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Abstract. In this paper, a new type of A-Bernstein operators (B;:’, N g)(w, z) and (sz 1 g)(w, z), their Products
(Pmm g)(w, z), (QmM g)(w, z), and their Boolean sums (S,,,,,,A g)(w, z), (T,zm,,\ g)(w, z) are constructed on trian-
gle R, with parameter A € [-1,1]. Convergence theorem for Lipschitz type continuous functions and a
Voronovskaja-type asymptotic formula are studied for these operators. Remainder terms for error evalua-
tion by using the modulus of continuity are discussed. Graphical representations are added to demonstrate
the consistency of theoretical findings for the operators approximating functions on the triangular do-
main. Also, we show that the parameter A will provide flexibility in approximation; in some cases, the
approximation will be better than its classical analogue.

1. Introduction

In 1912, Bernstein [9] introduced the sequence of polynomials (Bernstein operators) to provide construc-
tive proof of Weierstrass Approximation Theorem [39] to approximate any continuous function defined on
[0,1] as follows:

u
Bugiw) = Y o et (M)
r=0

wherew € [0,1], u =1,2,---, and b, ,(w) are Bernstein basis functions which are defined as:

b}l,?’(w) = ([:)wr(]‘ - w)y—r’ r= 0/ 1/ 2/ ttty H (2)

These Bernstein basis functions play a significant role in approximation by constructing operators and shape
designing via Bézier curves in Computer Aided Geometric Design (CAGD). Later on, various generaliza-
tions of this sequence of classical Bernstein operators are constructed and studied, such as Lupas Bernstein
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operators (rational) [24], and their post quantum analogue by Khalid and Lobiyal [23], Phillips Bernstein
operators (polynomials) [33] and their Post quantum analogue by Mursaleen et al. in [31]. For other works
related to Bernstein type operators and their basis functions, one can refer to [3, 11, 12, 15, 22, 25, 27-30, 34—
36]. Similarly, for works related to approximation by operators, Bézeir curves and error evaluation, one can
read [2, 14, 16, 18-21, 26, 32, 37, 38].

2. Essential preliminaries and review of results of [40] and [13]

In 2010, Ye et al. [40] constructed new Bézeir bases with shape parameter A € [-1, 1], which are defined
as follows:

byuo(w) — ‘u/\?byﬂ,l(w)/ r=0,

7 u=2r+1 u=2r-1

bur(Aw) =1 byr(w) + A(Hz_,lb;wl,r(w) - Wbyﬂ,m(w))f l<r<p-1, 3)
by,u(w) — ﬁbyﬂ,y(w)r = U

When A = 0, these basis functions (3) turn into classical Bernstein basis functions (2).

Using these basis functions (3), Cai et al. [13] defined A-Bernstein operators to approximate continuous
functions. In 1973, R. E. Barnhill et al. [4] studied smooth interpolation on triangles. For other related
works by R. E. Barnhill et al. regarding the study of polynomial interpolation on boundary data on triangles
and error bounds for smooth interpolation on triangles, one can refer [5-8]. In 2009, P. Blaga and G. Coman
[10] constructed the Bernstein-type operators on triangle Rj, to approximate any real valued function g as:

(Big)w,2) = ; Pum,i(w0, Z)g(m(h Z),Z), (4)

where
_(T)wf(h—w—z)m‘i 0 < < -

pm,z(wf Z) = (l’l — Z)m ’ fw+z<n, ( )
respectively,

(Big)w.2) = Y g o g(w, L0 w) ©)

n 7 j:O l’l,] 7 7 n 7
with
()2 (- w -2

n,j(W,2) = iy , O0<w+z<h 7)

where

Ry ={w,z) eR*| w>0,z>0, w+z<h}, for h>D0.

Motivated by the work mentioned above and the fact that parameter A provides flexibility in approxi-
mation, we construct A-Bernstein operators on a triangle and discuss their properties.

The paper is arranged as follows: In section 3, we introduce operators (BZ; 1 g)(w, z) and (Bfﬂ 2 g)(w, z) on
triangular domain. In section 4, some auxiliary results have been derived, and their moments and central
moments are estimated. In Section 5, we study approximation properties and compute the remainder term
for error bound as well as derive a convergence theorem for the Lipschitz continuous functions. Also, we
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discuss a Voronovskaja-type asymptotic formula. In Section 6, we define Product operators and study the
remainder theorem for these operators. In Section 7, we define Boolean sum operators, investigate their
properties and discuss the remainder theorem in light of Boolean sum operators. In Section 8, we present

some graphs to show the convergence of (Bf; 1 g)(w, z) to g(w,z) and (Bfl Ag)(w, z) to g(w,z) with different
values of parameter A.

3. Construction of univariate operators on triangular domain

Consider a real valued function g defined on a triangle R;,. Through the point (w, z) € R, consider the
lines which are parallel to coordinate axes and intersect the edges I';, i = 1,2, 3, of the triangle at the points
(0,z) and (h - z, z), respectively, (w, 0) and (w, h — w) [10, Figure 1].

Let AY = {i}%z,i =0, 1,...,m} and A% = {j%,i =0, 1,...,n} be uniform partitions of the intervals
[0, h —z] and [0, h — w], respectively. We introduce the new A-Bernstein type operators, namely, (Bum’ N g)(w, zZ)

and (Bi 1 g)(w, z) on triangular domain as:

Lo i, 29( 50 -2),2), @2 € R\ O,h)

(B;‘;l Ag)(w, z) = 8)
90, h), (0,h) € Ry,
and
Lo @i, 9g(w 4 -0, @,2) € R\ (1,0)
(B2 19)(w,2) = )
g(h,0), (h,0) € Ry,
where
pm,O(w/ Z) - %pnwl,l (wr Z)/ i=0,
PmiNw,z) =14 pui(w,z) + /\(";;zzfﬁl Pri(w,z) — 2= p i (w, Z)), 1<i<m-1, (10)
Pm,m(w/ Z) - #pnﬂrl,m(wr Z)/ i= m,
respectively,
Qn,o(w/ Z) - ﬁ%ﬂ,l (ZU, Z), ] = 0'
gnjMw,z) =4 quj(w,z) + A(—n;fﬁlqm,]’(w,Z) - —”;ff]lqm,m(w,Z)), 1<j<n-1, (11)
qn,n(w/ Z) - ﬁqrﬁlﬂ(wr Z)r ] =n,

where fi, i(A; w, z) and §,, j(A; w, z) are defined only on R, \ (0, 1) and R;, \ (h, 0), respectively, and p,,i(w, z) (i =
0,1,...,m)and g, j(w,z) (j = 0,1,...,n) are defined in equation (5) and (7) and A € [-1,1].

4. Some preliminary results

Theorem 4.1. Let us consider a real valued function g on Ry, then

() (B;‘;/Ag)(w, z) =g(w,z) on I, UTs; (12)
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(if) (B, ye00)(w,2) = 1, (13)
A w™ — (h —w — z)"*!
w — —
(1) (B Aelo)(w zZ)=w + m(m—l)(h z—=2w + =2 ), (14)
 fow 5 wh-w—2) 1 , 2wt
(zv)(BmlAezo)(w, zZ) =w" + + /\[m(m — 1)(2w(h —z) — 4w + W)
1 w™l 4+ (h -z — w)™! )
2 — 1)( (h—zyn1 - (h-2) ) ’ (15
3uw?(h—z-w) 2w’ —3w(h-2z)+wh—2z)?
— 3
(v) (BZ,/\€30)(ZU, z)=w’ + - + "
1 3 6wm+1 ) 1 ( ) 3wm+1 )
+/\[m2( 6w’ + i + P e— 3w (h - z) i
1 s 9+l 1 ( )
o 1)( Ot ~2) + Z)m_z) e LR
4wm+1 m+3 3 wm+1 (h —z - w)m+1
- z)m—Z) m3 (m? 1)(( A T e ) ’ (16)
3(1 — > — 201 _ N2 _ 31, _ 4
(vi) (BZ A€40)(w/ )= wh+ 6w’(h—z—w) N 7w=(h — z) 18112) (h—2)+ 11w
’ m
w(h —z)% = 7w?(h — z)> + 1203 (h — z) -
+ e
L (6w = 27 = 20%(h — 2) — 80 ﬂ)
+ )\[mz (6w (h—2)"=2w’(h—z)—8w" + =22
1 2 5 3 4 17w+
+$(—ZU(”I—Z) —3270(1/1—2)—16?0 +W)
o (w(h R T e (LA A e
o b (o= 2 — 230 — 20 22“’_'"”)
e 1)(w(h B0+ G
1 (h =z —w)™! 3 )
T e~ -z )| a7
where ejj(w, z) = w'z.
1, for i=0, 1, for i=m,
Proof. Using the equations py,i(A;0,z) = and  Ppi(Ah—2z,2) =
0, for i>0, 0, for i<m,

we get the interpolation property (i).
From (5), we get Y pmi(A; w,z) = 1, and with the help of this identity we can easily prove (13).

C z'
(Bw 1610 (ZU Z) Z a - Z)pm,i()\; w, Z)
i=0

1 2i+1 m-—2i—1 )]
m

[pm l(w Z) + A(—lpnﬁl l(w Z) —1pm+1 z+1(w Z)
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A
+ (h - Z)(Pm,m(wr Z) - —1Pm+1,m(wr Z))

=th- Z)Z —Pm,i(w,z) + A(h — z)(Z i ul:lpmﬂl(w Z)

m-1 . .
im—-2i—-1

. awpmﬂ,m(w/ z) ).

1=

It is to note that the classical Bernstein operators (4) on triangle preserve linear functions. Let us call the
two parts of the last equation shown in bracket as Aq(m; w, z) and A,(m; w, z). We have

(BZ,Aem)(w, zy=w+ A(h— z)(Al(m; w,z) + Aox(m;w, z)). (18)
Now, we compute Aq(m; w, z), and Ay (m; w, z).

im=-2i+1
M(m;w, z) = m o1
i=0

=— Z pm+1,(w z 1 Z Pm+1z(w z

_ (m+1) w = w m—1
" m(m—1) (h-2) Zp’”’(w 2= 1(h z)zzp’”“wz) m(m D i—2) Zo‘pml(w ?

i=

Pm+1,i (W, 2)

_(m+1)  w w™ 2 w? w1 2 w

_m(m—l)(h—z)(l_(h—z)’”)_m—l(h—z)z(l_(h—z)m—l) m(m — 1)(h—z)(1 —z)m)
B w B 2’(1)2 N wm+1 N 2wm+1 19
T mh—z)  (m-1DMh-2z?2  mh-zy mm - 1)(h - z)m+ (19

and

-1

3

m-—2i—1
T Pmin (w,z)

i
A2(m; w, Z) = - E m2

i

Iy
o

m—1 m—1 m-=2
w 1 2w
= _m(h = ; Pmi(w,z) + m Z Pm+1,i+1 (W, 2) + m ; Pm-1,i(w, 2)
m—1

2w 2
_ m mez(w Z) + 1) an1+1 l+1(w Z)

w (h —z—w)" w™ 1 (h -z —w)™!
:_m(h—z)(l_ (h—z)m _(h—z)m) " m(m+l)(1_ (h — zym+1
(m+ Dwh — z — w)™ s 2uw? w1
=2 (=g ) T - Dhi—2p (1 T - z)m—l)
2w (h=z—w)™ w™
" m(m—1)(h —z)(1  (h-z (h —z)m)
2 ( C(h—z—w)™t m+Dwh-z-w)" w™! )
m(mz — 1) (h — Z)m+1 (h — Z)m+1 (h — Z)m+1
1 ( 20w w™! )+ 1 ( C(hmz—w)™ w )
m—-1\(h—-22 ((h-2z) Hh-2z"1) m@m-1) (h — z)ym+1 (h-2)

+

(20)



Q-B. Cai et al. / Filomat 37:6 (2023), 1941-1958 1946

Combining (18), (19) and (20), we have

» 1 wm+1 (h —z— w)m+1
(Bm,)\elo)(w, zZ)=w+ m(h —z=2w+ =2 - =2 (21)

Hence, (14) is proved. Finally by (8), we have

(B re20)(@0,2) = # (h = 2pmi(A; w,2)
i=0
o 2i+1 2i—1
=0-22 ) w2+ AP ) - ()|

i=0

L __A )
+ (h—2) (pm,m(wrz) o 1pm+1,m(wrz)

m ) m ) .
_ 2 i 5 " m=-2i+1
=(h-2) ; —aPmi(®,2) + A(h = 2) (; g Prri®2)
v Am-2i-1 %)
L 21 Pm+1,i+1\W, 2) |

By (4), we get (B%ezo)(w, 2)=h-2?Y0, m2 = P i(w,2z) = w? + W and let us call the two parts of the last

equation shown in the bracket as A3(m; w, z) and A4(m; w, z), we have

(22)

W + A(h - Z)Z(A3(m; w,z) + Ag(m;w, z)).

(Bffl, Aezo)(w, 2) = w? +

Now, we have

m 2
m-2i+1
A3(m;w,z) = Z A Pmi(®,2)
i=0

2 2 UL
T -1 Z ﬁpm”/i(wf z) = 2 -1 Z ﬁpmﬂ,i(w, z)

_ (m+Dw? - (m+1)w
= = 1(h_ZZZPm 1z(wz)+ Y Z)me’(wz)

1=

_ m(h _2)3 me 2i(w, z) — — 1) )2 me 1i(w, z) — 2(m 1)(h 2 mel(w z)

o (m+ 1)w w1 (m+ 1)w w™
" m(m —1)(h - z)2( S (h- z)m—1)+ m2(m — 1)(h — .z)(1 = z)m)

2w’ w2 6w? w1 2w w™
~ m(h— z)3( C(h- z)m—Z) ~ m(m = 1)(h - z)? (1 ~ (h—z)m1 ) ~ m2(m —1)(h - z) (1 B
1 ( Zwm+1 _ 2w3 ) 1 ( w2 B wm+1 )
m\(h—zym1  (h—2)3) m—-1\(h—-2)? (h—z)m*
1 w 5w? 4+l 1 W+l w
T mm = 1)((h D) =22 =g ) T 2 m = 1)((h e z))' @3

On the other hand

-1
— 2 m-2i-1
N(myw, z) = — ﬁ—llﬂmﬂ i+1(w, z)
i=1

(h—z)"

)
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m—1 D m—1 3
1 i
=- ﬁpmﬂ,iﬂ(w/ z) + 1 Z 2Pm+1 i+1(w, z)

m—2
w2

== (_Z)ZZP"’ 1i(w,z) + (1 — Z)mez(wz)

1 2w
- m Z; Pm1i+1(w, 2) + m ; Pm—2,i(W, z)

i=

m=1 m—1
2
mZ(m _ 1)(]1 _ Z mez(w Z) 2(m2 — 1) ; pm+1,i+1(w, Z)

i=

w? ( wml ) w (1_(h—z—w)’" W™ )

T T mi—22\ " =) T =2 (h=zy"  (h—z)"
~ 1 ( C(h—z—w)™ A+ Dwh-z-w)" w™! )
m2(m + 1) (= zym1 (h— zyn+l (h— zym+1
2uw? w2 2w (h—z—w)™ w™
o —2)3(1 N7 —z)m—Z) TR m - D0 —z)(l RS —z)m)
_ 2 ( _(h—z—w)m“_(m+1)w(h—z—w)m_ wml )
mz(mZ — 1) (h _ Z)m+1 (h _ Z)m+1 (h _ Z)m+1
_l( 2w w? )+ w N 1 ( w +(h—z—w)m+1_1)
Tm\(ti—2p  (h—22) mm-Dh—-2)  mEm-D\(i—z)  (h -z
wm+l
C(m=1)(h -2yt Y
Combining (22),(23) and (24), we obtain
“ wh—w - 2) 1 2w+
(Bm,Aezo)(w,z) =uw’ + - + A[m(m — 1)(Zw(h —z) —duw® + m)
1 w4 (h -z — w)"*! )
T m = 1)( (h — zym-1 —(h-2) )] @5

which gives (15), and thus Theorem 4.1 is completed.
One can obtain (16) and (17) by following similar computational steps. [

Remark 4.2. Let us consider a real valued function g defined on Ry, then

(i) ( )(w,z):g(w,z) onTUTs3;

(ii) (B2 e00)(w,2) = 1,

B +1 _ h— _ \n+l

(iii) (B Aem)(w z) = (nA_ 1)(h—w—22+ z ((h_;t;n z) )/
( zh—w-z

. 1 2 n+1
(IU) n /\602)(7/() Z) - Z + ) + A|1’l(1’l _ 1) (ZZ(h - ZU) - 422 + (h _Zw)n—l)
1 (Zn+1 +(h—z- w)n+1 . w)z)]/

n2(n—1) (h —w)r-1
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200 _ o 3 _ 2,201 _ — )2
) (Bf, A€03)(W,Z) N 3z°(h—z—w) N 2z° —3z%(h z;;) +z(h —w)
’ n
6Zn+1 ) . 1
(h=w)y=2) nn-1)
9Zn+1 ) . 1
(h—w)=2) n3(n-1)
Zn+1 _ (h —z— w)n+1 )
(h — w)n—2 (h—wy=2 )|

3Zn+1 )

+A|:%(—6Z3 + (322(h—ZU)— m
__ 1
n2(n—1)
471 ) n+3

7’13

T =) T - 1)

( - 922(h — w) + ( — 4z(h — w)?

(01 -0y -

623(h — z — w) . 724 (h — w)? — 1823(h — w) + 11z*

(vi) (BfllAem)(w, z) =2+

n n2
N z(h — w)? — 722(h — w)? + 1223(h — w) — 62*
7’13
1 4Zn+1
+ A[E(@zz(h — W) =23 (h—w) — 82 + W)
1 1721
+ ﬁ( — Zz(h - ZU)Z — 3223(h - ZU) - 1624 + m)
1 3 n+1 1 ) ) 7Zn+l
- H(Z(h —W -G w)"—3) T = 1)(7Z (h=w) =52 w)n—S)
1 s s , 207
T 1)(z(h —w) - 232w+ G w)n_3)
1 (h—z—-w)y!
A (n = 1)( oy - w)(h—z - w))]

Corollary 4.3. If A € [-1,1], z € [0, h], and fixed w € [0, h — z], then by Theorem 4.1, we get

w _ 1 w1 (h —z— w)m+1
(Bm,A(S - T/U)>(EU, z) = —m(m — 1)(h —z-2w+ (h—z)m - (h—z)m )
1 w1 (I’l —z— w)m+1 _ .
e 1)(h TR G T T iy ) = Pn(w, 2); (26)

and

(Bw A(s— w)Z)(w, z) = wh —w~-2z) [ 1 (Zw(h —z-w)"! 2! 2u"*? )

m m(m —1) (h—z)" S (h—zm 1 (h—z)m
1 w™l 4+ (h—z — w)™! )
2 - 1)( (=21 ~(=2) )]A
L wh—w=2z) 1 (2w(h —z—w)"™! N 2w+ N 2uw"+? )
- m m(m —1) (h—2z)m th—zy=1  (h—z)m
1 w4 (h -z — w)"*! o\ _
o 1)( g =2) ) = Y0, 2); 27)
lim m(BY (s —w))(w,2) = 0; (28)

lim m(BY (s - w)*)(w,z) = wh—w—2), we(0h-2) (29)
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lim m?(BY , (s — w)*)(w, 2) = 3w?(h - 2 - 6w (h — 2) + 3w* + 6(w(h — 2)* —w (h —2))A, w € (0,h—2).

Remark 4.4. If A € [-1,1], w € [0, h], and fixed z € [0, h — w], then by remark 4.2, one can obtain
. Zn+1 (h —z— w)n+1
(&MbﬂW%@Snm_D@—w+k+w_wy+ — yz%mmx (31)
and
, ) z(h—w —z) 1 2z(h — w — z)"*! 2711+1 271+2
(Bt =2)(w2) < =— +nm—n( (1= w)y" +m—wwﬂ+m—mJ
n+1 h— _ \n+l
D 0= w2 32

hm n(BZ A(t=2) )(w z) =
hmnwzu—zym@:zm—w—@,zemm—wx
31_1)101011 (Bi,/\( -2z) )(w, z) = 322(h — w)? — 62°(h — w) + 32* + 6(22(h — w)*> = 22(h —w)A, z € (0,h—w).

5. Convergence properties
The approximation formula for the operator B%, Lisg = Bﬁ; A R;U«, 19

Theorem 5.1. For g(,z) € C[0,h — z], then

’(Rw 29)(@, Z)| (1 + = VP (w, Z)) (9¢.2);6), z€[0,h], (33)

where ,,(w, z) is defined by (27) and a)(g(-, z); 6) denotes modulus of continuity with respect to the variable “w’ for
the function g.

Proof. We have

i@%g@@|§}%&wm(4-wm}mmn

s@+%h—im—m

%@uma,

(£ 00-22) - g2

one obtains

|@%g@@|2}%ﬂﬂ%*ﬁ h——m—@

)@(&)
1 i(h—2)\?\ "
S[l + 5( ZO‘ Pmi(A; w, z)(w - ) ) ]w(g(-, 2); 6)

i=

—_

<

1/2
1+ 5((B$A(s - w)z)(w z)) }a)(g(-, z); 6).
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Since (Bx NC= w)z)(w, z) < Ym(w, z), we obtain

|( Ag)(w Z)‘ ( \/W) (!7(',2);6).

|
The approximation formula for the operator B, | is g = B} ;g + K} ,g.

Remark 5.2. If g(w,-) € C[0,h — w], then

)(RZ,M)(W/ Z)l (1 + = VUl y ) (9w, );0), (34)
where P, (w, z) is defined by (32) and a)(g(w, 2); 6) denotes modulus of continuity with respect to the variable 'z” for
the function g.

Now, we study the rate of convergence of the operators (Bﬁ N g)(w, z) with the help of functions of Lipschitz
class Lipp(a), where M > 0 and 0 < o < 1. A function g(:, z) belongs to Lipy(a), if

|9(w1,2) — 9wz, 2)| < Miwy —wal, (w1, ws, z € R). (35)
Now, we present the following theorem.

Theorem 5.3. Let g(-,z) € Lipp(ar), and A € [-1,1], then we have

al
(B2 1)@, 2) — 9w, 2)| < M{pu(w,2)] ",
forallw € [0,h — z] and z € [0, h], where Y, (w, z) is defined by (27).

Proof. As g(-,z) € Lippm(a) and (Bw 3 g)(w z) are linear positive operators, then
(B2 19)(@,2) = g6, )] < (B, lg(6,2) = g6, ), 2)

= i Pm,i(A;w, z)
i=0

o= 0-22) - gw,2)

a

m ~ . l
< ;m(&w@mw 2)
m 212 5
< Z [pm 1(/\ w, Z) (h - Z) -—w ] [fjm,i(/\; w, Z)] .
i=0
By Holder’s inequality for sums, we have
m ; 2151 m e
(B3 19)(@,2) — g(w, )] < M[ Y i, 2)|—(h=2) ~w ] [2 Pui;w, z)]

i=0 i=0

= M[(BY (s - w)?) (e, z)]

By equation (27), we get theorem 5.3. [
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Remark 5.4. For A € [-1,1], and g(w,-) € Lippm(av), we have
- a/2
(B2 ,9)@, 2) — 9w, 2)| < M[yu(w,2)| ",
forall z € [0,h —w] and w € [0, h], where 1, (w, z) is defined by (32).

Next, we present a Voronovskaja asymptotic formula for (B% N g)(w, z).

Theorem 5.5. Let us consider g(w, z) is bounded on Ry,. Then, for any A € [-1,1], w € (0,h — z), and z € [0, h] at
which second order partial derivative of g(w, z) with respect to w exists, we have

lim m[(Bw Ag)(w z) — g(w, z)] M[ (h—w- z)]. (36)

m—oo

Proof. Letw € [0,h — z] be fixed. By the Taylor’s formula, we may write
9(s5,2) = gw, z) + g1V (w, z)(s — w) + % 90w, 2)(s — w)? + 1(s; w, z)(s — w)?, (37)

where r(s; w, z) denotes Peano’s form of the remainder and r(s; w, z) € C[0,h — z], on applying L'Hopital’s
rule, we have

: _9(5,2) = g(w,2) = g"O(w, 2)(s - w) - 39*(w, 2)(s - w)?
lim r(s; w,z) = lim
S—W

sow (s —w)?
(1,0) _ 4(10) _ 4(2,0) _
o gv0s,2) — g (w, z) — g9 (w, 2)(s — w)
- 21—>mw 2(s — w) (38)
T 9(2/0)(& Z) - 9(2’0)(7/0/ Z) _
= lim 2 -

Applying (BZ’Z Ag)(w, z) to (37), we obtain

Wlll_r)rc}o m[( - Ag)(w z) — g(w, z)] g 10w, 2) hm m(B%(s - w))(w, z) + # lim m(BwA(s - w))(w Z)
+ ril_r)rgo m(B;Z,Ar(s; w,z)(s — w)z)(w, z). (39)

By the Cauchy-Schwarz inequality, we have

(B%/ (s w,z)(s — w)z)(w, z) < \/ (B;‘i (s w, z))(w, Z) \/ (B% NCE w)4)(w, z), (40)
since 2(w; w, z) = 0, therefore we can obtain
rrlzl—I)rolo m( m/\r(s w,z)(s — w)z)(w z) = (41)

by (40) and (30). Finally, using (28), (29), (41), and (39), we get

m—00

(2,0)
_ 9 (w,z)
lim m[( mAg)(w z) — w,z)] = T[w(h -w— z)],
and hence the proof is completed. [

Remark 5.6. Let us consider g(w, z) is bounded on Ry. Then, for any A € [-1,1], w € [0,h], and z € (0,h — w) at
which the second order partial derivative of g(w, z) with respect to z exists, we have

il

hm n[( Ag)(w z) — g(w, z)] ) [z(h —w— z)].
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6. Product operators

Let Py = BZ,AB;A and Quma =
We have

B;, \B;, , be the products of operators B | and B}, |

Yo Lo P10, 2)an (A 1952, 2)g (1952, JE=0RE), (w,2) € Ru \ (0, h), (1, 0)},
(Pumag)@,2) =1 g(o,h), 0,1) € Ry,
9(h,0), (1,0) € Ry..
Remark 6.1. The nodes of the operator P,y 5 are same as the nodes given in [10, Figure 2].

Theorem 6.2. The product operator P, , satisfies the following relations:

(D) (Pung)(@w,0) = (B, g)(w,0),
(i) (Pun19)(0,2) = (B2 ,9)(0,2),
(iii) (Pmnl;\g)(w,h —w)=g(w,h—-w), w,zel0h].

Above proofs follow from some simple computations. The property (i) or (i7) imply that (Pmn’Ag)(O, 0) =
9(0,0).

Remark 6.3. The product operator Py, , interpolates the function g at the vertex (0,0) and on the hypotenuse
w + z = h of the triangle Ry,.

The product operator
Yo Lo (0, 19520V, (A 0, 2)g ("B, j2), (v, 2) € R \ (0, B), (B, 0)),
(Quing)@.2) =1 4(0,1), (0,h) € Ry,
g(h,0), (h,0) e Ry,

has the nodes which are given in [10, Figure 3] and satisfies the following relations:

(i) (Qnm,Ag)(w/ O) (Bw /\g)(w 0)
(11) (Qnm,/\g)(of Z) = ( n,)\g)(ol Z)r
(iii) (Quuag)(h—2,2) = glh - 2,2), w,z € [0,h].

The approximation formula for the operator Py, o is g = Pyn g + Rmn 19

Theorem 6.4. If g € C(Ry,), then

'(ann,/\g)(wrz)| ( Vm(w, z t5 \/%(w z) + 1) (9;61,62). (42)

Proof. We have

m n

o[ im0 -2

i=0 j=0
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. (h-2) (m—ih+iz
m,i(/\;wrz)q;1,]'(/\;17,z Z—]T

n

1 m
h L

+ 4 Pm,i(A; w, z)qn](/\ z(hmz) )]w(g;él,éz).

z)‘w - i(h 2
m

3
B

=

< (B2 (s~ 02)(w,2),

Z p ,1'(/\/' w, Z)% (
i=0 j=0
g h—=z m—i)h+iz
mz(/\ w, Z)q”]( ( ) ) + \/(Bi,A(t - z)z)(w,z),
i=0 j=0
while
m n
(h— Z)
Pm,i(A; w, 2)g, ]( =1
ZO‘ j=0 m
It follows

(s— w)z)(w, z) + 612 \/(B;A(t - z)z)(w, z) + 1 )w(g; o1, 62).

(A RN

Since
(B 15 = 0P)(w,2) < Yulaw,2), (B (= 2P)@,2) < u(w,2),
we have
‘(erjln,/\g)(w,z)| ( \/’Pm(w z) + \/lljn(w z) + 1) (9} 51,52).
O

7. Boolean sum operators

Let
Boa+ B~ BBy

Smn//\ = B;Z,A ® sz)\
Tuma =B, ,®B, , =B, , + Bfm B, AB 1
be the Boolean sums of the A-Bernstein operators BY) | and B\

Theorem 7.1. Let us consider a real valued function g defined on Ry, then

Smng |a7eh =9 |aveh'

Proof. We have
Sm"//\g:< U/\ +Bn/\ Bm/\BZ )g

The interpolation properties of B}/ |, B} | together with the properties (i) — (iii) of the operator Py, imply
that
(Snag) (@, 0) = (BY ,9)(w, 0) + g(w, 0) - (BY ,9)(w, 0) = g(aw,0),

(Swn19)(0,2) = 9(0,2) - (BZ ,9)(0,2) + (B2 ,9)(0,2) = 9(0,2),

(Smn,,\g)(w,h -w) =g(w,h—w)+ g(w,h-w)—g(w,h—-w) =g(w,h-w), forall w,zel0,h]

O
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The approximation formula for the operator S, is given by g = Syuag + R 9.

Theorem 7.2. If g € C(Ry), then

< (1 + (51_1 [, z)) w(g(*, z); 61) + (1 + 612 Viu(w, z)) a)(g(w, -);(52)

(R2,19)2

%§Vwm@+§JwW@+1%@@@) @)
1 2

forall (w,z) € Ry.

Proof. From the equality
9= Smag=9-B%,g+9-B:,9— (79— Pua9),
we get
(RS 09),2)] < (R ), 2] + (R sg)wo, )| + |(R7, p9) 0, )

Now, from (33, 34, 42), we follow the proof (43). O

Remark 7.3. One can obtain the analogous relations for the remainders of the product approximation formula

9= Qumag + Ran,Ag =B, \B, 9+ Ran,/\gf

and for the Boolean sum formula

9= Tumag + RZm,Ag = (BZ,A ® B;Z,/\)g + RZm,/\g'

8. Graphical Analysis

Let us consider a function g(w,z) = sin(4w) + cos(7z) for graphical analysis. In Figure 1(a), we have
presented the graph of function g on the triangular domain. The graphs of A-Bernstein operator (B;‘; a g) (w,z)

are shown in Figures 1(b), 2(a), 3(a), and the graphs of other operators (Bfl Ag)(w, z), (Pmn,Ag)(w, z), and

(Smn, A g)(w, z) that are approximating the function are shown in Figures 1(c) — 1(e), 2(b) — 2(d) and 3(b) — 3(d)
for the values of A = -1, A = -0.5, and A = 0.5, respectively. In all the figures, we have taken m = 10, n = 10
and /1 = 1. One can observe from the Figures 2(a), 2(b), 2(c), and 2(d) that the operators are approximating
function better for some values of A < 0 for fixed m and n.

Also from the remainder formulas, one can observe that the operators are approximating the function
better with increasing values of m and n and by fixing A on the triangular domain. Therefore, it can be
concluded that the extra parameter A is providing modeling flexibility for approximation on this triangular
domain.
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