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On the superposition operator in the space of functions of H/'([0, 1])

Sajjad Karami?, Javad Fathi**, Ahmad Ahmadi?®

?Department of Mathematics, University of Hormozgan, P. O. Box 3995, Bandarabbas, Iran

Abstract. In this paper, we obtained a necessary and sufficient condition for the embedding Hy ([0, 1]) €
IBV,([0,1]), where IBV, denotes the set of functions of bounded g-integral p-variation. Additionally, the
conditions for the composition and superposition operators were provided to map the space H{'([0, 1]) into
itself, by which these operators were bounded. Finally, we applied these results to examine the existence
and uniqueness of solutions to Hammerstein integral equations in the space of Hy ([0, 1]).

1. Introduction

Given some domain Q € RN and a Banach space X = X(Q) of real function on (, find conditions on a

function f : Q X R — R, possibly both necessary and sufficient, under which the superposition operator Fy
defined by

Fr(x)(s) = f(s5,x(s)), s€Q,x€X,

maps the space of X into itself and has 'nice” analytic properties. Even in the much simpler form of an
composition operator generated by some function f : R — R, i.e,,

Fr(x)(s) = f(x(s)), s€Q,x€X,

this problem is sometimes surprisingly difficult (see[2]).

These operators play a major role in various mathematical fields, especially in the theory of nonlinear
integral equations. Rutitskii [19] studied the continuity of superposition operators on L?. In other studies,
the authors in [3,4,9,10] investigated some properties of superposition operators such as boundedness,
continuity, etc. on the various function spaces. Bugajewska [7] provided sufficient conditions by which
a superposition operator mapped the space of functions of bounded variation in the sense of Jordan or
Young into itself, and then the results were applied to examine the existence and uniqueness of solutions
to Hammerstein and Hammerstein-Volterra integral equations in this space. In this study, we are going to
prove some theorems which describe sufficient conditions by which a superposition operator maps the space
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H{'([0,1]) into itself and proves the existence and uniqueness of solutions to the nonlinear Hammerstein
integral equations in this space.

The present paper is organized with the following sections. In section 2 we collected some definitions
and results which were needed for the sequel. In section 3, we obtained a necessary and sufficient condition
for the embedding H[(;’([O, 1)) cIB VZ([O, 1]) under the certain natural assumptions imposed on the modulus
of continuity. The section 4 provided conditions for the composition and superposition operators to map
the space H{'([0, 1]) into itself, showing the bounded of these operators. Finally, in section 5, we applied the
theorems from the section 4 to prove the existence and uniqueness of solutions to the nonlinear Hammerstein
integral equations in the space of H'([0, 1]).

2. Preliminaries

Let f : R = R to be a real-valued function, f is satisfied in Lipschitz condition on R, if there exists a
positive real constant M such that, for all x; and x, € R, [f(x1) — f(x2)| < M|x1 — xp|. Also, function f is called
locally Lipschitz condition if for each xy € IR, there exists constant M > 0 and 6 > 0 such that |x — xg| < 0¢
then |f(x) — f(xo)| £ Mlx — xo|.

For each bounded 1-periodic functions, Chanturia [8] introduced the concept of modulus of variation.
Let w(t) be a modulus of continuity, i.e., a continuous, subadditive and nondecreasing function on [0, +0) is
satisfied when w(0) = 0. For 1 < g < oo, H(q"([O, 1]) is denoted by the class of 1-periodic functions f € LI([0, 1])
for which w,(6, f) = O(w(0)) as 6 — 0%, where

1-h H
wy(6, f) = sup (f [f(t+h) —f(t)lth) .

0<h<5 \JO
However, if f is defined on R instead of on [0,1] and if f is 1-periodic, it is convenient to modify the
definition and put

1 @
wq(6, f) == sup‘(f0 If(t+h)—f(t)lth) ,

0<h<o

since the difference between the two definitions is then nonessential in all applications of the concept.
The space of Hy'([0, 1]) with the following norm is a Banach space:

o,
I fllee == 11 flly + sup wz)((é)f)'

>0

Some properties of the space Hg’([O, 1]) are described in [11,14,16-18,21,22].

It is well know that for each modulus of continuity w there exists a concave modulus of continuity w* such
that w(0) < w*(0) < 2w(0) for 6 € [0,1]. Then Hg’* = H. In what follows, we allways that w is a concave
modulus of continuity.

Let f : I — R be a Lebesgue measurable function and let [4, ] C I be a fixed interval, a < b. The value

b-h i
wy(f;a,b) = sup (f [f(t+h)— f@HI dt)

O<h<b-a
is called the L7-modulus of continuity of the function f on the interval [a, b].
Let1 <p,g <coand f : [4,b] = Rbe a Lebesgue measurable function. Let us set

N

ivarZ((S, f) = wpq (0, f;a,b) = sup [Z (wq (ti-1, ti, f))p] ,

i=1

where the supremum is taken over all finite partitions of [a, b] satisfying Ax; < 6. The quantity ivarZ(b —-a,f)
is called the g-integral p-variation of the function f on [4,b]. If ivarZ(b —a, f) < oo, then we say that f is
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a function of bounded g-integral p-variation. The class of all such functions is denoted by IB V;,’([a, b])(see
[12,20]).

Lemma 2.1. The inequality
we-t)<(c+1) w(®)

holds for any positive ¢ and for any modulus of continuity w(t). (See[15])

3. On the embedding H;’([O, 1] c IBVZ([O, 1]
In this section a necessary and sufficient condition for the embedding H,;“([O, 1)) cIB VZ([O, 1]) are given.

Theorem 3.1. Let1 <p,q < +ooand w : [0,1] — [0, +00) be a modulus of continuity. If w(0) = O(c‘ﬁ)for o6 — 0%,
then the embedding H;’([O, 1]) c IBVZ([O, 1]) holds.

Proof. Let f € HZ([0,1]). Then there exists a positive constant ¢ such that w,(6, f) < cw(6). Also since
w(0) = O((Srl’), we have
w(®) <d- 5,

where 6 € [0,1] and constant d > 0. Let’s take an arbitrary finite partition P = {ty,t1,--- ,t,} of the interval
[0,1] such that t; — t;_1 < 6. Then
a)q(ti_l, ti, f) < caw(At).

Therefore, it follows that
N N
Y @ttt )<Y wh(AL)
i=1 i=1
N P
< Z - dv (i’i - ti_l)ﬁ
i=1

N

<le-d Y (= ti)’
i=1

= (c-dy.

Hence f € IBV,([0,1]). O

Lemma 3.2. Let1 < p,q < +ooand w : [0,1] — [0, +00) be a modulus of continuity. Iféi = o(w(0)) for 6 — 07,
Then there exists a constant My > 0 such that for the concave modulus of continuity w(d) there exists an inverse
function w_1(8), which is defined on [0, My], and a sequence (0,), 61 < My, 6 — 0% such that

D0 =0 and Y wa@)=K
n=1 n=1

where K is a some positive constant.

Proof. See [15, the proof of Theorem]. [

Theorem 3.3. Let 1 < p,q < +oo and w : [0,1] — [0, +o0) be a modulus of continuity. If w(5) # 0(6%) and, in
addition, o5r = o(w(0)) for & — 0F. Then there exists a function f € HZ'([0, 1]) such that f ¢ IBVIZ([O, 1]).
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Proof. By Lemma 3.2 there exists a sequence (6,,), 61 < My, 6 — 0* such that

i (60) = 00 and iw_l (6n) =K,
n=1 n=1

where K is a some positive constant.
Let P = {t, t1,--- , t,} be a partition of [0, 1] such that

1 ¢ 1
tyi = % kzz;w—l (0r) and  tyy1 =ty + 2K @-1 (0i+1),
fori=0,1,..., putting Zg:l w_1(6x) = 0.
Consider the function f as follows

M tri <t < tyys1,

(Atir1) T

f(t) — W(ZK[tmz;fl)
(Atair2) 1

0 t=1,

thi1 <t < b,

it is obvious that f € L([0, 1]).
Now we prove that there exits positive constant ¢ such that

wy(6, f) < c- w(0).

We examine the following phrase for & € [0, 1]

1-h
fo |t +h) - f()'dt.

The supremum above phrase will be obtained in some interval of monotonicity of function f. Itis equivalent
to the investigation on the corresponding interval of increasity of this function f. Then there exists a natural
number jy such that

baj, St < tojp41 — h.

So we obtain

sup |f(t+h) - f(t)|q = sup |w(2K[t + 1 = tyj,]) — WKt — tyj,]) |q

0<t<1-h 0<t<1-h (At, j0+1)%

3 wK[t+h— thO]) — w(2K[t - tsz]) q
= Ssup w-1(tjp+1) 1 |

0<t<1-h (Z—K(’)n

q

<@ (2Kh) ’

(07—1(t/0+1) )

2K

and so according to Lemma 2.1, we have

1-h 1
@0, =sup ([ fa+m- fofa)

0<h<d 0

2K
< —)% sup w(2Kh)
a)_1(tj0+1) 0<h<d

2K 1
= (m) 1w(2K0)
2K
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Therefore f € H,;"([O, 1]).
Eventually, we show that f ¢ IB VZ ([0,1]). An easy computation, shows that

Y.

@(2K[tai+1 — t2i])
| i : i | sup ((t2i+1 — ty;) — h)
(Atpig1)1 0<h<Abyis

|a)(2K[t2i+l - fzz’])| (At >%
2i+1

1
(Atgisn)7
= w(2K[tzir1 — tai]).

wqy(tai, tais1, f) =

By a similar argument we have

wy(taiv1, toivz, f) = w(2K[tzis2 — toir1]).

Therefore, for a given 1 < p < co we have
pr(t' b, f) = Z[w"(t i1, f) + @l (it baisa, )]
g\tirbit1, q\*2is F2i+1, q\F2i+1, 12i+2,
i=1 i=1

= ) [0’ (KItoia1 — bai]) + @ (2K[tais2 = s D]
i=1

= i‘ 2(Sfﬂ'
i=

Then we obtain

. = 1
ivary(f,0,1) > ZZ((Serl)v = 0.

i=1
Consequently f ¢ IB VZ ([0,1]), which completes the proof. [J

4. Superposition operator

We begin this section with the following theorem, which presents the conditions under which an
composition operator maps the space of Hy'([0, 1]) into itself and it is bounded.

Theorem 4.1. Suppose that f : R — R is a given function such that satisfies the Lipschitz condition on R and
w : [0,1] — [0, +00) to be a modulus of continuity. Then for 1 < q < oo, the composition operator Fy, generated by f,
maps the space H' ([0, 1]) into itself, and it is bounded.

Proof. We first show that F¢ is well-defined, that is
Yg € HY([0,1]), Fs(g) € H7 ([0, 1]).

Clearly Ff(g) is well-defined, since g € HZ([0, 1]), then for every ¢ € [0,1] we have F¢(g)(t) = Fs(g)(t + 1)
therefore F(g) is 1-periodic function. On the other hand, since f is satisfied in the Lipschitz condition on
R, thenfor1 <g < oo,

1 1
IEso)l = ( [ Fstoorar)’

1 1
( fo Fa®)rdi)’

1 1
< (fo N'dt)" =N, te[0,1],9 € HY([0,1]),
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where N is some positive constant and hence F(g) € L1 ([0, 1]).

According to the given assumptions, since w is the modulus of continuity for 0 < 6 < 1and F(g) € Lq([O, 1]),
w(6) and w, (6, F¢(g)) are meaningful. Therefore, since f is satisfied in the Lipschitz condition on IR, we have

O FA) | P ([ 1At + 1) - Exg)(ppia)")

5—0* w(0) T 50t (o)
supys () 100+ 1) - Fa@Irar)')
= lim
0—0* a)(é)
. SUPp<pn<s (M( fol lg(t +h) — g(t)lthy)
< lim
0" ()
. SUPygcs (( j(;l lg(t +h) — g(t)l‘?dt);)
=M lim
0—0* w(é)
g @90 9)
=M 615& ©0) < o0,

it follows that F(g) € H;)([O, 1]). Hence we have

wy(6, 9)
IF£(9)llge < N + M sup —
ol o 00

which completes the proof. [
By Theorem 4.1, we can easily obtain locally bounded of composition operators for the spaces of Hy([0, 1]).

Corollary 4.2. Suppose that f : R — R is a given function such that satisfies a local Lipschitz condition on R and
w : [0,1] — [0, +00) to be a modulus of continuity. Then for 1 < q < oo, the composition operator Fy, generated by f,
maps the space H{([0, 1]) into itself, and it is locally bounded.

In the following, we present the generalization of Theorem 4.1, which shows the bounded of superposition
operator in the space of Hy'([0, 1]).

Theorem 4.3. Suppose that f : [0,1] Xx R — R is the given 1-periodic function on [0, 1] such that satisfies the
Lipschitz condition on R and w : [0,1] — [0, +00) be a modulus of continuity such that for function u : [0,1] — R

(0, fu
% < oo (where fu(t +h) = f(t +h,u(t)), for t € [0,1], h € [0,6] and f, € L9([0,1])).
Then the superposition operator Fy, generated by f, maps the space H{'([0, 1]) into itself, and it is bounded.

and 1 < g < oo, sup;_,

Proof. In similar to the proof Theorem 4.1, for every u € H;”([O, 1]) well-defined of F(u) is obvious, since f
is a 1-periodic function on [0, 1], it follows that F¢(u) is 1-periodic function. On the other hand, since f is
satisfied in the Lipschitz condition on IR, then for t € [0, 1] we have

1 1
sl = ( [ 1Fswcorr)’

1 1
= ([ st upra)

1 1
< f tINdt)’ =N, ueHY(0,1]),
0
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where N is some positive constant and hence F¢(u) € LI([0, 1]).
According to the given assumptions, since w is the modulus of continuity for 0 < 6 < 1and F¢(u) € L([0, 1]),
w(6) and w,(6, F¢(u)) are meaningful. Therefore, since f is satisfied the Lipschitz condition on R and

assumption sup;., %;S{M) oo, we have
w0 Fw) Sz (U IFr00(E + 1) = Frta(tict)')
im ——— = lim
-0+ w(0) 50+ w(0)
 supgaes ((f LA+ hyu(t +h) = £t u()lidi)")
= lim
6—07* a)(5)

< lim L (sup f [F(t+hu(t+h)) = f(E+h, u(t))wdt)

6-0% @(0) oo
1 1
w( [ v oy - s uoppar))

< lim L sup f MIu(t +h) — (t)lth)”

6—0* CL)(6 0<h<d

+ fo It + 1) - Fublidr)"))

1
= (31:0* 20 (Ma)q(é u)) + 11

q(ér fu)
-0+ w(0)
q(6/ u) . a)q((S/ fu)
S )
It follows that F¢(u) € HY'([0, 1]). Hence we have

wy(6, 1) wq((sr fu)
[IF r(u)llge < N+ Msu g +sup ———,
0l @ T )

which completes the proof. [
By Theorem 4.3, we can easily obtain locally bounded of superposition operators for the spaces of Hy'([0, 1]).

Corollary 4.4. Suppose that f : [0,1] X R — R is the given 1-periodic function on [0, 1] such that satisfies the local
Lipschitz condition on R and w : [0,1] — [0, +00) be a modulus of continuity such that for function u : [0,1] — R
w, (0,

g0 fu) < oo (where f,(t +h) = f(t +h,u(t), for t € [0,1], h € [0,5] and £, € L1([0,1])).

w(0)
Then the superposition operator Fy, generated by f, maps the space Hy ([0, 1]) into itself, and it is locally bounded.

and 1 < g < oo, sup;_,

We can illustrate Theorem 4.3 with the following example.

Example 4.5. Let f : [0,1] X R — R can be defined by f(t,u) = fi(t) f2(u), where

P2 0<t 1,
A =44 1 21
2 2°

and forevery0 < u <1, fo(u) = u. Alsolet f1(t)and f,(u) are 1-periodic functions. It is clearly that fo(u) € H;”([O, 1]).

1
Now for every t € [0, E] and uq, up € [0,1], we have

1
[f(t, u1) — f(t, u2)l = |[Pur — Pu| = [P llur — upl < Zlul — U],
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also for every t € (%, 1] and uq, up € [0, 1], we have

t t t 1
[f(t,u1) = f(t, u2)l = |§u1 - §M2| = |§||M1 — | < §|M1 — Uy,

therefore M = max{}}, %} = % is constant lipschitz for the function f. Definew : [0,1] — R by w(0) = V0, in which

w is the modulus of continuity. In the following, for 1 < g < oo, we have

1full, = f Fubpar)’

f Fifndr)

< f [fPu |th1’ f |= uwdtl

=u<f tzth)% ;(f t"dt)% < o
0 %

Therefore f, € L1([0,1]. On the other hand, we have

wq(6, fu) _ —( sup flfu(t+h) fu®) lth)%)

im
-0+ w(0) = 50 w(é) 0<h<d

(
=(J,
=
(

< Jlim —( sup f It + 1) — fulode)’

5-0" W(0) \ g<pes

+( f e+ — fulorar)'))

=1imL (sup f I(t + h)2u t2u|‘7dt)

6-0% W(0) ooy

o f 1t g

1

< (Slﬂrg& %( sup (2hu<jo‘2 tth)%

0<h<d

el [ ) s I L)

. 1 5,
— 61—>0+ w(é)(osjlifb (ZhMNl + K? uN, + MN3))

= lim 26ul + lim §*uN; + lim —6UN3
6=0% 4/ 6-0t  Af5 6=0% 24/8
=0+0+0=0,

1 1
where Ny = (foz t”fdt)%, N, = (foz dt)% and N3 = (fll dt)%, so the assumptions of Theorem 4.3 are satisfied.
2
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5. Applications to linear and nonlinear integral equations

The present section was aimed to investigate solutions of linear integral equations and nonlinear Ham-
merstein integral equations in the class of H;"([O, 1])-functions.
Consider the nonlinear Hammerstein integral equation

1
x(t) = g(t) + /\f K(t,s)f(s,x(s))ds forte[0,1], and A € R. (1)
0

Assume that:
(i)g:[0,1] » Risa H};’—function;
(ii) £ : [0,1] xR — R, (t,v) = f(t,v), is the given 1-periodic function on [0, 1] such that satisfies the Lipschitz
condition on R and w : [0,1] — [0, +00) is a modulus of continuity such that for every u : [0,1] — R and
a)q(6/ f )
— < o0

w(0) ’
(iii) K : [0,1] x[0,1] = R, (t,s) — K(t,s), is a function such that fol |K(t + h,s) — K(¢,s)|7ds < (M(t + h) — M(t))7
for h € [0,6], where M : [0,1] — R is belong to Hg’([O, 1]) and K(t, -) is belong to L[0, 1] for every t € [0, 1]
(to find out more about the nonlinear Hammerstein integral equation, see [1]).

1 <g < oo, sups

Theorem 5.1. Given the assumptions mentioned above, there is a number 1 > 0 such that for every A with |A| < 7,
Eq.(1) has a unique Hy-solution, defining on [0, 1].

Proof. Let g € H;"([O,l]) for1 < g < oo and v > 0 be such that IIgIIH;; < r and let L, denote the Lipschitz
constant which corresponds to the function f and interval [—7, r]. Define I, = [0, 1] X[-7, 7]. Choose a number
n > 0 such that

1 oM
Igllse +n sup |f(s,2)l f Ntdt " +sup @y )) <r

(s,2)€lr 5>0 w(0)
and ol )
o,M
L N, dt " sup 22O M 1,
n f ! b>%)) (‘)(6) )

where N; = f IK(t, s)|"ds for K(t,-) € L7[0, 1].
Denote by B, the closed ball of center zero and radius 7 in the space H{([0,1]). Put |A| < 1. Define
D(x)(t) = g(t) + AP(x)(t), where

1
Px)(H) = f(; K(t,s)f(s,x(s))ds, xe€ B, te[0,1].

According to Theorem 4.3, it is obvious that the superposition operator generated by the function f acts in
the space H;"([O, 1]) and it is bounded, therefore the operators D, P are well defined. For u € B,, We have

1 1
Pl = ( [ Pword)

1 1 g 1
= ( fo | fo K(t,5)f(s, u(s))ds|dt)
1 1 i
sset(l)ﬁl|f(s,u(s))((jo‘ (fo )K(t,s)|ds)th)
1 A H
SSE}?E]V(S,M(S))‘(‘L‘ j(; |K(t,s))qudt)

1 1
sup |f(s,u(s))((f0 Ntdt)”,

s€[0,1]

IA

IA
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so P(u) € L(]0, 1]. In addition, we have

wy(5,PW) _ | SUPosies (' 1Pae +1) - Paoiona)')

ETONN ()
sy (1 (K + B 9)f(s, () ~ K(t,9) (s, n(s))dstie))
- (SLI?([)~l+ cu((S)
SUPg<n<s (( fol fol |K(t +h,s) - K(t,s)|’7dsdt)")

< sup |f(s, u(s )|11rn
se[o% f ()

1 1 -
< sup [f(s, u(s))| hm w( sup ((](; (M(t+h) —M(t)) dt)q))

s€[0,1] 0<h<o6
wq(8, M)
= sup |f(s, u(s )|1 g < oo,
se[o};]f 0 w(0)
Therefore P(u) € H7([0, 1]). Moreover, we obtain
ID@)llHe = llg + AP(u)l|He
< Igllezy + APz
(6, P(u))
= llglleze + IA(IP@)l; + sup ————
gl + (PGl + sup <) )
] q(élM)
< llgllmy + 1A sup |£(s, u(s)I( Ntdt + sup |f(s, u(s)) sup )
s€[0,1] s€[0,1] 5>0 (0)
1 wq(8, M)
= lglls + 1] sup |£(s, ) detusu @y <
7 (s,z)g, A )(( 0o ) 5>(I)) w(0) )

therefore D (B,) C B,.
Now we show that D is a contraction. For any u,v € B, we have

ID(1) = D(0)llrzz

= |lg + AP(u) — g — AP(0)lly
= [AlP(u) = P(0)lle

sup wy(6, P(u) - P(v)))
6>0 w(0)

N )

= M(IP(w) - P@)lly +

, SPogicy (( [ 1Pw) - Pyt + ) — (P(w) - P)(DId))
w(0)
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1. 1
:|)\|(f |f K(t,s)f(s,u(s))—K(t,s)f(s,v(s))dsrdt)q

sup0<h<5(( RUE K + R s)(f(s,u(s) = f£(5,0(65)) = K(t, S)(f(s,u(S))—f(s,v(S)))dslth)i))
w(0)

1 1 1
< W sup 165,60 = Fs, o [ [ Kt o)

s€[0,1]

1 01 |
<hsd IK(t + 1, 5) = K(t, 5)|7dsdt)’
+ sup |f(s,u(s)) — f(s, v(s))|SuPo_h_e> ((J;) fo (t+h,s) (t,5)7ds ) )

s€[0,1] w(é)
L, supgaes (i (M t+m—Mmf&ﬁ)
<P s = ([ o )
i wq(6, M)
sI)\ILVSSGI[(l)E]Iu(s))—v(s)l((fo Ntdt) +sblilog ‘760(6) )
wq(6, M)

1 1
< ALl = oll fo Nidt)" +sup ) < Il = olle.

50 @(0)

Considering the Banach contraction principle it is concluded that D has a unique fixed point in B,, which is
a H{-solution of Eq.(1), defined on [0,1]. [

Now let us consider the nonlinear Hammerstein integral equation

1
x(t) = g(t) + )\L K(t,s)f(x(s))ds forte[0,1], and A eR. (2)

Suppose that (i) and (iii) are satisfied. Assume also that:

@iv) f : [0,1] = R,t — f(t), is a given function such that satisfies the Lipschitz condition on R and
w : [0,1] = [0, +00) to be a modulus of continuity.

Similarly, Theorems 4.1 is valid for nonlinear integral equations of Hammerstein type.

Theorem 5.2. Given the assumptions mentioned above, there is a number 1 > 0 such that for every A with |A| < 7,
Eq.(2) has a unique Hy'-solution, defining on [0, 1].

Let K be a linear integral operator generated by the kernel k : [0,1] X [0, 1] — R as follows

1
Kx(t) = f k(t,s)x(s)ds, te]0,1].
0

These operators, considered on spaces of functions of bounded variation in the sense of Jordan and Wiener,
have been extensively studied in [5,6]. Gulgowski [12] has recently studied these linear operators on spaces
of IBVI(I).

In the following theorem, we are going to present sufficient conditions for the continuity of the integral
operator K : L1([0, 1]) — Hg'([0, 1]).

Theorem 5.3. Let1 < g < +coand 1 + = 1. Assume that the function k : [0,1] X [0, 1] — R satisfies the following
conditions:

(i) k is a Lebesgue measurable function on [0, 1] X [0, 1];

(ii) there exists a function mg € L7 ([0, 1]) such that ||k(-,s)||s < mo(s) for a.e. s € [0,1];

Wy (8,m) (6,m)

(iii) there exists a functionm € L7 ([0, 1]) such that (fo |k(t + h,s) — k(t, s)qut) (m(s+h) m(s)) andsup;_, —20)

oo fora.e. s € [0,1].
Then the linear operator K, generated by k, maps L1([0, 1]) to H;"([O, 1]) and it is continuous.
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Proof. First, we show that K is well-defined. For do this, according to the generalized Minkowski inequality
(see [13, Theorem 202] ) for each x € L1([0,1]) and a.e. f € [0, 1] we have

1 i
1K = ( fo IK(x)(t)lth)

1 1 5
= ( fo | fo k(t, s)x(s)ds|"dt)’
< fo 1 Ix(s)| ( fo 1 |k(t,s)|th)q ds

1
< f (&)l (s)ds
0

< el lrmolle -

Therefore, K(x) € L7([0, 1]).
Now, we apply the generalized Minkowski once more and we have

wq(él K()) . SUP(<r<s (J(;l [K(x)(t + h) — K(x)(t)|‘7df)§

0—0* w(é) - 5—0+ ZU((S)
SUPo<n<s (fol ) fol k(t + h, s)x(s) — k(t, s)x(s)ds|th)ﬁ
= lim
6—0* w(é)
SUP (s ( TR e + 1, 9)x(s) - k(t,s)x(s)r’dt)E ds)
< lim
0—0* w(é)
supcpen ([} I ) It -+15) ~ ke, )fa) as)
< lim
6—0+ ZU((S)
SUP)<p<s (fgl [x(s)I(m(s + ) — m(s))ds)
< lim
0—0* w(é)
SUPy<p<s (fol(m(s +h) - Yn(s))‘?’ds)?
< Il im e
(6,
= il iy “E < o

Therefore, K(x) € Hy([0, 1]).
In the following, let u € B,, where B, denotes a closed ball of radius r > 0 and center 0 in the space L1([0, 1]).
We have

K = IK wg(6, K(u)
K@)l = K@)l + S;il(f TR

W, (6, m)
q
< llulles [Imollpy + llullrs sup 5
6>0 ZU(

= il (il + sup 2O
Rt R ST

Which completes the proof. O
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