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Existence and stability results for a coupled system of Hilfer fractional
Langevin equation with non local integral boundary value conditions

Khalid Hilal?, Ahmed Kajouni?, Hamid Lmou®"

#Laboratory of Applied Mathematics and Scientific Competing, Faculty of Sciences and Technics, Sultan Moulay Slimane University,
Beni Mellal, Morocco.

Abstract. This paper deals with the existence and uniqueness of solution for a coupled system of Hilfer
fractional Langevin equation with non local integral boundary value conditions. The novelty of this work
is that it is more general than the works based on the derivative of Caputo and Riemann-Liouville, because
when g = 0 we find the Riemann-Liouville fractional derivative and when g = 1 we find the Caputo
fractional derivative. Initially, we give some definitions and notions that will be used throughout the work,
after that we will establish the existence and uniqueness results by employing the fixed point theorems.

Finaly, we investigate different kinds of stability such as Ulam-Hyers stability, generalized Ulam-Hyers
stability.

1. Introduction

The theory of fractional derivatives plays a very important role in modeling problems and describing
natural phenomena in different fields such as physics, biology, finance, economics, and bioengineering
[2, 5, 6,12, 14, 17]. With the recent outstanding development in fractional differential equations, the
Langevin equation has been considered a part of fractional calculus [3, 4, 10], an equation of the form
m%ﬁ‘ = A% +1n(t) is called Langevin equation, introduced by Paul Langevin in 1908. The Langevin equation
is found to be an effective tool to describe the evolution of physical phenomena in fluctuating environments
[18]. For some new developments on the fractional Langevin equation, see, for example, [9, 10] .

In the literature, there are several definitions of fractional derivative , among them we find the one of
Caputo and Riemann-Liouville. In [11] Hilfer introduced the generalization of these two derivatives named
by Hilfer fractional derivative of order « and type § € [0,1], when f = 0 we find the Riemann-Liouville
fractional derivative and when = 1 we find the Caputo fractional derivative. Many papers have studied
coupled systems for fractional differential equations, recently S.K.Ntouyas [16], studied the existence of the
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solution for a coupled system given by

HDYEx(t) = f(t,x(t), y(1), t € [a,b],
HDPay(t) = g(t, x(8), y(t), t € [a,b],
x@=0 , x(b)=) n@)O), (1)

i=1
m

y@ =0 , yb)= ) 7)) (x).
=1

Where D% H DP4, are the Hilfer fractional derivative of order a,p, such that 1 < a,p < 2 and pa-
rameter f3,¢, such that 0 < 8,9 < 1, a > 0, [X,[% are the Riemann-Liouville fractional integral of order
xi and ¢; respectively x;,¢; > 0, the points 0;, x; € [a,b], i = 1,2,...,n, j = 1,2,...,m, 1;,7; € R and
f,9 :[a,b] x RxR — R are continuous functions. The author proved the existence and uniqueness results
by using, Leray-schauder alternative, Krasnoselskii’s fixed point theorem, and Banach’ fixed point theorem.

Motivated by the work above, we investigate the existence and uniqueness criteria for the solution of
the following nonlocal coupled system of Hilfer fractional Langevin equation:

Hpeubi (D ¢ A)x(t) = f(t x(8), y(8), t€ [a,b],
HDPa (DM + Ay)y(t) = g(t, x(), y(1), ¢ € [a,b],

@) =0 , x(b) =) w0, @)
i=1

Y@ =0 , yb) =) wjI®)E).

j=1

Where D H DPidii i = 1,2 are the Hilfer fractional derivative of order a;, p;, such that 0 < a;, p; < 1 and
parameter f3;,q;, such that 0 < ;,9; <1,i=1,2, A1, A, € R, a > 0, "/, I° are the Riemann-Liouville fractional
integral of order v; and o; respectively v;,0; > 0, the points 1;, §; € [a,b], i = 1,2,..,n, j = 1,2,....,m,
pi,wj € Rand f,g: [a,b] X R X R — R are continuous functions.

This work is organized as follows : In section 2, we recall some basic concepts of fractional calculus.
In section 3, we prove the first existence result using Laray-Schauder alternative, and by using Banach’s
contraction mapping principle we prove the existence and uniqueness for our system (2) as second result.
In section 4 we discuss the Ulam-Hyers stability and the generalized Ulam-Hyers stability of solutions for
Hilfer coupled system.

2. Preliminaries

Let us recall some basic definitions and notations of fractional calculus which are needed throughout
this paper.
Let K = C([a, b], R) be the space equipped with the norm defined by
llxl| = supllxl|,t € [a,b]}, (7(, ||.||) is a Banach space, and the product space (7( X K, ||.||) is a Banach space
equipped with the norm [|(x, y)llgxx = lx|l + [lyll for (x, y) € K x K.

Definition 2.1. [13] The Riemann-Liouville fractional integral of order a > 0 for a continuous function f : [a, c0) —
IR can be defined as

t
I*f(t) = ﬁ f (t —5)*" L f(s)ds. ®3)
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Provided that the right-hand side exists on (a,00). Where I'(z) is the Gamma function defined by I'(z) =
f e~ 7dt, R(z) > 0.
0

Definition 2.2. [13] The Riemann-Liouville fractional derivative of order a > 0 of a continuous function f is defined
by

RLa _ pnn—a n—a-1
D0 =010 = () [t @
Wheren —1 < a < n,n = [a] + 1, and [a] denotes the integer part of the real number a.

Definition 2.3. [13] The Caputo fractional derivative of order o > 0 of a continuous function f is defined by

CDUf(E) = 1D £(f) = f -5y~ (4 fioys ©)

Wheren —1 < a < n,n = [a] + 1, and [«a] denotes the integer part of the real number a.

Definition 2.4. (Hilfer fractional derivative [11]) The Hilfer fractional derivative of order o and parameter B of a
function (also known as the generalized Riemann-Liouville fractional derivative) is defined by

HD“’ﬁf(t) — [ﬁ(n—a)Dnl(l—ﬁ)(n—a)f(t)_ (6)

Wheren—-1<a<n 0<p<1,t>a D= ((jt)

Remark : When 8 = 0, the Hilfer fractional derivative corresponds to the Riemann-Liouville fractional
derivative:

TDYOf(t) = DIV f(t). )
While 8 = 1, The Hilfer fractional derivative corresponds to the Caputo fractional derivative:

D f() = "D (t). ®
The following lemma plays a fundamental role in establishing the existence results for the given problem.
Lemma2.5. [11] Let feL(@b),n-1<a<nneN,0<p<1,and [P0 f e ACKa,b] then

wH e, (t—a)k (n=a)(1-p) 4k _
(1Dt ) = f (t)_Z Mh-t-oi-p+1 A% ). ©)

The following lemma deals with a linear variant of the boundary value problem (1).

Lemma26. Leta>0,0<agazp,p2<10<pB1,B2q1,q <0, andy; = a; + pi — aifi, 6i = pi + 9i — pii,
withi=1,2,1<a1+a<2,1<p1+pr <2and hy, hy € C([a,b],R). Then the solution for the linear system of
Hilfer fractional Langevin differential equations of the form:

Hpab(Hpnf 4 A)x(t) = n(t), t€[a,b],
HprimHprae + 1,)y(t) = ho(t), t € [a,b],

@) =0, x(b)=) wd @), (10)
i=1

Y@ =0, yb) =) wU@)E),
j=1
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is equivalent to the integral equations

_ ’)/1+0(2—1
X(t) = Ia1+a2h1(t) - AllaZX(t) + (t {1)

m[‘p( — 1)

- Z Wil ik () + A1%2x(b) — Ay Z wil> vy (ni ))

i=1

" q’z( Y gl 6)) — () - 3 (e

j=1 j=1
+ )\zlpzy(b))], (11)
and

t _ 01 +pz—1 m )
y(t) = 11’1+P2h2(t) _ /\2lpzy(t) + (AI*(?l—_i_pz)[q)l(Z a)jla1+az+a]hl(éj)
j=1

m
- IPl*chz(b) - /\1 Z a)jla2+an(5j) + /\zlpzy(b)) + @3( - Ia1+a2h1(b)

=1
£ )l () + A Ix(B) - A2 Y Hil””“y(m))]' (12
i=1 i=1
where
(b _ a)y1+a2—1
o= ———, 13
[l Yo (13)
n (m _ a)51+p2+v,‘—1
O, = —_—, 14
: Z;” TO1+p2+ ) (49
m — g)ritaztoj- 1
Z ](5] ) (15)
— I'(y1 +ax + a])
(b _ a)éﬁpz—l
Oy = ————, 16
Y T6 ) (1e)
A= DDy — DDy 0. 17)

Proof. Applying the Riemann-Liouville fractional integral of order a; to both sides of (10) we obtain by
using Lemma 2.5

HDaz ﬁzx(t) + /\X(t) _ Ithhl(t) + ﬁ(t ))/1_1/ (18)

where ¢y constant and y1 = a; + 1 — a181. Applying the Riemann-Liouville fractional integral of order a»
to both sides of (18) we obtain by using Lemma 2.5

Co 1 C1 -1
— (- ——(t—a)?, 19
TOn + az)( a) r(]/2)( a) (19)

from using the boundary condition x(a) = 0 in (19) we obtain that c; = 0. Then, we get

x(t) = [ 2] (t) — AqI%2x(f) +

Co

x(t) = [ hy (1) = A IPx(t) + =——
0 1) = WIS + s

(t —a)ri+aat, (20)
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In the same process, for y we get by using the Riemann-Liouville fractional integral of order p; and p»,
respectively, on both side of the second equation in (10), and by using Lemma 2.5 we get

+ do S14p2—1 dq Sr—1
— JP1tp2 2 1+tpP2 2
y(t) = 1Py (1) — AL TP y(t) + TG, 2)(t a) + T(5) (t—a) , (21)

where dy, d; are constants, and by using the boundary condition y(a) = 0 in (21) we obtain that d; = 0. Then
we get

do Sy
— P1tp2 _ 2 (+ — q)01tp2-1
YO = I Pohalt) = MalPy(0) + st = o), 22)

from using the boundary conditions x(b) = i wilVi(y))(ni) and
i=1

y(b) = f w;(I?/(x))(&)) in (20) and (22), we get the system
j=1

D¢y — Dody = O,
1Co 200 1 (23)
—®yc + Dydy = Oy,
where
Q1 = ~1 %y (B) = Y PP o) + A Ix(D) = Aa Y il (), (24)
i=1 i=1
Q, = Z w1 (&) — P2 Ry (b) — Z W1 IX(E) + APy (b). (25)
j=1 =1
Solving the system (23) we obtain
_ CD4Q1 + (I)zQZ _ (Dle + CD3Q1
O By, | N7 By — s (26)

Substituting the value of ¢y, and dy in (20) and (22), respectively yields the solution (11) and (12). The
converse follows by direct computation. This completes the proof. [

Theorem 2.7. (Leray-Schauder alternative [9])  Let X be a Banach space, C a closed subset of X, A : C — C be
a completely continuous operator. Let

MA) ={xeC:x=0Ax ; 0<0O<1}.
Then either the set M(A) is unbounded, or A has at least one fixed point.

Theorem 2.8. (Banach fixed point theorem ) Let X be a Banach space, C a closed subset of X, and A:C — Cbea
strict contraction. Then A has a unique fixed point in C

3. Main results

In view of Lemma 2.6, we define the operator A : K x K — K x K by

A0 = ().
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where
(t _ a)y1+a2—1

Pl ) = I ft,2(0), y0) = Ml™x(t) + T

n

X [cm( — 1% £(b, X(b), y(B) = Y il gy, 20, y (1)

i=1

+ MI%x(b) — As Z Wl iy (n; )) + q)z( Z W IO F(E, x(E7), (&)

j=1

— P2 (b, x(b), y(b)) — Z W[ x(E)) + Azl”zy(b))],
j=1
and
( )61+p27]

Fal, )0 = I g(,x0), y(8) = Aay(D) + s

x qn( 2 (G X(E), Y(E) I, x(), y o)
j=1
=M1 Y @l x(E) + /\zlpzy(b)) " @3( — 117 £(b, x(b), y (b))
j=1

+ Z walP P g (i, (), y(mi) + AT x(b) = Az Z pil? 2”"y(m))]-

i=1 i=1

To simplify the computations, we use the following notations:
(b _ a)az (b )y1+a2 1 b - a)vtz+ff/
= + P
X l/\ll{F(az 1) AT + @) 'q)' 2+ 1) * 2|Z""f|r(a v o, +1)

o b ayre (n; —ay=* (b—ay
Y: = |/\2|{|A|r( [| 4|Z| 1|r(p v+ 1) |CD2|r(p2 T 1) }/

F1:

(b _ a)m +a ( (b _ a))/1+az—1 )
1+ %
Ty +ap+1) IAIT(1 + a2) |

b —a yi+as 1 (é _ a)al-l-[lz-ﬂ)']
+i——l———|ﬂ§:|A
IAIT(y1 + a2) T+ o +oj+1)

(b — a)r+ea-l ( ; — )PPt (b — a)Prr )
G i + | ,
T IATOL + a) | 4|Z|” r(p +p2+vl+1) | 2|F(p1+p2+1)

( ]_ )[¥2+0'/

o= b-o®
X2_|A1|{|A|1"(6 +p)[| 1|Z| flr(a +0;+1) |CD3|F(0¢2+1)]}'

_ (b-ay: (b—a)r*r (i —a)>™
Y2 = |A2|{F(p2+1) e +p2)[| !r +|®3|Z| T+, +1)}}

1246

(28)

(29)

(30)

(31)

(32)

(33)

(34)

(35)
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(b a)(51+p2 1 — )az+0/ (b _ a)a1+a2
P = AT T 79 |<1>1|Z| Ar( 5 D) (36)
— g\P1tp2 _ 4)\01+p2-1
AL
F(pl +p2+ 1) |A|F((51 + PZ)
b — g)dr+r2—1 — Ll P1+P2+Vz
) RN Z i )

|A|T(6 + p2) F(p +pr+vi+ 1)’

3.1. Existence result via Leray-Schauder alternative
Our first result is based on Leray-Schauder alternative

Theorem 3.1. Assume that f,g : [a,b] X R X R — IR, are continuous functions, and there exist real constants
M;,M; >0,i=1,2,3, such that, for x,y € R,

|f (£, x(£), y(E)I < My + Malx| + Ms|yl, (38)

lg(t, x(8), y(H)| < My + Malx| + MaJyl, (39)
if

Ki = (F1 + F2)Ma + (G1 + Go)Ma + (X1 + X2) < 1, (40)

Ky = (F1 + F2)M3 + (G + Go))M3 + (Y1 + Y3) < 1, (41)

then, the system (2) has at least one solution on [a, b]. Where X;,Y;, F;, G;, i = 1,2 are given by (30) — (37).

Proof. The operator A defined in (27) is continuous, by the continuity of functions f and g. We will show
that the operator A : K X K — K X K is completely continuous. Let B, = {(x,y) € K x K : ||(x, y)ll < 1}

be bounded set in K x K. Then, for any (x,y) € B,, there exist positive real numbers f and 7 such that
Lf(t, x(t), y(t)| < f and |g(t, x(t), y(t)| < g. Then, for any (x, y) € B,

(t _ a)yl +ap—1

||.?I1(x Y) “ < sup {IMMZU( (t, x(t), y(O)I + 1A% x(B)] + AT + @)

telab

X [I%I(I"”‘”I f(b, x(b), y(b))| + Z P2 g (i, (1), y (1)
i=1
+ A [x(D)] + Az Z Iuill””v"ly(m)l)
i=1

+ I<I>z|( 2 oI T F(Ef, x(E7), y(EN) + I P2|g (b, x(D), y (D))

=1

+ Z | 19247 x(E )| + lelmly(b)l)]}

=1



K. Hilal et al. / Filomat 37:4 (2023), 1241-1259

-y - b=

(b a)y1+a2—1
< F(a1+a2+1)f I/\1| [lx[| +

[(az +1) [AIT(y1 + az)

(b a)a1+a2 _ — a)P1+P2+Vz _
% [|®4|(F(a +ap + 1) Z il F(p1 +pa+ Vit 1)

b— ; p2tvi
+1A né( ||x|| IAzIZqu . H) T ||)

P a)a1+a2+o] _ (b _ a)p1+p2 _
2 |a)]| + g
1"(041 +ay+o0j+1) I'(pr +p2+1)

0(2+(F] (b —ﬂ)pz
+I/\1IZIw]Ir( +1)II x|l + 1Az oy + 1 Ilyll)]

< Fif + Xallxll + Gig + Yallyll,

+ |q)2|(

which implies that
I (x, Y| < Fif + Xallxll + Gag + Yallyll.
Similarly, we have that
IF2(x, Yl < Fo f + Xallxll + Gog + Yallyll.
From (42), (43), it follows that
KA, Il < [F1 + Pl f +[Gr + GalF + [X1 + Xalr + [Y1 + Yl

Then the operator A is uniformly bounded.

1248

(42)

(43)

(44)

Next, we show that the operator A is completely continuous. Let t1,¢t, € [a,b];t1 < t, then for any

(x,v) € B,we have

ty

[P (x(t2), y(t2)) = Fa(x(tr), y(1)| < (CEPR

1)

—(h - S)a”“rl)f (5, x(5), y(&))ds + | (t2 = 5)™ 7 £(s,x(s), y(s))ds
t

f1
" l"l?ajzl) lf ((t2 —8)= T = (t — S)“Z_l)x(s)ds

to V1+an—1 +ar—1
_ |(t — @)1+ — (t —a)1*™
+ t—s“zlxsds|+
ftl (12 =8 x(e) AT + )

X [|CD4|(10”+0‘2 |£(, x(b), y(b))| + Z |l P2 g (g, x(1i), y(103)
=1
+ [AI%2|x(D)| + |A2] Z IuiIIm”"ly(m)l)
i1

+ Iq)zl( Z la I (&7, 2(E)), y(E)] + I P21g(b, x(b), y (D))

=1

+ Z | 19247 (&) + IAzII”ZIy(b)I)]

=1
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t

153
< m( ((tz - S)a1+az—1 —(t1 — S)a1+az—1)d5’ + ‘ftl (t, — S)mmz_lds‘)

1"|?0élz|) | f ~ 9" = (=9 ey + j; tz(tz - S)“z‘lx(s)ds|

(ta —a)rrro2=l — () — g)rrtaz=l b —ag)ute b — a)®
| |[|<D4|( O F e

|A|F(7/1 + ap) T +ax+1) Iy + 1)
]+p2+1/ (7]1 z+'|/,
Zlyl F(p1 +p2+v1+1)g A 2|ZIHZ F(p +v; +1)|| “)

(Gt (g _
+ |<D2|(§ wjl= y LR S
= (m+ax+0j+1) I'(pr+p2+1)

_ )(12+(T]

' (b —ay
+ |A1|Z|w,|r( oyl el =5 IIyII)]

: m( tl ((t S)a]mz_l (t1 S)a1+az—1)ds| |ft2( S)a1+a2—1ds|)

lf|(/;12|)(|f (tr — az 1 _(t —5)"‘2 -1 ds 'f (tz—s)“Z 1ds)

|(t2 = ayr et — (1 — ayrea| [@4'( (b — a)m*@ Tl |r(b - )™

IAIC(y1 + az) T(ay + as + 1) "T +1)
_ a)P1+P2+Vi 777 _ a)Pz*'V:
+Z|’| T'(p +p2+v,+1)g+MZ|rZ|M o+ vi+1)

_ a)a1+az+a, _ (b _ a)p1+Pz _
+ |®2|(ZI ’|F(a1 T 1)f+ L(pr +p2+ 1)9

_ )az+a/ r(b - g)l’z
+ |A1|le,lm 'Az'm)]'

In the same process, we can obtain

_ )
[Fax(t2), y(12) = Folx(tr), (1) < ﬁ({ f (CEDa

— -y + f "o s)”””z‘lds’)

rl/\zl 2~ 2~ 2~
F(p)(‘f (tr =)' = (1 — 5)P 1ds f(tz—s)p 1ds)

((f2 —a)> Pl — () —a)PPem 1| (b—ayrtr: _ r(b — a)P>
[| 1|( g+ Al =—
[AIT(01 + p2) [(p1+p2+1) [(p2+1)
CS] _ a)m +az+0; CE] _ a)azﬂi/
* Z' fll"(al +m+oj+ 1)f+ "‘1"2' ]|1"( ay+oj+1)

1249
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n 7]1 _ a)p1+p2+vi _ (b _ a)aﬁaz —
+ |(D3|(Z | il T(p1 +pa +vi+ 1)94‘ T +ap + 1)f

r(ni —a)™ (b —a)®
+|/\2|ZI M T |A1|r(a2+1))].

Ast, — t; the right-hand side of the two above inequality tends to zero, implies that A(x, y) is equicon-
tinuous. Therefore it follows by Arzela-Ascoli theorem that A(x, y) is relatively compact then A(x, y) is
completely continuous.

Next, we will prove that te set M(A) = {(x, y) € K X K | A(x, y) = O0A(x,y);0 < 6 < 1}, is bounded.

Let (x, y) € M, with (x, y) = OA(x, y), for any ¢ € [a,b], we have

X(t) = Qﬂl(x/ y)(t)r (45)
y(t) = 0A(x, y)(B).
Then
(b —a)m™e (b —a)™
< —F
O] < o ey (M + Mkl + Malyl) + il s il
(b _ a)m +ap—1 (b _ a)m+oz2
AT s az) X |1Pall Fa gy (M1 + Malxd + Mslyl)
— a)Pl*PZ*Vi ( )
+ Z il pl oy Ty M+ Ml + Malyl) + e
)p o +V;i (5 _ a)a’1+0(2+0/
+1al 2 i r(p T T s+ 1 Z e
(b — a)pl P2 __ —
X (M + M|x| + M +—M+Mx+M
(M1 + Mol 3Iyl) Tt 7y 7T (M * Maltl + Mily)
_ )az+cf (b_ﬂ)pz
+|)\1|Z|w]| +1)|| x|l + 172 — Il
< Pl(Ml + Malx| + M3|y|) + Gy(M + Malx| + Malyl) + Xallxll + Y1 llyll.
Then,
llxll < <F1M1 + Gll\Tl) + (Fle +GiM, + X1)||X|| + (FlMs +G1M; + Y1)||y||- (46)
In the same process, we can obtain
lyll < (Fle + G1]\_/11) + (FzMz +GoM, + X2)||x|| + (F2M3 +GyM; + Y2)||y||, (47)

which imply that
llxll + 11yl < (F1 + F))Mi + (G + Go)Mi + [(Fl + F2)Mz + (G1 + G2)M;

+ X+ xz)]nxn + [(ﬂ £ F)M; + (Gr + Go)Ms + (Y1 + m]uyn,
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thus, we obtain

(F1 + F))Mi + (G1 + Go)M,
min(l -1 - 7(2)

Where Kj; K, are given by (40) — (41). From (48) the set 9t is bounded. Therefore, by applying Theorem 2.7,

the operator A has at least one fixed point. Therefore, we deduce that problem (2) has at least one solution
onla,bl. O

(48)

G Il <

3.2. Uniqueness result via Banach’s fixed point theorem
To deal with the existence and uniqueness of solution for our system (2), we use Banach contraction
principle.

Theorem 3.2. Suppose that f,g : [a,b] X R X R — R are continuous functions. In addition, we assume that :
(H1) There exist constants L1, L, > 0 such that, for all t € [a,b] and x1,x2, 1,2 € R,

£t %2, y2) = £, 21, 90| < L (%2 = 311 + [y2 — 1), (49)

l9(t, %2, y2) = 9t %1, y)| < Lol = 31| + ly2 = y1])- (50)
Then, the problem (1) has a unique solution on [a, b], if

(Fr+ F2) L1+ (G + Go) Lo+ (X1 + Xo) + (Y1 + Y2) < 1. (51)

Proof. Consider the operator A defined in (27). The system (2) is then transformed into a fixed point
problem (x, y)(t) = A(x, y)(t). By using Banach contraction principle we will show that A has a unique fixed
point.

We set supieap; = |f(,0,0)| = L1 < 0o, and suprefap) = 19(¢,0,0)] = L, < 0o and choose r > 0 such that

(F1 + F2)L1 + (G1 + Go)Ly
r2 .
1- [(Pl + Fz).El + (G1 + G2)£2 + (X1 + Xz) + (Yl + Yz)]
Now, we show that AB, C B,, where B, = {(x,y) € K XK : ||(x,y)ll < r}. for any (x,y) € B,, t € [a,b] we
have
Lf(E x(8), yO)I < |f (¢t x(8), y(1) — £(£,0,0)l + |£(t,0,0)|
< Li(lx®)l + ly@®)l) + Ly
< La(llxll + [lyll) + L
< Lir+1,, (53)

(52)

similarly, we have
lg(t, x(B), y(B)I < Lo(llxll + lIyll) + Lo < Lor + Lo (54)
Then we get

(t _ a))/1 +a2—1

|ﬂ1(x, y)(t)| < sup {Ialmz If (&, x(8), ()| + [A % |x(H)] + AT+ @)

tela,b]

x [|<1>4|(1a1+“2 (b, x(B), y®))| + Y g i, (1), Y1)
i=1
@)+ 121 Y |yi|ﬁ2+”fly<m)|)
i=1

+ |®2|( Z | I 2T (€5, 2(E5), y(EN) + IPP2|g (b, x(D), y (D))

=
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+ Z | 19247 x(& )| + lel’”ly(b)l)]}

=1
(b _ a)l,h +ay

T T +ar+1)

(b _ a);q +ap—1
|/\|F(7/1 + a2)

(b — a)alﬂlz 7]1 — a)Pl"’Pz"'Vz
[|®4|( fa s L) Z| oLt la)

1A |(§ ||x||+IAz|Z|Mz —o” sy ||)

+w+1

(b —a)®

(£1?+L1)+|A1| ( +1)

m (5] _ a)a1+a2+0, (b _ a)lerpz
* "1’2'(],_21 Ry AR A v )

,_ )(12+(T] (b_a)pz
+|A1|Z|w,|r( Tyl el

< (F1~£1 + G1.£2 + X5+ Yl)r + F1L1 + G1L2,

which implies

||f/7{1(x, y)” < (F1.£1 +G1Ly + Xq + Y1)1’ + F1L1 + G1L,. (55)
Similarly, we find that
I, y)|| < (F2La + GaLa + Xa + Yo )r + FaLy + GoLo. (56)

Then, from (52) we obtain
IA(x, y)” s[(l—} + Fz)£1 + (Gl + G2)L2 + (Xl + Xz) + (Yl + Yz)]r
+ (Pl + Fz)Ll + (Gl + Gz)Lz <7, (57)

which implies that AB, C B,.
Next, we will show that the operator A is a contraction,

| (2, y2)(8) = A (1, y1)(#)] < T2 f(E x2(8), ya (D) = f(E x1(E), y1 (E)]
(t _ a)y1+az—1
IAT (1 + a2)

X [|<I>4I(I“”“2 |f(b, x2(b), y2(b)) = f(b, x1(b), y1 (D))

+ A2 |xo (F) — x1 ()] +

£ ) P g, 2a(15), y2 () — 90 30 (), ya (7))

i=1

IS 0) = 101+l 1) = o

i=1

+ |®2|( Z lew (I (&5, x2(E5), y2(&7)) = F(E), x1(E)), ya(E))]
=1
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+ P72 g(b, x2(b), y2(b)) — g(b, x1(b), y1(b))|

+ Z |1 x2(E ) = x1(E7)] + |A2lTP2[y2(b) — yl(b)|)]

j=1
(b _ a)alﬂrz B ~ (b — a)az 3
_r(almzﬂ)z:l(nxz x| + [ly2 y1||)+|/\1|—r(a2+1)||x2 xill

b—a Y1i+az—1 b — g)mitaz
(b gyt ||q)4|( (b-a)

+ —_—
|A|F(y1 + 0(2) I“(oq + an + 1)

n N
(T]i — a)P1+P2+Vz
’ ;‘ |Hl|r(P1 +p2 i+ 1)£2(”x2 —xill +lly2 - ]/1||)

Li(lle2 = 1l + lly2 = 1)

ﬂ“x _x||+|/\|zn"| .|M” —ll
w1y 21‘:1 ”ll"(p2+v,~+1) Ya=h

b-
A
+1 1'1‘(0@
m (é _ a)a1+a2+(fj
" |®2|(Z|wj| ] L2 - 2l
j=1

[ +ax+0;+1)

_ (b= _ _
e = yill) + =y Lallle =l + vz - il

m (5 _ a)(xzﬂr]‘ b— a2
Y o= = e+ 1l Y
=) p2 +1

F(ozz t0oj+ 1)
< (F1L1 + G Ly + X + Yl)(“Xz —x1ll +ly2 - y1II),

which implies

||ﬂ1(xz, y2)(t) — A (x1, }/1)(t)|| < (F1-£1 + G L+ X1+ Y1)(||X2 = x1ll + [ly2 = }/1||)- (58)
Similarly, we find that
||ﬂ2(x2, y2)(t) — Ar(xq, y1)(t)|| < (P2£1 +Go Ly + X + Yz)(“Xz = xl + [ly2 — y1II)- 59)

From (58) and (59) we obtain
IAGx2, y2) = ACer, y0)|| <[ (Fr + F2) L1+ (1 + Go) Lo + (X1 + Xo)

+ (v1 + ) (b2 = xall + lly2 = wall). (60)

As (F1 + Fz)Ll + (G1 + GZ)LZ + (X1 + Xz) + <Y1 + Yz) < 1, then A is a contraction operator. Therefore, by
Banach’s fixed-point theorem, the operator A has a unique fixed point which is indeed a unique solution
of system (2) on [a, b]. The proof is completed. O

4. Ulam-Hyers stability analysis

In this section, we study Ulam-Hyers (U-H), generalized Ulam-Hyers (G-U-H), stability of solution to
the Hilfer coupled system (2) .

Let € = (&1, €2) > 0, we consider the following inequalities

Hpabi(HDefe 4 A0)x(h) - (1, %(E), §)| < &1, € [a,b], (61)
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Hppoa Dz 1 0)i(t) — gt, %(b), §(0)| < €2, t € [a,b], (62)
and %(b) = x(b), j(b) = y(b)

Definition 4.1. [1, 7] The Hilfer coupled system is U-H stable if there exists A = (A, A;) > 0, such that for each
€ = (&1,&2) > 0 and for each solution (%, §j) € K X K of inequalities (61), (62), there exists (x,y) € K x K solution
of the coupled system (2) complying with

(% §) = (%, Pllxexxe < Ae. (63)

Definition 4.2. [1, 7] The Hilfer coupled system is G-U-H stable if there exists ¢ = (¢f, ;) € C(R,R)) with
(0) = (f(0), 94(0)) = (0,0), such that for each & = (&1, &2) > 0 and for each solution (%, i) € K X K of inequalities
(60) — (61), there exists (x, y) € K x K solution of the coupled system (2) complying with

(X, §) = (%, Yllxxx < @le). (64)

Remark 4.3. A function (%, i) € K X K is a solution of inequalities (61) — (62) if and only if there exists a function
(1, hp) € K X K such that

i- | (t)] < &1 and |hy(t)] < &2,
ii- fort € [a,b]

{HD“I'& (D™ + A)x(t) = f(t, X(t), §(1) + ha(t) (65)

ADPa(TDP + A i(t) = glt, X(t), (1) + ha (D).

To simplify the computations, we use the following notations:

B (b _ a)a'1+a2 (b _ a)"‘z (b _ a)y1+a271
i v, 1)£1 TG+ T IATOr T )

L Il)p1+p2+vf m (é _ a)a1+a2+cff

) J
|®4|Z|”| I'(py +p2+1/ +1)'£2+|q)2|(jZ‘f'w]lF(Dq+0¢2+U]-+1)'£1
,_a)a2+o]
+|A1|2|w,| o +0]+1))] (66)

B (b _ a)a1+a2 (b _ a)yﬁazfl
T T +ar+ 1) AT + )
(771 — g)P2tvi n F— q)PrrPt

|cp4|(|)\z|Z|uz T+ v 1) Zlulr(p Ty D)

E'_ a1+ar+0;
+|<I>Z|Z|w]| €2 L] (67)

[ar+ax+0j+1)

(b — gy
A= —— L[ +]|A
2= Ty v+ )22 A2

(b-ay:  (b—afrr!
F(pz + 1) |A|F(61 + PZ)

— )a1+az+a, _ Ll)pl P2+

[|®1|Z|w] [ar+ax+oj+1) 1+|(DS|(Z:|HZ I'(p1 +p2+v7+1)£

(1 = ap
+|A2|Z|ul oot +1))] (68)
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(b — (b — a)or+p1
Bz = 2+
[(p1+p2+1) [AIT(61 + p2)
5] _ )az+U] m , a1+az+o]
|®1I(IA1|ZIw, 2o+ 1) Z' f'r(al +a2+0]+1)L
— a)Plﬂ’erV:
+ D3| Z il f(p +p+vi+l) ] (69)

. B1B;
Theorem 4.4. Assume that (H1) hold,if Ay > 1,A, > 1, and 1 - ————
(H1) holdif 21 > 1, A2 = A~ A)

Ulam—Hyers stable on [a,b] and consequently generalized Ulam—Hyers stable, where A;, B;,i = 1,2 are given by
(66) — (69).

Proof. Let € = (e1,¢€2) > 0, and (%, ) € K X K satisfies inequalities (61) — (62), and (x,y) € K X K be the
unique solution of the problem (2) with the conditions %(b) = x(b), §i(b) = y(b), then by Lemma 2.6, we have

# 0 then the system (2) is

(t _ a)y1+a271

X(0) = 1M £t 3(8), y(E) = IO + s

n

X [(Iu( — 192 £ (b, x(B), y(B) = ) il g, x(y), y(m1)

i=1

+ AI%x(b) — Ay Z Mi]’pz-*'viy(m)) + (Dz( Z a)]»I(X1+az+ajf(£j, X(EJ), y(é]))
=1 =1

_ o g(b, x(b)l y(b)) _ Z wjlazﬂflx(éj) + A, IP? y(b))], (70)

=1
and

(t _ a)§1+p2—1
AF(61 + pz)

e X it ) 0,0, 000

j=1

y(t) = Py, x(1), y(1) — APy () +

W Z W 1% Ix(E)) + )\zlpzy(b)) + q>3( — 1% £(p, x(b), y (b))

j=1
+ Z PP g (s, (), y (i) + A2 x(b) — AzZ il vy (n; ))] (71)
i=1
Since, (%, i) € K x K satisfies inequalities (61) — (62), by the remark we have
HpmbrHpab 4 ANx(t) = f(t, X(F), §(1) + (), t€[a,b),
Hproa (MDA + 05)ij(t) = g(t, %(t), §(H) + ha(t), t € [a,b],
Xa)=x(@) , x(b)=x(b),
§@) =y@ , jb)=yb),

then by Lemma 2.6, we have

(72)
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2(H) = 1972 £(8 (4, it P ({_-_a))/lﬂvz—l
x(t) = f(&,x(8), §(1) — A x()+m

{17 0,500, 500 - Y a0, 5000, 50)
i=1

+/\110¢255(b) — AZ Z [uipfizﬂ/,'y(ni)) + q)z( Z a)jla1+a2+g/f(éjr f(éj), y(g]))

i=1 =1
— (b, 3(0), §(0)) — Y @ IIEE) + Azlpz?(b)) I (),
j=1
and
~(t) — 1P1+pz (t J?(t) ~(t)) _ /\ IPZ ‘“(t) + M
y g 4 ’y 2 y AF((Sl +p2)
e XS e e 56, 7690 - 90,500, 50)
=1
- A Z wITIR(E) + Azﬂ’zg(b)) + <I>3( — 177 f(b, %(b), §(b))
=1
+ Z pilP g (ng, (i), (i) + AIPER(D) — Ay Z in”W"y(m))]
i=1 i=1
+ Ipﬁpzhz(t).

On the other hand, we have, for each t € [, D]
|[%(t) — x(8)] < 12| f(t, %(b), 5(D) — £t x(t), y(E)]

(t _ a)y1+a2—1
IAT(y1 + a2)

X [I%I( X el g g, %070, 507)) = 900 %), Yo
i=1

+ [Aq|I21%(t) — x(t)| +

1ol Y L+ () — y(m)l)
i=1
+ IszI(ZI ST f(EG, R(E7), PE) = F(E,x(E), y(EN)]

+ 4] Z lew;[I*2*911%(& ) — x(gj)|)] + 02| (f)|
j=1

_om ™ - . (b-a)
_F(Oé1+0r2+1)£1(”x Hllge + 117 = ylixc) + 1A L

(b—ayrret [ ( (s — @)=+
+ e A ; _

AT +an [ 2|Z|” Ta v v )7~ Yllx

._a)p1+p2+v

Zml T 70 7y L = e + ||y—y||«))

1256

(73)

(74)
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(é] )(1/1+062+U]
@
* 2|(Z|a)] I[(ay +az +0; +1)£1(||x Hire
L )1X2+O'/ (b _ a)oq +a;
+17 - yllx +|/\1|Z|a)]|m||x—xnfk S

< Aqll® = xllg + Billi — yllge + Cre,

which implies,

C Bi .
< &1 - .
1% = llge < 7= 9T 17 — vllx (75)
Where
(b _ a)a1+a2 (b _ a)‘*z (b _ a)y1+a2—1
Al = ——F——
LR Y 1)£1 NG D T IATOr F )
. a)p1+p2+V,‘ R a)t)t] +a2+U]'
) )
x|l 4|Z|y| T Tt 2|(Z|wjlr(a1+a2+0]+1)£
. )Dt2+0']
+1l 2 |w]| Y- 1))] (76)
(b _ a)m+az (b _ a)y1+a2—1
B1 = 1+
T +ax+1) AT (y1 + az)
(7]1 )p2+v, _ a)p1+p2+v,
|<1>4|(|Az| Z e Z o r(p e 12
_ a)a1+a2+o,
+|(D2|Z|w]|1"(041 +a2+o]+l)£] @7
(b _ a)ﬂt1+az
= 7
! o +a,+1) ( 8)
Similarly, we have
C, B>
19~ vk < T=ze2 + T~ e 79)
Where
(b—ayr: (b-ay:  (b—ayrrt
Ay==—"—"—Lr+]|A +
T T +p+ ) | 2'r(,g2 +1) Ay + p2)

— )a1+az+a, _ Ll)pl P2+

[|®1|Z|w] o +a2+a,+1)£1+'®3'(2'”1 o T TR

(1 = ap
+|A2|Z|ul oot +1))] (80)
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(b — ay+r (b — a)Pr+r2-1
+
T +p2+ 1) JAITG: +p2)

B, =

] _ )(¥z+[f] a]+(kz+U]

é m '
|®1|(Ml|zlw1 2+0j+1) Zl ]ll"(oq +a2+0]+1)L

— a)Plﬂ’erV:
+|c1>3|z|y, r(p +p2+vl+1) ]

_ (b—apr:
B F(p1 +p2 + 1)
It follows that

- Bi . 1
— - — < >

1% = xllac = 7= 7 17 = yllx < 1-A, ¢
G

S1oA¢

17 = vl — —2— |z -«
yy“lA K=

Then (79) can be writing as matrices as follows

~ C
( L —f—gl)(ux—xu«) <[ z:;‘l ,1]
— 1 17 — yllx €2

by simple computations, the above inequality becomes

. 1 B s
(||3~C—x||7<) <| 2 A(l—lAl) x| T €1
”]/_ ]/”7( A(TZAZ) Z 1_1242 &

B1B;

where A=1—- ————— +# (), this leads to
1-AN1-A4y)
1% - 2 G BG
K= NI Ay T A AN - Ay
17—l Bay C2_,
IV = NT—ANa - A T AT - Ay 2
We get

“x x|| +|| ” C1(1 A2)+B2C1€ +C2(1 A1)+B1C2
KW YIRS RO AN - A T AT AN - Ay

Cl(l - A;)_) + B2C1 + Cz(l - Al) + 31C2
Al = A1)(1 - Ap)

for ¢ = max(eq; €3) and A = , wWe obtain

1%, ) = (@, Yllgexxe < Ae.

This proves that the Hilfer coupled system (2), is U-H stable.
Moreover, by setting ¢(¢) = Ae with ¢(0) = 0 we get

I(E, ) — (x, Yllxexx < @(e).

This shows that the Hilfer coupled system (2) is G-H-U stable. [

1258

(81)

(82)

(83)

(84)

(85)

(86)

(87)

(88)

(89)

(90)
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