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A time domain characterization of weak Gabor dual frames on the half
real line

Yan Zhang?, Yun-Zhang Li®

?School of Mathematics and Information Science, North Minzu University, Yinchuan 750021, P. R. China
bDepartment of Mathematics, Faculty of Science, Beijing University of Technology, Beijing 100124, P. R. China

Abstract. Due to R, not being a group under addition, L?>(IR;) admits no traditional Gabor system as
L*(R). Observing that R, is a group under a new addition “®”, we in this paper introduce and characterize
a class of weak Gabor dual frames in L*(IR,) based on this new group structure. Some examples are also
provided.

1. Introduction

In the last decades, frame theory has interested many researchers in pure and applied mathematics
[2, 28]. The study of structured frames is an important part in the theory of function space frames. Among
them, a Gabor frame for L?(R) is generated by a translation-and-modulation operator system acting on
several functions in L%(R). Constructing Gabor dual frame pairs with desired properties has been attracting
much attention of many mathematicians (see[3-8, 11, 12, 15, 18-20, 26, 27, 30] and references therein).
Christensen, R. Y. Kim and H. O. Kim in [5, 6] investigated the constructions of the dual window functions
of Gabor frames with the “partition of unity” property. Stoeva in [26] characterized Gabor dual frames
pairs with compactly supported window functions. Christensen, Janssen, H. O. Kim and R. Y. Kim in
[3] investigated a class of window functions for which approximately dual windows can be calculated
explicitly, and presented the explicit estimates for the deviation from perfect reconstruction of the Gaussian
and two-sided exponential function. In addition, subspace Gabor analysis and Gabor analysis on local
fields have also been studied (see [1, 13-17, 21, 24, 25, 30, 31] and references therein). Recently, Li and Jia in
[20] generalized “Gabor dual frame” to “weak Gabor dual frame” (also called weak Gabor bi-frame), and
characterized weak Gabor dual pairs on periodic subsets of R. Observe that a pair of weak Gabor dual
frames is a pair of Gabor dual frames if they are Bessel sequences in addition.

This paper focuses on Gabor analysis on L*(R,) with R, = [0, o). In contrast to R, R, is not a group
under addition. This results in L*(R,) admitting no traditional nontrivial shift invariant system. Thus
it does not admit traditional wavelet or Gabor frames. Fortunately, IR, is an abelian group under a new
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addition “@®” defined below. Based on this group structure, a class of wavelet frames for L*(R,) were
introduced and investigated ([9, 10]). Motivated by the above works, in this paper, we investigate a class
of weak Gabor dual frames for L*(R,).

To proceed, let us first review the addition “®”. We denote by Z, Z, and N the set of integers,
nonnegative integers and positive integers, respectively; by IN; the set of {0, 1, ---, t — 1} for t € IN; and
by Lyl, {y} the integer and fractional parts of y € R, respectively. Given 1 < p € N, define addition and
subtraction on IN,, by

X1+ X ifx; +x <p;
X1 +XxX2—p ifx1+x22p

X1 ®xp = (x1 + x2)(mod p) = { 1)

and

X1 — X2 if X1 = Xo;

X19X2=(x1—x2)(m0dp)={ X-n+p ifr<x

for x1,x, € N,. Every y € R, corresponds to the unique representation:

y=Y v+ Yy, 2)
=1 =1

where y_j, y; € IN,, are defined by

v = P yl(mod p) and y; = [p/y)( mod p) ©

for j € N. For § € R, we define §;, §-; similarly. Define addition “®”and subtraction “6” on R, by

yog=) (v07)p "+ (vion)r’ @
= =
and
yoi=Y (v-ie9)p™"+) (viey)r” 5)
= =

respectively for y, € R,. Then R, is a group under “®” with the inverse operation “6”, and the opposite
of xis ©x = 0 x for x € R,. This makes L?*(R,) to be closed under translation based on “©”, and the Gabor
analysis on L?(IR;) possible. Define the quasi-inner product on R, by

W, B, = Y Wi +y-ig)fory, FeR,, (6)
j=1
and the binary function
Xy, ) = e7 U for Y, 7€ R, )

And define the modulation operator My, : L>(Ry) — L%(R.) and translation operator Ty, : L>(Ry) — L3(R,)
with xp € R, respectively by

M, f(-) = x(x0, ) f() and Ty, f(-) = f(- © x0)

for f € L?(R4). Itis easy to check that they are both unitary operators on L?(R.), that their adjoint operators
are given by

M, f() = x(xo, )f() and T3, f() = f(- @ x0) for f € L*(Rs),
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and that
M,Tyf(-) = x(y, HTM, f() for f € L*(R,y) and y, 7 € R,.
GivenLeIN,g={g: 1<I<L}C L*(R,), and a, b > 0, we define the Gabor system X(g, 4, b) by
X(g, a, b) = {MypTpagi: mneZ,, 1<1<L}. (8)

In [23], a necessary condition and two sufficient conditions for such Gabor systems to be frames for L*(R,)
are obtained in the time domain. In this paper, we work under the following general setup:

General setup:

Assumption1. 1 <p € N.

Assumption 2. a = p*, b = p' € A with s + t < 0, where

A={p:sez) ©)
Observe that a and b in this general setup are so special. It is because the equation

x(ax, y) = x(x, ay) (10)

will be frequently used. But (10) need not hold for all x, y, # € R, by Lemma 2.6 and Examples 2.7,
2.8 below. Fortunately, (10) holds for x, y € R, if @ € A. Obviously, ermiaxy — pmixay for x y,a € R
This demonstrates that Gabor analysis behaves essentially different between on R, and R. This paper is
devoted to characterizing weak Gabor dual frame pairs. Let (g denote the characteristic function of E for a
measurable subset E of R,, and write

LRy ={f€ LA(R,): f € L”(R}) and supp(f) is contained in a compact subset of R, }. (11)

Then LP(R,) is dense in L*(R;). Given g = {gy : 1 <1 <L, h ={y: 1 <1 <L} cL¥Ry),
(X(g, a, b), X(h, a, b)) is said to be a pair of weak dual frames for L*(R.) associated with L2(IR;) if

L
Fo =YY (f M Tugd)Mus Tl f) for £, f € LE(R,). (12)

1=1 m,neZ,

Observe that the series in (12) is absolutely convergent by the arguments in Lemma 2.9 below. It is easy
to check that (X(g, a, b), X(h, a, b)) is a pair of dual frames for L*(R,) if (12) holds, and X(g, a, b), X(h, a, b)
are Bessel sequences in L*(R;). Therefore, “weak Gabor dual frames” generalize “Gabor dual frames”.
Example 3.2 demonstrates that it is a genuine generalization. Our main result is as follows:

Theorem 1.1. Let p, a, b be as in the general setup and g, h C L*(R,). Then (X(g, a, b), X(h, a, b)) is a pair of
weak dual frames for L*(R.) associated with L (R.) if and only if

L -
Z Z gi(-6nad g)hl(- ©na) = boy (13)

1=1 nezZ.

a.e. on (0, a) fork € Z,.

Remark 1.2. In Theorem 1.1, if X(g, a, b) and X(h, a, b) are Bessel sequences in L*(R,) in addition, then, by a
standard arqument, (X(g, a, b), X(h, a, b)) is a pair of dual frames if and only if (13) holds.

Formally, Theorem 1.1 is similar to the “L?(IR)-Gabor dual frames” characterization. Butits proof is nontrivial
due to “@” and “x(-, -)” herein being essentially different from “+” and modulation factor in “L*(R)-Gabor
systems”. Section 2 focuses on some properties of “@®” and Gabor systems in L?(R;). In particular, from
Lemmas 2.2, 2.6 and Examples 2.4-2.8, we know that the distribution law for “@” and multiplication does
not hold, and that x(a-, -) need not equal to x(-, a-) for general « € R,. This demonstrates that Gabor
analysis behaves different between IR, and IR. Section 3 gives the proof of Theorem 1.1. Some examples are
also provided.
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2. Preliminaries

This section is devoted to some properties of “@” and Gabor systems in L%(R,). By a simple computation,
we have the following lemma.

Lemma 2.1. (i) [0, )®x=1[0, 1)©x =[0, 1) for x € [0, 1),
@ fex: xe[0, P =10,p) =10, &[0, p)) =10, p)el0, p)) for ] € Z.

The following lemma shows that the distribution law for “@&” and multiplication holds if the multipliers
belong to A.

Lemma 2.2. Let Abeasin (9),and o € A. Then

ax®y) =axday (14)
and

a(xey) =axeay (15)
forx, y € R,.

Proof. Observe that (14) implies (15). Indeed, suppose (14) holds. Then
ax=a((xoy)®y)=alx0y)day
for x, y € R,. This leads to (15). Next we prove (14). First we claim that

p(x@y) =px@pyforx, y e Ry (16)
implies
axdy)=axdayforx, ye Ry and o € A. 17)

Indeed, suppose (16) holds. Then, given s € IN,

raey = plpxepy)
— ps—Z (p2x ® pZy)
= px@®py

for x, y € R,. Thus
Xey=p(p-x@py).
This implies that, given s € IN,
prxey) =prxepTy
for x, y € R,. Therefore, (17) holds. Next we prove (16). Arbitrarily fix x, y € R.. We have

o) (o]

p Z(xfj ®y-p " + Z(xj ®yp~

j:l ]':1

(k1 @y)+ ) (e @y-pl + ) (@ y )y’

j=1 j=2

@y + Y (@Y p + ) (@ yrap. (18)
= =1

plx®y)
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Also observe that

px = i xjp + i xjp'~ and py = i y-p i yip',
=1 j=1 =1

=1
equivalently,
px =x1 + Z x_pl + Z X107 (19)
=1 =1
and
py=yi+ Y yp+ Y oy, (20)
=1 =1

It leads to (16) by (18). The proof is completed. O
Remark 2.3. We remark that (14) does not necessarily hold if o« ¢ A. The following Example 2.4 is a counterexample.

For a € R, we have

ap@®p™) = (a1 +an) + Z(a—j +a_io)p +(aaq+a)p Tt + Z(Oéuj +ai)p, (21)
= =

ap@ap™ = (v ®a_)+ Z(O‘—j Da_jio)p + (@ ®ap + Z(Oé/—l ®ars)p (22)
= =2

by a simple computation. This leads to the following example.
Example 2.4. a(p@p™t) £ ap® ap™! for a € R, satisfying

either ar+ag>porai+a;>p
or JeN:a j+ajo>plU{jeN\{1}:a; 1 +a1,j>p} #0. (23)

The following lemma gives a “®”-based partition of R,.
Lemma 2.5. Let A beas in (9). Then, given o € Aandy € Ry, {[0, a) @y ® ak : k € Z.} is a partition of R,.
Proof. By Lemma 2.2 and Lemma 2.1 (i), we have
[0, )ey®ak = a([O, 1)6904_17/69k)
a((0, Defayholaylok)
a(lo, Ve (laylek).

It follows that {[0, @) @ y @ ak : k € Z.} is a partition of IR, if and only if {[0, 1) & (la tyl®k): ke Z,}isa
partition of R,. Due to la'y|®Z, = Z, and la™'y| @k # la ty| @ for k # | in Z,, this is equivalent to
{[0, 1)®k : k € Z,} being a partition of R,. It holds since [0, 1) ®k =[0, 1) + kand {[0, 1) +k: k€ Z,}isa
partition of R,. The proof is completed. [J

The following lemma gives a sufficient condition on x(a-, -) = x(-, a-).
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Lemma 2.6. Let Abeasin (9),and o € A. Then

(x, ay), ={ax, y), (24)
and

x(ax, y) = x(x, ay) (25)
forx, y € R,.

Proof. Obviously, (24) implies (25) . Next we prove (24). Similarly to the beginning arguments in Lemma
2.2, we only need to prove

@, py), = (px, ), forx, y € R,. (26)

Now we do this. For x, y € R,, we have

x= Z; xpiTt + Z; xpand y = Zf yip T+ Zf yip”, (27)
= = = =

where xj, x_j, y;, y-j € N, for j € IN. This implies that

px = i xjpl + i xp'l, py= i y-ip'+ i yp,
= 1 =1 H

equivalently,
px =x1 + Z x_pl + Z X107 (28)
j=1 j=1
and
py=yi+ Y y-p+ ) (29)
j=1 j=1
It follows that
px, ), = xy1+ Z X_jY14j + Z X14jY-j (30)
j=1 j=1
by (27) and (28), and
X py), = yx+ Z Y-jXi4j + Z Yi+jX-j (81)
=1 j=1

by (27) and (29). Combining (30) and (31) leads to (26). The proof is completed. [
The following Examples 2.7 and 2.8 show that (25) need not hold if a ¢ A.
Example 2.7. Let p = 2, and x, y € R, satisfy

Xoj =1y2j=0forjEIN; xj=y2=0for2<jeN; x,=x3=y,=y3=0; (32)
x1=x1=y1=y-1=1Lx3#Ys. (33)

Then (3x, y)2 — (x, 3y)2 = y3 — x3 € {1, =1} by a standard argument. Thus x(x, 3y) # x(3x, y).
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Example 2.8. Let 2 <p € Nand x, y € R, satisfy

Xj+Xjp1 <p, Yji+ Y < pforjeNN, (34)
Xj+X_j1 <p, y-j+ty-jpm <pfor2<jeN, (35)
Xa+x12p xo+x1<p-1, y2 #0. (36)

Then {(p + 1)x, y)p — <x, (p + 1)y)p = —py1 + ya. This implies that x(x, (p + 1)y) # x((p + D)x, y).

The following lemma gives an expression of the inner product of sampling sequences related to two
modulation systems.

Lemma 2.9. Let A beasin (9),and b € A. Then, given g, h € L% (R,),
Y Mgt =5 [ 00 Y v v
meZ.; keZ.,

for an arbitrary measurable function f on R, with kZZ [f(-® 5)? € L([0, $)).
<z,

Proof. Arbitrarily fix f satisfying Y, |f(-®£)? € L*([0, 1)). By Lemma 2.5, {[0, )@} : k € Z,}is a partition
keZ.,
of R,. It follows that

IfIE = fre DR
f j[‘h)kez“% f(x X
k
< En 2 1@ )Pllego py
keZ.
< o, (37)
and
[ Cirwepiwe i = [ (7 e PACY, latre s
[O b keZ+ 0,3 3) keZ., keZ.,.
< IIZIf(-EBE)IZIILm([O,%))IIgIIZ<O° (38)
keZ.,

whichleadsto ( ), |f(-® %)Ilg(- ® ’i)l) e LY([o, %)). Similarly,
keZ.,

f{o (Y Ifee Pl i < oo (39)
keZ
Observe that

(b, (o, )

k
X(mb/ X E)

x(mb, x)
for x € Ry and m, k € Z, by Lemma 2.6. This implies that

Mg = [ Y e Pates e, xo pax

b) kez.

L (Z fxe )g(xEB )]X(mb x)dx (40)

keZ.,
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and
k k.| ———

(f, My = f{o . [kXZ fx® Phx @ E)]X(mb, Odx. (41)

Since { Vbx(mb, -) : m € Z.} is an orthonormal basis for L2([0, %)), we have
1 k k

kEZZ: (f, Mypg{Muph, f) = 7 L,;)Q(X) []{EZZ: flxe E)h(x® E)] dx (42)

by (38)-(41), where
k k
60O = ) ftepatep). (43)

keZ.,
From (38) and (39), it follows that

GO Y IfC® it @ b < L'(0, ).

keZ.,
Thus
1 k k
Y M), £y = 3 Y [ Geofere pice i
meZ., keZ.. [01%)
1 —_— k k
= 5 jﬂ; Fx)h(x) k;i gx @ E)f(xEB E)dx

by Lemma 2.5 and the }Z.-periodicity of G(-) according to &. The proof is completed. [

Lemma 2.10. [29, Theorem 2.2] Let p, a, b be as in the general setup and h € L>(R,). Suppose

B= %esssupxe[o,a) Z | Z h(x & na)h(x © na & IE{)| < 00 (44)
keZ, neZ,
and
A= %essin xe[0,a) Z Ih(x © na)* - Z | Z h(x © na)h(x © na & §)| > 0. (45)
nezZ, keN nezZ,

Then X(h, a, b) is a frame for L*(R,) with bounds A and B. In particular, if (44) is satisfied, then it is a Bessel
sequence in L*(R.) with Bessel bound B.

The following lemma reduces the inner product of sampling sequences corresponding to two Gabor systems
to an integral.

Lemma 2.11. Let p, a, b be as in the general setup and g, h € L*(Ry). Then, given x € R, we have

Y MuTug)MuTul, = [ 00, Feps (46)
,%EBXU

mmnez.,

for f € LP(R,), where

y(x) = [Z gxOnad® %)h(xenaea %)

nez, ] j€Z.,keZ,

and F(x) = {f(xea If)} .
b keZ..
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Proof. Suppose supp(f) C [0, p/) for some | € Z. Write
I(x) = {(n, k) € Z2 : xena,xena@g e[o, )}, (47)
Ix)=tkeZ, : x@%e [0, v’} (48)
forx e R;, and
I=ikeZ,: y,y@%e[O,prorsomeye]RJ. (49)
Let us estimate (47)-(49). By Lemma 2.1 (i) and the general setup,

I(x) c {(nkeZi:moxelo,p), Il—j c[0, p))elo, p')}
= {n,keZ?:naclo,p)aox keblo,p))
c {n,kyeZ::nep= (0, p)ox), kel0, p/*h
This implies that
I(x) c {(nk)eZ?: nep ™00, Vapx), kel0, p/*)
c {(mkeZ:ne p]—s[l_P—IxJ/ Lp_]xJ +1), ke o, p]+t)}

= (k) ezi:nelplp’xl, P (p'x]+ 1), ke[0, p'*) (50)
by Lemma 2.1 (i), Lemma 2.2 and the fact that [0, 1) @k = [0, 1) + k for k € Z... Similarly, we have
1) < [p™'Lp7xl, P (' x] + 1)), (51)
1clo, p'™. (52)
It follows that their cardinalities satisfy
card(I(x)) < ([P + (P + 1), (53)
card(I(x)) < [p"] + 1, (54)
card(l) < |p/*'| + 1. (55)
By (50) and (55),
FTAP DY k J-s T+t 2
Z‘ | Z f( © T‘l(l)f(' ©na® E)l < (LP J + 1)(|.P J + 1)||f”Loo(]R+)-
keZ., neZ.

This implies that X(f, 4, b) is a Bessel sequence in L?(R,) by Lemma 2.10. Observe that
<f/ Mthnug> = X(ﬂ’lb, nﬂ)(!]_, MmbTenuf>/
<f/ Mmanah> = X(mb/ W)G_l, MmbTenuf_>‘

It follows that the left-hand side of (46) is well defined. Also by (51) and (54),

Y16 D < 091+ DIf e 56)
keZ..
Thus
Z <f/ Mmanagmeanuh/ f>
mmeZ.y
_ ! FOh(x © Z ome ) fae (57)
2 | J@herens) Y, gxon pfse pdx
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by Lemma 2.9. By (52), we have

Z fR [FGOh(x © na)| Z lg(x©na @ Ig)f(x ® %)mx

neZ. kez.,

k
2
< ffew, Y, D f{o | latx e ® pitx & nad. (58)

ke[0, pl*NZ, n€Z,

Since [0, p/) is bounded, there exists a finite subset E of Z, such that [0, p/) c U jee([0, a) + ja). By Lemma
2.2,

[0, a) + ja a([0, 1) + §)
a([0, ) ® j)

[0, a) ® ja

for j€ Z,. S0 [0, p) c Ujee([0, a) & ja). Thus (58) implies that

Z f]& |Wh(xe na)| Z lg(x ©na & %)f(xea %)Idx

nez., keZ.,

||f||2m(]R+) Z Z Z lg(x ©na & %)h(x © na)dx

kel0,p*)NZ, neZ.. jek Y 10.0)8ja

. k ,
= I, Z ZZ 9(x® ja© na® Dh(x  ja © na)ldx

kel0, )z, jeE nez, ¥10.4)

k
_ 2 k
= ey Y, LY [ ltrenme pienir

ke[0, p/*)NZ., jEE neZ.

IN

= card(E)lIfIor, Z |g(xea§)h(x)ldx

ke[0, pynz, ¥R+
< (Wp+ 1)card(E)||f||2m(R+)||g||||h||
< oo. (59)

Also observe that {[0, %) Dxg® % : j € Z,}is a partition of R, by Lemma 2.5. Collecting (57) and (59) leads
to

Y <f, MusTuagY My Toh, £

mneZ.,.

= 1 Z zf f(x@l)h(xenﬂ®l)2g(xena@lf)f(xealf)dx
b iz, iz JIo hex, b b = b b

- 3 E i) ro Eyfo L

- bf[ ZZ Zg(xemlﬂéb)h(xena@b)f(xeBb)f(xEBb)dx

1
0,5)8% jez., kez., nez.,

_ % f (V(E®), E(x))dx.
[0, })@xo

The proof is completed. [
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3. Proof of Theorem 1.1 and examples
Proof of Theorem 1.1: By the polarization identity of inner product, (X(g, a, b), X(h, a, b)) is a pair of

weak dual frames for L?(R,) associated with LX(IR,) if and only if

Z <fr Mmanagl><Mmanahll f)

mmneZ.,

f, =

L
=1

for f € L(IR,). This is equivalent to
b f (F(x), F(x))dx = f (T (x)F(x), F(x))dx for f € L77(R;) and xp € R+ (60)
[0, %)@Xo [0, %)Q?Xo

by Lemma 2.11, where

L _ .
I'(x) = [Z Z gi(xenad® g)hl(xenaea é)

1=1 nezZ, ]j€Z+, keZ..

and F(x) = {f(xeB g)} . (61)

kez.

Next we prove the equivalence between (60) and (13). To finish the proof, we first show that (60) holds if
and only if

I'()=0bI a.e. on (0, %) ® xg for xg € R4, (62)

where 1 is the identity operator. Obviously, (62) implies (60). Now suppose (60) holds. Arbitrarily fix
¢ = {cjljez, € lo(Z,), a finitely supported sequence space defined on Z,, and E C (0, %) @ xo with |E| > 0.
Take f in (60) by

1

|E|

b 1
E f;(c, cydx = ] fE(r(X)C/ cydx.

Itleads to (62) by [22, Theorem 1.39], and the arbitrariness of E and c. Thus (60) and (62) are equivalent. Now
we finish the proof by showing the equivalence between (62) and (13). Observe that {[0, %) D XD 'l—j ckeZy)
is a partition of IR, by Lemma 2.5. By the arbitrariness of x in (62), (62) is equivalent to

I'()=bI a.e. on Ry,

E()

CUkeZ+ (E@f)(')c'

Then f is well defined, and

i.e.

L _— .
Z Z gi(xonad g)h;(xena ® é) =bojx

I=1 neZ.
fora.e. x € Ry and j, k € Z,. This is in turn equivalent to

L -
Z Z gi(xona® %)h;(x ©na) = box forae. xe Ry and ke Z, (63)
I=1 neZ,

due to Z, © Z, = Z,. Obviously, (63) is equivalent to (13) due to the aZ.-periodicity of function
L N
E,l EZZ gi(xonad® ’g)h;(x © na) with k € Z,.. The proof is completed. O

The following Examples 3.1 and 3.2 are for Theorem 1.1, and Example 3.2 presents an example of weak
dual frame pairs which are not dual frame pairs.
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Example 3.1. Letp, a, bbeasin the general setup, andlet L = 2and 0 < A < 1. Choose{g1, g2} and {h1, hy} C L*(R,)
such that

supp(g1), supp(h1) € (0, Aa) and supp(g2), supp(hz) C (Aa, a),

and

71O () + g2 (Ya() = b (64)

a.e. on (0, a). Then

I -
Z Z 7i(-ona® g)hz(' ©na) = bog,xa.e. on (0, a) forke Z..
1=1 neZ.

by a simple computation. Therefore, (X({g1, g2}, a, b), X({h1, ha}, a, b)) is a pair of weak dual frames for L>(R.)
associated with L (R) by Theorem 1.1.

Example 3.2. Let p, a, b be as in the general setup, and let L = 2 and 0 < A < 1. Choose {g1, g2}, {h1, ha} C L*(R,)
such that

g1(x) = A10,1)(X)x™,  h1(x) = A1C(0, 1ay(¥)x ™
72(x) = Ao, Xx 2, ho(x) = AzCag,a)(1)x™ (65)

on R, where Ay, A; and T, with | = 1,2 are constants satisfying A1A; = AyAy = band 0 < 1y < 3. Then, by
Theorem 1.1, (X({g1, 92}, a, b), X({h1, ha}, a, b)) is a pair of weak dual frames for L*(R,) associated with L2(R.).
But

Y In(xena)P = |4 Pl no(x)x

neZ.

forx € (0, a) by a simple computation, which implies that }", . |h1(-6na)* ¢ L=(Ry). It follows that X({hy, ha}, a, b)
is not a Bessel sequence in L*(R,) by [29, Lemma 2.2]. Therefore, (X({g1, g2, a, b), X({h1, h2}, a, b)) is not a pair of
dual frames for L*(R.).
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