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Abstract. In this article, we establish the existence and uniqueness of (c1)-differentiable and (c2)-
differentiable solutions to first-order nonlinear impulsive fuzzy differential equations under generalized
Hukubhara differentiability using the contraction mappings principle. In particular, (c1)-differentiable solu-
tions are written as hyperbolic cosine and sine functions with impulsive terms, which is the main difficulty.
An example is provided to prove our results.

1. Introduction

Impulsive differential equations are used in many fields (see [1-9]). Existence theory of fuzzy differen-
tial equations was studied in [10-15]. Generalized derivatives further expand the original H-differentiable
fuzzy numerical function class. Within this framework, fuzzy differential equations allow solutions with
decreasing length (diameter) of the support sets. However, some scholars believe that under this differen-
tiability, the uniqueness of the solution of fuzzy differential equations with an initial value is destroyed.
In fact, there are two solutions with increasing and decreasing support sets in a neighborhood of a point,
but it is this seemingly shortcoming that helps in considering fuzzy problems because in an actual prob-
lem the suitable solution can be selected according to the characteristics of the problem itself. We have
a basic knowledge of the general state (convergence or divergence) in the study of physical, biological
or medical problems, so one would choose the solution that conforms to the actual situation. Liu et al.
[16, 17] adopted the variation of constant formula to present the representation of (c1)-differentiable and
(c2)-differentiable solutions for first-order linear impulsive fuzzy differential equations with constant co-
efficients. Vu and Hoa [18] considered the existence and uniqueness of solutions to nonlinear impulsive

fuzzy functional differential equations under generalized Hukuhara differentiability using the contraction
mappings principle.
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Motivated by [16-18], we study first-order nonlinear impulsive fuzzy differential equations (described
by a linear part with a nonlinear perturbation) and discuss existence and uniqueness of (c1)-differentiable
and (c2)-differentiable solutions. In particular, (c1)-differentiable solutions are written as hyperbolic cosine
and sine functions with impulsive terms, which is the main difficulty. The remainder of this paper consists
of the following three parts. In Section 2, we introduce notations, definitions and theorems for fuzzy sets.
In Section 3, we give some conditions about the existence result of the solution for nonlinear impulsive
fuzzy differential equations. In the last section an example is given to prove our conclusions.

2. Preliminary

Let N = [0,7]. Now C(N,Rr) denotes the space of all continuous functions from N into Rr. Let
PC(N,Rp) :={v: N > Rp: v e C((ig, k31], Rp), k € My and 3 v(y) and V(L;),k € My, with v(r;) = v(i)},
where My ;=M U {0}, M ={1,2,--- ,m}, and ; < 41 foranyk € Mg, here0 =19 <11 <1 <+ <y <ty <
lm+1 = .

We have collected a number of symbols and concepts that will be used throughout the text. For more
detailed information, see [20, 22].

Denote by Rr := {x | x : R — [0, 1]} the class of the fuzzy subsets of the real axis satisfying (X1)-(X4):

(X1) x is normal (i.e., A kg € R s.t. x(xg) = 1).

(X2) x is convex fuzzy set (i.e., x(&s + (1 — &)s1) = min{x(s), x(s1)}), Vs, s1 € Rand & € [0, 1].

(X3) x is upper semicontinuous on R.

(X4) [x]° = {x € R: x(x) > 0} is compact.

Let o € (0,1]. Consider the a—level set of x € Rr by [x]* = {s € R | x(s) > a}, which is a nonempty
compact interval Yo € (0,1]. We use [x]* = [)( , Xo] to denote explicitly the a—level set of y and use X, and

X, denote the lower and upper branches of y, respectlvely diam([x1*) = X0 — X, denote the length of X
Ya €[0,1], 1,7 € Rrand & € R, we define il + ¥ and &ii as [ii + 9] = [i]* [v]“ =[a,+0 _a,ua + 3,] and
[Ea]® = £[a]*. _
Define D : Rr X IR — R, U{0} and consider the Hausdorff distance D(i1, 0) = sup max{|i, —3 |, |l — Tal}
ael0,1]
(see [14]). Then (IRf, D) is a complete metric space (see [15]) and (i) D(ii + &, + &) = D(ii, %), Vii, 9, € Ry, (ii)
D(cil, c@) = |c|D(i1, ), V¢ € R, @I, 7 € Ry, (iii) D(i + &,3 + 9) < D(ii, 9) + D(¢, §), Yil,9,¢, § € Ry are satisfied.

Definition 2.1. (see [20]) Let Q : [01,t1] — Rr be measurable and integrably bounded. The integral of Q over
[01, 7t1], express as fo 7:1 Q(1)dy, its levelwise is expressed as follows

[ f "o f (@) d:

= {f Q()de | Q : [o1, 1] — Rr is a measurable selection for [Q(-)]“},

01

Ya € [0,1].
In this article, we apply & to denote the H-difference. We must take note of a1 ©a, # a1 + (=1)az := a1 — a,.

Definition 2.2. (see [20]) Let @ : N — R and take a fixed ny € N. If @ is differentiable at ng, then Ao’ (ny) € Re
such that

(c1) Vp > 0 sufficiently close to 0, the H-difference @(ng + p) © @(np), @(no) © @(ng — p) exist and the following
limits (in the metric D)

. @(ngtp)oa(my) . @(ng)©ad(ng —p)
lim = lim
p—0* p p—0* p

= @'(no),

holds or
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(c2) VYp > 0 sufficiently close to 0, the H-difference @(no) © @(ng + p), @(ng — p) © @(no) exist and the following
limits (in the metric D)

. om)eam+p) . o —p)oad(n)
lim = lim =
p—0* -p p—0* -p

@' (o).

holds.

Definition 2.3. (See[20]) Let @ : N — Rr. @ is (c1)-differentiable on X if @ is differentiable Case (c1) of in Definition
2.2 and can be denoted Dy@. Similarly, (c2)-differentiability denote by Dr@.

Theorem 2.4. (see [20]) Let @ : 8 — R and put [@(1)]* = [7a(1), La(1)] for each a € [0,1].
(i) If @ is (c1)-differentiable then j, and €, are differentiable functions and [D1@(1)]* = [7,(1), %(1)].
(ii) If @ is (c2)-differentiable then j, and £, are differentiable functions and we have [Dr@(1)]* = [Z,(1), 7,(1)].

Theorem 2.5. (see [21]) Let 3 : 8 — Ry and we suppose that the derivative 3’ is integrable over N. Then Vi € N,
we obtain

(a) if 3 is (c1)-differentiable, then (1) = I(b) + fbl J’(s)ds;
(b) if 3 is (c2)-differentiable, then 3(1) = I(b) © sz —3(s)ds.

Theorem 2.6. (see [20]) Let @ be (c2)-differentiable on N and assume that the derivative @' is integrable over N.
Then for each 1 € N we have

(1) = o) e fl -@'(1)dt.

Theorem 2.7. (see [23]) Let 3 : X — Rf be continuous. Define E(1) := oef; —3(s)ds, 1 € N, where 0 € Rf is such
that the preceeding H-difference exist on N. Then E(1) is (c2)-differentiable and 2’ (1) = 3(1).

Consider the following conditions (here @ : R — Rf):
(H1) Fora givent € N, @(t + h) © @(1) and @(1) © @(t — h) exist for h — 0%;
(H2) Fora given 1t € N, @(t) © @(t + h) and @(t — h) © ®(1) exist for h — 0.

3. Main results

3.1. Existence results

We consider the following systems:

V(1) = av(t) + I, v(1), L€ [0,7T], ¢ # i,
Av(y) = cv() + I, kER, (1)
V(O) =V € ]Rp,

wherea <0,0=1p<iyu << <<l <ty = Landl: [0, 7] XRr > Rr, 1 + ¢, <0, ) € Rp.

In this paper, we consider Case: (c1)-differentiable and Case: (c2)-differentiable.

We give the following lemma, which transfers the result for linear fuzzy differential equations in [16, 18]
to the nonlinear case.

Lemma 3.1. Assume that the function 1 : 8 X Rr — Rr is continuous. v : X — Ry is a solution of problem (1) if
and only if v is piecewise continuous on t € N and it satisfies (L1) or (L2):
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(L1) v is (c1)-differentiable case:

where

0]

cosh(at)vy + sinh(at)vg

+ f()L[cosh(a(L —5))(s, v(s)) + sinh(a(t — s))I(s, v(s))]ds, t € [0, 11],

(1 + ¢1) sinh(at)vy + (1 + ¢1) cosh(at)vg

+ fou [(1 + ¢1) sinh(a(t — 5))I(s, v(s)) + (1 + c1) cosh(a(t — s))I(s, v(s))]ds
+ j:[cosh(a(t —s))(s, v(s)) + sinh(a(t — s))I(s, v(s))]ds

+cosh(a(t — (7)) + sinh(a(t — 1)), ¢ € (11, 12],

| coshiats = ¢))n + sinh(a = )z |vo

+] cosha(c = i)z + sinh(ac - ) |vo

+ X [ |+ esinhat - )+ ata - sy
+(1+ ) cosh(ae = ) +as; = )z 15, 7(9)
+{(1+ ) coshlat = ) +at —

+(1+ ¢ sinh(a(c — i) + a; - s))mZ]J(s, v(s))}ds
+ J* {| + o sinbiate - ) coshiatuc - )
+(1+ ) cosh(as - 1)) sinha(u. ~ 9) [, v9)
+{(1+ ) sinh(a - ) sinh(a(u - 9)

+(1+ ) cosh(a(t — ) cosh(a(y - s))]J(s, v(s))}ds
o [Cosh(a(t — $)X(s,v) + sinh(a( — 5))3(s, v(s))]ds
+ X {[ coshtat = gy + sinate s

+[ cosh(a(t - ¢"))m; + sinh(a(c - L;))m1]3i}
+cosh(a(t — )] + sinh(a(t — 1)),
L€ (e, 1],

_Giptip _Cj1—¢Cp _Intrp

P1 = 7 ; P2 = 2 /ml—T/m

1
¢t = H[(1 +¢)sinh(a(t; - (£,)) + (1 + ¢;) cosh(a(; — 7)),

=k

1
Cip = H[(l + ¢j) sinh(a(t; — L;'_l)) — (1 +¢j) cosh(a(tj - l}'_l))],

=k

i+1

rp = H[(l + ¢;) sinh(a(t; — l;'_l)) + (1 + ¢;) cosh(a(t; - L;r_l))],

j=k

i+1

rp = H[(l +¢j)sinh(a(tj - ) - (1 + ¢;) cosh(a(; — t2)))].

oK

_ 1’]'1 - 1’]'2
- Vi

2

1226
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(L2) v is (c2)-differentiable case:

v © [1(=1)e" (s, v(s))ds, 1 € [0,1],
D1 + ¢p)e" vy © { [ (=D DA+ e)eX(s, v(s))ds

+ LD, v+ DI, L€ (1,

V(L = o d o k=1 ; o L i
0] PG H(l + Cj)ea(z, Lj_l)VO 9{ Z j:l(_l)eﬂ(t_Lk) H(l + C]')ell([] )
j=k i=1 """ j=k

X(1 +¢;)e"=9)(s, v(s))ds + [ :l (=1)e™ (1 + ¢)e (s, v(s))ds

k-1 i+1 . N
+ f“:(—l)e"(“s)l(s,v(s))ds} + zl A1) q(l + ¢TIy 4 Y,
i= j=

L€ (lk, tan,

provided that the Hukuhara differences exist in (3).

Proof. Case 1. v is (c1)-differentiable.
If v satisfies (1), then it satisfies (2). Indeed, if € [0, 11] we can get

V(1) = av(t) + (i, v(1)).
From [19, Lemma 3.2] we can get
V(1) = cosh(at)vy + sinh(at)vy + fl[cosh(a(t —8))(s,v(s)) + sinh(a(t — 5))3(s, v(s))]ds.

0

Then ;

v(11) = cosh(at1)vg + sinh(ai)vy + f [cosh(a(ty — s))3(s, v(s)) + sinh(a(t; — s))I(s, v(s))]ds.

0

If 1 € (11, o] then [19, Lemma 3.2] implies that

v(t) = cosh(a(t — (7)v(i) + sinh(a(t — 7)v(])
+ fL[COSh({l(l —s))A(s, v(s)) + sinh(a(t — s))(s, v(s))]ds
= (1 +lc1) sinh(at)vg + (1 + ¢1) cosh(at)vg

+ fll [(1 + ¢1) sinh(a(t — s))A(s, v(s)) + (1 + c1) cosh(a(t — s))I(s, v(s))]ds
0

+ f [cosh(a(t — 5))3(s, v(s)) + sinh(a(t — s))3(s, v(s))]ds
+cosh(a(t — (7))} + sinh(a(t — ).
Repeat the above procedures, we get 1 € (i, ti+1], k € N, by using [19, Lemma 3.2], we can get

(1) cosh(a(t = t))v(t)) + sinh(a(t — ;)))v(1))

+ fl[cosh(a(t —s))A(s, v(s)) + sinh(a(t — s))(s, v(s))]ds

[COSh(ﬂ(L — 1)1 + sinh(a(t - L;))(pz]VQ

+[cosh(u(t — 1))@z + sinh(a(t — l;))(p1]1/0
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k=1

vy f ' {[(1 + cp)sinh(a(t - i) +a(i; — $))m;

i=1 Yt

+(1 + ¢;) cosh(a(t — 1) + a(1; — s))mz]J(s, v(s))
+[(1 +¢;) cosh(a(t — 1) + a(l; — s))ym
+(1 + ¢;) sinh(a(t — 1) + a(1; — s))mz]J(S, v(s))}ds

+ fllk {[(1 + ¢) sinh(a(t — 1)) cosh(a(y — s))

k-1

+(1 + cx) cosh(a(t - ) sinh(a(y — s))]J(s,v(s))
+[(1 + ¢ sinh(a(t - ) sinh(a(iy - 5))
+(1 + ¢) cosh(a(t ) cosh(a(t - s))]J(s,v(s))}ds

+ f L [Cosh(a(t — $))X(s, v(s)) + sinh(a(t — s))J(s,v(s))]ds

k-1
+ Z {[cosh(a(t — 17))my + sinh(a(t - l;))mz]Ji
i1

+[ cosh(a(t - ¢))my + sinh(a(t — L;))Wq]J,‘}
+cosh(a(t — )X + sinh(a(t — ).
If v satisfies (2), then it satisfies (1). Indeed, if 1 € [0, 11], it is easy to see that
v(0) = cosh(0)vg + sinh(0)vy = vp.
According to Lemma 3.2 in [19] we can get
V(1) = av(t) + X, v(v), for €0, 1]
Ifte (un,n]and t—h € (1, 1] with h > 0 sufficiently small, we can get

v(i)ov(t—h)
= (1+ ¢y)sinh(at)vg © (1 + c1) sinh(a(t — h))vg 4)
+(1 + c1) cosh(at)vg © (1 + c1) cosh(a(t — h))vg

+ fll[(l + ¢1) sinh(a(t — 5))3(s, v(s)) © (1 + ¢1) sinh(a(t — h — 5))3(s, v(s))]ds
0

+ fll[(l + ¢1) cosh(a(t — s))I(s, v(s)) © (1 + ¢1) cosh(a(t — h — s))I(s, v(s))]ds
0

(—h

+ f [cosh(a(t — 5))3(s, v(s)) © cosh(a(t — h — 5))3(s, v(s))]ds
th—h

+ f [sinh(a(t — 5))3(s, v(s)) © sinh(a(t — h — 5))1(s, v(s))]ds

+£h cosh(a(L—s))J(s,v(s))ds+ﬁh sinh(a(t — 5))3(s, v(s))ds
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+[cosh(a(c — 1))} © cosh(a(t — h — )] + [sinh(a(t — )} © sinh(a(c — i — )],
and for 1+ h € (11, 12],

v(t+ h)ev()
= (1 + ¢q)sinh(a(t + h))vy © (1 + c1) sinh(at)vg (5)
+(1 + ¢1) cosh(a(t + h)))vo © (1 + ¢1) cosh(at)vg

+ fo ll[(l +c1) sinh(a(c + 1 = 5))3(s, v(s)) © (1 + c1) sinh(a(t — 5))3(s, v(s))]ds
+ j; [1[(1 +c1) cosh(a(e + 1t = 5))3(s, v(s)) © (1 + c1) cosh(a(c — 5))J(s, v(s))]ds
+ I l[Cosh(ﬂ(t +h = 5))Xs, v(s)) © cosh(a(t — 5))(s, v(s)))ds
+ f [[sinh(ﬂ(l +h = 5)))(s, v(s)) © sinh(a(c - 5))(s, v(s))]ds

+ fLJrh cosh(a(t + h — s))(s, v(s))ds + fﬁh sinh(a(t + h — s))3(s, v(s))ds

+[C(L)sh(a(1 +h— 1))} ©cosh(a(t - L{))Lll] + [sinh(a(t + h — )} © sinh(a(t — 7))} ].
Multiplying both sides of the equations (4) and (5) by 3 and taking the limit as h — 0%, we can get
v()ev(t—h)

hlgg\+ " =av(t) + (¢, v(1))
and
lim w = av(0) + 3, v ().

Thus v(1) is (c1)-differentiable on (11, 12] and consequently v' (1) = av(t) + X, v(1)), foreach t € (11, 2]. Repeat the
above procedures, then we obtain t € (i, 4111, k € N, we obtain v/ (1) = av(t) + I, v(1)), foreach t € (i, 1] Also,
we can easily see that Av(y) = cxv(y) + J, k €N.

Case 2. v is (c2)-differentiable.
If v satisfied (1), then it satisfies (3). Indeed, if 1 € [0, 11] we have v’ (1) = av(t) + (1, v(1)). According to [19, Lemma
3.2] we have v(1) = e™vo © [ (=1)e"")(s, v(s))ds. Then v(11) = ¢"1vo © [} (=1)e"@=9X(s, v(s))ds. If 1 € (11, 1] then
[19, Lemma 3.2] means that

v = ) e f L(—l)e“(“s)l(s,v(s))ds

e“<HT>[(1 +o)e"vy e f ll(—l)e“(’l’s)J(s, v(s))ds] + Jl] o f l(—1)e”("S)J(s,v(s))ds
0

51

L1
eﬂ“—ﬁ)(l+c1)eﬂ<‘1-‘8>voe{ f (=11 + ¢1)e™ 179 (s, v(s))ds
0

+ f (—1)e”“‘s)l(s,v(s))ds}+e"(“‘1+)31.

Repeat the above procedures, if 1 € (i, tk41], k € N, then using [19, Lemma 3.2], we can get

v = ST e f L(—l)e”(“s)l(s,v(s))ds

L3

O + )v(n) + Xl e f L(—l)e"(“s)J(SIV(S))dS
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i+1

1 1y
ea(ht;) H(l " Cj)ea(”_lf’l)Vo o { Z f (_1)841(:71;) H(l n Cj)eu(tj—tj,l)
j=k i=1 i j=k

L
X(1 + c)e™ (s, v(s)ds + | (1™ (1 + cr)e® I (s, v(s))ds
k-1
i+1

. k-1
+ f (=1)e" (s, v(s))ds} + Z O+ cj)e“(lf_‘rtl)Ji + 50,
te im1 j=k

If v satisfies (3), then it satisfies (1). Indeed, if 1 € [0,11] it is easy to see that v(0) = e®vo = vo and the Hukuhara
difference e"vy © fol(—l)e”(“S)J(S, v)ds exists. From Lemma 3.2 in [19] we obtain

V() = av() + 2o, v(W), for 1€ [0,ul.
Ifre(n,n]and 1 —h € (1, ] with h > 0 enough small, we have
vi-mewy = &W%fWMdelfﬂ—nﬂHﬂwaW@mﬁ
e{eﬂﬂ-t? (i) e fl (D)9, v(s))ds}
- @H%wmewﬂwmbﬂfﬂ4wwmmwmw ©®)
el*i4wwwmwm%eJ1enﬂﬂmawm%)

and for 1+ h € (11, 12],

W) V(i +h) {e““-lﬁv(q) o f (eI, v(s))ds}

+h
ofett e [ e, voys)

- (e”(‘_q)v(q)ee”(”h_q)v(tﬁ)@( (=) (s, v(s))ds %
5%
(+h

o f l(—l)e”(”h_s)J(s,v(s))ds o (-1)e"+h=91(s, v(s))ds).

The equations (6) and (7) both sides multiplied by - and taking the limit as h — 0%, we obtain

. vev(i+h)
hhﬁr(r)l+ ~ =av(t) + (¢, v(v)
and hlir& %)hev(‘) = av(t) + (1, v(v)). Thus v(v) is (c2)-differentiable on (11, 12] and consequently

V(1) = av(t) + X, v(v), foreach 1€ (1, 12].
Continue this process so if t € (i, tg+1], k =1,2,--+ ,m, then
V() = av(0) + (1, v(1), Vi€ (i, e ]-

Also, we can easily see that Av(ix) = cxv(y,) + X, k € N. The proof is complete. [
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Theorem 3.2. ((c1)-differentiable case). Suppose 1: [0,7] X Rp — Rp is continuous and satisfies (F1)-(F3):

(F1) ALy > 0 such that D[X(t, ), )1, )] < LiD[y, @], for all Y, p € Rp and Vi € [0,7];
(F2) AM; > 0and r > 0 (r + a > 0) such that D[I(t, 0), 0] < Mqe™, Vi e [0,7];

(F3) 3K, > 0 such that D[}, 0] < K; for k € {1, ..., m}.

Then (1) has a unique solution provided that

r
(m + 1)@me—a(m—1)fe(r—a)'l ’

L1<

wherea < 0,6 =max{|1+c¢ ;k=1,2,---,m}, i =max{y —y_1;k=1,2,--- ,m+1}.
Proof. Define a metric on PC[N, Rr] by

Dm(u/ U) = sup D[M(L), U(L)]e—(r—a)L,

1€(t 411, k€EMo

1231

foru, v € PC[N, Rp], and (PCI[N, Rr], D,,) is a complete metric space (see [4]). Define an operator P on PC[N, Rr] by

cosh(at)vy + sinh(at)vy
+ f()L[cosh(a(t —5))(s, v(s)) + sinh(a(t — s))I(s, v(s))]ds, t € [0, 11],
(1 + ¢q1) sinh(at)vg + (1 + ¢1) cosh(at)vg
+ fo“ [(1 + ¢1) sinh(a(t — s))A(s,v) + (1 + ¢1) cosh(a(t — s))I(s, v(s))]ds
+ LL[COSh(H(L —8))A(s, v(s)) + sinh(a(t — s))I(s, v(s))]ds
+cosh(a(t — (7))l + sinh(a(t — ), ¢ € (11, 2],
[cosh(a(t = )1 + sinh(a(t — L;))(p2]V0
+[ cosh(a(t — ¢))g2 + sinh(a( — l;))(pl]VO
s N {[(1 + ¢ sinh(a(t — ) + a(i — $))my

i=1 "
+(1 +¢;) cosh(a(t — 1) +a( — s))mz]J(s, v(s))
+[(1 +¢;) cosh(a(t — 1) + al — s))ym
Pv() =
+(1+ cj) sinh(a(t — ) + a(i; - s))mz]J(s, v(s))}ds
o {[(1 + ) sinh(a(: — 7)) cosh(a(y — 5))
+(1 + cx) cosh(a(t — ")) sinh(a(y — s))]J(s,v(s))
+[(1 + ¢ sinh(a(c — 1)) sinh(a(yy - 5))
+(1 + ¢x) cosh(a(t - 1)) cosh(a(ix — s))]J(s, v(s))}ds
o [Cosh(a(t — $))X(s, ¥(s)) + sinh(a(t — )G, v(s))]ds
iy {[cosh(a(t — ¢))my + sinh(a(t - L;))mz]zi

i=1

+[ cosh(a(t — ¢))my + sinh(a(t — L;))ml]Ji}

+cosh(a(t — )} + sinh(a(t — ),
L€ (tg, ts1]-
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Let v € PC[N,R¢]. Then with p = D,,[v, 0] we have D[v(1),0] < pe" " for any t € (i, 4411, k € My. Note

Pv € PCIN, Rr] and note for 1 € [0, 11] we can get

DI(Pv)(), 0]

IA

(cosh(at) — sinh(at))D[vy, 0]
+ f (cosh(a(t — s)) — sinh(a(t — s)))D[3(s, v(s)), 0]ds
0

IA

L
D[e v, 0] + f e‘“(‘_s)[LlD[v, 0] + Mleys]ds
0

o Lipe™ -
< D[e—”'v0,01+%( _1)4 Mie” L Mie™ s 1y r 40> 0),

and for v € (i, tk41], k € N, we have

DI(Pv)(x), 0]

1
< D[e—“@—% VTra + e )m, 0]

j=k
k-1 i+1
+L1 e—(l(L—LZ) H[(l + Cj)(_e—ﬂ(Lj—l/-_l))](_(l + Ci))Be—mi(En,‘ _ ert,‘,l)
i=1 j=k r
k-1 i+1
r+1a o0 )H 1+ C])( e—tz(l, - 1))]( 1+ C))efm,(e(rﬂz _ e(r+a)z, 1)
i=1 :
+_(_(1 + Ck))e—'ll(e“k _ eﬂk-l) + M(E(ﬂ”)lk _ e(ﬂ+7)lk—1)
r r+a
+L1P€_m (erl _ erlk) + M(e(“'”)‘ _ e(r+u)1k)
r r+a
k-1 i+1
+D[ Z e~ H[(l + Cj)(—eiﬂ(ljﬂffl))]Ji, O] + D[e_a(L_L;)Jk, 0],
i=1 j=k
SO
sup D[(Pv)(v),0]e "
1€[0,11]
" Lipe ™ Mqe
= sup {D[e*”‘vo,O] + L(e” -1+ %(E(HW - 1)}67(77”)1

1€[0,11]

P
<
= D[V0,0]+ }’+{Il

and for k € N, we have

sup D[(IPv)(r), 0]~

L€t a1 ]

1
=  sup {D[e_“(‘_‘;) H[(l + Cj)(—e_a(l"_q’l))]vo, 0]
=k

L€t tia1]

k-1 i+1

+14 Z o) H[(1 + Cj)(_e_a(”_";‘:l))](_(l + Ci))ge—mi(em _ e”“)

i=1 j=k
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k-1 i+1

M —a(t—") I —a(—tt ;) —au;[ (r+a) (r+a)Li

+— Ze K [A+cj)(=e ™7 T)I(=(1 +¢j))e | e — e

r+a b= 1

L Mi(=( + e
r+a

+L1 Pff_m (en _ erlk) + M—le_m (e(H'u)L - €(r+a)lk)
7 r+a

+pTLl(_(1 + Ck))e—m(enk _ enk_l) (e(a+r)tk _ e(a+r)tk_1)

k-1 i+1

+D[ Y e TTia + e, 0] + Dl O]}e-“-”)‘

i=1 j=k
Ml(m + 1)€me—a(m—1)f€—a'i
r+a
Li(m+1 éme—u(m—l)i e(r—u)T
N 1( ) : P

IA

D[éme_”’”fvo, f)] +

+ Kyme"1emm-1t,
Now, let Px, IPv € PC[N,IR¢]. For ¢ € [0, 11], we have

D[(Pv)(1), (Px)(1)]
D[ cosh(ar)vp + sinh(an)vy + f [Cosh(a(L — $)3(s,¥(s)) + sinh(a(t — $))1(s, v(s))]ds,
0

cosh(at)vy + sinh(ar)vo + f L [Cosh(a(L — $))1(s, x(s)) + sinh(a(t — $))3(s, x(s))]ds]
0

IA

fl [cosh(a(t —8))D[(s, v(s)), (s, x(s))]+ | sinh(a(t — s) | D[(s, v(s)), )(s, x(s))]]ds
0

L
f e—a(z—s)LD[V(S)/ x(s)]e—(r—a)se(r—a)sds < Ll Dm [V/ x] e—m(ert _ 1)
0 r

and thus (recall a < 0)

sup D[(Pv)(1), (Px)(t)]e ="
€[0,u]

= sup

{ LlDra[
1€[0,11]

e o L
rvﬂem@“—nk<ﬂms-fDmuﬂ. ®

Similarly, for t € (i, k1], k € N, we have

D[(Pv)(1), (Px)(1)]
k-1 i+1 1
sugﬂw[ynwwWWMHan%@=W%wm
= J=
L Lie™
+71(—(1 + ck))e_”‘(e”k — ' )Dm [v,x] + 1i (e” — e )Dm [v, x],
and so
sup D[(Pv)(1), (Px)(1)]e” "~
1€(tk k1]
k-1 i+1 1
< sup {1 ) e O TTIA+ - TP+ e)ze (e - e Dk, ]
1€(tks i =1 =k r

—atL

L L
+71(—(1 + ck))e“”(e”k — ' )Dm [v, x] + 1i (e“ — e )Dm [v, x]}e‘("”)l 9)
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Ll m+1 @me—u(m—l)ie(r—a)'i
= ( ) ; Dy, x].

From (8) and (9) one has

D, [(Pv), Px)] < %Dm[v,x], for 1€]0,4]

and

Ll (m + 1)éme—a(m—l)ie(r—a)'\

Dra[(Pv), (IPx)] < Dyalv, x],

for v € (i, trs1], kK €N

Since L1 < gpyammmiigmar, we infer that P is a contraction on PC[N,R¢]. The Banach fixed point theorem

guarantees the existence of a unique fixed point for IP so (1) has a unique solution in the (c1)-differentiable case. [

Theorem 3.3. ((c2)-differentiable case). Suppose 1 : [0,7T] X Rr — Rr is continuous and satisfies (f1)-(f3):

(f1) AL > 0 such that D[X(t, ), X1, ¢)] < LD[¢, ¢], Vb, p € R and Y € [0,7];

(f2) AM > 0 and r > 0 such that D[I(s, 0),0] < Me" forall 1 € [0,77];

(f3) AK > 0 such that D[%,0] < K fork € {1, ...., m}.
Then (1) has a unique solution provided that L < Wm,
assuming the Hukuhara difference in (3) exists.

wherea <0, 6 =max{|1+c [, k=1,2,--- ,m} and
Proof. Define an operator IP on PC[N, Rr] by

v © [ (-1)e91(s, v(s))ds, L € [0, 1],

(1 + ¢1)e" %)y © { fO" (=1)e" (1 + ¢1)eM1=9)3(s, v(s))ds

+ DI, vEds) + D, € o],

Pv) (¢ = oL o k-1 ; L itl .
PO =) ved 110+ g e [T [ (1 TIA + )
ik i=1 7t j=k

X(1 +¢;)e"=)(s, v(s))ds + [ :f] (=1)e" (1 + ¢ )e™s91(s, v(s))ds

k-1 i+1 . .
+[ ;(—1)6’1(‘_5)3(5, v(s))ds} + X @D TI( + )™ 3; + Y,
i=1 j=k

L€ (g, tks1]-

Let v € PC[N, Rr]. Then with p = Dy,[v, 0] we have D[v(1),0] < pe("”)‘ for any ¢ € (i, t+1], kK € M. Note
IPv € PC[N, R¢] and for ¢ € [0, (1] we have

DI(Pv)(x), 0]

D[e"vo © f l(—l)e“(‘_s)l(s, v(s))ds, 0]
0

IA

D[e*vy, 0] + D[ f [(—1)6”(‘_5)3(5, v(s))ds, 0]
0

IN

D[e"vo, 0] + f e“=IDI[(s, v(s)), 01ds
0

< Dle"vp,0] + f e”(“s)[D[J(s, v(s)), X, 0)] + DI3Gs, 0), O]]ds
0
. Lpen Met
al (r—=2a)t _ (r—a). _
< DIe VO'O]+r—2a(e 1)+_r—u(e 1)

i
D[e"vo, 0] + Lpe” elr2a 4 Me™ el
! r—2a r—a !

IN
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and for ¢ € (i, tr+1], k € X, we get

DI(Pv)(c), 0]

= [ (H)H a ”)Voro]
k-1 i+1
a(i—t)) a—tt ) il =280 _ p(r=2a)1i
+L Zl e H ] ]Cr — za (e e )
i
M k-1 i+1
—_— ) H[6851([7_[;—1)]66‘1[1'(e(r_ﬂ)li _ e(’—ﬂ)li—l)
—a 4 ‘
i=1 ]:k
+£6eﬂl(e(r—2ﬂ)lk _ e(r—Za)LH) + W(E(V—aﬁk _ e(r—g)[k_l)
r—2a r—a
L‘Oem ( r=2a) _ 6(7_2’1)lk) Me" (e(r A _ plr- u)Lk)
r —2a r—a
i+1
[Z (- )H[éeﬂ(lj - 1)]3 ] + D[ea(L—L;)Jk’ G]I
SO
A n Loe™ Me™
sup DI, 0™ = sup (Dl 0+ 22 0200 M o)y
1€f0,11] 1€00,1] r—2a r—a
Lp M

+_

D[VO/O]+ ’
r—2a r-—a

A

and for k € K, we get

sup D[Pv)(1), 0]e

L€t tka1]

= sup {D[E”“ ‘)H[ ”("'7‘7*1)]1/0,0]

1E(t tes1]

i+1
+LZ (- )H a(tj— l/ 1)]C pz e;u,(e(r 2a); e(r 2a)1; 1)

k-1 i+1

M Z a(i—th) H a(tj—ti,) i —a)Li —a)L;
- ¢ k [ﬁe 771 ]éemz(e(r ay; _ 6(7 u)fol)
—a ]=k

i=1

L_PL oo’ ( olr-200 _ e(r72a)Lk,1) | Mee” (e(rfu)lk _ e(rfa)lk,l)
r— r—a

+ Lpeﬂ (e(r—Za)l _ e(r—Za)lk) Me" (e(r ay _ e(r—u)Lk)
r—2a r—a
i+1

[Z a(i— L*)H[A a(tj— ]1)]3 ]+D[eﬂ(L*l;)Jk,0]}e*(V*a)L

L A N pL _2a)1 A~
D Al A 0, 01 + (r—2a) + 1)em
[e 10, 0] p— 2116 (m+1)¢

IN

M o —a A
+——e T m 4+ 1)E™ + e 'mé" K.
r—a

1235
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Now, let IPx, IPv € PC[N, Rf]. For ¢ € [0, t1], we have

D[(Pv)(1), Px)(1)] = D[e‘”voe f [(—1)6”(‘_5)3(&v)ds,e‘“voe f l(—l)e”(l_s)l(s,x)ds]
0 0
< f [ e”(“S)D[J(S, V), X(s, x)]ds
0
< L f Dlv, x]e"9ds
0
_ LDm[er] s (r—2a)t _
 r—2a e b,

and thus (recall a < 0)

sup D[(IPv)(1), (]px)(L)]e—(r—a)L
1€[0,11]

= sup
1€[0,11]

L
r—2a

{ LD,,[v, x]

— m( (r—2a)t 1)}6 (r—a)

<

Dy,[v, x]. (10)
Similarly, for ¢ € (i, tx+1], k € X, we have

D[(]PV)(l) (Px)(1)]

i+1

f (1)) H (1 +¢)e" ™)1 + ¢)e"93(s, v(s))ds,

IA

i+1

Z f (=1)e"t~ l*>H(1+c)e““1 (1 + ¢;)e (s, x(s))ds

+D f (=1)e" (1 + c)e™ @ 91(s, v(s))ds,
L1

f " (C)AD( + )9, x(s))ds]

k-1

+D f [(—l)e”(‘_s)J(s,v(s))ds, f L(—l)e”(“s)l(s,x(s))ds]

k-1 i+1

Z‘ea(L [ )H[Cea(z —1j 1)]C(e(r 2a); e (r—2a)1;_ 1)eat,D [V, x]

i=1 =

Le™ i) pg 200 _ r-20)
+—eﬂ [—Lk é\er—ﬂlk_er—ﬂ[k_l D V,X
o Dol ]
Le™
t— — o (e(r 2a)1 e(r_za)Lk)Dra[V/ x]/

L
—2a

IA

and so

sup D[(Pv)(1), (Px)(1)]e "
1€(t 1]

i+1

(=) Li—t )
sup {r—ZaZdl Hce T

1€t tea1]

Xé(e(r 2a)t; _ e(r 2a)1i-q )Em’Dm[V, X]

IA
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Le™ +
+—eﬂ(l—Lk)é(e(r—2u)Lk _ e(r—Za)lk,l )Dm[v JC]
r—2a !
Le™
r—2a
< Le(r_zm(m + 1)&"Dylv, x]
T r—2a el

From (10) and (11) one has

+ (e(r—Za)l _ e(r—Za)lk)Dm[V, x]}e—(r—a)z (11)

Dy, [(Pv), Px)] < —LZ{JDW [v,x], for t€[0, ]
and
Dy, [(Pv), (Px)] < p— "2 (m + 1)E" Dyalv, x],
for 1 € (i, tis1], k € N. Since L < Wjﬁrl)ﬁ"” where a < 0, we infer that IP is a contraction on PC[N, Rg]. The

Banach fixed point theorem guarantees the existence of a unique fixed point for IP, thus (1) has a unique
solution in the (c2)-differentiable case. [

4. An example
In this section we present an example to illustrate our theory.

Example 4.1. Let us consider a class of impulsive fuzzy differential equations:
V() =av() + 1, v(1), t€[0,13], 0 # u, k=1,2,
Av(y) = aev(y) + Xk k=12, (12)
v(0) =7,

where a = —%, W, v() = 2sin(v()y, [y1* =[a-1,1-al,u =01, =02,13 =03, ¢4 = 2.1, ¢, = -2.2,

31 = 3‘)/ and Jz = 15)/
Note 1: [0,7] X Rp — R is continuous and for i, ¢ € R,

D), ¢), i, p)] = D[ sin(y)y, 2 sin(p)y]

< 2Dy, ¢]
0.01- D[y, ¢], 1 €[0,0.1],
< 0.04- D[y, 9], 1 € (0.1,0.2],

0.09- D[y, ], ¢ € (0.2,0.3].
Let L1 = L = 0.09. Note
DI[I(t,0),0] = D[?sin(0)y, 0] = 0,
for 1 €[0,0.3], so trivially (F2) and (f2) hold. For illustration we will take r = 2. Note D(J, 0) < 3, for k € {1,2}. Let

K =K=3.
Note ,
L =0.09 < v e 0.2345,
L=009<—""2%"  _ 02704

er=207(m + 1)em

Therefore, (12) has a unique solution on [0, 0.3].
In fact, the solutions of (12) can be expressed in the following explicit forms:
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(c1)-differentiable solution:
—{ cosh(—11) — sinh(-11)
- jg[cosh —1(1 —5))s? sin(v(s)) — sinh(— (1 — 5))s* sin(z(s))]ds}, 1€[0,0.1],
—{(—1.1) sinh(%t) - (-1.1) COSh(%L)
— [ [(=1.1) sinh(=1 (¢ - 5))s? sin(v(s)) — (~1.1) cosh(~1(c - 5))s? sin(v(s))Ids
— fol_l[cosh(—%(t — 5))s% sin(v(s)) + sinh(— (1 — 5))s? sin(v(s))|ds
+3 % cosh(=1(t = 0.1)) + 3 x sinh(~(: - 0.1))},[ €(0.1,02],

_ {[ cosh(—% (1-02)) [(~1.2) sinh(~0.02)+(~1.2) cosh(—O.OZ)]Z[(—l.l) sinh(-0.02)+(~1.1) cosh(=0.02)]

+ Sinh(—%(L _ 02)) [(-1.2) sinh(-0.02)—(-1.2) cosh(—0.0Z)]z[(—l.l) sinh(—0.0Z)—(—l.l)cosh(—0.0Z)]]

- {(—1.1) sinh(~1(t — s — 0.1) X (—2.4) sinh(~0.02)s? sin(v(s))

V) =y —~(=1.1)cosh(~L(: — s — 0.1) X (~2.4) sinh(~0.02)s> sin(y(s))}ds

- {[(—1.2) sinh(~1(; - 0.2)) cosh(~1(0.2 - 5))

+(~1.2) cosh(=1(: - 0.2)) sinh(~1(0.2 - S))]52 sin(v(s))

—[(—1.2) sinh(~1(: - 0.2)) sinh(~1(02 - 5))

+(~1.2) cosh(=1(t ~ 0.2)) cosh(~1(0.2 - s))]sz sin(g(s))}ds

= | cosh(=1 = )2 sin(v(s)) - sinh(~L( - 9)s” sin(u(e)|ds

3% [Cosh(—%(t — 0.2))(~1.1) sinh(~0.02) + sinh(~ 1 (: - 0.2))(~1.1) Cosh(—0.02)]

3% [Cosh(—%(t — 0.2))(~1.1) cosh(~0.02) + sinh(~1(t - 0.2))(~1.1) sinh(—0.0Z)]

+15cosh(-3(¢ ~ 0.2)) = 15sinh(-L(¢ - 02))}, 1 € 02,03

and

V(D) = —v(0).
(c2)-differentiable solution:

_{g—%L - fol(—l)e‘%(hs)s2 sin(g(s))ds}, 1 €1[0,0.1],
_{e—%<l—0~1>(1.1)e-0402 + { [ 126952 sin(v(s))ds

[ (e teog sin(y(s))ds} N 36‘%(“0‘1)}, L€ (0.1,02],
—{1.32e—%<1—0~2>e—0-04 - { 1 (=1.32)e75 962 sin(v(s))ds

- [y 12795 sin(u(o)ds + [1,(~De” K95 sin(u(s))ds|

+3.6¢75(:702)p=002 1. 1.56‘%(“0‘2)},1 €(0.2,0.3],

and



R. Liu et al. / Filomat 37:4 (2023), 1223-1240 1239

V(1) = =v(0).

Finally, (c1)-solution (when o = 0) is shown in Figure 1; (c2)-solution (when a = 0) is shown in Figure 2.

10 . . 1
il — yit) | sl — yit] |
6H vl [RETHET e sl gH it T ™
4 . 4 1
) . 2 -
o . i 1
2 : 2 1
4 . 4 1
Bl —__—‘——\ ] sl P
] . g -

5 00 0 0 ‘15t 02 05 03 e 08 01 015 02 025 03
Figure 1: (c1)-solution (when a = 0) of Example 4.1. Figure 2: (c2)-solution (when a = 0) of Example 4.1.

5. Conclusions

The purpose of this paper is establish the existence and uniqueness of (cl)-differentiable and (c2)-

differentiable solutions to first-order nonlinear impulsive fuzzy differential equations under generalized
Hukuhara differentiability using the contraction mappings principle. An example is given to prove our
results.
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