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On a class of unitary operators on weighted Bergman spaces

Namita Dasa, Swarupa Roya

aP. G. Department of Mathematics, Utkal University, Vani Vihar, Bhubaneswar- 751004, Odisha, India

Abstract. In this paper we consider a class of weighted composition operators defined on the weighted
Bergman spaces L2

a(dAα) where D is the open unit disk in C and dAα(z) = (α + 1)(1 − |z|2)αdA(z), α > −1
and dA(z) is the area measure on D. These operators are also self-adjoint and unitary. We establish here
that a bounded linear operator S from L2

a(dAα) into itself commutes with all the composition operators
C(α)

a , a ∈ D, if and only if BαS satisfies certain averaging condition. Here BαS denotes the generalized
Berezin transform of the bounded linear operator S from L2

a(dAα) into itself, C(α)
a f = ( f ◦ϕa), f ∈ L2

a(dAα) and
ϕ ∈ Aut(D). Applications of the result are also discussed. Further, we have shown that ifM is a subspace
of L∞(D) and if for ϕ ∈ M, the Toeplitz operator T(α)

ϕ represents a multiplication operator on a closed
subspace S ⊂ L2

a(dAα), then ϕ is bounded analytic on D. Similarly if q ∈ L∞(D) and Bn is a finite Blaschke
product and M(α)

q

(
Ran1e C(α)

Bn

)
⊂ L2

a(dAα), then q ∈ H∞(D). Further, we have shown that if ψ ∈ Aut(D),

then N =
{
q ∈ L2

a(dAα) : M(α)
q

(
Ran1e C(α)

ψ

)
⊂ L2

a(dAα)
}
= H∞(D) if and only if ψ is a finite Blaschke product.

Here M(α)
ϕ ,T

(α)
ϕ ,C

(α)
ϕ denote the multiplication operator, the Toeplitz operator and the composition operator

defined on L2
a(dAα) with symbol ϕ respectively.

1. Introduction

Let H(D) denote the collection of all holomorphic functions on the open unit disk D = {z ∈ C : |z| < 1}
in the complex plane C. Let H2(D) be the Hardy space of D consisting of those functions in H(D) whose
Maclaurin coefficients are square summable. The space H2(D) is a Hilbert space [12], [24]. Let ϕ denotes
an analytic self-map of D. Then ϕ induces a bounded [24] composition operator on H2(D) defined by
Cϕ f = f ◦ ϕ. Bourdon and Narayan [5] studied the algebraic properties of the weighted composition
operator (induced by ϕ with weight function ψ) Wϕ,ψ on H2(D) defined by Wϕ,ψ f = ( f ◦ ϕ)ψ which result
from composition with ϕ and then multiplying by a weight functionψ ∈ H(D). Such weighted composition
operators are bounded on H2(D) when ψ is bounded onD. But the boundedness of ψ onD is not necessary
for Wϕ,ψ to be bounded [5]. In this work, we consider a class of weighted composition operator Uα

a , a ∈ D

defined on the weighted Bergman space L2
a(dAα) as Uα

a f = ( f ◦ ϕa)k1+ α2
a , α > −1. These operators are self-

adjoint, involutive unitary operators. We look at the action of these unitary weighted composition operators
Uα

a , a ∈ D on some bounded linear operator S defined on L2
a(dAα). Such studies on the Segal-Bergman space
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(Fock space), Bergman space of the disk, on the Bergman space of the right half plane were carried out in
[4], [13], [11], [23] and [18]. Applications of these results can be found in [4]. We have extended the results
to weighted Bergman spaces L2

a(dAα), α > −1. We then considered the weighted composition operator
Wψ,q = M(α)

q C(α)
ψ on L2

a(dAα) where ψ ∈ Aut(D) and q ∈ L2
a(dAα). We showed that if Wψ,qL2

a(dAα) ⊂ L2
a(dAα)

then q ∈ H∞(D) if and only if ψ is a finite Blaschke product.
Let dA(z) = 1

πdxdy denotes the normalized area measure defined onD. Let the Hilbert space L2(D, dAα), α >
−1 be the space of all Lebesgue measurable functions on D that are absolutely square-integrable with re-
spect to the measure dAα(z) = (α + 1)(1 − |z|2)αdA(z), z ∈ D. The weighted Bergman space L2

a(dAα)
is the subspace of all analytic functions of L2(D, dAα). The spaces L2

a(dAα) are closed subspaces of the
corresponding spaces L2(D, dAα), α > −1 and these are all reproducing kernel Hilbert spaces. For
α = 0, we shall denote L2

a(dA0) = L2
a(D) as the unweighted Bergman space of D whose reproduc-

ing kernel is given by K(z,w) = 1
(1−zw)2 , z,w ∈ D and the normalized reproducing kernel of L2

a(D) is

given by kz(w) = 1−|z|2

(1−wz)2 . Assume Kz(w) = K(z,w). The reproducing kernel of L2
a(dAα) is given by

K(α)(z,w) = [K(z,w)]1+ α2 = 1
(1−zw)α+2 for z,w ∈ D. Let K(α)

z (w) = [Kz(w)]1+ α2 = K(α)(z,w). If ⟨·, ·⟩α denotes

the inner product in L2(dAα) = L2(D, dAα), then ⟨h,K(α)
z ⟩α = h(z), for every h ∈ L2

a(dAα) and z ∈ D. The
orthogonal projection Pα from the Hilbert space L2(D, dAα) onto the closed subspace L2

a(dAα) is given by

(Pα f )(z) =
〈

f ,K(α)
z

〉
α
=

∫
D

f (w)
1

(1 − zw)α+2 dAα(z) for f ∈ L2(D, dAα) and z ∈ D. The normalized reproducing

kernels of L2
a(dAα) are the functions k1+ α2

z (w) = (1−|z|2)1+ α2

(1−zw)2+α . The sequence of functions {e(α)
n } =

{
zn

γn,α

}
form as an

orthonormal basis [24] for L2
a(dAα) where

γ2
n,α = ∥z

n
∥

2 = (α + 1)
∫
D

|z|2n(1 − |z|2)αdA(z) =
Γ(n + 1)Γ(α + 1)
Γ(n + α + 2)

∼ (n + 1)−α−1.

Henceforth we shall suppress the subscript α while writing the inner product and assume ⟨·, ·⟩α = ⟨·, ·⟩ for
simplicity of notations. Let L∞(D) be the space of all essentially bounded Lebesgue measurable functions
on D. The space L∞(D) is a Banach space with the norm given by

∥∥∥ f
∥∥∥
∞
= ess sup

z∈D

{
| f (z)|

}
, f ∈ L∞(D). Let

H∞(D) be the space of all bounded analytic functions onD and h∞(D) be the space of all bounded harmonic
functions onD. A finite Blaschke product Bn is a function of the form

Bn(z) = zm
n∏

k=1

αk

αk

αk − z
1 − αkz

(1)

where αk , 0 and |αk| < 1, k = 1, 2, ...,n.
For ϕ ∈ L∞(D), we define the Toeplitz operator on the weighted Bergman space L2

a(dAα) with symbol
ϕ by T(α)

ϕ f = Pα(ϕ f ), f ∈ L2
a(dAα). We have ∥T(α)

ϕ ∥ ≤ ∥ϕ∥∞ since the projection Pα has [24] norm 1. In

fact,
(
T(α)
ϕ f

)
(w) =

∫
D

ϕ(z) f (z)
(1 − zw)α+2 dAα(z) for f ∈ L2

a(dAα) and w ∈ D. A Toeplitz operator T(α)
ϕ is an analytic

(co-analytic) Toeplitz operator if the symbol ϕ belongs to H∞(D)
(
H∞(D)

)
.

For ϕ ∈ L∞(D), the generalized Berezin transform of ϕ is defined by (Bαϕ)(z) =
〈
T(α)
ϕ k1+ α2

z , k1+ α2
z

〉
=∫

D

ϕ(w)|kz(w)|2+αdAα(w), z ∈ D. For ϕ ∈ L∞(D), we define the big Hankel operator with symbol ϕ from

the space L2
a(dAα) onto its orthogonal complement

(
L2

a(dAα)
)⊥

by H(α)
ϕ f = (I − Pα)(ϕ f ), f ∈ L2

a(dAα). We

have ∥H(α)
ϕ ∥ ≤ ∥ϕ∥∞. Let L2

a(dAα) =
{

f : f ∈ L2
a(dAα)

}
. The space L2

a(dAα) is a closed subspace of L2(D, dAα).

The little Hankel operator h(α)
ϕ with symbol ϕ is defined by h(α)

ϕ f = Pα(ϕ f ), f ∈ L2
a(dAα) where Pα is the

orthogonal projection from the Hilbert space L2(D, dAα) onto L2
a(dAα). Clearly, ∥h(α)

ϕ ∥ ≤ ∥ϕ∥∞ as ∥Pα∥ ≤ 1.
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Define Jα from L2(D, dAα) into itself by (Jα f )(z) = f (z), z ∈ D. The operator Jα is a unitary operator. For
ϕ ∈ L∞(D), define S(α)

ϕ from L2
a(dAα) into itself by S(α)

ϕ f = Pα Jα(ϕ f ). The operator S(α)
ϕ is a linear operator

and ∥S(α)
ϕ ∥ ≤ ∥ϕ∥∞. It is not difficult to verify that h(α)

ϕ = JαS(α)
ϕ . Thus we shall refer in the sequel, both the

operators h(α)
ϕ and S(α)

ϕ as little Hankel operators on L2
a(dAα).

Suppose ϕ is an analytic function from D into itself. If ϕ ∈ H∞(D), f ∈ L2
a(dAα), the composition

operator C(α)
ϕ on L2

a(dAα) is defined by (C(α)
ϕ f )(z) = f (ϕ(z)) for all z ∈ D. For a bounded analytic function ϕ

on D, the multiplication operator M(α)
ϕ on the space L2(D, dAα) is defined by M(α)

ϕ f = ϕ f . Let L(H) be the
space of all bounded linear operators from the Hilbert space H into itself. For T ∈ L(L2

a(dAα)), we define

(BαT)(z) =
〈
Tk1+ α2

z , k1+ α2
z

〉
, z ∈ D. Notice that |(BαT)(z)| ≤ ∥T∥ as

∥∥∥∥k1+ α2
z

∥∥∥∥ = 1 for all z ∈ D. The function BαT
is called the generalized transform of T and denote BαTϕ = Bαϕ. In particular, we shall refer B0T as the
Berezin transform of T and B0Tϕ = B0ϕ, the Berezin transform of the function ϕ. For more details about
Berezin transform see [13].

The organization of the paper is as follows: In section 2, we consider a class of weighted composition
operators Uα

z defined on the weighted Bergman spaces L2
a(dAα). We have shown that these operators are

involutions and unitary. Some elementary properties of these operators are also derived. In section 3,
we prove that a bounded linear operator S from L2

a(dAα) into itself commutes with all the composition
operators C(α)

a , a ∈ D, if and only if BαS satisfies certain averaging condition. In section 4, we show that if
M is a subspace of L∞(D) and if for ϕ ∈ M, the Toeplitz operator T(α)

ϕ represents a multiplication operator
on a closed subspace S ⊂ L2

a(dAα), then ϕ is bounded analytic on D. Similarly if q ∈ L∞(D) and Bn is
a finite Blaschke product and M(α)

q

(
Ran1e C(α)

Bn

)
⊂ L2

a(dAα), then q ∈ H∞(D). Further, we have shown that

if ψ ∈ Aut(D), then N =
{
q ∈ L2

a(dAα) : M(α)
q

(
Ran1e C(α)

ψ

)
⊂ L2

a(dAα)
}
= H∞(D) if and only if ψ is a finite

Blaschke product. In section 5, we discuss the future scope of the work.

2. Preliminaries

In this section we considered a class of weighted composition operators Uα
z defined on the weighted

Bergman spaces L2
a(dAα). We showed that these operators are involutions and unitary. We discussed many

elementary properties of these operators which will be used in establishing the main result of the paper.
Let Aut(D) be the Lie group of all automorphisms (biholomorphic mappings) of D. We can define for

each a ∈ D, an automorphism ϕa in Aut(D) such that,
(i) (ϕa ◦ ϕa)(z) ≡ z;
(ii) ϕa(0) = a, ϕa(a) = 0;
(iii) ϕa has a unique fixed point in D. In fact, ϕa(w) = a−w

1−aw , for all a,w ∈ D. Given z ∈ D, and h any
measurable function onD, we define

Uα
z h = (h ◦ ϕz)k1+ α2

z .

Using the identity 1 − ϕz(w)z = 1−|z|2

1−wz , we have k1+ α2
z (ϕz(w)) = 1

k
1+ α2
z

. Since ϕz ◦ ϕz(w) ≡ w, we see that

(Uα
z (Uα

z h))(z) = h(z) for all z ∈ D and h ∈ L2
a(dAα). For a ∈ D, define C(α)

a : L2
a(dAα)→ L2

a(dAα) as C(α)
a f = f ◦ϕa.

Lemma 2.1. The following hold:
(i) The operator Uα

w is unitary and is an involution.
(ii) For z,w ∈ D, Uα

z k1+ α2
w = λk1+ α2

ϕz(w) for some constant λ ∈ C with |λ| = 1.

(iii) For all w ∈ D, Uα
wk1+ α2

w = 1.
(iv) For any z,w ∈ D, there exists a unitary map U ∈ G0 = {ψ ∈ Aut(D) : ψ(0) = 0} such that ϕw ◦ ϕz = Uϕϕz(w).
(v) If S ∈ L

(
L2

a(dAα)
)

is invertible and is an involution with polar decomposition S =V|S|, thenV is an involution
which is also self-adjoint.
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Proof. (i) Since ϕw ◦ ϕw(z) ≡ z, we see that for h ∈ L2
a(dAα),

Uα
wUα

wh = Uα
w(h ◦ ϕw)k1+ α2

w =
(
h ◦ ϕw ◦ ϕw

) (
k1+ α2

w ◦ ϕαw
)

k1+ α2
w = h. Thus (Uα

w)2 = I for all w ∈ D and therefore
(Uα

w)−1 = Uα
w and Uα

w is unitary on L2
a(dAα).

(ii) Let z,w ∈ D and f ∈ L2
a(dAα). Then

〈
f ,Uα

z K(α)
w

〉
=

〈
Uα

z f ,K(α)
w

〉
= (Uα

z f )(w) = ( f ◦ ϕz)(w)k1+ α2
z (w) =

〈
f , k1+ α2

z (w)K(α)
ϕz(w)

〉
.

Thus Uα
z K(α)

w = k1+ α2
z (w)K(α)

ϕz(w). This implies

Uα
z k1+ α2

w =
k1+ α2

z (w)

∥K(α)
w ∥

K(α)
ϕz(w)∥∥∥∥K(α)
ϕz(w)

∥∥∥∥ .
∥∥∥∥K(α)

ϕz(w)

∥∥∥∥ = k1+ α2
z (w)

∥K(α)
w ∥

k1+ α2
ϕz(w)

∥∥∥∥K(α)
ϕz(w)

∥∥∥∥
=

k1+ α2
z (w)

∥K(α)
w ∥

∥∥∥Uα
z K(α)

w

∥∥∥ k1+ α2
ϕz(w) = λk1+ α2

ϕz(w)

for some constant λ ∈ Cwith |λ| = 1. This is so, since Uα
z is unitary and

∥∥∥∥k1+ α2
w

∥∥∥∥
2
=

∥∥∥∥k1+ α2
ϕz(w)

∥∥∥∥
2
= 1.

(iii) Notice that 1 − ϕw(z)w = 1−|w|2

1−zw . Hence k1+ α2
w

(
ϕw(z)

)
= 1

k
1+ α2
w (z)

for all w ∈ D and z ∈ D.

(iv) Let U = ϕw ◦ ϕz ◦ ϕϕz(w), then U(0) = ϕw ◦ ϕz

(
ϕz(w)

)
= ϕw(w) = 0; thus U ∈ G0 is unitary.

(v) We know that R,T ∈ L
(
L2

a(dAα)
)

and RT = TR then
√

R
√

T =
√

T
√

R. Hence (S∗S)(SS∗) = (SS∗)(S∗S)
implies that |S||S∗| = |S∗||S|. Thus, it follows that

(|S∗||S|)2 = |S∗|2|S|2 = (SS∗)(S∗S) = I.

Now since the product of two commuting positive operators will be positive, we obtain from the [12]
uniqueness of the square root of a positive operator that |S||S∗| = |S∗||S| = I. Further, S∗(S∗S) = (SS∗)S∗ implies
S∗|S| = |S∗|S∗. Now sinceV = S∗|S|, we obtainV2 = (|S∗|S∗) (S∗|S|) = |S∗||S| = I. SinceV is unitary andV2 = I,
we haveV∗ =V andV is self-adjoint.

The operators Uα
w satisfy the following intertwining properties with Toeplitz, multiplication, Hankel

and little Hankel operators defined on L2
a(dAα).

Lemma 2.2. The following is valid for ϕ ∈ L∞(D):
(i) Uα

wT(α)
ϕ Uα

w = T(α)
ϕ◦ϕw

.

(ii) Uα
wH(α)

ϕ Uα
w = H(α)

ϕ◦ϕw
.

(iii) Uα
wM(α)

ϕ Uα
w =M(α)

ϕ◦ϕw
.

(iv) Uα
wh(α)

ϕ Uα
w = h(α)

ϕ◦ϕw
.

Proof. Notice that Uα
w

(
L2

a(dAα)
)
⊂ L2

a(dAα) and Uα
w

((
L2

a(dAα)
)⊥)
⊂

(
L2

a(dAα)
)⊥
. Hence PαUα

w = Uα
wPα. Now

let f ∈ L2
a(dAα). Then from Lemma 2.1, it follows that

Uα
wT(α)

ϕ Uα
w f = Uα

wT(α)
ϕ

(
( f ◦ ϕw)k1+ α2

w

)
= Uα

wPα
(
ϕ( f ◦ ϕw)k1+ α2

w

)
= PαUα

w

(
ϕ( f ◦ ϕw)k1+ α2

w

)
= Pα

(
(ϕ ◦ ϕw)( f ◦ ϕw ◦ ϕw)

(
k1+ α2

w ◦ ϕw

)
k1+ α2

w

)
= Pα

(
(ϕ ◦ ϕw) f

)
= T(α)

ϕ◦ϕw
f .
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Hence (i) follows. Again let f ∈ L2
a(dAα). Then from Lemma 2.1, it follows that

Uα
wH(α)

ϕ Uα
w f = Uα

wH(α)
ϕ

[
( f ◦ ϕw)k1+ α2

w

]
= Uα

w

[
(I − Pα)

(
ϕ( f ◦ ϕw)k1+ α2

w

)]
= (I − Pα)Uα

w

[
ϕ( f ◦ ϕw)k1+ α2

w

]
= (I − Pα)

[
(ϕ ◦ ϕw)( f ◦ ϕw ◦ ϕw)

(
k1+ α2

w ◦ ϕw

)
k1+ α2

w

]
= (I − Pα)

[
(ϕ ◦ ϕw) f

]
= H(α)

ϕ◦ϕw
f .

Thus (ii) follows. The proof of (iii) and (iv) are similar.

Lemma 2.3. Fix α > −1. If S,T ∈ L
(
L2

a(dAα)
)

and (BαS)(z) = (BαT)(z) for all z ∈ D, then S = T.

Proof. Assume
〈
(S − T)k1+ α2

z , k1+ α2
z

〉
= 0 for all z ∈ D. Then

〈
(S − T)K(α)

z ,K(α)
z

〉
= K(α)(z, z)

〈
(S − T)k1+ α2

z , k1+ α2
z

〉
=

K(α)(z, z) · 0 = 0. Let A = S − T and define G(x, y) =
〈
AK(α)

x ,K(α)
y

〉
. The function G is holomorphic in x

and y and G(x, y) = 0 if x = y. It can now be verified that such functions must vanish identically. Let
x = u + iv, y = u − iv. Let F(u, v) = G(x, y). The function F is holomorphic and vanishes if u and v are real.
Hence G(x, y) = F(u, v) ≡ 0. Thus even

〈
AK(α)

x ,K(α)
y

〉
= 0 for any x, y ∈ D. Since the linear combinations of

K(α)
x , x ∈ D, are dense in L2

a(dAα), it follows that A = 0. That is, S = T.

Lemma 2.4. If f ∈ L1
a(D, dAα), then f (z) =

∫
D

f (w)K(α)(z,w)dAα(w) for all z ∈ D and

∥K(α)(·,w)∥2 ≈
1

(1 − |w|2)1+ α2
.

Proof. It follows from [24] that

∥K(α)(·,w)∥2 =
(∫
D

∣∣∣K(α)(z,w)
∣∣∣2 dAα(z)

) 1
2

=


∫
D

(
1 − |z|2

)α∣∣∣1 − wz
∣∣∣2(α+2)

dA(z)


1
2

(α + 1)
1
2

≈

(
1

(1 − |w|2)α+2

) 1
2

=
1

(1 − |w|2)1+ α2
.

For any f ∈ L2(D, dAα), we define a function Bα f onD by

(Bα f )(z) =
∫
D

f (ϕz(w))dAα(w) =
∫
D

f (w)
∣∣∣∣k1+ α2

z (w)
∣∣∣∣2 dAα(w).

From [1],[24] it follows that there exists a constant C such that |
K(α)(z,w)|
K(α)(z,z) =

1
|K(α)(z,ϕz(w))| ≤ C, for all z and w inD.

It thus follows that |Bα f (z)| ≤ C
∫
D

| f (w)|
∣∣∣K(α)(z,w)

∣∣∣ dAα(w). This implies that the transform Bα is a bounded

linear operator on L2(D, dAα).

3. Main results

In this section, we proved that a bounded linear operator S from L2
a(dAα) into itself commutes with

all the composition operators C(α)
a , a ∈ D, if and only if BαS satisfies certain averaging condition. That

is, if and only if Ŝ = S where Ŝ =
∫
D

Uα
a SUα

a dAα(a). Since the mapping a 7→ U(α)
a is strong operator
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continuous, we can define for each bounded linear operator S on L2
a(dAα), a bounded linear operator Ŝ (an

averaging operation) on the space by Ŝ =
∫
D

Uα
a SUα

a dAα(a) where the integral is taken in the sense that〈(∫
D

Uα
a SUα

a dAα(a)
)

f , 1
〉
=

∫
D

〈
Uα

a SUα
a f , 1

〉
dAα(a). Notice that the integrand of

∫
D

Uα
a SUα

a dAα(a) is strongly

continuous in a and uniformly bounded for each fixed S. For a discussion of such integrals see [6] and [7].
The idea of averaging an operator against some unitary operators were considered by many authors [4],
[14]. We will also present some applications of Theorem 3.1 in form of corollaries at the end of this section.

Theorem 3.1. A bounded linear operator S ∈ L
(
L2

a(dAα)
)

commutes with all the composition operators C(α)
a , a ∈ D,

if and only if

(BαS)(z) =
∫
D

(BαS)(ϕa(z))dAα(a)

for all z ∈ D.

Proof. Suppose (BαS)(z) =
∫
D

(BαS)(ϕa(z))dAα(a) for all z ∈ D. Then by Lemma 2.1, there exists a constant λ
with |λ| = 1 such that for all z ∈ D,

(BαS)(z) =
〈
Sk1+ α2

z , k1+ α2
z

〉
=

∫
D

(BαS)(ϕa(z))dAα(a) =
∫
D

〈
Sk1+ α2

ϕa(z), k
1+ α2
ϕa(z)

〉
dAα(a)

=

∫
D

〈
λSUα

a k1+ α2
z , λUα

a k1+ α2
z

〉
dAα(a) =

∫
D

〈
Uα

a SUα
a k1+ α2

z , k1+ α2
z

〉
dAα(a)

=

〈(∫
D

Uα
a SUα

a dAα(a)
)

k1+ α2
z , k1+ α2

z

〉
=

〈
Ŝk1+ α2

z , k1+ α2
z

〉
=

(
BαŜ

)
(z)

where Ŝ =
∫
D

Uα
a SUα

a dAα(a). Thus by Lemma 2.3, S = Ŝ. Hence for all f , 1 ∈ L2
a(dAα), ⟨S f , 1⟩ = ⟨Ŝ f , 1⟩. That

is, ∫
D

(S f )(z)1(z)dAα(z) =
∫
D

⟨SUα
a f ,Uα

a 1⟩dAα(a). (2)

The boundedness of S and the antianalyticity of K(α)(z, a) in a imply that for each z ∈ D, the function,
S
( f

K(α)(·,a)

)
(z)K(α)(z, a) is antianalytic in a. Therefore, by the mean value property of harmonic functions, we

have [19]∫
D

S
(

f
K(α)(·, a)

)
(z)K(α)(z, a)dAα(a) = S

(
f

K(α)(·, 0)

)
K(α)(z, 0) = S f (z). (3)

Thus, from (3), it follows that

⟨S f , 1⟩ =
∫
D

1(z)
∫
D

S
(

f
K(α)(·, a)

)
(z)K(α)(z, a)dAα(a)dAα(z).

Using Fubini’s theorem [22] , we get ⟨S f , 1⟩ =
∫
D

∫
D

S
(

f
K(α)(·, a)

)
(z)1(z)K(α)(z, a)dAα(z)dAα(a). Now since

k1+ α2
a (z) = K(α)(z,a)

√
K(α)(a,a)

and
(
k1+ α2

a ◦ ϕa

)
(z)k1+ α2

a (z) = 1 for all a, z ∈ D, we obtain

⟨S f , 1⟩ =
∫
D

∫
D

S

 f

k1+ α2
a

 (z)1(z)k1+ α2
a (z)dAα(z)dAα(a)

=

∫
D

∫
D

S

 f

k1+ α2
a

 (z)1(z)k1+ α2
a (ϕa(z))

∣∣∣∣k1+ α2
a (z)

∣∣∣∣2 dAα(z)dAα(a).
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Finally, as (ϕa ◦ ϕa)(z) ≡ z and Jϕa(z) =
(1−|a|2)2

(1−az)4 , we obtain using Lemma 2.1 that

⟨S f , 1⟩ =
∫
D

∫
D

S

 f

k1+ α2
a

 (ϕa(z))k1+ α2
a (z)1(ϕa(z))dAα(z)dAα(a).

By our hypothesis, and using (3) we have ⟨S f , 1⟩ =
∫
D

⟨SUα
a f ,Uα

a 1⟩dAα(a). Using Lemma 2.1, we obtain

⟨SUα
a f ,Uα

a 1⟩ =

〈
S

 f ◦ ϕa

k1+ α2
a ◦ ϕa

 , (1 ◦ ϕa)k1+ α2
a

〉

=

〈
S

 f

k1+ α2
a

◦ ϕa

 , (1 ◦ ϕa)k1+ α2
a

〉
=

∫
D

S

 f

k1+ α2
a

◦ ϕa

 (z)1(ϕa(z))k1+ α2
a (z)dAα(z).

Thus we obtain for all f , 1 ∈ L2
a(dAα),∫

D

S

 f

k1+ α2
a

◦ ϕa

 (z)1(ϕa(z))k1+ α2
a (z)dAα(z) =

∫
D

S

 f

k1+ α2
a

 (ϕa(z))k1+ α2
a (z)1(ϕa(z))dAα(z).

Hence for all f , 1 ∈ L2
a(dAα), a ∈ D, we have〈

S

 f

k1+ α2
a

◦ ϕa

 ,Uα
a 1

〉
=

〈
S

 f

k1+ α2
a

 ◦ ϕa,Uα
a 1

〉
.

Since Uα
a ∈ L

(
L2

a(dAα)
)

is unitary, we obtain S
(

f

k
1+ α2
a

◦ ϕa

)
= S

(
f

k
1+ α2
a

)
◦ ϕa for all f ∈ L2

a(dAα) and a ∈ D.

Thus SC(α)
a

(
f

k
1+ α2
a

)
= C(α)

a S
(

f

k
1+ α2
a

)
. Since

(
k1+ α2

a

)−1
∈ H∞(D), hence SC(α)

a = C(α)
a S for all a ∈ D. Now to prove

the converse, assume that C(α)
a S = SC(α)

a for all a ∈ D. That is, for all f ∈ L2
a(dAα), a ∈ D, we have

(S f ) ◦ ϕa = S( f ◦ ϕa). Hence by Lemma 2.1, we obtain for all f ∈ L2
a(dAα),

SUα
a f = S

(
( f ◦ ϕa)k1+ α2

a

)
= S

 f ◦ ϕa

k1+ α2
a ◦ ϕa

 = S

 f

k1+ α2
a

 ◦ ϕa

 = S

 f

k1+ α2
a

 ◦ ϕa.

Now since k1+ α2
a (z) = K(α)(z,a)

√
K(α)(a,a)

for all a, z ∈ D and by using Lemma 2.1, we get for all f , 1 ∈ L2
a(dAα),

⟨SUα
a f ,Uα

a 1⟩ =

∫
D

S

 f

k1+ α2
a

 (ϕa(z))(1 ◦ ϕa)(z)k1+ α2
a (z)dAα(z)

=

∫
D

S

 f

k1+ α2
a

 (z)1(z)
(
k1+ α2

a ◦ ϕa

)
(z)

∣∣∣∣k1+ α2
a (z)

∣∣∣∣2 dAα(z)

=

∫
D

S

 f

k1+ α2
a

 (z)1(z)k1+ α2
a dAα(z)

=

∫
D

S
(

f
K(α)(·, a)

)
(z)1(z)K(α)(z, a)dAα(z).
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By using Fubini’s theorem, we obtain∫
D

⟨SUα
a f ,Uα

a 1⟩dAα(a) =
∫
D

∫
D

S
(

f
K(α)(·, a)

)
(z)1(z)K(α)(z, a)dAα(z)dAα(a)

=

∫
D

1(z)dAα(z)
∫
D

S
(

f
K(α)(·, a)

)
(z)K(α)(z, a)dAα(a).

In the first part of the proof, we have already checked that for all z ∈ D,
∫
D

S
(

f
K(α)(·, a)

)
(z)K(α)(z, a)dAα(a) =

S
(

f
K(α)(·, 0)

)
(z)K(α)(z, 0) = S f (z). Thus

∫
D

⟨SUα
a f ,Uα

a 1⟩dAα(a) =
∫
D

S f (z)1(z)dAα(z) = ⟨S f , 1⟩. Taking f = 1 =

k1+ α2
z , z ∈ D, we obtain by Lemma 2.1 that

(BαS)(z) =
〈
Sk1+ α2

z , k1+ α2
z

〉
=

∫
D

〈
SUα

a k1+ α2
z ,Uα

a k1+ α2
z

〉
dAα(a)

=

∫
D

〈
Sk1+ α2

ϕa(z), k
1+ α2
ϕa(z)

〉
dAα(a) =

∫
D

(BαS)(ϕa(z))dAα(a). (4)

This completes the proof.

Example 3.2. The operator Bα defined on L2(D, dAα) commutes with the composition operators C(α)
a , a ∈ D. To

verify this, let f ∈ L2(D, dAα). By a change of variable,

(Bα f )(ϕa(z)) =
∫
D

f (w)
∣∣∣∣k1+ α2
ϕa(z)(w)

∣∣∣∣2 dAα(w)

=

∫
D

f (ϕa(w))
∣∣∣∣k1+ α2
ϕa(z) ◦ ϕa(w)

∣∣∣∣2 ∣∣∣∣k1+ α2
a (w)

∣∣∣∣2 dAα(w).

Applying Lemma 2.1, we obtain an unitary U with ϕϕa(z) ◦ ϕa = Uϕϕa◦ϕa(z) = Uϕz. Taking the real Jacobian

determinants of the above equation, we obtain
∣∣∣∣k1+ α2
ϕa(z) ◦ ϕa(w)

∣∣∣∣2 ∣∣∣∣k1+ α2
a (w)

∣∣∣∣2 = ∣∣∣∣k1+ α2
z (w)

∣∣∣∣2 for all a, z and w in D.
Therefore,

(Bα f )(ϕa(z)) =
∫
D

f (ϕa(w))
∣∣∣∣k1+ α2

z (w)
∣∣∣∣2 dAα(w) = Bα( f ◦ ϕa)(z).

This implies that BαC(α)
a = C(α)

a Bα on L2,α(D) and hence B̂α = Bα.

For ϕ ∈ L∞(D), define the functions

(Dαϕ)(z) =
∫
D

ϕ(ϕa(z))dAα(a),

and

(Bαϕ)(z) =
∫
D

ϕ(ϕz(w))dAα(w).

Now we present some applications of our main result Theorem 3.1.

Corollary 3.3. If ϕ ∈ L∞(D), then there exists a constant δ of modulus 1 such that∫
D

∫
D

ϕ
(
ϕϕa(z)(w)

)
dAα(w)dAα(a) =

∫
D

∫
D

ϕ
(
δϕϕz(a)(w)

)
dAα(a)dAα(w).
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Proof. From (4) it follows that

∫
D

(
BαT(α)

ϕ

)
(ϕa(z))dAα(a) =

∫
D

〈
T(α)
ϕ k1+ α2

ϕa(z), k
1+ α2
ϕa(z)

〉
dAα(a)

=

∫
D

〈
ϕk1+ α2

ϕa(z), k
1+ α2
ϕa(z)

〉
dAα(a)

=

∫
D

(Bαϕ)(ϕa(z))dAα(a)

=

∫
D

∫
D

ϕ
(
ϕϕa(z)(w)

)
dAα(w)dAα(a).

Let f , 1 ∈ L2
a(dAα). Then by Lemma 2.1 and Fubini’s theorem, we obtain

∫
D

〈
Uα

a T(α)
ϕ Uα

a f , 1
〉
dAα(a) =

∫
D

dAα(a)
∫
D

ϕ(z)( f ◦ ϕa)(z)k1+ α2
a (z)(1 ◦ ϕa)(z)k1+ α2

a (z)dAα(z)

=

∫
D

dAα(a)
∫
D

ϕ(ϕa(w)) f (w)1(w)
∣∣∣∣(k1+ α2

a ◦ ϕa

)
(w)

∣∣∣∣2 ∣∣∣∣k1+ α2
a (w)

∣∣∣∣2 dAα(w)

=

∫
D

dAα(a)
∫
D

ϕ(ϕa(w)) f (w)1(w)dAα(w)

=

∫
D

f (w)1(w)dAα(w)
∫
D

ϕ(ϕa(w))dAα(a)

=

∫
D

(Dαϕ)(w) f (w)1(w)dAα(w).

Thus
∫
D

(
BαT(α)

ϕ

)
(ϕa(z))dAα(a) =

∫
D

〈
Uα

a T(α)
ϕ Uα

a k1+ α2
z , k1+ α2

z

〉
dAα(a)

=

∫
D

(Dαϕ)(w)
∣∣∣∣k1+ α2

z (w)
∣∣∣∣2 dAα(w) =

∫
D

(Dαϕ)(ϕz(w))dAα(w)

=

∫
D

∫
D

(ϕ ◦ ϕa ◦ ϕz)(w)dAα(a)dAα(w).

Hence by Theorem 3.1, we obtain

∫
D

∫
D

ϕ
(
ϕϕa(z)(w)

)
dAα(w)dAα(a) =

∫
D

∫
D

ϕ(ϕa ◦ ϕz)(w)dAα(a)dAα(w).

Let U = ϕa ◦ ϕz ◦ ϕϕz(a). Then U ∈ Aut(D) and U(0) = ϕa ◦ ϕz(ϕz(a)) = ϕa(a) = 0 and Uϕϕz(a) = ϕa ◦ ϕz. It is
well known [9] that if ϕ ∈ Aut(D), then ϕ(z) = eiθ z−p

1−pz for some θ ∈ R and p ∈ D. Furthermore, ϕ(0) = 0 if
and only if ϕ(z) = eiθz. Thus Uz = eiθz and ϕa ◦ϕz = Uϕϕz(a) = eiθϕϕz(a) = δϕϕz(a), where δ = eiθ, θ ∈ R. Hence

it follows that
∫
D

∫
D

ϕ
(
ϕϕa(z)(w)

)
dAα(w)dAα(a) =

∫
D

∫
D

ϕ
(
δϕϕz(a)(w)

)
dAα(a)dAα(w).

Notice that one can define Uα
a on L2(D, dAα) also. Suppose ϕ ∈ L∞(D), f , 1 ∈ L2(D, dAα). Then by using
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Fubini’s theorem and making a change of variable, we obtain∫
D

〈
ϕUα

a f ,Uα
a 1

〉
dAα(a) =

∫
D

dAα(a)
∫
D

ϕ(z)( f ◦ ϕa)(z)k1+ α2
a (1 ◦ ϕa)(z)k1+ α2

a (z)dAα(z)

=

∫
D

dAα(a)
∫
D

ϕ(ϕa(w)) f (w)1(w)dAα(w)

=

∫
D

f (w)1(w)dAα(w)
∫
D

ϕ(ϕa(w))dAα(a)

=

∫
D

(Dαϕ)(w) f (w)1(w)dAα(w) =
〈
(Dαϕ) f , 1

〉
. (5)

Define Jα : L2(D, dAα) → L2(D, dAα) as Jα f (z) = f (z). The map Jα is an unitary operator and J∗α = Jα. Let
L2

a(dAα) = { f : f ∈ L2
a(dAα)}. Define h(α)

ϕ : L2
a(dAα) → L2

a(dAα) such that h(α)
ϕ f = Pα(ϕ f ), where Pα is the

orthogonal projection from L2(D, dAα) onto L2
a(dAα). The operator h(α)

ϕ is called the little Hankel operator
on L2

a(dAα).
In Corollary 3.4, we show that Ĥ(α)

ϕ = H(α)
Dαϕ

, ĥ(α)
ϕ = h(α)

Dαϕ
, T̂(α)

ϕ = T(α)
Dαϕ

. Thus T(α)
ϕ , H(α)

ϕ , h(α)
ϕ commutes with

all C(α)
α , a ∈ D if and only if Dαϕ = ϕ.

Corollary 3.4. If ϕ ∈ L∞(D), f ∈ L2
a(dAα), then

(i)
∫
D

〈
Uα

a H(α)
ϕ Uα

a f , 1
〉

dAα(a) =
〈
H(α)

(Dαϕ) f , 1
〉

for all 1 ∈
(
L2

a(dAα)
)⊥

.

(ii)
∫
D

〈
Uα

a h(α)
ϕ Uα

a f , 1
〉

dAα(a) =
〈
h(α)

(Dαϕ) f , 1
〉

for all 1 ∈ L2
a(dAα).

(iii)
∫
D

〈
Uα

a T(α)
ϕ Uα

a f , 1
〉

dAα(a) =
〈
T(α)

(Dαϕ) f , 1
〉

for all 1 ∈ L2
a(dAα).

Proof. (i) If f ∈ L2
a(dAα), 1 ∈

(
L2

a(dAα)
)⊥
, then from (5), it follows that∫

D

〈
ϕUα

a f ,Uα
a 1

〉
dAα(a) =

〈
(Dαϕ) f , 1

〉
.

This implies that
∫
D

〈
ϕUα

a f ,Uα
a (I − Pα)1

〉
dAα(a) =

〈
(Dαϕ) f , (I − Pα)1

〉
.Hence since Uα

a Pα = PαUα
a ,we obtain∫

D

〈
Uα

a (I − Pα)(ϕUα
a f ), 1

〉
dAα(a) =

∫
D

〈
ϕUα

a f , (I − Pα)Uα
a 1

〉
dAα(a)

=
〈
(I − Pα)((Dαϕ) f ), 1

〉
.

Therefore, we get
∫
D

〈
Uα

a H(α)
ϕ Uα

a f , 1
〉

dAα(a) =
〈
H(α)

(Dαϕ) f , 1
〉
.

(ii) If f ∈ L2
a(dAα), 1 ∈ L2

a(dAα), then from the above discussion it follows that
∫
D

〈
ϕUα

a f ,Uα
a 1

〉
dAα(a) =

⟨(Dαϕ) f , 1⟩. This implies ∫
D

〈
ϕUα

a Pα f ,Uα
a Pα1

〉
dAα(a) = ⟨(Dαϕ)Pα f ,Pα1⟩.

Since Pα = JαPα Jα, hence we obtain
∫
D

〈
ϕUα

a Pα f ,Uα
a JαPα Jα1

〉
dAα(a) = ⟨(Dαϕ)Pα f , JαPα Jα1⟩. Now Uα

a Pα =

PαUα
a . Thus we obtain∫
D

〈
Uα

a JαPα JαϕPαUα
a f , 1

〉
dAα(a) =

∫
D

〈
ϕUα

a Pα f , JαPα JαUα
a 1

〉
dAα(a)

=
〈
JαPα Jα(Dαϕ)Pα f , 1

〉
.



N. Das, S. Roy / Filomat 37:7 (2023), 2013–2026 2023

Thus
∫
D

〈
Uα

a h(α)
ϕ Uα

a f , 1
〉

dAα(a) =
〈
h(α)

Dαϕ
f , 1

〉
.

(iii) If f , 1 ∈ L2
a(dAα), then from equation (5), it follows that∫

D

〈
ϕUα

a f ,Uα
a 1

〉
dAα(a) =

〈
(Dαϕ) f , 1

〉
.

Hence we obtain
∫
D

〈
ϕUα

a f ,PαUα
a 1

〉
dAα(a) =

〈
(Dαϕ) f ,Pα1

〉
. Thus

∫
D

〈
Uα

a Pα(ϕUα
a f ), 1

〉
dAα(a) =

∫
D

〈
Pα(ϕUα

a f ),Uα
a 1

〉
dAα(a) =

〈
(Dαϕ) f ,Pα1

〉
=

〈
Pα((Dαϕ) f ), 1

〉
.

It follows therefore that
∫
D

〈
Uα

a T(α)
ϕ Uα

a f , 1
〉

dAα(a) =
〈
T(α)

(Dαϕ) f , 1
〉
.

Example 3.5. Let α = 0 and consider the Berezin transform B0. Notice that if 1 is harmonic onD, then 1 is the sum
of an analytic function and the conjugate of another analytic function. It follows from [1], [10], [13] that B01 = 1

and D01 = 1(0) − 1
2
∂1
∂z (0)z − 1

2
∂1
∂z (0)z. Let 1(z) =

∞∑
n=0

cnzn
∈ H∞(D). Then from [1], [13], [10] that B01 = 1 and

D01 = c0−
c1
2 z.Hence if 1(z) = 3−2z+7z2

−5z3, z ∈ D, then B01 = 1 but D01 = 3−z.Hence T̂(0)
1 = T(0)

D01
, T(0)

1 . By

Theorem 3.1, T(0)
1 does not commute with all C(0)

a , a ∈ D. Now let f (z) = −2z− 7 z2. Then B0 f = f but (D0 f )(z) = z.

Thus Ĥ(0)
f = H(0)

D0 f = H(0)
z , H(0)

f and similarly ĥ(0)
f = h(0)

D0 f = h(0)
z , h(0)

f . By Theorem 3.1, H(0)
f and h(0)

f does not

commute with all C(0)
a , a ∈ D.

4. Bounded analytic functions and composition operators

It is not difficult to verify that M(α)
ϕ L2

a(dAα) ⊂ L2
a(dAα) if and only ifϕ ∈ H∞(D). In section 3, we considered

the weighted composition operator Uα
a f = ( f ◦ ϕa)k1+ α2

a , f ∈ L2
a(dAα). Here ϕ′a = −ka ∈ H∞(D) and observe

that the inducing function of the weighted composition operator belongs to Aut(D) and the weight function
belongs to H∞(D). Now consider the weighted composition operator Wψ,q on L2

a(dAα) where q ∈ L2
a(dAα)

and ψ ∈ Aut(D). If Wψ,qL2
a(dAα) ⊂ L2

a(dAα) then what will be the relation between q and ψ. In this section we
have shown that q ∈ H∞(D) if and only ifψ is a finite Blaschke product. More specifically, we established the
following. We showed that ifM is a subspace of L∞(D) and if forϕ ∈ M, the Toeplitz operator T(α)

ϕ represents
a multiplication operator on a closed subspace S ⊂ L2

a(dAα), then ϕ is bounded analytic on D. Similarly
if q ∈ L∞(D) and Bn is a finite Blaschke product and M(α)

q

(
Ran1e C(α)

Bn

)
⊂ L2

a(dAα), then q ∈ H∞(D). Further,

we have shown that if ψ ∈ Aut(D) and q ∈ L2
a(dAα), then N =

{
q ∈ L2

a(dAα) : M(α)
q

(
Ran1e C(α)

ψ

)
⊂ L2

a(dAα)
}
=

H∞(D) if and only if ψ is a finite Blaschke product. Akeroyd and Ghatage (2008,[2]) showed that if ϕ is
univalent, analytic self-map of the disk, then Cϕ has closed range on the Bergman space L2

a(D) if and only
if ϕ is a conformal automorphism of the disk.

Theorem 4.1. (i) LetM be a subspace of L∞(D) such that for ϕ ∈ M, there exists a closed subspace S of L2
a(dAα)

for which T(α)
ϕ f = ϕ f , for all f ∈ S. ThenM ⊂ H∞(D).

(ii) Let q ∈ L∞(D) and Bn is a finite Blaschke product as defined in (1). If M(α)
q

(
Ran1e C(α)

Bn

)
⊂ L2

a(dAα), then
q ∈ H∞(D).
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Proof. (i) Suppose T(α)
ϕ f = ϕ f , f ∈ S ⊂ L2

a(dAα). Then ϕ(z) =
T(α)
ϕ f (z)

f (z) . Hence ϕ is analytic onD \ {zeros o f f }.
Thus each isolated singularity of ϕ inD is removable since ϕ is assumed to be bounded. Thus ϕ is analytic
onD. Since ϕ ∈ L∞(D), hence ϕ ∈ H∞(D).
(ii) Since M(α)

q

(
C(α)
Bn

L2
a(dAα)

)
⊂ L2

a(dAα), hence M(α)
q C(α)

Bn
is bounded (see [3],[24]). Let f ∈ L2

a(dAα). Then〈(
C(α)
Bn

)∗
M(α)

q K(α)(·, z), f
〉
=

〈
K(α)(·, z),M(α)

q C(α)
Bn

f
〉
= q(z) f (Bn(z))

= q(z)
〈
K(α)(·,Bn(z)), f

〉
.

Hence
(
C(α)
Bn

)∗
M(α)

q K(α)(·, z) = q(z)K(α)(·,Bn(z)). Since M(α)
q C(α)

Bn
is bounded, so is

(
C(α)
Bn

)∗
M(α)

q as
(
M(α)

q

)∗
= M(α)

q

( for details see [24]). Thus there exists R > 0 such that
∥∥∥∥(C(α)

Bn

)∗
M(α)

q K(α)(·, z)
∥∥∥∥

2
≤ R∥K(α)(·, z)∥2. Hence

|q(z)| ∥K(α)(·,Bn(z))∥2 ≤ R∥K(α)(·, z)∥2 and we obtain from Lemma 2.4 that

|q(z)|
1

(1 − |Bn(z)|2)1+ α2
≤ R

1

(1 − |z|2)1+ α2
.

That is,

|q(z)| ≤ R
(

1 − |Bn(z)|2

1 − |z|2

)1+ α2
.

Let l = max
1≤i≤n
{|αi|} and p = min

1≤i≤n
{|αi|}. It follows from [8] that for l < |z| < 1, we have

1 − |Bn(z)|2

1 − |z|2
≤ m + 2n

1 + p
1 − p

.

Hence q ∈ H∞(D).

Theorem 4.2. Let ψ ∈ Aut(D) and N =
{
q ∈ L2

a(dAα) : M(α)
q (Ran1e C(α)

ψ ) ⊂ L2
a(dAα)

}
. If N = H∞(D), then there

exist constants L > 0 and R > 0 such that

L ∥M(α)
q C(α)

ψ ∥ ≤ ∥q∥∞ ≤ R ∥M(α)
q C(α)

ψ ∥ .

Proof. The set N is a vector space. Define for q ∈ N , the norm ∥q∥N := ∥M(α)
q C(α)

ψ ∥. The space N is
complete with respect to the metric induced from ∥ · ∥N . Let Ξn be a sequence inN which is Cauchy. Then
M(α)
Ξn

C(α)
ψ is a Cauchy sequence in L(L2

a(dAα)). Since the space L(L2
a(dAα)) is complete, hence there exists

S ∈ L(L2
a(dAα)) such that lim

n→∞
M(α)
Ξn

C(α)
ψ = S. For f ∈ L2

a(dAα), lim
n→∞

M(α)
Ξn

C(α)
ψ f = S f . That is, lim

n→∞
Ξn( f ◦ ψ) = S f

and for z ∈ D, lim
n→∞
Ξn(z) f (ψ(z)) = (S f )(z). For f = 1, we obtain lim

n→∞
Ξn = S1. Let q = S1. Then for

q ∈ L2
a(dAα), z ∈ D, we have lim

n→∞
Ξn(z) f (ψ(z)) = q(z) f (ψ(z)). Hence we get (S f )(z) = q(z) f (ψ(z)). It follows

therefore that S = M(α)
q C(α)

ψ and q ∈ N and lim
n→∞
∥Ξn − q∥N = lim

n→∞
∥M(α)
Ξn

C(α)
ψ − M(α)

q C(α)
ψ ∥ = 0 and N is

complete with respect to the metric induced from the norm ∥ · ∥N . Since N = H∞(D), we obtain by inverse
mapping theorem [20] that there exist constants L > 0 and R > 0 such that L∥q∥N ≤ ∥q∥∞ ≤ R∥q∥N . Thus
L∥M(α)

q C(α)
ψ ∥ ≤ ∥q∥∞ ≤ R∥M(α)

q C(α)
ψ ∥. The theorem follows.

Theorem 4.3. Let ψ ∈ Aut(D) and q ∈ L2
a(dAα). Then

N =
{
q ∈ L2

a(dAα) : M(α)
q

(
Ran1e C(α)

ψ

)
⊂ L2

a(dAα)
}
= H∞(D)

if and only if ψ is a finite Blaschke product.
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Proof. The sufficiency part follows from Theorem 4.1. For the necessary part, define for z,w ∈ D, the

function K(α)
w (z) =

(
1

1−zw

)α+2
. Then for any f ∈ L2

a(dAα), it follows from Lemma 2.4 that∥∥∥∥∥M(α)

K(α)
w

C(α)
ψ f

∥∥∥∥∥2

2
=

∫
D

|K(α)
w (z)|2| f (ψ(z))|2dAα(z)

=

∫
D

1
|1 − zw|2(α+2)

| f (ψ(z))|2dAα(z)

=
1

(1 − |w|2)α+2

∫
D

(1 − |w|2)α+2

|1 − zw|2(α+2)
| f (ψ(z))|2dAα(z)

=
1

(1 − |w|2)α+2

∫
D

| f (ψ(z))|2|k1+ α2
z |

2dAα(z)

=
1

(1 − |w|2)α+2

∫
D

| f ((ψ ◦ ϕw)(z))|2dAα(z)

≤
1

(1 − |w|2)α+2

(
1 + |ψ(w)|
1 − |ψ(w)|

)α+2

∥ f ∥22.

The last inequality follows from [16]. So∥∥∥∥∥M(α)

K(α)
w

C(α)
ψ

∥∥∥∥∥ ≤ 1
(1 − |w|2)1+ α2

(
1 + |ψ(w)|
1 − |ψ(w)|

)1+ α2
.

From Theorem 4.2, it follows that there exists a constant R′ > 0 such that

∥K(α)
w ∥∞ ≤ R′

1
(1 − |w|2)1+ α2

(
1 + |ψ(w)|
1 − |ψ(w)|

)1+ α2
.

Since ∥K(α)
w ∥∞ =

(
1

1−|w|

)α+2
, we obtain

(
1

1−|w|

)α+2
≤ R′ 1

(1−|w|2)1+ α2

( 1+|ψ(w)|
1−|ψ(w)|

)1+ α2
. That is,

(1 + |w|
1 − |w|

)1+ α2
≤ R′

(
1 + |ψ(w)|
1 − |ψ(w)|

)1+ α2
≤ R′

(
2

1 − |ψ(w)|

)1+ α2
.

Thus when |w| → 1, then |ψ(w)| → 1 and the function ψ is a finite Blaschke product.

5. Conclusion

(i) In this work, we only dealt with the weights (1−|z|2)αdA(z), z ∈ D, α > −1 which is a Möbius invariant.
Whether such result holds for other weights like (i) 1

Γ(α+1)

(
lo1 1
|z|2

)α
, α > −1 (ii) exp

(
−c

(1−|z|)α

)
, α, c >

0 (iii) exp
(
−γ exp

(
β

(1−|z|)α

))
α, β, γ > 0 defined on D and in the weighted Bergman spaces L2

a(Ω) where
Ω is any bounded symmetric domain in C ?

(ii) De Leeuw [17] showed that the isometries in the Hardy space H1(D) are weighted composition
operators and Forelli [15] obtained the same result for the Hardy spaces Hp, 1 < p < ∞, p , 2. Further,
it is well-known [17] that if T is any Banach space isometry of H∞(D) onto H∞(D), then T has the form
(T f )(λ) = α f (τ(λ)), f ∈ H∞(D) and where α is a complex constant of modulus 1 and τ is a conformal
map of the open unit disk onto itself. Bourdon and Narayan [5] gave a characterization of the unitary
weighted composition operators on H2(D) in 2010. They showed that if the weighted composition
operator Wϕ,ψ from H2(D) into itself is unitary, then ϕ ∈ Aut(D). Further in 2014, Matache [21]
proved that if Wϕ,ψ is isometric on H2(D) then ϕ must be an inner function and ψ must belong to
H2(D) and ∥ψ∥ = 1. In this context it is also important to analyse what are all the isometries from
Lp

a(dAα), 1 ≤ p < ∞ into itself ?
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(iii) In section 2, we have seen that the map Uα
a = ( f ◦ϕa)k1+ α2

a , a ∈ D is bounded, unitary and self-adjoint.
Notice that, ϕ′a = −ka. That is, if the inducing function of the composition operator is ϕa then the
weight function is k1+ α2

a and the resulting operator is unitary. In section 4, we have shown that if the
inducing function of the composition operator is a finite Blaschke product if and only if the weight
function belong to H∞(D). Now we ask if the inducing function is an infinite Blaschke product or an
inner function then to which class the weight function ψmust belong to, so that Wϕ,ψ will be bounded
and unitary.
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