]F(T1+Tz )
4 \|otds 2 72 otds
9? T3 + T4 I 1 %
" &t&s]F(Tl' 2 ) i 81‘(9 Fn, ) )

where O(11, T2; T3, T4) is defined as in Corollary 3.2.

Corollary 4.9. In Theorem 4.7, if we choose @(t) = t and (s) = s for all (t,s) € A, then we obtain the following
inequality for Riemann-Liouville fractional integrals

IN(T1, T2, K1; T3, T4, K2)
1 (142015

PO

= 36(3(p+1)

X(h—mﬂu—m{

)%S]F (K1,K2)‘q + |%951F(K1,T4)|q + |£—,2;le (T2, K2)|q + |%951F(T2, T4)|q %
4

==

[ e )] + [ (e, )+ |25 F (2 ) + | 2, )
4

+ (12 = x1) (K2 — T3)

S

|7 F G )|+ [ Gy )]+ [ F ()| + [ F (o )]
4

+ (k1 = 71) (T4 — K2)

[y

EF G + [ e o ¢ [ o + [ o)
4

+ (1 = 11) (K2 — 73)

where 8(T1, T2, K1; T3, T4, K2) is defined as in Corollary 3.3.

Corollary 4.10. In Theorem 4.7, if we choose @(t) = % and P(s) =
inequality

r(,S) for all (t,s) € A, then we obtain the

|D(T1, T2, K1; T3, T4, K2)|

1 P 5
1 o P
< f|1—3t P dt f|1—3sﬁ| ds
0 0
1(] & T T T "\’
X{(TZ—M)(M Kz)[ (8t8 IF (1, x2) 8t8 —1IF (x1, 74) (9t8 =1 (12, %2) 8 o =—=1IF (12, 14) )}
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[1(| &2 T T T I’
+ (12 — x1) (k2 — 73) _A_L ( %]F(KLKZ) + ﬁﬂ:(?ﬁ,’fs) + ETER —F (12, %2)| + 2105 =—=1IF (12, 13) )

(1(] & T T T I
+ (1 = 11) (T4 — %2) 41 ( ﬂ]F(KhKZ) + %]F(KLTAI) + ETER —F (11, %) + ETER —=F (11, 74) )

[ 2 q 2 9 2 q 9?2 q %
+ (k1 — 71) (2 — T3) »Z(ﬂﬂ*’(m,xz) + ﬂlF(Kms) + ﬁ]F(THKz) + ﬁlF(Twa) )

where O(t1, T2, k1; T3, T4, K2) 1s defined as in Corollary 3.4.

g
Corollary 4.11. In Theorem 4.7, if we choose @(t) = kl"k @ and (s) = kfskk(,;) for all (t,s) € A, then we obtain the
following inequality for k-Riemann-Liouville fractional integrals

|E(T1, T2, K1; T3, T4, K2)|

1 R ;
L Ty 1-3st ds
36

0 0

IA

L2 '] s q 2 'S
X{(Tz—?ﬁ)(u Kz)[ (8t8 F (x1, k) +15:55 —TF (x1, T4) + (5550 (1, 52) Ty 9 R ) )]
+ (12 — K1) (2 — T3) }L ( %ZSIF(KLKz) 1 + %;P(Kl,rg) q . a(z; S q ) &'Z; - q) i

where E(71, T2, K1; T3, T4, K2) is defined as in Corollary 3.5.

Theorem 4.12. Suppose that the assumptions of Lemma 3.1 hold. If the mapping |%|q is co-ordinated convex on
A, q > 1, then we have the following inequality for generalized fractional integrals,

1€(T1, T2, K1; T3, Ta, K2)|
1-1
q

11
(T2 — k1) (T4 = %2) [ ]
[A1(x1,1) = 3A1(k1, B) [Aa(x2, 1) = BAx(K2, 5)| dsdt
ofof

36A1(x1,1)Ax(k2, 1)
q q
X(ﬂlgl ETER 5 F (1, x0)| + A1 B 8t8 ]F(K1,T4)
P d P i
+ A B4 ETEN F(12,%2)| + B ETER =5 (72, T4) )

~1
14

1 1
(Tz - Kl) (Kz - T3)
i [ f Of IAsr, 1) = 3As (1, B [Aa(kz, 1) — 3Aa(kz, ) dsdt]

q 2 q

== (11, x2) ETER

+ A1B3 |=—=TF (x1, 13)

>
X (‘7‘184 T
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Q);
(1 = 11) (T4 — K2)

11
+36A1(1<1, Diates, D [ff|A1(K1/ 1) = 3A1(x1, D) 1A2(x2, 1) = BA2(x2, 5)| detJ
0

2 q

J
+ Ao By | 5= ETEN F (12, %2)| + A B3 |=55[F (12, 13)

*?
dtds

_1
1‘7

X(ﬂﬁ;l 888 ]F(Kl,Kz)q +AuB, &; ]F(Kl,u)q

Ps ’ 2 i

+ A3 B4 ETEs F (11, %2)| +A3B, 3105 =5 F (11, 74) )
(11 — 1) (12 — T3)
36A1(x1, 1)Az(x2, 1)

1 1 1-1
x [ f f 1A (k1, 1) = 341k, ] A (iea, 1) — 38g(ks,5) dsdt}
0 0

q q

02 02
X(ﬂ484 310 == (x1,x2)| +AsB3 ETER ==-[F (x1,73)
Pavl q o2 q\ 7
+ A3 By | == ETEN F(11,%2)| + Az B3 ETER ——F(11,73) )

where A;, i =1,2,3,4 are defined as in (16) and B;,i = 1,2,3,4 are defined as in (17).

, we have

31)
11
(T2 — K1) (T4 — K2) f'Al(Kl' 1) = 3A1(x1, )l 1Ax(x2, 1) = 3Ax(x2, 5)l
0

36A1 (1, 1)As(x2, 1)
0

2
aaa ]F(le + ( - t) Tp,SKp + (1 - S) T4) dsdt
(=)@ [ o
Typ — K1) (T4 — K2
< 367 (01, st 1) [ffll\l(’ﬁ,l) 3A1(x1, ) 1A2(k2, 1) = 3As(k2, 5)| dsdt
00
11
x { [ a0 = 30060 D102 1) - 30029
0 0
92 q %
‘ﬂ]F (tx1 + (1 —t) 1o, 5% + (1 — ) T4) dsdt)
< (ma—x) (14— x2)
~ 36A1(x1, 1)Ax(x2, 1)

_1
1‘7

x f f |A1<1<1,1>—3A1<1<1,t>||A2<1<2,1>—3Az<v<2,s>|dsdtJ
0 0
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11
? i
xl [/ (|/\1(K1,1)—3/\1(K1,f)||/\2(1<2,1)—3/\2(K2,S)|fs .
00
Py q
+ |A1(K1/1) - 3A1(K1/t)| |A2(K2/ 1) - 3A2(K2/S)|t(1 - ) ata IF(KII T4)
Py q
+ [A1(x1,1) = BA1(xkq, ) [A2(K2, 1) — 3Aa(k2,8)[ (1 = £) s ETER ——=1IF(12,x2)
P i 0
+ [A1(xc1, 1) = 3A1 (11, )] [Aa(k2, 1) = 3Aa(k2, )| (1 =) (1 —5) ETER —=F (12, 14) )det]
(- k) @—x) [ [ .
_ Typ — K1) \Tg — K2 _ _
- [ [ a1 = 30000, 0118002, 1 = 3ot st
00
a ‘7 " i i 7 "
X(ﬂlgl ﬁ]F(KMQ) + A8, ata ]F(K1,T4) + A By 3195 = F (12, %2)| + A B ETER == (12, 74) )
Similarly, we obtain
(G-k) a1 [ (
Ty —K1)(K2 — T3
36A1(x1,1) Az(Kz,l)ff'Al(Kl’l) 3A1(xc1, ) [(Az(x2, 1) — 3Aa(x2, 5))l (32)
0 0
B
8t8 —IF (tx1 + (1 = t) 7o, 5% + (1 — s) 13)| dsdt
_ (-x1) (k= 73)
36101, A (2, 1)

_1
1‘1

1
X ff|A1(K1,1)—3A1(K1,f)||A2(K2,1)—3A2(K2,S)|d5df]
0 0

2 i 2 i
X(ﬂlﬂl ETER —F (x1,x2)| + A1Bs3 ETER —F (x1, 73)

o2 q o2 q },7
+ A By 3105 + A B3 ETER =—=F(12,73) ) ,

—F (12, %2)

(k1 — 11) (T4 — K2)

360 (1, DAa(e, 1) f|A1(K1, 1) = 3A1(x1, DI [Az(x2, 1) — 3Aa(x2, 9) (33)
0 0
92
8 o —F (k1 + (1 — t) 71, 5%2 + (1 — 5) T4)| dsdt
< (k1 = 71) (14 = K2)
- 36A1(K1, 1)A2(K2, 1)

1
-3

11
X[B[Of|A1(K1,1)—3A1(K1,t)||/\2(1<2,1)—3A2(K2,s)|dsdtJ
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P ! P !
X(ﬂ481 ETER - F (1, %0)| + AuBy ETER 5 F (1, 74)
Pe ! 2 i
+ A3 B4 ETES F(t1,10)| + A B, 3105 =5 F (11, 74) )
and
11
A0 [ [, 1) = 3G, Dl 82 1) - 300, ) 69
2 0
Bta —F(tk1 + (1 — ) 71, 8% + (1 — ) 73)| dsdt
o (k—1) (o - 1)
T 36A1(x1,1)Ax(ko, 1)

11 1-5
X [f f |A1(c1, 1) = BA1(x1, D [Az(c2, 1) — 3Aa(k2, 9)] det]
0 0

q q

2 02
X(ﬂ434 ETER —F (x1,x2)| + AsBs3 ETEN == (x1, 73)

2 q 2 q %
+Az By 3105 —=F (11, %) +AzB3 ETER == (11,73) ) .

If we substitute the inequalities (31)-(34) in (18), then we establish desired result. [J

T3+T4
2

Corollary 4.13. Under assumptions of Theorem 4.12 with 11 = and ky =

type inequality for generalized fractional integrals

e , we have the following Simpson

[O(t1, T2; T3, T4)|

s
= (214_;1121(;;2_ (E) [ fl fl Iy (1) = 37 (O] (1) = 375 (s)|dsdt] q
0 0
[(ﬂs@s af;s (Tl;rTZ/TS;M) + A By af; (T1;T2/T4)q
RHERREE AT
[ r(y 2 e (e o
+ AsBs a(:; (T Ts;u)qw‘tﬁsﬁ afa F (2, 73) q);
e e e (]
+ A Bt; (T T3ZT4)q+ﬂ6$6 &t; ]F(Tl,u)q);
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02 T1+ T2 T3+ T4 02 T1 + T2 1
(ﬂ”B5 dtds ( 2 2 ) Rl Fren ( 2 'T3)
02 T3 + T4 1 22 i %
+ AsBs 3158 (T 7 ) + AsBs ETER ——F (11, 13) )

where O(t1, T2; T3, T4) is defined as in Corollary 3.2, As, A are defined as in (23) and Bs, Be are defined as in (24).

Corollary 4.14. In Theorem 4.12, if we choose @(t) = t and (s) = s for all (t,s) € A, then we obtain the following
inequality for Riemann-Liouville fractional integrals

[N(T1, T2, %15 T3, T4, K2)
. (m-x)(u-K) (@)1‘3
- 36 36
292 | T 298] 829 Tog| "
><(542 Jis (k1 k2) +5_42_7 st KU T ¥ 575 gt ()| F o |Gk (T ) )
G Kl) (Kz - T3) (25)
36
29 ! P 7829 & '8 "
*\522 ata s F (k1) 5227 st )|t 375 st ()| F gz gt (72 ) )
Lk - Tl) (T4 — Kk2) (@)l_q
36
29 T 298] 7829 & Tog| P ’
X\ 522 8t8 F (1, 1) i ﬁﬂ:(m,u) * 5751 | 5m0s (T1,%2) * 577 | 3158 55 F (11, 74) )
Lk - Tl) (Kz —13) (é)l_q
36
292 | & T 298] 7829 & Tog| "
><(542 e e A P T I v PG I A Pre ) )
where 8(t1, T2, K1; T3, T4, K2) Is defined as in Corollary 3.3.
Corollary 4.15. In Theorem 4.12, if we choose ¢(t) = 5 and y(s) = % for all (t,5) € A, then we obtain the
following inequality for Riemann-Liouville fractional mtegmls
|P(T1, T2, K1; T3, Ta, K2)
- K - K 1
e G
q q
(Cl (@)C1(B) 8t8 IF(KLKZ) +C1(a)C2(B) &te? IF(K1/T4)
q 9? 7\
+CZ(a)Cl (ﬁ) ata ]F(TZ/KZ) +CZ(Q)CZ(ﬁ) ata ]F(TZITKL) )
T — K1) (K2 — T -1
(T2 — k1) (k2 — T5) (Cs (@) Cs (B
36
q q
(Cl (@)C1(B) &t& 1F(K1,K2) +C1 () C2(B) 81‘8 IF(Kl,Ta)
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q)f;

q

q

+ Ca () C1(B) IF (12, %2)| +C2(a)C2(B) 1F (T2, 73)

8t8

(k1 — 71) (T4 — %2)
36

(Cl (@)C1(B)

8tc9

<c3 (@)C3 (B)"

q 2

otds

1F (x1,%2)

+C1(a)C2(B)

—F (Klr T4)
)

9

8t8

ey

q

+ C2 (@) C1(B) ]F(Tl,Kz) +C2(a)C2(B) ]F(Tl,T4)

8t& 8t8

(k1 — 11) (k2

W= ¢ e (ﬁ»l‘%

IF(KLKZ) +C1 (@) C2(B) IF(Kl,T3)

q);
where O(t1, T2, k1; T3, T4, K2) is defined as in Corollary 3.4, C1, C, are defined as in (25) and Cs is defined as
1
1\¢ 1 3
C3(g)_2(§) [1_ g+1]+ c+1 -t

a i
Corollary 4.16. In Theorem 4.12, if we choose ¢(t) = g5 and Y(s) = g for all (t,s) € A, then we obtain the
following inequality for k-Riemann-Liouville fractional integrals

(Cl (@) C1(B)

&t& 8t8

q

+Ca () Ci(B) ]F(THKz) +C2 () C2(B) ]F(71,T3)

Bt(? Bt(?

|E(T1, T2, K1; T3, T4, K2)|

2= D= (0, D1 (5,0

X (1)1 (o, k) D1 (B, k) ‘8;9 F (%1, x2)

IN

q q

+ D1 (0( k)DQ (ﬁ k)‘ IF(Kl, T4)
)

q

q

=

+ @2 (0( k)Z)l (ﬁ k) IF(Tz,Kz) +.Z)2 (a k 1)2 (ﬁ k) IF(Tz, T4)

8to7 8t8

(T2 — K1) (k2 — T3)
36

(z)l (@ D1 (6,6)

(@3 (a, ) D3 (B,K)) 7

q

]F (k1,12)| + D1 (a, k) D (B, k) lF (x1,73)

);

q

8t8

q

+ D, ((X k)Dl (ﬁ k) ]F(TQ,KQ) +D, ((X k)Dz (ﬂ k) IF(TQ, T3)

Bt& &t&

+(1<1 - T1;éf4 - %) (Ds (@, 0) D5 (5, )

X (1)1 (oz, k) @1 (‘3, k) ’a? ]F(Kl,Kz)

q

+ Dl (a k) 2)2 (ﬁ k)‘ IF(Kl, T4)

)

q

==

+ .Z)z o, k)Dl (ﬁ k) ]1:"("(1,1(2) +.Z)2 (0( k)@z (ﬁ k) IF(Tl,T4)

8t3 8t8

G Tl;é"z ~ %) (Ds (a,K) D5 (B,k) 1
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q 2 q
X(.Z)l (oz,k)Z)l (ﬂ,k) (9? ]F(Kl,Kz) +D1 (a k)Dz (ﬁ k) 81‘& K1, T3)

g o
+ Z)z (0( k)Dl (ﬁ k) 8to7 ]F(Tl,Kz) +.Z)2 (a k).Z)Z (ﬁ k) 8t8 IF(Tl,Tg) )

where E(71, T2, K1; T3, T4, K2) is defined as in Corollary 3.5, D1, D, are defined as in (26) and Dj is defined as

Dile k) = 2(ﬁ)(%) - (ﬂ(k) -

5. Concluding Remarks

In this paper, we present several generalized fractional Simpson type inequalities for functions whose

partial derivatives in absolute value are co-ordinated convex functions. We also show that the results given
here are a strong generalization of some already published ones. In the forthcoming papers, researchers
can use the techniques of this work to obtain similar inequalities for other kinds of co-ordinated convexity.
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