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Abstract. This paper deals with the existence and uniqueness of solution for a coupled system of Hilfer
fractional Langevin equation with non local integral boundary value conditions. The novelty of this work
is that it is more general than the works based on the derivative of Caputo and Riemann-Liouville, because
when β = 0 we find the Riemann-Liouville fractional derivative and when β = 1 we find the Caputo
fractional derivative. Initially, we give some definitions and notions that will be used throughout the work,
after that we will establish the existence and uniqueness results by employing the fixed point theorems.
Finaly, we investigate different kinds of stability such as Ulam-Hyers stability, generalized Ulam-Hyers
stability.

1. Introduction

The theory of fractional derivatives plays a very important role in modeling problems and describing
natural phenomena in different fields such as physics, biology, finance, economics, and bioengineering
[2, 5, 6, 12, 14, 17]. With the recent outstanding development in fractional differential equations, the
Langevin equation has been considered a part of fractional calculus [3, 4, 10], an equation of the form
m d2x

dt2 = λ
dx
dt +η(t) is called Langevin equation, introduced by Paul Langevin in 1908. The Langevin equation

is found to be an effective tool to describe the evolution of physical phenomena in fluctuating environments
[18]. For some new developments on the fractional Langevin equation, see, for example, [9, 10] .

In the literature, there are several definitions of fractional derivative , among them we find the one of
Caputo and Riemann-Liouville. In [11] Hilfer introduced the generalization of these two derivatives named
by Hilfer fractional derivative of order α and type β ∈ [0, 1], when β = 0 we find the Riemann-Liouville
fractional derivative and when β = 1 we find the Caputo fractional derivative. Many papers have studied
coupled systems for fractional differential equations, recently S.K.Ntouyas [16], studied the existence of the
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solution for a coupled system given by

HDα,βx(t) = f (t, x(t), y(t)), t ∈ [a, b],
HDp,qy(t) = 1(t, x(t), y(t)), t ∈ [a, b],

x(a) = 0 , x(b) =
n∑

i=1

ηi(Iχi (y))(θi),

y(a) = 0 , y(b) =
m∑

j=1

τ j(Iς j (x))(κ j).

(1)

Where HDα,β,H Dp,q, are the Hilfer fractional derivative of order α, p, such that 1 < α, p < 2 and pa-
rameter β, q, such that 0 < β, q < 1, a ≥ 0, Iχi , Iς j are the Riemann-Liouville fractional integral of order
χi and ς j respectively χi, ς j > 0, the points θi, κ j ∈ [a, b], i = 1, 2, ....,n, j = 1, 2, ....,m, ηi, τ j ∈ R and
f , 1 : [a, b]×R×R −→ R are continuous functions. The author proved the existence and uniqueness results
by using, Leray-schauder alternative, Krasnoselskii’s fixed point theorem, and Banach’ fixed point theorem.

Motivated by the work above, we investigate the existence and uniqueness criteria for the solution of
the following nonlocal coupled system of Hilfer fractional Langevin equation:

HDα1,β1 (HDα2,β2 + λ1)x(t) = f (t, x(t), y(t)), t ∈ [a, b],
HDp1,q1 (HDp2,q2 + λ2)y(t) = 1(t, x(t), y(t)), t ∈ [a, b],

x(a) = 0 , x(b) =
n∑

i=1

µi(Iνi (y))(ηi),

y(a) = 0 , y(b) =
m∑

j=1

ω j(Iσ j (x))(ξ j).

(2)

Where HDαi,βi ,H Dpi,qi , i = 1, 2 are the Hilfer fractional derivative of order αi, pi, such that 0 < αi, pi < 1 and
parameter βi, qi, such that 0 < βi, qi < 1, i = 1, 2, λ1, λ2 ∈ R, a ≥ 0, Iνi , Iσ j are the Riemann-Liouville fractional
integral of order νi and σ j respectively νi, σ j > 0, the points ηi, ξ j ∈ [a, b], i = 1, 2, ....,n, j = 1, 2, ....,m,
µi, ω j ∈ R and f , 1 : [a, b] ×R ×R −→ R are continuous functions.

This work is organized as follows : In section 2, we recall some basic concepts of fractional calculus.
In section 3, we prove the first existence result using Laray-Schauder alternative, and by using Banach’s
contraction mapping principle we prove the existence and uniqueness for our system (2) as second result.
In section 4 we discuss the Ulam–Hyers stability and the generalized Ulam-Hyers stability of solutions for
Hilfer coupled system.

2. Preliminaries

Let us recall some basic definitions and notations of fractional calculus which are needed throughout
this paper.
LetK = C([a, b],R) be the space equipped with the norm defined by
∥x∥ = sup{|x|, t ∈ [a, b]},

(
K , ∥.∥

)
is a Banach space, and the product space

(
K × K , ∥.∥

)
is a Banach space

equipped with the norm ∥(x, y)∥K×K = ∥x∥ + ∥y∥ for (x, y) ∈ K ×K .

Definition 2.1. [13] The Riemann-Liouville fractional integral of orderα > 0 for a continuous function f : [a,∞) −→
R can be defined as

Iα f (t) =
1
Γ(α)

∫ t

a
(t − s)α−1 f (s)ds. (3)
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Provided that the right-hand side exists on (a,∞). Where Γ(z) is the Gamma function defined by Γ(z) =∫
∞

0
e−ttz−1dt, R(z) > 0.

Definition 2.2. [13] The Riemann-Liouville fractional derivative of order α > 0 of a continuous function f is defined
by

RLDα f (t) := DnIn−α f (t) =
1

Γ(n − α)

( d
dt

)n
∫ t

a
(t − s)n−α−1 f (s)ds. (4)

Where n − 1 < α < n,n = [α] + 1, and [α] denotes the integer part of the real number α.

Definition 2.3. [13] The Caputo fractional derivative of order α > 0 of a continuous function f is defined by

CDα f (t) := In−αDn f (t) =
1

Γ(n − α)

∫ t

0
(t − s)n−α−1

( d
dt

)n
f (s)ds. (5)

Where n − 1 < α < n,n = [α] + 1, and [α] denotes the integer part of the real number α.

Definition 2.4. (Hilfer fractional derivative [11]) The Hilfer fractional derivative of order α and parameter β of a
function (also known as the generalized Riemann-Liouville fractional derivative) is defined by

HDα,β f (t) = Iβ(n−α)DnI(1−β)(n−α) f (t). (6)

Where n − 1 < α < n, 0 ≤ β ≤ 1, t > a, D =
( d
dt

)
.

Remark : When β = 0, the Hilfer fractional derivative corresponds to the Riemann-Liouville fractional
derivative:

HDα,0 f (t) = DnI(n−α) f (t). (7)

While β = 1, The Hilfer fractional derivative corresponds to the Caputo fractional derivative:

HDα,1 f (t) = I(n−α)Dn f (t). (8)

The following lemma plays a fundamental role in establishing the existence results for the given problem.

Lemma 2.5. [11] Let f ∈ L(a, b), n − 1 < α ≤ n, n ∈N, 0 ≤ β ≤ 1, and I(1−β)(n−α) f ∈ ACk[a, b] then

(
IαHDα,β f

)
(t) = f (t) −

n−1∑
k=1

(t − a)k−(n−α)(1−β)

Γ(k − (n − α)(1 − β) + 1)
. lim

t→+a

dk

dtk

(
I(1−β)(n−α) f

)
(t). (9)

The following lemma deals with a linear variant of the boundary value problem (1).

Lemma 2.6. Let a ≥ 0, 0 < α1, α2, p1, p2 < 1, 0 < β1, β2, q1, q2 < 0, and γi = αi + βi − αiβi, δi = pi + qi − piqi,
with i = 1, 2, 1 < α1 + α2 ≤ 2, 1 < p1 + p2 ≤ 2 and h1, h2 ∈ C([a, b],R). Then the solution for the linear system of
Hilfer fractional Langevin differential equations of the form:

HDα1,β1 (HDα2,β2 + λ1)x(t) = h1(t), t ∈ [a, b],
HDp1,q1 (HDp2,q2 + λ2)y(t) = h2(t), t ∈ [a, b],

x(a) = 0 , x(b) =
n∑

i=1

µi(Iνi (y))(ηi),

y(a) = 0 , y(b) =
m∑

j=1

ω j(Iσ j (x))(ξ j),

(10)



K. Hilal et al. / Filomat 37:4 (2023), 1241–1259 1244

is equivalent to the integral equations

x(t) = Iα1+α2 h1(t) − λ1Iα2 x(t) +
(t − a)γ1+α2−1

ΛΓ(γ1 + α2)

[
Φ4

(
− Iα1+α2 h1(b)

−

n∑
i=1

µiIp1+p2+νi h2(ηi) + λ1Iα2 x(b) − λ2

n∑
i=1

µiIp2+νi y(ηi)
)

+ Φ2

( m∑
j=1

ω jIα1+α2+σ j h1(ξ j) − Ip1+p2 h2(b) −
m∑

j=1

ω jIα2+σ j x(ξ j)

+ λ2Ip2 y(b)
)]
, (11)

and

y(t) = Ip1+p2 h2(t) − λ2Ip2 y(t) +
(t − a)δ1+p2−1

ΛΓ(δ1 + p2)

[
Φ1

( m∑
j=1

ω jIα1+α2+σ j h1(ξ j)

− Ip1+p2 h2(b) − λ1

m∑
j=1

ω jIα2+σ j x(ξ j) + λ2Ip2 y(b)
)
+ Φ3

(
− Iα1+α2 h1(b)

+

n∑
i=1

µiIp1+p2+νi h2(ηi) + λ1Iα2 x(b) − λ2

n∑
i=1

µiIp2+νi y(ηi)
)]
, (12)

where

Φ1 =
(b − a)γ1+α2−1

Γ(γ1 + α2)
, (13)

Φ2 =

n∑
i=1

µi
(ηi − a)δ1+p2+νi−1

Γ(δ1 + p2 + νi)
, (14)

Φ3 =

m∑
j=1

ω j
(ξ j − a)γ1+α2+σ j−1

Γ(γ1 + α2 + σ j)
, (15)

Φ4 =
(b − a)δ1+p2−1

Γ(δ1 + p2)
, (16)

Λ = Φ1Φ4 −Φ2Φ3 , 0. (17)

Proof. Applying the Riemann-Liouville fractional integral of order α1 to both sides of (10) we obtain by
using Lemma 2.5

HDα2,β2 x(t) + λx(t) = Iα1 h1(t) +
c0

Γ(γ1)
(t − a)γ1−1, (18)

where c0 constant and γ1 = α1 + β1 − α1β1. Applying the Riemann-Liouville fractional integral of order α2
to both sides of (18) we obtain by using Lemma 2.5

x(t) = Iα1+α2 h1(t) − λ1Iα2 x(t) +
c0

Γ(γ1 + α2)
(t − a)γ1+α2−1 +

c1

Γ(γ2)
(t − a)γ2−1, (19)

from using the boundary condition x(a) = 0 in (19) we obtain that c1 = 0. Then, we get

x(t) = Iα1+α2 h1(t) − λ1Iα2 x(t) +
c0

Γ(γ1 + α2)
(t − a)γ1+α2−1. (20)
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In the same process, for y we get by using the Riemann-Liouville fractional integral of order p1 and p2,
respectively, on both side of the second equation in (10), and by using Lemma 2.5 we get

y(t) = Ip1+p2 h2(t) − λ2Ip2 y(t) +
d0

Γ(δ1 + p2)
(t − a)δ1+p2−1 +

d1

Γ(δ2)
(t − a)δ2−1, (21)

where d0, d1 are constants, and by using the boundary condition y(a) = 0 in (21) we obtain that d1 = 0. Then
we get

y(t) = Ip1+p2 h2(t) − λ2Ip2 y(t) +
d0

Γ(δ1 + p2)
(t − a)δ1+p2−1, (22)

from using the boundary conditions x(b) =
n∑

i=1
µi(Iνi (y))(ηi) and

y(b) =
m∑

j=1
ω j(Iσ j (x))(ξ j) in (20) and (22), we get the system

Φ1c0 −Φ2d0 = Ω1,

−Φ2c0 + Φ4d0 = Ω2,
(23)

where

Ω1 = −Iα1+α2 h1(b) −
n∑

i=1

µiIp1+p2+νi h2(ηi) + λ1Iα2 x(b) − λ2

n∑
i=1

µiIp2+νi y(ηi), (24)

Ω2 =

m∑
j=1

ω jIα1+α2+σ j h1(ξ j) − Ip1+p2 h2(b) −
m∑

j=1

ω jIα2+σ j x(ξ j) + λ2Ip2 y(b). (25)

Solving the system (23) we obtain

c0 =
Φ4Ω1 + Φ2Ω2

Φ1Φ4 −Φ2Φ3
, d0 =

Φ1Ω2 + Φ3Ω1

Φ1Φ4 −Φ2Φ3
. (26)

Substituting the value of c0, and d0 in (20) and (22), respectively yields the solution (11) and (12). The
converse follows by direct computation. This completes the proof.

Theorem 2.7. (Leray–Schauder alternative [9]) Let X be a Banach space, C a closed subset of X,A : C −→ C be
a completely continuous operator. Let

M(A) = {x ∈ C : x = θAx ; 0 < θ < 1}.

Then either the setM(A) is unbounded, orA has at least one fixed point.

Theorem 2.8. (Banach fixed point theorem ) Let X be a Banach space, C a closed subset of X, andA : C −→ C be a
strict contraction. ThenA has a unique fixed point in C

3. Main results

In view of Lemma 2.6, we define the operatorA : K ×K −→ K ×K by

A(x, y)(t) =
(
A1(x, y)(t)
A2(x, y)(t)

)
, (27)
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where

A1(x, y)(t) = Iα1+α2 f (t, x(t), y(t)) − λ1Iα2 x(t) +
(t − a)γ1+α2−1

ΛΓ(γ1 + α2)

×

[
Φ4

(
− Iα1+α2 f (b, x(b), y(b))) −

n∑
i=1

µiIp1+p2+νi1(ηi, x(ηi), y(ηi))

+ λ1Iα2 x(b) − λ2

n∑
i=1

µiIp2+νi y(ηi)
)
+ Φ2

( m∑
j=1

ω jIα1+α2+σ j f (ξ j, x(ξ j), y(ξ j))

− Ip1+p21(b, x(b), y(b)) −
m∑

j=1

ω jIα2+σ j x(ξ j) + λ2Ip2 y(b)
)]
, (28)

and

A2(x, y)(t) = Ip1+p21(t, x(t), y(t)) − λ2Ip2 y(t) +
(t − a)δ1+p2−1

ΛΓ(δ1 + p2)

×

[
Φ1

( m∑
j=1

ω jIα1+α2+σ j f (ξ j, x(ξ j), y(ξ j)) − Ip1+p21(b, x(b), y(b))

− λ1

m∑
j=1

ω jIα2+σ j x(ξ j) + λ2Ip2 y(b)
)
+ Φ3

(
− Iα1+α2 f (b, x(b), y(b))

+

n∑
i=1

µiIp1+p2+νi1(ηi, x(ηi), y(ηi)) + λ1Iα2 x(b) − λ2

n∑
i=1

µiIp2+νi y(ηi)
)]
. (29)

To simplify the computations, we use the following notations:

X1 = |λ1|

{
(b − a)α2

Γ(α2 + 1)
+

(b − a)γ1+α2−1

|Λ|Γ(γ1 + α2)

[
|Φ4|

(b − a)α2

Γ(α2 + 1)
+ |Φ2|

m∑
j=1

|ω j|
(ξ j − a)α2+σ j

Γ(α2 + σ j + 1)

]}
, (30)

Y1 = |λ2|

{
(b − a)γ1+α2−1

|Λ|Γ(γ1 + α2)

[
|Φ4|

n∑
i=1

|µi|
(ηi − a)p2+νi

Γ(p2 + νi + 1)
+ |Φ2|

(b − a)p2

Γ(p2 + 1)

]}
, (31)

F1 =
(b − a)α1+α2

Γ(α1 + α2 + 1)

(
1 +

(b − a)γ1+α2−1

|Λ|Γ(γ1 + α2)
|Φ4|

)
+

(b − a)γ1+α2−1

|Λ|Γ(γ1 + α2)
|Φ2|

m∑
j=1

|ω j|
(ξ j − a)α1+α2+σ j

Γ(α1 + α2 + σ j + 1)
, (32)

G1 =
(b − a)γ1+α2−1

|Λ|Γ(γ1 + α2)

(
|Φ4|

n∑
i=1

|µi|
(ηi − a)p1+p2+νi

Γ(p1 + p2 + νi + 1)
+ |Φ2|

(b − a)p1+p2

Γ(p1 + p2 + 1)

)
, (33)

X2 = |λ1|

{
(b − a)δ1+p2−1

|Λ|Γ(δ1 + p2)

[
|Φ1|

m∑
j=1

|ω j|
(ω j − a)α2+σ j

Γ(α2 + σ j + 1)
+ |Φ3|

(b − a)α2

Γ(α2 + 1)

]}
, (34)

Y2 = |λ2|

{
(b − a)p2

Γ(p2 + 1)
+

(b − a)δ1+p2−1

|Λ|Γ(δ1 + p2)

[
|Φ1|

(b − a)p2

Γ(p2 + 1)
+ |Φ3|

n∑
i=1

|µi|
(ηi − a)p2+νi

Γ(p2 + νi + 1)

]}
, (35)
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F2 =
(b − a)δ1+p2−1

|Λ|Γ(δ1 + p2)

(
|Φ1|

m∑
j=1

|ω j|
(ω j − a)α2+σ j

Γ(α2 + σ j + 1)
+ |Φ3|

(b − a)α1+α2

Γ(α1 + α2 + 1)

)
, (36)

G2 =
(b − a)p1+p2

Γ(p1 + p2 + 1)

(
1 +

(b − a)δ1+p2−1

|Λ|Γ(δ1 + p2)
|Φ1|

)
+

(b − a)δ1+p2−1

|Λ|Γ(δ1 + p2)
|Φ3|

n∑
i=1

|µi|
(ηi − a)p1+p2+νi

Γ(p1 + p2 + νi + 1)
, (37)

3.1. Existence result via Leray-Schauder alternative

Our first result is based on Leray-Schauder alternative

Theorem 3.1. Assume that f , 1 : [a, b] × R × R −→ R, are continuous functions, and there exist real constants
Mi,Mi ≥ 0, i = 1, 2, 3, such that, for x, y ∈ R,

| f (t, x(t), y(t))| ≤M1 +M2|x| +M3|y|, (38)

|1(t, x(t), y(t))| ≤M1 +M2|x| +M3|y|, (39)

if

K1 = (F1 + F2)M2 + (G1 + G2)M2 + (X1 + X2) < 1, (40)

K2 = (F1 + F2)M3 + (G1 + G2)M3 + (Y1 + Y2) < 1, (41)

then, the system (2) has at least one solution on [a, b]. Where Xi,Yi,Fi,Gi, i = 1, 2 are given by (30) − (37).

Proof. The operator A defined in (27) is continuous, by the continuity of functions f and 1. We will show
that the operator A : K × K −→ K × K is completely continuous. Let Br = {(x, y) ∈ K × K : ∥(x, y)∥ ≤ r}
be bounded set in K × K . Then, for any (x, y) ∈ Br, there exist positive real numbers f and 1 such that
| f (t, x(t), y(t)| ≤ f and |1(t, x(t), y(t)| ≤ 1. Then, for any (x, y) ∈ Br

∥∥∥A1(x, y)
∥∥∥ ≤ sup

t∈[a,b]

{
Iα1+α2 | f (t, x(t), y(t))| + |λ1|Iα2 |x(t)| +

(t − a)γ1+α2−1

|Λ|Γ(γ1 + α2)

×

[
|Φ4|

(
Iα1+α2 | f (b, x(b), y(b))| +

n∑
i=1

|µi|Ip1+q2+νi |1(ηi, x(ηi), y(ηi))|

+ |λ1|Iα2 |x(b)| + |λ2|

n∑
i=1

|µi|Ip2+νi |y(ηi)|
)

+ |Φ2|

( m∑
j=1

|ω j|Iα1+α2+σ j | f (ξ j, x(ξ j), y(ξ j))| + Ip1+p2 |1(b, x(b), y(b))|

+

m∑
j=1

|ω j|Iα2+σ j |x(ξ j)| + |λ2|Ip2 |y(b)|
)]}
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≤
(b − a)α1+α2

Γ(α1 + α2 + 1)
f + |λ1|

(b − a)α2

Γ(α2 + 1)
∥x∥ +

(b − a)γ1+α2−1

|Λ|Γ(γ1 + α2)

×

[
|Φ4|

(
(b − a)α1+α2

Γ(α1 + α2 + 1)
f +

n∑
i=1

|µi|
(ηi − a)p1+p2+νi

Γ(p1 + p2 + νi + 1)
1

+ |λ1|
(b − a)α2

Γ(α2 + 1)
∥x∥ + |λ2|

n∑
i=1

|µi|
(ηi − a)p2+νi

Γ(p2 + νi + 1)
∥y∥

)

+ |Φ2|

( m∑
j=1

|ω j|
(ξ j − a)α1+α2+σ j

Γ(α1 + α2 + σ j + 1)
f +

(b − a)p1+p2

Γ(p1 + p2 + 1)
1

+ |λ1|

m∑
j=1

|ω j|
(ξ j − a)α2+σ j

Γ(α2 + σ j + 1)
∥x∥ + |λ2|

(b − a)p2

p2 + 1
∥y∥

)]
≤ F1 f + X1∥x∥ + G11 + Y1∥y∥,

which implies that

∥A1(x, y)∥ ≤ F1 f + X1∥x∥ + G11 + Y1∥y∥. (42)

Similarly, we have that

∥A2(x, y)∥ ≤ F2 f + X2∥x∥ + G21 + Y2∥y∥. (43)

From (42), (43), it follows that

∥A(x, y)∥ ≤ [F1 + F2] f + [G1 + G2]1 + [X1 + X2]r + [Y1 + Y2]r. (44)

Then the operatorA is uniformly bounded.
Next, we show that the operator A is completely continuous. Let t1, t2 ∈ [a, b]; t1 < t2 then for any
(x, y) ∈ Brwe have∣∣∣A1(x(t2), y(t2)) −A1(x(t1), y(t1))

∣∣∣∣ ≤ 1
Γ(α1 + α2)

∣∣∣∣ ∫ t1

a

(
(t2 − s)α1+α2−1

− (t1 − s)α1+α2−1
)

f (s, x(s), y(s))ds +
∫ t2

t1

(t2 − s)α1+α2−1 f (s, x(s), y(s))ds
∣∣∣∣

+
|λ1|

Γ(α2)

∣∣∣∣ ∫ t1

a

(
(t2 − s)α2−1

− (t1 − s)α2−1
)
x(s)ds

+

∫ t2

t1

(t2 − s)α2−1x(s)ds
∣∣∣∣ + |(t2 − a)γ1+α2−1

− (t1 − a)γ1+α2−1
|

|Λ|Γ(γ1 + α2)

×

[
|Φ4|

(
Iα1+α2 | f (b, x(b), y(b))| +

n∑
i=1

|µi|Ip1+q2+νi |1(ηi, x(ηi), y(ηi))|

+ |λ1|Iα2 |x(b)| + |λ2|

n∑
i=1

|µi|Ip2+νi |y(ηi)|
)

+ |Φ2|

( m∑
j=1

|ω j|Iα1+α2+σ j | f (ξ j, x(ξ j), y(ξ j))| + Ip1+p2 |1(b, x(b), y(b))|

+

m∑
j=1

|ω j|Iα2+σ j |x(ξ j)| + |λ2|Ip2 |y(b)|
)]
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≤
f

Γ(α1 + α2)

(∣∣∣∣ ∫ t1

a

(
(t2 − s)α1+α2−1

− (t1 − s)α1+α2−1
)
ds

∣∣∣∣ + ∣∣∣∣ ∫ t2

t1

(t2 − s)α1+α2−1ds
∣∣∣∣)

+
|λ1|

Γ(α2)

∣∣∣∣ ∫ t1

a

(
(t2 − s)α2−1

− (t1 − s)α2−1
)
x(s)ds +

∫ t2

t1

(t2 − s)α2−1x(s)ds
∣∣∣∣

+

∣∣∣(t2 − a)γ1+α2−1
− (t1 − a)γ1+α2−1

∣∣∣
|Λ|Γ(γ1 + α2)

[
|Φ4|

(
(b − a)α1+α2

Γ(α1 + α2 + 1)
f + |λ1|

(b − a)α2

Γ(α2 + 1)
∥x∥

+

n∑
i=1

|µi|
(ηi − a)p1+p2+νi

Γ(p1 + p2 + νi + 1)
1 + |λ2|

n∑
i=1

|µi|
(ηi − a)p2+νi

Γ(p2 + νi + 1)
∥y∥

)

+ |Φ2|

( m∑
j=1

|ω j|
(ξ j − a)α1+α2+σ j

Γ(α1 + α2 + σ j + 1)
f +

(b − a)p1+p2

Γ(p1 + p2 + 1)
1

+ |λ1|

m∑
j=1

|ω j|
(ξ j − a)α2+σ j

Γ(α2 + σ j + 1)
∥x∥ + |λ2|

(b − a)p2

p2 + 1
∥y∥

)]

≤
f

Γ(α1 + α2)

(∣∣∣∣ ∫ t1

a

(
(t2 − s)α1+α2−1

− (t1 − s)α1+α2−1
)
ds

∣∣∣∣ + ∣∣∣∣ ∫ t2

t1

(t2 − s)α1+α2−1ds
∣∣∣∣)

+
r|λ1|

Γ(α2)

(∣∣∣∣ ∫ t1

a

(
(t2 − s)α2−1

− (t1 − s)α2−1
)
ds

∣∣∣∣ + ∣∣∣∣ ∫ t2

t1

(t2 − s)α2−1ds
∣∣∣∣)

+

∣∣∣(t2 − a)γ1+α2−1
− (t1 − a)γ1+α2−1

∣∣∣
|Λ|Γ(γ1 + α2)

[
|Φ4|

(
(b − a)α1+α2

Γ(α1 + α2 + 1)
f + |λ1|

r(b − a)α2

Γ(α2 + 1)

+

n∑
i=1

|µi|
(ηi − a)p1+p2+νi

Γ(p1 + p2 + νi + 1)
1 + |λ2|r

n∑
i=1

|µi|
(ηi − a)p2+νi

Γ(p2 + νi + 1)

)

+ |Φ2|

( m∑
j=1

|ω j|
(ξ j − a)α1+α2+σ j

Γ(α1 + α2 + σ j + 1)
f +

(b − a)p1+p2

Γ(p1 + p2 + 1)
1

+ |λ1|

m∑
j=1

|ω j|
r(ξ j − a)α2+σ j

Γ(α2 + σ j + 1)
+ |λ2|

r(b − a)p2

Γ(p2 + 1)

)]
.

In the same process, we can obtain

∣∣∣A2(x(t2), y(t2)) −A2(x(t1), y(t1))
∣∣∣∣ ≤ 1

Γ(p1 + p2)

(∣∣∣∣ ∫ t1

a

(
(t2 − s)p1+p2−1

− (t1 − s)p1+p2−1
)
ds

∣∣∣∣ + ∣∣∣∣ ∫ t2

t1

(t2 − s)p1+p2−1ds
∣∣∣∣)

+
r|λ2|

Γ(p2)

(∣∣∣∣ ∫ t1

a

(
(t2 − s)p2−1

− (t1 − s)p2−1
)
ds

∣∣∣∣ + ∣∣∣∣ ∫ t2

t1

(t2 − s)p2−1ds
∣∣∣∣)

+

∣∣∣(t2 − a)δ1+p2−1
− (t1 − a)δ1+p2−1

∣∣∣
|Λ|Γ(δ1 + p2)

[
|Φ1|

(
(b − a)p1+p2

Γ(p1 + p2 + 1)
1 + |λ2|

r(b − a)p2

Γ(p2 + 1)

+

m∑
j=1

|ω j|
(ξ j − a)α1+α2+σ j

Γ(α1 + α2 + σ j + 1)
f + |λ1|r

m∑
j=1

|ω j|
(ξ j − a)α2+σ j

Γ(α2 + σ j + 1)

)
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+ |Φ3|

( n∑
i=1

|µi|
(ηi − a)p1+p2+νi

Γ(p1 + p2 + νi + 1)
1 +

(b − a)α1+α2

Γ(α1 + α2 + 1)
f

+ |λ2|

n∑
i=1

|µi|
r(ηi − a)p2+νi

Γ(p2 + νi + 1)
+ |λ1|

r(b − a)α2

Γ(α2 + 1)

)]
.

As t2 −→ t1 the right-hand side of the two above inequality tends to zero, implies thatA(x, y) is equicon-
tinuous. Therefore it follows by Arzelà-Ascoli theorem that A(x, y) is relatively compact then A(x, y) is
completely continuous.

Next, we will prove that te setM(A) = {(x, y) ∈ K ×K | A(x, y) = θA(x, y); 0 < θ < 1}, is bounded.

Let (x, y) ∈M, with (x, y) = θA(x, y), for any t ∈ [a, b], we havex(t) = θA1(x, y)(t),
y(t) = θA2(x, y)(t).

(45)

Then ∣∣∣x(t)
∣∣∣ ≤ (b − a)α1+α2

Γ(α1 + α2 + 1)

(
M1 +M2|x| +M3|y|

)
+ |λ1|

(b − a)α2

Γ(α2 + 1)
∥x∥

+
(b − a)γ1+α2−1

|Λ|Γ(γ1 + α2)
×

[
|Φ4|

(
(b − a)α1+α2

Γ(α1 + α2 + 1)

(
M1 +M2|x| +M3|y|

)
+

n∑
i=1

|µi|
(ηi − a)p1+p2+νi

Γ(p1 + p2 + νi + 1)

(
M1 +M2|x| +M3|y|

)
+ |λ1|

(b − a)α2

Γ(α2 + 1)
∥x∥

+ |λ2|

n∑
i=1

|µi|
(ηi − a)p2+νi

Γ(p2 + νi + 1)
∥y∥

)
+ |Φ2|

( m∑
j=1

|ω j|
(ξ j − a)α1+α2+σ j

Γ(α1 + α2 + σ j + 1)

×

(
M1 +M2|x| +M3|y|

)
+

(b − a)p1+p2

Γ(p1 + p2 + 1)

(
M1 +M2|x| +M3|y|

)
+ |λ1|

m∑
j=1

|ω j|
(ξ j − a)α2+σ j

Γ(α2 + σ j + 1)
∥x∥ + |λ2|

(b − a)p2

p2 + 1
∥y∥

)]
≤ F1

(
M1 +M2|x| +M3|y|

)
+ G1

(
M1 +M2|x| +M3|y|

)
+ X1∥x∥ + Y1∥y∥.

Then,

∥x∥ ≤
(
F1M1 + G1M1

)
+

(
F1M2 + G1M2 + X1

)
∥x∥ +

(
F1M3 + G1M3 + Y1

)
∥y∥. (46)

In the same process, we can obtain

∥y∥ ≤
(
F2M1 + G1M1

)
+

(
F2M2 + G2M2 + X2

)
∥x∥ +

(
F2M3 + G2M3 + Y2

)
∥y∥, (47)

which imply that

∥x∥ + ∥y∥ ≤ (F1 + F2)M1 + (G1 + G2)M1 +
[
(F1 + F2)M2 + (G1 + G2)M2

+ (X1 + X2)
]
∥x∥ +

[
(F1 + F2)M3 + (G1 + G2)M3 + (Y1 + Y2)

]
∥y∥,
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thus, we obtain

∥(x, y)∥ ≤
(F1 + F2)M1 + (G1 + G2)M1

min
(
1 −K1; 1 −K2

) . (48)

WhereK1;K2 are given by (40)− (41). From (48) the setM is bounded. Therefore, by applying Theorem 2.7,
the operatorA has at least one fixed point. Therefore, we deduce that problem (2) has at least one solution
on [a, b].

3.2. Uniqueness result via Banach’s fixed point theorem
To deal with the existence and uniqueness of solution for our system (2), we use Banach contraction

principle.

Theorem 3.2. Suppose that f , 1 : [a, b] ×R ×R −→ R are continuous functions. In addition, we assume that :
(H1) There exist constants L1,L2 > 0 such that, for all t ∈ [a, b] and x1, x2, y1, y2 ∈ R,

| f (t, x2, y2) − f (t, x1, y1)| ≤ L1

(
|x2 − x1| + |y2 − y1|

)
, (49)

|1(t, x2, y2) − 1(t, x1, y1)| ≤ L2

(
|x2 − x1| + |y2 − y1|

)
. (50)

Then, the problem (1) has a unique solution on [a, b], if(
F1 + F2

)
L1 +

(
G1 + G2

)
L2 +

(
X1 + X2

)
+

(
Y1 + Y2

)
< 1. (51)

Proof. Consider the operator A defined in (27). The system (2) is then transformed into a fixed point
problem (x, y)(t) = A(x, y)(t). By using Banach contraction principle we will show thatA has a unique fixed
point.
We set supt∈[a,b] = | f (t, 0, 0)| = L1 < ∞, and supt∈[a,b] = |1(t, 0, 0)| = L2 < ∞ and choose r > 0 such that

r ≥
(F1 + F2)L1 + (G1 + G2)L2

1 −
[(

F1 + F2

)
L1 +

(
G1 + G2

)
L2 +

(
X1 + X2

)
+

(
Y1 + Y2

)] . (52)

Now, we show that ABr ⊂ Br, where Br = {(x, y) ∈ K × K : ∥(x, y)∥ ≤ r}. for any (x, y) ∈ Br, t ∈ [a, b] we
have

| f (t, x(t), y(t))| ≤ | f (t, x(t), y(t)) − f (t, 0, 0)| + | f (t, 0, 0)|
≤ L1(|x(t)| + |y(t)|) + L1

≤ L1(∥x∥ + ∥y∥) + L1

≤ L1r + L1, (53)

similarly, we have

|1(t, x(t), y(t))| ≤ L2(∥x∥ + ∥y∥) + L2 ≤ L2r + L2. (54)

Then we get∣∣∣A1(x, y)(t)
∣∣∣ ≤ sup

t∈[a,b]

{
Iα1+α2 | f (t, x(t), y(t))| + |λ1|Iα2 |x(t)| +

(t − a)γ1+α2−1

|Λ|Γ(γ1 + α2)

×

[
|Φ4|

(
Iα1+α2 | f (b, x(b), y(b))| +

n∑
i=1

|µi|Ip1+q2+νi |1(ηi, x(ηi), y(ηi))|

+ |λ1|Iα2 |x(b)| + |λ2|

n∑
i=1

|µi|Ip2+νi |y(ηi)|
)

+ |Φ2|

( m∑
j=1

|ω j|Iα1+α2+σ j | f (ξ j, x(ξ j), y(ξ j))| + Ip1+p2 |1(b, x(b), y(b))|
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+

m∑
j=1

|ω j|Iα2+σ j |x(ξ j)| + |λ2|Ip2 |y(b)|
)]}

≤
(b − a)α1+α2

Γ(α1 + α2 + 1)

(
L1r + L1

)
+ |λ1|

(b − a)α2

Γ(α2 + 1)
∥x∥ +

(b − a)γ1+α2−1

|Λ|Γ(γ1 + α2)

×

[
|Φ4|

(
(b − a)α1+α2

Γ(α1 + α2 + 1)

(
L1r + L1

)
+

n∑
i=1

|µi|
(ηi − a)p1+p2+νi

Γ(p1 + p2 + νi + 1)

(
L2r + L2

)
+ |λ1|

(b − a)α2

Γ(α2 + 1)
∥x∥ + |λ2|

n∑
i=1

|µi|
(ηi − a)p2+νi

Γ(p2 + νi + 1)
∥y∥

)

+ |Φ2|

( m∑
j=1

|ω j|
(ξ j − a)α1+α2+σ j

Γ(α1 + α2 + σ j + 1)

(
L1r + L1

)
+

(b − a)p1+p2

Γ(p1 + p2 + 1)

(
L2r + L2

)
+ |λ1|

m∑
j=1

|ω j|
(ξ j − a)α2+σ j

Γ(α2 + σ j + 1)
∥x∥ + |λ2|

(b − a)p2

p2 + 1
∥y∥

)]
≤

(
F1L1 + G1L2 + X1 + Y1

)
r + F1L1 + G1L2,

which implies

∥A1(x, y)
∥∥∥ ≤ (

F1L1 + G1L2 + X1 + Y1

)
r + F1L1 + G1L2. (55)

Similarly, we find that

∥A2(x, y)
∥∥∥ ≤ (

F2L1 + G2L2 + X2 + Y2

)
r + F2L1 + G2L2. (56)

Then, from (52) we obtain

∥A(x, y)
∥∥∥ ≤[(F1 + F2

)
L1 +

(
G1 + G2

)
L2 +

(
X1 + X2

)
+

(
Y1 + Y2

)]
r

+ (F1 + F2)L1 + (G1 + G2)L2 ≤ r, (57)

which implies thatABr ⊂ Br.
Next, we will show that the operatorA is a contraction,∣∣∣A1(x2, y2)(t) −A1(x1, y1)(t)

∣∣∣ ≤ Iα1+α2 | f (t, x2(t), y2(t)) − f (t, x1(t), y1(t))|

+ |λ1|Iα2 |x2(t) − x1(t)| +
(t − a)γ1+α2−1

|Λ|Γ(γ1 + α2)

×

[
|Φ4|

(
Iα1+α2 | f (b, x2(b), y2(b)) − f (b, x1(b), y1(b))|

+

n∑
i=1

|µi|Ip1+q2+νi |1(ηi, x2(ηi), y2(ηi)) − 1(ηi, x1(ηi), y1(ηi))|

+ |λ1|Iα2 |x2(b) − x1(b)| + |λ2|

n∑
i=1

|µi|Ip2+νi |y2(ηi) − y1(ηi)|
)

+ |Φ2|

( m∑
j=1

|ω j|Iα1+α2+σ j | f (ξ j, x2(ξ j), y2(ξ j)) − f (ξ j, x1(ξ j), y1(ξ j))|
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+ Ip1+p2 |1(b, x2(b), y2(b)) − 1(b, x1(b), y1(b))|

+

m∑
j=1

|ω j|Iα2+σ j |x2(ξ j) − x1(ξ j)| + |λ2|Ip2 |y2(b) − y1(b)|
)]

≤
(b − a)α1+α2

Γ(α1 + α2 + 1)
L1

(
∥x2 − x1∥ + ∥y2 − y1∥

)
+ |λ1|

(b − a)α2

Γ(α2 + 1)
∥x2 − x1∥

+
(b − a)γ1+α2−1

|Λ|Γ(γ1 + α2)
×

[
|Φ4|

(
(b − a)α1+α2

Γ(α1 + α2 + 1)
L1

(
∥x2 − x1∥ + ∥y2 − y1∥

)
+

n∑
i=1

|µi|
(ηi − a)p1+p2+νi

Γ(p1 + p2 + νi + 1)
L2

(
∥x2 − x1∥ + ∥y2 − y1∥

)
+ |λ1|

(b − a)α2

Γ(α2 + 1)
∥x2 − x1∥ + |λ2|

n∑
i=1

|µi|
(ηi − a)p2+νi

Γ(p2 + νi + 1)
∥y2 − y1∥

)

+ |Φ2|

( m∑
j=1

|ω j|
(ξ j − a)α1+α2+σ j

Γ(α1 + α2 + σ j + 1)
L1

(
∥x2 − x1∥

+ ∥y2 − y1∥
)
+

(b − a)p1+p2

Γ(p1 + p2 + 1)
L2

(
∥x2 − x1∥ + ∥y2 − y1∥

)
+ |λ1|

m∑
j=1

|ω j|
(ξ j − a)α2+σ j

Γ(α2 + σ j + 1)
∥x2 − x1∥ + |λ2|

(b − a)p2

p2 + 1
∥y2 − y1∥

)]}
≤

(
F1L1 + G1L2 + X1 + Y1

)(
∥x2 − x1∥ + ∥y2 − y1∥

)
,

which implies∥∥∥A1(x2, y2)(t) −A1(x1, y1)(t)
∥∥∥ ≤ (

F1L1 + G1L2 + X1 + Y1

)(
∥x2 − x1∥ + ∥y2 − y1∥

)
. (58)

Similarly, we find that∥∥∥A2(x2, y2)(t) −A1(x1, y1)(t)
∥∥∥ ≤ (

F2L1 + G2L2 + X2 + Y2

)(
∥x2 − x1∥ + ∥y2 − y1∥

)
. (59)

From (58) and (59) we obtain

∥A(x2, y2) −A(x1, y1)
∥∥∥ ≤[(F1 + F2

)
L1 +

(
G1 + G2

)
L2 +

(
X1 + X2

)
+

(
Y1 + Y2

)](
∥x2 − x1∥ + ∥y2 − y1∥

)
. (60)

As
(
F1 + F2

)
L1 +

(
G1 + G2

)
L2 +

(
X1 + X2

)
+

(
Y1 + Y2

)
< 1, then A is a contraction operator. Therefore, by

Banach’s fixed-point theorem, the operator A has a unique fixed point which is indeed a unique solution
of system (2) on [a, b]. The proof is completed.

4. Ulam–Hyers stability analysis

In this section, we study Ulam–Hyers (U-H), generalized Ulam–Hyers (G-U-H), stability of solution to
the Hilfer coupled system (2) .

Let ε = (ε1, ε2) > 0, we consider the following inequalities∣∣∣∣HDα1,β1 (HDα2,β2 + λ1)x̃(t) − f (t, x̃(t), ỹ(t))
∣∣∣∣ ≤ ε1, t ∈ [a, b], (61)
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∣∣∣∣ ≤ ε2, t ∈ [a, b], (62)

and x̃(b) = x(b), ỹ(b) = y(b)

Definition 4.1. [1, 7] The Hilfer coupled system is U-H stable if there exists λ = (λ f , λ1) > 0, such that for each
ε = (ε1, ε2) > 0 and for each solution (x̃, ỹ) ∈ K × K of inequalities (61), (62), there exists (x, y) ∈ K × K solution
of the coupled system (2) complying with

∥(x̃, ỹ) − (x, y)∥K×K ≤ λε. (63)

Definition 4.2. [1, 7] The Hilfer coupled system is G-U-H stable if there exists φ = (φ f , φ1) ∈ C(R,R)) with
φ(0) = (φ f (0), φ1(0)) = (0, 0) , such that for each ε = (ε1, ε2) > 0 and for each solution (x̃, ỹ) ∈ K ×K of inequalities
(60) − (61), there exists (x, y) ∈ K ×K solution of the coupled system (2) complying with

∥(x̃, ỹ) − (x, y)∥K×K ≤ φ(ε). (64)

Remark 4.3. A function (x̃, ỹ) ∈ K ×K is a solution of inequalities (61) − (62) if and only if there exists a function
(h1, h2) ∈ K ×K such that

i- |h1(t)| ≤ ε1 and |h2(t)| ≤ ε2,

ii- for t ∈ [a, b]HDα1,β1 (HDα2,β2 + λ1)x̃(t) = f (t, x̃(t), ỹ(t)) + h1(t)
HDp1,q1 (HDp2,q2 + λ2)ỹ(t) = 1(t, x̃(t), ỹ(t)) + h2(t).

(65)

To simplify the computations, we use the following notations:

A1 =
(b − a)α1+α2

Γ(α1 + α2 + 1)
L1 + |λ1|

(b − a)α2

Γ(α2 + 1)
+

(b − a)γ1+α2−1

|Λ|Γ(γ1 + α2)

×

[
|Φ4|

n∑
i=1

|µi|
(ηi − a)p1+p2+νi

Γ(p1 + p2 + νi + 1)
L2 + |Φ2|

( m∑
j=1

|ω j|
(ξ j − a)α1+α2+σ j

Γ(α1 + α2 + σ j + 1)
L1

+ |λ1|

m∑
j=1

|ω j|
(ξ j − a)α2+σ j

Γ(α2 + σ j + 1)

)]
, (66)

B1 =
(b − a)α1+α2

Γ(α1 + α2 + 1)
L1 +

(b − a)γ1+α2−1

|Λ|Γ(γ1 + α2)

×

[
|Φ4|

(
|λ2|

n∑
i=1

|µi|
(ηi − a)p2+νi

Γ(p2 + νi + 1)
+

n∑
i=1

|µi|
(ηi − a)p1+p2+νi

Γ(p1 + p2 + νi + 1)
L2

)

+ |Φ2|

m∑
j=1

|ω j|
(ξ j − a)α1+α2+σ j

Γ(α1 + α2 + σ j + 1)
L1

]
, (67)

A2 =
(b − a)p1+p2

Γ(p1 + p2 + 1)
L2 + |λ2|

(b − a)p2

Γ(p2 + 1)
+

(b − a)δ1+p2−1

|Λ|Γ(δ1 + p2)

×

[
|Φ1|

m∑
j=1

|ω j|
(ξ j − a)α1+α2+σ j

Γ(α1 + α2 + σ j + 1)
L1 + |Φ3|

( n∑
i=1

|µi|
(ηi − a)p1+p2+νi

Γ(p1 + p2 + νi + 1)
L2

+ |λ2|

n∑
i=1

|µi|
(ηi − a)p2+νi

Γ(p2 + νi + 1)

)]
, (68)
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B2 =
(b − a)p1+p2

Γ(p1 + p2 + 1)
L2 +

(b − a)δ1+p2−1

|Λ|Γ(δ1 + p2)

×

[
|Φ1|

(
|λ1|

m∑
j=1

|ω j|
(ξ j − a)α2+σ j

Γ(α2 + σ j + 1)
+

m∑
j=1

|ω j|
(ξ j − a)α1+α2+σ j

Γ(α1 + α2 + σ j + 1)
L1

)

+ |Φ3|

n∑
i=1

|µi|
(ηi − a)p1+p2+νi

Γ(p1 + p2 + νi + 1)
L2

]
, (69)

Theorem 4.4. Assume that (H1) hold,if A1 > 1,A2 > 1, and 1 −
B1B2

(1 − A1)(1 − A2)
, 0 then the system (2) is

Ulam–Hyers stable on [a, b] and consequently generalized Ulam–Hyers stable, where Ai,Bi, i = 1, 2 are given by
(66) − (69).

Proof. Let ε = (ε1, ε2) > 0, and (x̃, ỹ) ∈ K × K satisfies inequalities (61) − (62), and (x, y) ∈ K × K be the
unique solution of the problem (2) with the conditions x̃(b) = x(b), ỹ(b) = y(b), then by Lemma 2.6, we have

x(t) = Iα1+α2 f (t, x(t), y(t)) − λ1Iα2 x(t) +
(t − a)γ1+α2−1

ΛΓ(γ1 + α2)

×

[
Φ4

(
− Iα1+α2 f (b, x(b), y(b))) −

n∑
i=1

µiIp1+p2+νi1(ηi, x(ηi), y(ηi))

+ λ1Iα2 x(b) − λ2

n∑
i=1

µiIp2+νi y(ηi)
)
+ Φ2

( m∑
j=1

ω jIα1+α2+σ j f (ξ j, x(ξ j), y(ξ j))

− Ip1+p21(b, x(b), y(b)) −
m∑

j=1

ω jIα2+σ j x(ξ j) + λ2Ip2 y(b)
)]
, (70)

and

y(t) = Ip1+p21(t, x(t), y(t)) − λ2Ip2 y(t) +
(t − a)δ1+p2−1

ΛΓ(δ1 + p2)

×

[
Φ1

( m∑
j=1

ω jIα1+α2+σ j h1(ξ j) − Ip1+p21(b, x(b), y(b))

− λ1

m∑
j=1

ω jIα2+σ j x(ξ j) + λ2Ip2 y(b)
)
+ Φ3

(
− Iα1+α2 f (b, x(b), y(b))

+

n∑
i=1

µiIp1+p2+νi1(ηi, x(ηi), y(ηi)) + λ1Iα2 x(b) − λ2

n∑
i=1

µiIp2+νi y(ηi)
)]
. (71)

Since, (x̃, ỹ) ∈ K ×K satisfies inequalities (61) − (62), by the remark we have
HDα1,β1 (HDα2,β2 + λ1)x̃(t) = f (t, x̃(t), ỹ(t)) + h1(t), t ∈ [a, b],
HDp1,q1 (HDp2,q2 + λ2)ỹ(t) = 1(t, x̃(t), ỹ(t)) + h2(t), t ∈ [a, b],
x̃(a) = x(a) , x̃(b) = x(b),
ỹ(a) = y(a) , ỹ(b) = y(b),

(72)

then by Lemma 2.6, we have
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x̃(t) = Iα1+α2 f (t, x̃(t), ỹ(t)) − λ1Iα2 x̃(t) +
(t − a)γ1+α2−1

ΛΓ(γ1 + α2)

×

[
Φ4

(
− Iα1+α2 f (b, x̃(b), ỹ(b))) −

n∑
i=1

µiIp1+p2+νi1(ηi, x̃(ηi), ỹ(ηi))

+λ1Iα2 x̃(b) − λ2

n∑
i=1

µiIp2+νi ỹ(ηi)
)
+ Φ2

( m∑
j=1

ω jIα1+α2+σ j f (ξ j, x̃(ξ j), ỹ(ξ j))

− Ip1+p21(b, x̃(b), ỹ(b)) −
m∑

j=1

ω jIα2+σ j x̃(ξ j) + λ2Ip2 ỹ(b)
)]
+ Iα1+α2 h1(t), (73)

and

ỹ(t) = Ip1+p21(t, x̃(t), ỹ(t)) − λ2Ip2 ỹ(t) +
(t − a)δ1+p2−1

ΛΓ(δ1 + p2)

×

[
Φ1

( m∑
j=1

ω jIα1+α2+σ j f (ξ j, x̃(ξ j), ỹ(ξ j)) − Ip1+p21(b, x̃(b), ỹ(b))

− λ1

m∑
j=1

ω jIα2+σ j x̃(ξ j) + λ2Ip2 ỹ(b)
)
+ Φ3

(
− Iα1+α2 f (b, x̃(b), ỹ(b))

+

n∑
i=1

µiIp1+p2+νi1(ηi, x̃(ηi), ỹ(ηi)) + λ1Iα2 x̃(b) − λ2

n∑
i=1

µiIp2+νi ỹ(ηi)
)]

+ Ip1+p2 h2(t). (74)

On the other hand, we have, for each t ∈ [a, b]∣∣∣x̃(t) − x(t)
∣∣∣ ≤ Iα1+α2 | f (t, x̃(t), ỹ(t)) − f (t, x(t), y(t))|

+ |λ1|Iα2 |x̃(t) − x(t)| +
(t − a)γ1+α2−1

|Λ|Γ(γ1 + α2)

×

[
|Φ4|

( n∑
i=1

|µi|Ip1+q2+νi |1(ηi, x̃(ηi), ỹ(ηi)) − 1(ηi, x(ηi), y(ηi))|

+ |λ2|

n∑
i=1

|µi|Ip2+νi |ỹ(ηi) − y(ηi)|
)

+ |Φ2|

( m∑
j=1

|ω j|Iα1+α2+σ j | f (ξ j, x̃(ξ j), ỹ(ξ j)) − f (ξ j, x(ξ j), y(ξ j))|

+ |λ1|

m∑
j=1

|ω j|Iα2+σ j |x̃(ξ j) − x(ξ j)|
)]
+ Iα1+α2 |h1(t)|

≤
(b − a)α1+α2

Γ(α1 + α2 + 1)
L1

(
∥x̃ − x∥K + ∥ỹ − y∥K

)
+ |λ1|

(b − a)α2

Γ(α2 + 1)
∥x̃ − x∥K

+
(b − a)γ1+α2−1

|Λ|Γ(γ1 + α2)
×

[
|Φ4|

(
|λ2|

n∑
i=1

|µi|
(ηi − a)p2+νi

Γ(p2 + νi + 1)
∥ỹ − y∥K

+

n∑
i=1

|µi|
(ηi − a)p1+p2+νi

Γ(p1 + p2 + νi + 1)
L2

(
∥x̃ − x∥K + ∥ỹ − y∥K

))
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+ |Φ2|

( m∑
j=1

|ω j|
(ξ j − a)α1+α2+σ j

Γ(α1 + α2 + σ j + 1)
L1

(
∥x̃ − x∥K

+ ∥ỹ − y∥K
)
+ |λ1|

m∑
j=1

|ω j|
(ξ j − a)α2+σ j

Γ(α2 + σ j + 1)
∥x̃ − x∥K

)]
+

(b − a)α1+α2

Γ(α1 + α2 + 1)
ε1

≤ A1∥x̃ − x∥K + B1∥ỹ − y∥K + C1ε1,

which implies,

∥x̃ − x∥K ≤
C1

1 − A1
ε1 +

B1

1 − A1
∥ỹ − y∥K . (75)

Where

A1 =
(b − a)α1+α2

Γ(α1 + α2 + 1)
L1 + |λ1|

(b − a)α2

Γ(α2 + 1)
+

(b − a)γ1+α2−1

|Λ|Γ(γ1 + α2)

×

[
|Φ4|

n∑
i=1

|µi|
(ηi − a)p1+p2+νi

Γ(p1 + p2 + νi + 1)
L2 + |Φ2|

( m∑
j=1

|ω j|
(ξ j − a)α1+α2+σ j

Γ(α1 + α2 + σ j + 1)
L1

+ |λ1|

m∑
j=1

|ω j|
(ξ j − a)α2+σ j

Γ(α2 + σ j + 1)

)]
, (76)

B1 =
(b − a)α1+α2

Γ(α1 + α2 + 1)
L1 +

(b − a)γ1+α2−1

|Λ|Γ(γ1 + α2)

×

[
|Φ4|

(
|λ2|

n∑
i=1

|µi|
(ηi − a)p2+νi

Γ(p2 + νi + 1)
+

n∑
i=1

|µi|
(ηi − a)p1+p2+νi

Γ(p1 + p2 + νi + 1)
L2

)

+ |Φ2|

m∑
j=1

|ω j|
(ξ j − a)α1+α2+σ j

Γ(α1 + α2 + σ j + 1)
L1

]
, (77)

C1 =
(b − a)α1+α2

Γ(α1 + α2 + 1)
. (78)

Similarly, we have

∥ỹ − y∥K ≤
C2

1 − A2
ε2 +

B2

1 − A2
∥x̃ − x∥K . (79)

Where

A2 =
(b − a)p1+p2

Γ(p1 + p2 + 1)
L2 + |λ2|

(b − a)p2

Γ(p2 + 1)
+

(b − a)δ1+p2−1

|Λ|Γ(δ1 + p2)

×

[
|Φ1|

m∑
j=1

|ω j|
(ξ j − a)α1+α2+σ j

Γ(α1 + α2 + σ j + 1)
L1 + |Φ3|

( n∑
i=1

|µi|
(ηi − a)p1+p2+νi

Γ(p1 + p2 + νi + 1)
L2

+ |λ2|

n∑
i=1

|µi|
(ηi − a)p2+νi

Γ(p2 + νi + 1)

)]
, (80)
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B2 =
(b − a)p1+p2

Γ(p1 + p2 + 1)
L2 +

(b − a)δ1+p2−1

|Λ|Γ(δ1 + p2)

×

[
|Φ1|

(
|λ1|

m∑
j=1

|ω j|
(ξ j − a)α2+σ j

Γ(α2 + σ j + 1)
+

m∑
j=1

|ω j|
(ξ j − a)α1+α2+σ j

Γ(α1 + α2 + σ j + 1)
L1

)

+ |Φ3|

n∑
i=1

|µi|
(ηi − a)p1+p2+νi

Γ(p1 + p2 + νi + 1)
L2

]
, (81)

C2 =
(b − a)p1+p2

Γ(p1 + p2 + 1)
. (82)

It follows that
∥x̃ − x∥K −

B1

1 − A1
∥ỹ − y∥K ≤

C1

1 − A1
ε1.

∥ỹ − y∥K −
B2

1 − A2
∥x̃ − x∥K ≤

C2

1 − A2
ε2.

(83)

Then (79) can be writing as matrices as follows(
1 −

B1
1−A1

−
B2

1−A2
1

) (
∥x̃ − x∥K
∥ỹ − y∥K

)
≤

 C1
1−A1
ε1

C2
1−A2
ε2

 , (84)

by simple computations, the above inequality becomes(
∥x̃ − x∥K
∥ỹ − y∥K

)
≤

 1
∆

B1
∆(1−A1)

B2
∆(1−A2)

1
∆

 ×  C1
1−A1
ε1

C2
1−A2
ε2

 , (85)

where ∆ = 1 −
B1B2

(1 − A1)(1 − A2)
, 0, this leads to

∥x̃ − x∥K ≤
C1

∆(1 − A1)
ε1 +

B1C2

∆(1 − A1)(1 − A2)
ε2. (86)

∥ỹ − y∥K ≤
B2C1

∆(1 − A1)(1 − A2)
ε1 +

C2

∆(1 − A2)
ε2. (87)

We get

∥x̃ − x∥K + ∥ỹ − y∥K ≤
C1(1 − A2) + B2C1

∆(1 − A1)(1 − A2)
ε1 +

C2(1 − A1) + B1C2

∆(1 − A1)(1 − A2)
ε2, (88)

for ε = max(ε1; ε2) and λ =
C1(1 − A2) + B2C1 + C2(1 − A1) + B1C2

∆(1 − A1)(1 − A2)
, we obtain

∥(x̃, ỹ) − (x, y)∥K×K ≤ λε. (89)

This proves that the Hilfer coupled system (2), is U-H stable.
Moreover, by setting φ(ε) = λεwith φ(0) = 0 we get

∥(x̃, ỹ) − (x, y)∥K×K ≤ φ(ε). (90)

This shows that the Hilfer coupled system (2) is G-H-U stable.
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