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Abstract. This paper deals with the characterization of compact operators on Cesaro sequence spaces as

an application of Hausdorff measure of noncompactness. Further, the norms of Cesaro operators on certain
spaces are investigated.

1. Introduction and background

In the realm of functional analysis, the method constructing a new sequence space by the aid of matrix
domain of a particular summability matrix has recently been studied by several authors. For the relevant
literature, see [1-6].

Characterization of compact operators on matrix domains is one of the fundamental application of
Hausdorff measure of non-compactness in the theory of sequence spaces. Recently, many fascinating
results have been presented in this theory (see [7-12]).

The results related to norms of matrix operators on sequence spaces go back to the theorems of Hardy,
Copson and Hilbert. The problem of finding the norm and the upper bounds of certain matrix operators
on different sequence spaces are studied by [13-17].

The main purpose of this study is to characterize the compact operators on the matrix domain of the
Cesaro matrix of order n by using the concept of the Hausdorff measure of non-compactness. Moreover, it

is aimed to compute the norms of Cesaro operators on Hilbert sequence space, difference sequence space
and Hausdorff matrix domains.

2. Known Results

Let w be the space of all real or complex valued sequences. If X C w, then X is called a sequence
space. The most used classical sequence spaces are the space of all p-absolutely summable sequences ¢,

(1 £ p < ), all convergent sequences c, all convergent to zero sequences cy and all bounded sequences .
These spaces are Banach spaces endowed with the norms

1p
llxlle, = [Z kal”] o ¥lley = ¥l = [lxlle, = sup |xl-
k k
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Also, 1 denotes the set of all finite sequences.

Through this study we suppose that 1 < p < co.

A Banach space X is called a BK-space if the mapping I; : X — R defined by I;(x) = x; is continuous for
each j € N. Lete? = (1,0,0,...),¢' =(0,1,0,...),¢> =(0,0,1,...),---, ¢ = (0,0,...,0,1,0,...), - --. If x = (x¢) € X is
written uniquely as x = }; x;¢*, then it is said that the BK-space X satisfies the AK-property. €, (1 < p < o)
and cp satisfies AK-property but c and ¢, do not satisfy this property.

The -dual of a sequence space X is defined by

XP = {a =) €Ew: Z axuy converges for all u = (uy) € X}
k=1

Let X and Y be sequence spaces and T = (t;) be an infinite matrix of real or complex numbers t;;. Then
T gives a matrix transformation from X into Y and we write T : X — Y if for every sequence x = (x;) € X,
the sequence Tx = (T(x)), the T—transform of x, is in Y, where

Tj(x) = Z tuxe (j€N).
k

Throughout the study, T; will be the sequence of /" row of an infinite matrix T = (). By (X, Y), we denote
the class of all infinite matrices that map X into Y. Hence, T € (X,Y) if and only if T; € XP forall j € N.
The matrix domain of an infinite matrix T in the sequence space ¢, is defined as

Ty={xew:Tx ey}

which is also a sequence space. If T is a triangle, then this new sequence space is also a normed space by
the induced norm ||x[|r, = ||Txll,, ([18], Theorem 4.3.12]). It is easy to see that for any bounded matrix T the
inclusion ¢, C T, holds.

Consider the Hausdorff matrix H* = (h jrk);;c:O’ with entries of the form:

. 1 . . .
Iy = (), 651 — 6y *du(o) if 0<k<j
r 0 if k> j.
where p is a probability measure on [0, 1]. The Hausdorff matrix contains the famous classes of matrices.
For real a > 0, these classes are as follow:

(i) The choice du(6) = a(1 — 0)*71d6 gives the Cesaro matrix of order a;
(ii) The choice du(0) = a0*71dO gives the Gamma matrix of order a;

. _ llogor™
(iii) The choice du(0) = =7

(iv) The choice du(0) = point evaluation at 6 = a gives the Euler matrix of order a.

do gives the Holder matrix of order «;

Hardy’s formula ([19], Theorem 216) states that the Hausdorff matrix is a bounded operator on ¢, if and
only if fol Q%d‘u(e) < oo and

1
IEH, = fo 07 du(o). 1)

By letting du(0) = n(1 — 6)"1d6 in the definition of the Hausdorff matrix, the Cesaro matrix C" = (c;’k)
of order n is defined as follows
(u+]_'—£—1
- 0<k<j
C?‘,k — ) . )
0 otherwise,

()
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which has the norm

I(n+ DI(A/p7)

n —

I, = ~Fore 1/ ©)
where p* is the conjugate of p i.e. % + r% = 1. This follows from (1) and (i) using a known formula for Euler’s

Beta function. Note that, C! is the well-known Cesaro matrix C with IClle, = p".
The following matrix domains are the sequence spaces associated with the Cesaro matrix of order n.

and

1 ¥ (n+j—k—1)
- . X
(n;])z ]_k k

k=0

Co =4x =(xj) €w :sup
j

<00,

The sequence y = (y;) will denote the C"-transform of a sequence x = (x;); that is,

1 Sn+j-k-1
yj:(C"x)j: e Z( ;—k )xk 4)

forall j € N.
The Hausdorff measure of noncompactness of a bounded set A is denoted by x(A) and defined as

X(A) = inffr>0:AcU_Bxy,n)x€Xn<rjeN)

where B(xy, 1) is the open ball centered at x; and radius r for each k = 1,2, ..., j. For basic properties of
Hausdorff measure of noncompactness, we refer to [20] and references therein.

Let L : X — Y be a linear operator. We call L as compact if the domain of L is whole of X and for any
bounded sequence x = (x;) in X, the sequence (L(x;)) has a convergent subsequence in Y. If L is a bounded
linear operator, then the value

ILIl = x(L({x € X : [lx]| = 1}))

is called the Hausdorff measure of noncompactness of the operator L. There is a close relation between
the concepts of the Hausdorff measure of noncompactness and compact operators. Also, we have by [21,
Corollary 1.15] that

L is compact if and only if |||, = 0. (5)

Let (X, ||.|l) be a BK-space and u = () € w. The notation |||, means that

Z UpXy| < 00.

k

llully = sup
reX Jl=1

Further, this implies that u € XP.

Lemma32.1. [20, Theorem 1.29]
(a) é’i, =l and ||u||:,p = ||u||gf forl<p<oo.
(b) l5 = F =) = €y and |[ull;_ = lull; = llull;, = llulle,.
(©) £ = Co and |ully, = Ilulr,.
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By B(X, Y), we mean the family of all bounded linear operators L : X — Y.

Lemma 2.2. [20, Theorem 1.23 (a)] Let X and Y be BK-spaces. Then every T € (X,Y), defines an operator
Lr € B(X,Y) such that Ly(x) = Tx for all x € X.

The following result is used to determine the Hausdorff measure of noncompactness in the spaces ¢,.

Theorem 2.3. [22, Theorem 2.8] Let A be a bounded subset in €, and P; : {, — €, be the operator defined by
Pi(x) = (x1,x2,...,x1,0,0,...) for all x = (xi) € £, and each | € IN. Then, we have

x(A) = lim (Sup (O Pi)(X)IIa,,),
[—00 \ yep
where I is the identity operator on €.

Lemma 2.4. [7, Theorem 3.7] If X D 1 is a BK-space, then the following statements hold.
(@) T € (X, ), then 0 < ||L7||, < lim sup; 1Tl
(b) T € (X, co), then ||L7|l, = lim sup; ||Tj||§(,
(c) If X has AK or X = € and T € (X, ¢), then

- l1m sup IIT; - tly < L7l < limsup IIT; - tlx,
j
where t = (t) and ty = lim; t;y for each k € IN.

By N, we denote the collection of all finite subsets of IN and by N, we denote the sub-collection of N
with elements that are greater than /.

Lemma 2.5. [7, Theorem 3.11] Let X D v be a BK-space. If T € (X, (1), then

YT

jEN

*

J

and Lt is compact if and only if lim; (supNG n Il jen T]-||’;() =0.

T;

NE/V[ NEM ]EN

hm(sup ] <|ILtll, < 4l1m [sup Z

3. Compact Operators on Cesaro Sequence Spaces
The following auxiliary results are required in order to prove our main results.

Lemma 3.1. Ifu = (uy) € {Cg}ﬁ with 1 < p < oo, then we have
Z UpXy = Z Tk Yk (6)
k k

forall x = (xx) € C} and also i = (il) € é’g, where

Z< 1) k>( " )(’”") ui (k€ N). 7)

In the rest of the study, the infinite matrix T = (E;x) with entries

o R

is used under the assumption that the series is convergent, where T = (¢x) is a given matrix.
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Lemma 3.2. Let Y be an arbitrary subset of w. If T € (C1,Y), then T € (€,,Y) and Tx = Ty for all x € C, where
1<p<oo

Proof. It follows from Lemma 3.1. O

Theorem 3.3. Consider the sequence it = (iix) given in (7).
(a) ||U||E; = (Zk Iﬁklp*) < oo for all u = (ux) € C”} and 1< p < 0.
() Nlull,, = Ly lixl < oo for all u = (uy) € {CLIF.

(c) ||u||*q = supy il < oo for all u = () € {CT}ﬁ.

Proof.
(a) Letu = () € {C;}}ﬁ. Then, from Lemma 3.1, we have ii = (ii;) € {,» and the equality (6) holds. Since
lixllc; = llylle, holds, it follows that

lully = sup wo = sup Y iy = llally
b xeC =1 velyllylle, =1 | %
1/
Hence, from Lemma 2.1 (a), we deduce that |ull;,, = llall;, = [l (Zk |iie|P” ) 4
14 P
(b) If u = (uy) € {C}f, we deduce from Lemma 2.1 (b) that ”””c" = ||u||€ = ||u||g1 = Zk [iig] < o0.

(OIf u = () € {C}}f, we deduce from Lemma 2.1 (c) that ||M||En = llally, = llille, = supy liil < eo. O
Now, we are ready to characterize compact operators.

Theorem 3.4. Let1 <p < oo.
(a) If T € (C}, ), then we have

S 2

p*]l/lf

0 <|IL7ll, < hmsup[

(b) If T € (C}, co), then we have

ILrll, = limsup [Z
)

k

- [ no\(ntk),
e 2

i=k

(c) If T € (C},¢1), then we have

lim [[TIfE, ,,) < Lzl < 4Lim |T¢

(Cn Cn 0 )r

. \1/p*
where ”T”(c" £y = SUPNep, (Zk |Z]-€N Zik(—l)(l‘k)(ifk)(";k)tj,i|p ) for each | € N.

Proof.
(a) If T is a mapping from Cj to {w and x = (xx) € Cj, then the series }.; t;xx, converges. This means
Tj € (Cy)f for each j € N. By Theorem 3.3 (a), we write [Tjlly, = 1T/l = IT)ll;, (zk|t,k|r’) for
each j € N, where Fjx = Y2 (=1)ER( " )"t ;. Thus, Lemma 2.4 (a) yields that

1/p
0 < I|Lqll; < limsup (Z |fj,k|ﬂ*] .
k

]
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RN Vs
(b) Let T be a mapping from CZ to cp. Since we have ||Tj||E; = (Zk [£ k[P ) I for each j € N, Lemma 2.4 (b)
yields that

p
IILrll, = limsup [Z |fj,k|P‘] :
j k

(c) Let T be a mapping from Cj to {1. By Lemma 3.2, we have T € (¢, ). 1t follows from Lemma 2.5 that

*

li{n sup Z T; < |ILtll, < 4li§n sup Z T;
NeN; jEN ¢ NeN; jEN ¢
P P

- - -~ A\LP
Finally, from Lemma 2.1, we conclude that || ngN T]»||;p = ZjeN Tille, = (Zk | Z].GN Eirl? ) P
[

Theorem 3.5. If T € (C%, c), then we have
1 i o 1/p* i o 1/p*
5 limjsup [Zk" 1F — B ] < |ILtll, < limjsup [Zk“ IFi — Bl ) ,
where | = (F) and b = lim, f;; for each k € IN.
Proof. If T € (G}, c), Lemma 3.2 implies that T € (¢,,¢). Hence, it follows from Lemma 2.4 (c) that

1

5 limsup IT; = B < Ll < limsup |T; -} ,

] j
where f = (f) and f = lim; fj for each k € N. From Lemma 2.1 (a), we conclude that ||T; - f||}p =|IT;- Hle,. =
AP '
(Zk |tj,k - tklp) 4 foreachjeIN. O
From (5), we have the following result.

Corollary 3.6. Let 1 <p < co.
(a) Lt is compact for T € (C}, {) if

1/p*
lim [Fiil?” =0.
j [Zk‘ A

(b) Lt is compact for T € (C}, c) if and only if

1/p*
lim [Fix — Bl =0.
[z

(c) Lt is compact for T € (C}}, co) if and only if

1/p*
lim I =0.
(ze
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(d) Lt is compact for T € (C}, €1) if and only if

; () —
11}’1’1”’1—‘”( ;:,gl) - 0/

1 ~ oa\1p
where [T, ,,) = supyen; (Zel Zjen Fal) -

Theorem 3.7.
1. If T € (CL, {s), then we have

= o[ n \(n+k
Do 2y

0 < |ILrlly < limsup )
j k li=k

2. If T € (CL,, co), then we have

- PN n+k -
For( s

i=k

Ll =limsup Y
] k

3. If T € (CL, t1), then we have

. ) : )
Hm||Tllc, ,,, < ILrlly < 4Lm|Tle, .

where T2, ) = suPyey, (Ze | Zjen ECDTIC]) (€ N).

1679

Proof. It follows in the same manner if one consider Theorem 3.3 (b) instead of (a) in the proof of Theorem

34. O

Theorem 3.8. If T € (CL, c), then we have
1., ;7 . - -
3 hmjsup ; [tk — &l < lIL7ll, < hmjsup ; Itk — tl,

where t = (F) and B, = lim; t;; for each k € IN.

Proof. By Lemma 2.1 (b), we have ||T; - fll;m = |IT; — Hle, = X lF;x — Bl for each j € N. Hence, the proof

follows in the same manner with the proof of Theorem 3.5. [
Similarly, the following result is given.

Corollary 3.9.
1. Lt is compact for T € (CL, {e) if

lim Fel=0.
; Zk: i
2. Lt is compact for T € (CZ, c) if and only if
lim Fio—H|=0.
; Zk: Itk — til
3. Lt is compact for T € (CL,, co) if and only if

lim ¥ [l = 0.
i Zk: "
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4. Lt is compact for T € (CL, €1) if and only if

. !
lim ITIL, ) =0,

wherellTll(C,, ) = SUPNey, (Zk|2]’€[\l fj,kl).

Theorem 3.10.
1. If T € (C}, €c), then we have

0 <|ILtll; <limsup (sup
j k

- o mo\(ntk)
e

Proof. It follows in the same manner if one consider Theorem 3.3 (c) instead of (a) in the proof of Theorem
3.4.

2. If T € (C}, co), then we have

L )

i=k

[ILT|[, = lim sup [sup
k

3. If T € (CV, £1), then we have

(o8]

ILzll, = lim [su Z

=l

i 1t k)( " )(”Zk)tj,f

=k

|
Theorem 3.11. If T € (C, ¢), then we have

1 - ~ - -
3 lim sup (sup Itk — tkl) < ||L7ll, < limsup (sup £k — tkl).
j k i k

Proof. By Lemma 2.1 (c), we have ||T; — tTIIZ,1 = |ITj - flle. = supy|Fjx — El for each j € N. Hence, the proof
follows in the same manner with the proof of Theorem 3.5. [

Similarly, the following result is given.

Corollary 3.12.
1. Lt is compact for T € (CV, {s) if

lim (sup Ifj,kl) =0
] k
2. Lt is compact for T € (C?,c) if and only if
hm (sup |Ej,k - fk|) =0
] k
3. Ly is compact for T € (C, ¢o) if and only if
lim (sup Ifj,kl) =0
] k

4. Lt is compact for T € (C, €1) if and only if

lim|su [Fiel[=0
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4. Norm of Cesaro operator on some sequence spaces

In this part of study, we investigate the problem of finding the norm of Cesaro operator of order n on
some sequence spaces. The following lemma has the key role in finding the norm of operators between
matrix domains.

Lemma 4.1. Let U is a bounded operator on €, and A, and B, are two matrix domains such that A, ~ {,.
(a) If BT = UA, then T is a bounded operator from the matrix domain A, into B, and

ITlla, 5, = Ll

In particular, if T is a bounded operator on €, and AT = TA, then T is a bounded operator on the matrix domain A,
and

ITlla, = IITll,-

(b) If T has a factorization of the form T = UA, then T is a bounded operator from the matrix domain A, into ¢,
and

ITlla, z, = Ul

Proof. (a) Since A, and ¢, are isomorphic, hence

- ITxlls, IBTxl;, LA,
A,B, = SUp-—— =SUp-—— =SUp———
T R T, ek AT, aer VAL,
Uyl
= sup-——" = Ul
et Tl

(b) It is sufficient to let B = I in the part (7). O

4.1. Norm of Cesaro operator on the Hilbert sequence spaces

Let us recall the Hilbert matrix H = (hjx), which is defined by

1 1/2 1/3
1 1/2 1/3 1/4 --- ‘
=11/3 1/4 1/5 ---|, ik=01,...,

B =
ik j+k+1

and is a bounded operator on ¢, with {,-norm ||H||, = T(1/p)I'(1/p") = mcsc(nt/p). by [23], Theorem 323.
For a positive integer 1, we define the Hilbert matrix of order n, H" = (h;.’k), by

n _ 1 : —_
hff"_j+k+n+1 Urk=01,-).

Note that for n = 0, H’ = H is the Hilbert matrix. For more examples:

1/2 1/3 1/4 --- 1/3 1/4 1/5
N EVERR VN VL , |14 15 16
H =14 1/5 1/6 ---|. H =|1/5 1/6 1/7
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For non-negative integers #, j and k, let us define the matrix B" = (b;.lk) by

k+1)---(k+n)
(+k+1)---(j+k+n+1)

1
b ik

(n+k)ﬁ(]+k+1 n+l)  (k=01,..),

where the § function is

1
B(m,n) = j(; 2" Y1 - 2)" ldz (mn=1,2,...).

Consider that for n = 0, B = H, where H is the Hilbert matrix.
For computing the norm of Cesaro operator on the Hilbert matrix domains we need the following
lemma.

Lemma 4.2. The Hilbert matrix H and the Hilbert matrix of order n, H", have the following factorizations based on

the Cesaro matrix of order n:
(a) H = B"C", where B" defined in relation (8) and is a bounded operator on €, and

_ L+ 1/pT(A/p)
I'n+1)

(b) H" = C"B",
(c) C"H = H"C",

1B le,

Proof. (a) This part is Corollary 2.3 of [24]. (b) This is Lemma 3.18 of [25]. (c) This part is the result of the
two previous parts. [

The sequence space associated with the Hilbert matrix of order n, H}}, is defined by

14

Hi=lx=(x)€w: Z

]+k+n+1
j
k£]+k+1
1
P)E

Theorem 4.3. The Cesaro operator of order n, C", is a bounded operator from the Hilbert space H,, into the Hilbert
space Hy and

which has the norm

Il = {i

=i

)

L e
jtk+n+1
k=0

j=0

In Particular, for n = 0, we have

Hy, = x:(xk)Ea):Z
=0

with the norm |||, = (Z}’-io ‘Z;‘;O %

I'(n+DI(A/p")

IC N, 1y = T(n+1/p*)

In particular, the Cesaro operator C, is a bounded operator from the Hilbert space H), into the Hilbert space H; and

%

”CHHwH;lz =p.
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Proof. Since H, and ¢, are isomorphic spaces, hence according to Lemma 4.2 we have

) o T+ DI /pY)
IC" e, b = NICNlg, = I'(n+1/pY)
O

4.2. Norm of Cesaro operator on the difference sequence space bv,

The idea of difference sequence spaces was introduced by Kizmaz [26]. The backward difference matrix
A = (6jx) and its inverse A™' = (5]7;) are

1 k=j
dix=1 -1 k=j-1 and (5]7’132{
0 otherwise,

1 0<k<j
0 otherwise,

and the matrix representation as follows

1 0 0 100
-1 1 0 -- Lt ro
A=lo -1 1 -], A7 =1 11

The sequence space associated with the matrix A is called bv,, which is defined by

bvl’ = {X = (xn) : len - x,l < OO}/
n=1

and has the norm

1
© 4
Ille, = [Z b = xm] :
n=1

Note that, we use the notation [|T]|;,, as the norm of operator T from the sequence space bv, into itself,
ie: ”T”bvp = ”T“bvp,bv,,'
We say that T = (t;;) is a lower triangular, if ¢z = 0 for k > j. A non-negative lower triangular matrix is

called a summability matrix if Z,](:O tix = 1for all j. In sequel, we need the Schur’s theorem which is

Theorem 4.4 ([23], Theorem 275). Letp > 1and T = (t,, ) be a matrix operator with t,,; > 0 for all m, k. Suppose
that C, R are two strictly positive numbers such that

Z tme < C  forall k, Z tme <R forall m,
m=0 k=0

(bounds for column and row sums respectively). Then
ITllg, e, < RVPCP.

Lemma 4.5. Let T = (t;x) be a summability matrix and R; = Zizo(k + Dtjx. If sup(Rj = Rj-1) <1 forall j, then T
is a bounded operator on bu, and

Tl = 1.
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Proof. By letting A = B = A in Lemma 4.1, we have ||T|l,, = [[Ull;,, where U = ATA™. If § = TA™!, by

assuming S = (s; ;) and U = (u;;), we havess; ; = Zi:j tix and u;; =

k k k
Z Uij = Z(Si,]‘ —Si-1,j) = Sk,j = Z tp=tej+-+he <1l (k=01
i P =

hence Y2y u;; < 1. Also

isj,k = i Z]: = Z]:(k +Dtjx = R;,

k=0 k=0 1=k k=0

and

j j
Uik = Z Wik = Z(Sj,k =8j-1k) = Rj = Rj1.

0 k=0 k=0

gk

o~
Il

Now since sup(R;
therefore [|Tlp,, = 1. [

Lemma 4.6. For non-negative integers n, j and k we have

(n-l'—j)/

(k+ 1)(n+k 1

(a) Z 0(n+k 1

(b) T =+ D7) - ().

Proof. Proof of part (a) is obvious. (b) Let (”J’Ilj_l) =ajand A = aj+af+---+

(AS);j = si

—Rj-1) <1, we have that ||T|lp,, < 1. Also letting x = (1,1, -

- 5i—1,j~ Thus

),

) result that Tx = x, and

n : _ (]
a?. By the part (i) A = ( ; )- Now

j j
n+k-1

Z(k+l)( . ) - Z(k+1)a;;

k=0 =0
= A+{A—a3}+{A—(a6’+a§’)}+~-~+{A—(ag+a’f+~-+a7_1)}
= A+{A- ”“}+{A—a’f+1}+~--+{A—a]’?f11
= (+DA-{ag™ +ai™ +-+att)
= (j+DA-a? (]+1)(”+]) (’;jlf)

O

Theorem 4.7. The Cesaro operator of order n, C", is a bounded operator on the sequence space bv, and

IC" o, = 1.

In particular, the Cesaro operator is a bounded operator on the sequence space buy, and ||Cllp,, = 1.

Proof. For the Cesaro matrix of order n let s = j — k, we have the following identity

j
Z(],_S+1)(n+s—1)

S
Z[(]+2) <s+1)1(”+s 1)

_ j
(],+2)Z(n+z 1)_Z(S+1)(n+s
s=0

s=0

Z(k 1)( ’; 1)

_1).
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Now by the notation of Lemma 4.5

i k-
Rj= ,;)‘(k +1)cj, = "+]) Z(k + 1)( L 1)

(VH—]) .
= 1+ =1+ J ,
("ff) n+1
and sup](R — Rj-1) = ;77 < 1. Hence according to Lemma 4.5, [|C"||jp, = 1. [

4.3. Norm of Cesaro operator on the Hausdorff matrix domains

Theorem 4.8 ([27], Theorem 9). Let p > 1 and H*, H* and H" be Hausdorff matrices related by H* = HYH".
Then H¥ is bounded on €, if and only if both H* and H" are bounded on {,. Moreover, we have

HH g, = IHE L, I,

Theorem 4.9. Let C" be the Cesaro operator of order n. Then
(a) C" is a bounded operator from €, into H{j and

[(n+1I1/p")
I(n+1/p?) 0

(b) C" is a bounded operator from H,’,f into €, and

1
IC™ Ny, e = 07 du(o),

T(n+1/p' 1 -
IC gz g, = r(n(Trg]/L*) (fo dey(e)) ,
(c) C" is a bounded operator on H;f and
I'(n +DI(A/p")
I'(n+1/p)
Proof. (a) By letting A = I in Lemma 4.1 part (a), applying Theorem 4.8 and Hardy’s formula we have
I'(n+1IA/p")

I'(n+1/p) 0

(b) According to Bennett ([28], page 120), C" has a factorization of the form C" = HYH", where w is a
quotient measure. So Lemma 4.1 part (b) implies that

IC e, = I g, = 1C" g, /IH¥ .

n — n —
I e = 1IC e, =

1
5
IC™ N, e = NHEC I, = NH e, [IC N, = 07 du(0),

(c) Since two Hausdorff matrices commute, hence Lemma 4.1 part (a) gives the result. [
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