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A family of chaotic dynamical systems on the Cantor dust C x C

Nisa Aslan?, Fatma Digdem Koparal®, Mustafa Saltan?, Yunus Ozdemir?, Biinyamin Demir®

?Eskisehir Technical University, Department of Mathematics, 26470, Eskisehir, Tiirkiye

Abstract. In this paper, we give a family of dynamical systems on the Cantor dust (Cx C) by using elements
of 4th Dihedral group with shift map and then express them via code representations of the points of C x C.
Moreover, we prove that these systems are chaotic in the sense of Devaney and also we investigate the
topological equivalence of these dynamical systems.

1. Introduction

The theory of dynamical system, which has several applications in different branches of engineering
and many human sciences such as economics besides fundamental sciences such as physics, chemistry
and biology, is one of the important research areas in mathematics ([1, 8, 10, 11, 14, 15, 18]). Predicting
how the orbit of a point will behave is one of the main problems of in this theory. Although this problem
can be solved for many dynamical systems, it has been observed that the solution of the problem is quite
difficult in some examples such as the dynamics model of the celestial bodies of Poincare, May’s population
model and Lorenz’s atmosphere dynamics model. This is due to the fact that very small differences in the
initial conditions in these systems lead to large differences in the behavior of the orbits. This property is
called the “sensitive dependence to initial conditions”. Dynamical systems satisfying this property besides
“topological transitivity” and “density of periodic points” are called chaotic dynamical systems and they
are widely encountered ([9, 10, 14]).

Fractal geometry, also known as the geometry of nature, is originally composed of extraordinary geo-
metric objects, can represent many phenomena better when compared with solid and constrained shapes
such as line, circle, triangle in Euclidean geometry ([7, 12, 13]). Thanks to this feature, fractals have in-
creasing number of application areas [11, 17, 19]. Fractals are often occurred as the attractor of an iterated
function system (IFS), Julia sets of some complex functions, etc ([2, 7, 12, 13]). Moreover, when a complex
function is restricted to the related Julia set, a discrete time chaotic dynamical system is obtained. Thus,
fractals are often mentioned together with chaotic dynamical systems (see [1, 10, 14] for more details).

In the literature, one of the well-known examples of the chaotic dynamical system is the shift map defined
on a code space. This dynamical system guides in defining many different chaotic systems. Another
important examples are Tent map and Doubling map. Also, the restricted Tent map and the Smale’s
horseshoe map are fundamental examples of chaotic dynamical systems on C and C X C respectively. Both
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the Tent map and the Smale’s horseshoe map can be expressed with the help of code representations of the
points of these fractals and they can be expressed by using special cases of a shift map ([6]). On the other
hand, there have been different studies on chaotic dynamical systems obtained by using folding maps on
fractals such as Sierpinski triangle, Sierpinski tetrahedron and Box Fractal (see [3-5, 20]).

Although there exist many classical fractal models in the literature, dynamical system examples defined
on self-similar sets are very few and no detailed investigations has been made. In order to overcome this
deficiency, Cantor and Cantor like sets, which seem possible to generalize, can firstly be considered.

We first give a small brief for the code representation of the points of C and C x C and we remind the
elements of Dihedral group Dy. In Section 3, as the main purpose of the present paper, we define a new
family of dynamical system on C X C by using special shift maps and the elements of D;. In the last section,
we compare these dynamical systems whether they are topologically conjugate or not.

From now on we will use the notation C for Cantor set and C? for Cantor dust.

2. The code representations of Cantor dust C? and its symmetries

2.1. The code representations of the points of C

We use code representations of the points of the Cantor set to describe a family of dynamical systems in
the next section. Although there are different ways for coding the points of the Cantor set (such as ternary
form of the unit interval etc.), we prefer the following one:

Consider the Cantor set as an attractor of an iterated function system {RR; fo, f»} where

X x 2
fo(X) = 5 and fz(X) = 5 + 5
Let Cp := fo(C) and C; := fo(C). Note that Cy UCy, = Cand Co N C, = 0. Foraword a = a1z ... € {0, 2}
with length k, let C, := f,(C) where f, = fy, © fo, ©--- 0 f,. We call C, as a sub-Cantor of level k. We set
a=0ifk=0,and C, = C. For an infinite word & = a5 . .. a .. ., it is obvious that

Ca1 > Calaz 2 CO(10£20¢3 DD Calaz...ak Do

and by the Cantor Intersection Theorem, the infinite intersection (2, Caya,..4, iS a singleton, say {a} where
a € C. We call the sequence (or the infinite word) @ = aqa; ... ax... as the code representation of the point
a. One can easily show that every point of C has a unique code representation in the above sense.

Using the code representations of the points of the Cantor set constructed above, we can directly
represent the points of the Cantor dust C? as follows: Let (a,b) € C2, a = a1a... ... and B=pP2-- Pr---
be the code representations of a and b respectively. Then we take («, f) as the (unique) code representation
of the point (a,b) € C2.

Throughout the paper, although (a,b) € C? and (a, B) is an element of the code space (we are not dealing
with the notion of the code space in this article, we refer [16] for detailed information on the code space
theory), we write a = & € C and (4, b) = (a, B) € C? for simplicity.

For two finite words a = aan ... ax, B = P1P2..-Pr € {0, 2}F with lengths k, let C, 5 := fa(C) X fg(C). We
call C, 4 as a sub-Cantor dust of level k (See Figure 1 for some examples).

For a pointa = ayapa; ... € C, we define the point @ := @1d,d3 ... where ¥ =2 —x for x € {0,2},i.e. ¥ =2
if x = 0 and ¥ = 0 if x = 2. By the definition, it is obvious that the point 4 is the reflection of the point a
about the point x = 1/2 (see Figure 2(a)). Similarly, let (2,b) € C2. Then the points (4,b) and (a, b) are the
reflections of the point (a,b) about the lines x = 1/2 and y = 1/2 respectively and (4, b) is the point obtained
by the rotating the point (g, b) about the origin O of the unit square (see Figure 2(b)).

2.2. Symmetries on C*

To construct a family of chaotic dynamical systems on the Cantor dust C?, we use 4th Dihedral group
D, which is the symmetry group of the unit square (the convex hull of Cz). In Figure 3, we give the pictorial
description of the eight maps po, p1, p2, p3, H1, 12,61 and 6, on the unit square.
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Figure 1: (a) 1-level sub-Cantor sets, (b) sub-Cantor sets of different levels.
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e o e 0
(a,b) (a,b)
oo oo oo @o o® oo oo oo

Figure 2: (a) The points a and @ on C, (b) the points (a,b), (4, b), (a, b) and (@, b) on C2.

In this work, we use these elements to define a dynamical system on C?, thus we give the analytical
expressions of these eight maps on C? using the code representations of the points (notice that these maps
are well-defined on C?). Using code representation of the point (4, b), one can obtain the images of this point
as in Figure 4 (please follow Figure 2 to verify Figure 4).

Let (a,b) = (mazas ... ,B1B2fs - - ) e C2.
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p,: 180° counterclockwise rotation ps: 2707 counterclockwise rotation pa: reflection about the vertical axis
about the center of the square about the center of the square
9 > 4
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uy: reflection about the horizontal axis 6;: reflection about the diagonal &, reflection about the other diagonal

Figure 3: Pictorial description of the elements of the Dihedral group Dj.

oo oo oo @o o@ oo oo oo
(a,b) (a,b)

oo 0@ oo oo ot oo @u oo
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0o @O oo od 06O 0o @0 oo

(a,b) (@ b)
oo oo oo @o o@ oo Qoo oo

Figure 4: Images of the point (a, b) € Cgp20,0022 C C? under the maps of Dy.
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More clearly, the eight maps (on C?) mentioned above can be expressed explicitly as follows :

po(a,b) =
pi(a,b) =
p2(a,b) =
ps(a,b) =
pa(a,b) =
ta(a,b) =
01(a,b) =

Ox(a,b) =

(1003

(B1P2ps - -
(@105 ...
(103 . ..
Brpaps -
(B12Ps

o Bipafs-.) = (ab)
cLamas..) = (ba)
o fifofs..) = @b
,@idds..) = (b,d)
Brpaps...) = (ab)
Bifofs--) = @b
,didads...) = (b,d)
L amas..) = (ba)

These equalities can be easily verified by the curious readers using the code representation of the points.

3. The construction of a family of chaotic dynamical systems on C?

Let (ﬂ, b) = (0(10(20(3 e ,ﬁlﬁzﬁg, .. ) €C?andleto:C? — CZ,

0(a1a2a3 . ,ﬁ1ﬁ2ﬁ3 .. ) = ((12&3 . ,ﬁ2‘33 .. )

be the shift map on

C2.

In this section, we give a general proof to show that special shift maps defined by using the code
representations of points of C? are chaotic in the sense of Devaney. For this aim, we take the compositions
of shift map and symmetries of the square. To be more precise, let us consider the dynamical system {C?; F}

such that F: C2 —

c?,

F(a,b) = (0 o f)(a,b)

where f : C> — C?

m (a/ b) s

772(“/ b) 7
fla,b) =

773(“/ b) ’

T]4(ﬂ, b) 7

(1)

(a,b) € Cop
(a,b) € Cyp
(a,b) € Cop

(a,b) € Cyp

and n; € Dy = {po, p1, P2, P3, 11, th2, 01,02} fori = 1,2, 3, 4. If we apply the elements of Dy to Cp g, Cp, Co and
Gy respectively, then we get 212 dynamical systems. In one of these, the image of C,, under F forny = oo p;
is depicted in Figure 5.

Remark 3.1. The case n; = po for i = 1,2,3,4 is the most well-known and simple one. In this case, the function F is

the shift map where

0(0(10(20(3 ce ,ﬁlﬁzﬁg, .. ) = (0(20(3 Ce ,ﬁ2‘83 .. )
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Pi o
C,, A P(Cy) 4 a(p(C,,)=C"

Figure 5: F(Cy) where ny =00 p;

Actually, this dynamical system can be considered by taking the inverse of the similarities in the iterated function
system {C2; w1, wa, w3, wa} where wi(x, y) = (¥/3,y/3), wa(x, y) = (x/3+2/3,y/3), w3(x, y) = (x/3,y/3+2/3) and
wa(x,y) = (x/3+2/3,y/3 +2/3). Obviously, this system is expressed as

(3x1 3y) s (x/ y) € CO,O
(3x - 2/ 3]/) s (x/ ]/) € C2,0
Fix,y) =
(3x,3y - 2) , () € Cop
Bx-2,3y-2) , (x,y)€Cypo
on C2.

Remark 3.2. Note that there are eight different cases for F"(a, b) since Dy is a group. That is, there is an element &
of Dy such that
F'(a,b) = (0" 0 &)(a, b).

Lemma 3.3. Let
({1, b) = (0(10(2&3 R Pa I R ,ﬁlﬁgﬁg, . ,Bnﬁn+1 .. ) S Cz.

Some periodic points which close enough to (a, b) are in the following forms:
Case 1: If F'(a,b) = (0" o po)(a, ), then one of n—periodic points is

(061&26!3 e an,ﬁlﬁzﬁ_g e ﬁn)
Case 2: If F'(a,b) = (0" o p1)(a, b), then one of n—periodic points is

(0(10(2 N anﬁlﬁz .. .‘By,(fldz e 02,,‘[?1‘8} N EnlﬁlﬁZ .o .‘Bnoflcfz RPN (fngl‘gQ cee ﬁ~n(X10¢2 N Ckn).

Case 3: If F'(a,b) = (0" o p2)(a,b), then one of n—periodic points is

(0(10(2 ce 0(7102'10?2 . (fn,ﬁlﬁz . ‘Bnﬁlgz .. En)

Case 4: If F'(a,b) = (0" o p3)(a, ), then one of n—periodic points is

(0(10(2 e anﬁlﬁz .. .gndldz N Oznﬁlﬂz RN ﬁn,ﬁlﬁz .. .ﬁ,,oclaz N anﬁlﬁz e gndle cee ofn).
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Case 5: If F'(a,b) = (0" o u1)(a, b), then one of n—periodic points is

(0(1&2 . andﬁdz . dn,ﬁlﬁz . ‘Bn)

Case 6: If F'(a,b) = (0" o u2)(a, b), then one of n—periodic points is

(0(10(2 . 0(,1,‘81’82 .. ~ﬁn,8~1,8~2 .. E’l)
Case 7: If F'(a, b) = (0" o 61)(a, b), then one of n—periodic points is

(alaz . anﬁlﬁZ .. .En,ﬁ1ﬁz . ﬁndlcfz . Lfn).

Case 8: If F'(a,b) = (0" o 62)(a, b), then one of n—periodic points is

(a1a2 e anﬁlﬁz .. .ﬁn,ﬂlﬁz e ﬁnalag e 0(,1).
Note that, a1azas ... ay, stands for oy ... apai1c2a3 ...y . . ..

Proof. We only give the proof of Case 2 which is a little more complicated than the other cases. The
remaining cases can be proved in a similar way. Suppose that

F"(a1a2a3 .. .,ﬁlﬁzﬁg .. ) = (O'n o pl)(oclaz Qe ,ﬁlﬁz .. .‘Bn .. )
Since p1(a,b) = (b,a) we compute that

F”(O(laz...an...,ﬁlﬁg...ﬁn...)

(OnOpl)(alaz...an...,ﬁlﬂz...ﬁn...)

(3n+15n+2 .. 'BZn cees Ap1Qpg2 - B2p - )

And then we get a; = ﬁn+,- and B; = au4 for i = 1,2,3,...n. It follows that a,+; = fi and B+ = @ for
i=1,2,3,...n y
As p2(a,b) = (d,b), we have

Paqay...an..., P12 Pn---) = (@ons182042 - - - Qan - - ., Pons1Ponsa - Pan - - ).

Thus, we obtain a; = dy,+; and Bi = fan+i for i = 1,2,3,...n. This shows that az,+; = & and oy = f; for
1=1,2,3,...n.
For p3(a, b) = (b, ), we obtain

P'aaz...an...,p1Ba--Bu---) = BaneiPansz - Pan- -, @ns10znsa - - - Aty .. .).

Therefore, we compute a; = Ba,+; and i = dauyi fori = 1,2,3,...n. That is, az,+; = fi and Bausi = a; for
i=1,23,...n

There will be recurrent after the first 4n terms of the code representation of the point (4, b) owing to the
fact that pi(a, b) = (a,b).

Consequently, it is obtained that

F”(m...anﬁl...ﬁ”dl...dnﬁl...ﬁNn,,Bl...‘BnaZl...dnﬁl...ﬁnal...an)

:(al...anﬁl...ﬁndl...dngl...En,ﬁl...ﬁ,,o?l...dnﬁl...ﬁnal...an).

and thus it is a periodic point (with period n) which has same the first n terms with the code representation
of the point (a,b). O

Theorem 3.4. {C?; F} defined in (1) is a chaotic dynamical system in the sense of Devaney.
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Proof. i) Density of periodic points: We must show that there exists a periodic point close enough to an
arbitrary point of the Cantor dust. Let

(61, b) = (0(16[20(3 R0 Y8 #7ET R ,ﬂlﬁzﬁg, o .ﬁnﬁn+1 .. ) € Cz.

Due to Lemma 3.3, we find a periodic point close enough to (a, b).

ii) Topological transitivity: For a pair of non-empty open sets U and V in C?, we must show that there is a
natural number 1 such that F*(U) N V # 0. Given an open set V. Because of self-similarity of C?, any open
set U includes a subset Cy, a,...4,,6,p,..5, Which can be expressed as

{(a1...anXpe1Xns2 -, P1 - - PuYn+1Yn+2 - - ) | Xn+i, Ynsi are arbitrary fori =1,2,3,...}.

Then, F'(Cy,a,...0,,:5,..5,) 18 the set

/ / / / / / / / 37 5 —
(X 1% 40X 5 o s Y1 YsoYnas -+ ) | X, 40 Yoy are arbitrary fori=1,2,3,...}5

Therefore, we obtain F"(Ca, a,...q0 p15..,) = C2- Since Cay ... pipopn © U, for any open set U there is a natural
number 7 such that F*(U) = C? and thus we get F'(U) NV # 0.

iii) Sensitivity dependence on initial conditions: Let (4, b) be arbitrary point of C*> with the code represen-
tation (1003 ... anns1 - .., P1B2B5 - - - PuPu+i - - -). We choose the (a’,b") of C? with the code representations

(0(16!2&3 . ana’”+1a;+2 . ,ﬁ1ﬁ2ﬁ3 .. .ﬁnﬁ;+1ﬁ;+2 .. )

where a1 # @), and B,41 # f/, ;. Obviously, we compute

d((a,b), (@', 1)) < g

where d is the well-known code space metric on the code space. Moreover, F'(a,b) and F"(a’,b’) equal to

" 1’ 7’

(@102 5 - BraBrsaPrss - -)
and
@y BBl )

respectively. Note that o, # @/, and B/ | # B/, and this shows that

n+l n+l n+1

d(F(a,b),F(a’, V")) = ZT\/E

As a result, the dynamical system { C2; F} is chaotic in the sense of Devaney. [

4. Some topologically conjugate dynamical systems on C?

In this section, we investigate which of dynamical systems obtained by using the elements of D4 on C?
are topologically equivalent. To this end, we first determine the elements of D4 on C? which are conjugate
maps. Then using these maps, we discuss topological equivalence of dynamical systems on C2. In the
following, we first recall the definition of conjugate dynamical systems:

The dynamical systems {Xj; fi} and {Xj; f,} are said to be topologically conjugate (or topologically
equivalent), if there is a homeomorphism & : X; — X, such that f, = ho fi o h~! which means Vx € X,
h(f1(x)) = f2(h(x))). Then f; and f, are called conjugate maps and  is called a conjugacy (see [7]).

Lemma 4.1. The following elements of Dy given on C? are conjugate maps by indicated conjugacy h:

i) w1 and uy are conjugate maps via conjugacies 61,0, or pi.
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ii) p1 and pz are conjugate maps via conjugacies [y or [iy.
iii) 61 and 6, are conjugate maps via conjugacies p1, i1 or .

Proof. We only give the proof of the first case since (ii) and (iii) are similarly done.
i) To prove ;1 and p; are conjugate maps via conjugacy 6, for all (a, b) € C? with the code representation
(1203 ..., B1B2Ps - . .) we must show that

(62 0 u1)(a, b) = (u2 © 62)(a, b),

that is, the diagram given in Figure 6 is commutative:

12

c? c?
N A
c? c?

t

Figure 6: The commutative diagram of the conjugate maps pq and pp

We compute that
(62 0 p1)(@, b) = a(drchadls ..., P1PoPs . ..) = (B1P2PaPa - - ., didadady ...

and

(B2 0 02)(a,b) = pa(B1Pafs - .., 10053 ...) = (B1P2fs - - ., d1dad3 .. .)
due to the fact that p(a,b) = (g, b), ui(a, b) = (4,b) and 62(a, b) = (b,a). This shows that

(62 © p1)(@,b) = (u2 © 62)(a, b)

forall (miaas ..., B1P2Ps...) € C2.
If the maps 01 or p; can be taken instead of 0,, then topological conjugacy of i1 and p, can be shown in
a similar way. O

Remark 4.2. From now on, we denote the conjugate maps of f as f.. Thus, p1. = tp, (4o, = ) and p1. =
p3, (ps. = p1)and b1 =6z, (62, = 61).

Theorem 4.3. Let f : C> — C?

ma,b), (a,b)e Cop

_ 712([1/ b)/ (Ll, b) € CZ,O
F@O=3 pi@b), (a,b) e Cor
T]4(ﬂ, b)/ (ﬂ, b) € CZ,Z

and g : C> — C?
T]i (a/ b)/ (ﬂ, b) € C0,0
: /b)/ (ﬂ,b)ECzo
p =) 1@ :
@O =3 1 b), (a,b) € Con
n:}(al b)/ (ﬂ, b) € CZ,Z

be two different dynamical systems on C* where 1,1, € Dy for i = 1,2,3,4. {C? f} and {C?; g} are topologically
conjugate if the following conditions satisfy:
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i) If ni € {po, p2}, then 1 =1,
it) Otherwise, 1 = n; or 1 = 1;_
fori€e{1,2,3,4}.

Proof. Letn; = po (or p2). Then, 1} = 1; = po (or py) if and only if n; o h = h o 1! for any h € D,. Because, the
elements pg and p; satisfy the following equalities:

(po o n)(a, b) = (11 © po)(a, b)
and
(p2 o )(a, b) = (170 p2)(a,b)
for Vn € Dy and Y(a,b) € C2.
If n; = p1 (or ps3), then either 1] = 1);, since in this case we get p1 o p3 = p3 o p; where h = p3 (or py), or
1; = 1i~, due to the fact that p; oh = h o p; where h = 1, s from Lemma 4.1 and the commutative property

(pl o PS)(‘Z/ b) = (PB o Pl)(a/ b)/ V(ﬂ, b) € C2'
Moreover the other cases (1; € {111, p2, 01, 02} ) can easily be shown by using Lemma 4.1 and the properties
(61 0 02)(a,b) = (62 0 61)(a, b)

and
(11 0 p2)(a, b) = (2 © p1)(a, b)
for all (a,b) € C%. This concludes the proof. [J

Corollary 4.4. If f and g are topologically conjugate maps then F = o o f and G = o o g are also topologically
conjugate dynamical systems via the same conjugacy map.

Example 4.5. Given f : C> — C?and g : C*> — C? such that

p1(a,b), (a,b) € Cop
61(”/ b)/ (ﬂ, b) € CZ 0
b)) = ’
J@D =Y 1o@b), (@beCo
pg,(tl, b), (Cl, b) € C2,2-
and
P3(a/ b)/ (61, b) € CO,O
_ ) 02(a,b), (a,b) € Cop
90021 @), (@b)eCyp
Pl(a/ b)/ (ﬂ, b) € CZ,Z
respectively. Then, the dynamical systems F = o o f and G = ¢ o g are topologically conjugate via the conjugacy
maps h = uy or h = py from Lemma 4.1 and Corollary 4.4.

In addition, one can easily verify that (020220,220020) is a 3—periodic point for F. Thus, we obtain that

11(020220, 220020) = (202002, 002202) is also a 3—periodic point for G from the well-known proposition
“if x* is a point of period n for F, then h(x") is a point of period n for G.”

5. Conclusion

In the present paper, we define a new family of chaotic dynamical systems by using the elements of D,
on the first level of the Cantor dust C X C and determine topological equivalence classes of them. Many
investigations can also be done on different levels of the Cantor dust C X C by using the elements of D, to
define various chaotic dynamical systems in the light of this paper.

For future works, a new family of chaotic dynamical systems on the Cantor dust C X C X C can be
constructed similarly. In fact, these construction may be consider for the Cantor dust C" with the help of
the elements of D, on the various level of C". Moreover, dynamical systems that can be defined in a similar
way can also be investigated for polygonal fractals such as the Pentagasket.
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