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Abstract. In this article, we establish the existence and uniqueness of (c1)-differentiable and (c2)-
differentiable solutions to first-order nonlinear impulsive fuzzy differential equations under generalized
Hukuhara differentiability using the contraction mappings principle. In particular, (c1)-differentiable solu-
tions are written as hyperbolic cosine and sine functions with impulsive terms, which is the main difficulty.
An example is provided to prove our results.

1. Introduction

Impulsive differential equations are used in many fields (see [1–9]). Existence theory of fuzzy differen-
tial equations was studied in [10–15]. Generalized derivatives further expand the original H-differentiable
fuzzy numerical function class. Within this framework, fuzzy differential equations allow solutions with
decreasing length (diameter) of the support sets. However, some scholars believe that under this differen-
tiability, the uniqueness of the solution of fuzzy differential equations with an initial value is destroyed.
In fact, there are two solutions with increasing and decreasing support sets in a neighborhood of a point,
but it is this seemingly shortcoming that helps in considering fuzzy problems because in an actual prob-
lem the suitable solution can be selected according to the characteristics of the problem itself. We have
a basic knowledge of the general state (convergence or divergence) in the study of physical, biological
or medical problems, so one would choose the solution that conforms to the actual situation. Liu et al.
[16, 17] adopted the variation of constant formula to present the representation of (c1)-differentiable and
(c2)-differentiable solutions for first-order linear impulsive fuzzy differential equations with constant co-
efficients. Vu and Hoa [18] considered the existence and uniqueness of solutions to nonlinear impulsive
fuzzy functional differential equations under generalized Hukuhara differentiability using the contraction
mappings principle.
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Motivated by [16–18], we study first-order nonlinear impulsive fuzzy differential equations (described
by a linear part with a nonlinear perturbation) and discuss existence and uniqueness of (c1)-differentiable
and (c2)-differentiable solutions. In particular, (c1)-differentiable solutions are written as hyperbolic cosine
and sine functions with impulsive terms, which is the main difficulty. The remainder of this paper consists
of the following three parts. In Section 2, we introduce notations, definitions and theorems for fuzzy sets.
In Section 3, we give some conditions about the existence result of the solution for nonlinear impulsive
fuzzy differential equations. In the last section an example is given to prove our conclusions.

2. Preliminary

Let ℵ = [0,ℸ]. Now C(ℵ,RF) denotes the space of all continuous functions from ℵ into RF. Let
PC(ℵ,RF) := {ν : ℵ → RF : ν ∈ C((ιk, ιk+1],RF), k ∈ M0 and ∃ ν(ι−k ) and ν(ι+k ), k ∈ M0, with ν(ι−k ) = ν(ιk)},
whereM0 :=M ∪ {0},M = {1, 2, · · · ,m}, and ιk < ιk+1 for any k ∈M0; here 0 = ι0 < ι1 < ι2 < · · · < ιk < ιm <
ιm+1 = ℸ.

We have collected a number of symbols and concepts that will be used throughout the text. For more
detailed information, see [20, 22].

Denote by RF := {χ | χ : R→ [0, 1]} the class of the fuzzy subsets of the real axis satisfying (X1)-(X4):
(X1) χ is normal (i.e., ∃ κ0 ∈ R s.t. χ(κ0) = 1).
(X2) χ is convex fuzzy set (i.e., χ(ξs + (1 − ξ)s1) ≥ min{χ(s), χ(s1)}), ∀s, s1 ∈ R and ξ ∈ [0, 1].
(X3) χ is upper semicontinuous on R.
(X4) [χ]0 = {x ∈ R : χ(x) > 0} is compact.
Let α ∈ (0, 1]. Consider the α−level set of χ ∈ RF by [χ]α = {s ∈ R | χ(s) ≥ α}, which is a nonempty

compact interval ∀α ∈ (0, 1]. We use [χ]α = [χ
α
, χα] to denote explicitly the α−level set of χ and use χ

α
and

χα denote the lower and upper branches of χ, respectively. diam([χ]α) = χα − χα denote the length of χ.

∀α ∈ [0, 1], ũ, ṽ ∈ RF and ξ ∈ R, we define ũ + ṽ and ξũ as [ũ + ṽ]α = [ũ]α + [ṽ]α = [ũα + ṽα, ũα + ṽα] and
[ξũ]α = ξ[ũ]α.

Define D : RF×RF → R+∪{0} and consider the Hausdorff distance D(ũ, ṽ) = sup
α∈[0,1]

max{|ũα− ṽα|, |ũα− ṽα|}

(see [14]). Then (RF,D) is a complete metric space (see [15]) and (i) D(ũ+ ẽ, ṽ+ ẽ) = D(ũ, ṽ), ∀ũ, ṽ, ẽ ∈ RF, (ii)
D(ςũ, ςṽ) = |ς|D(ũ, ṽ), ∀ς ∈ R, ũ, ṽ ∈ RF, (iii) D(ũ + ẽ, ṽ + ϱ̃) ≤ D(ũ, ṽ) +D(ẽ, ϱ̃), ∀ũ, ṽ, ẽ, ϱ̃ ∈ RF are satisfied.

Definition 2.1. (see [20]) Let Ω : [o1, π1] → RF be measurable and integrably bounded. The integral of Ω over
[o1, π1], express as

∫ π1

o1
Ω(ι)dι, its levelwise is expressed as follows[ ∫ π1

o1

Ω(ι)dι
]α

:=
∫ π1

o1

[Ω(ι)]αdι

=
{∫ π1

o1

Ω̃(ι)dι | Ω̃ : [o1, π1]→ RF is a measurable selection for [Ω(·)]α
}
,

∀α ∈ [0, 1].

In this article, we apply ⊖ to denote the H-difference. We must take note of a1 ⊖ a2 , a1 + (−1)a2 := a1 − a2.

Definition 2.2. (see [20]) Let ϖ : ℵ → RF and take a fixed n0 ∈ ℵ. If ϖ is differentiable at n0, then ∃ϖ′(n0) ∈ RF
such that

(c1) ∀p > 0 sufficiently close to 0, the H-difference ϖ(n0 + p) ⊖ ϖ(n0), ϖ(n0) ⊖ ϖ(n0 − p) exist and the following
limits (in the metric D)

lim
p→0+

ϖ(n0 + p) ⊖ ϖ(n0)
p

= lim
p→0+

ϖ(n0) ⊖ ϖ(n0 − p)
p

= ϖ′(n0),

holds or
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(c2) ∀p > 0 sufficiently close to 0, the H-difference ϖ(n0) ⊖ ϖ(n0 + p), ϖ(n0 − p) ⊖ ϖ(n0) exist and the following
limits (in the metric D)

lim
p→0+

ϖ(n0) ⊖ ϖ(n0 + p)
−p

= lim
p→0+

ϖ(n0 − p) ⊖ ϖ(n0)
−p

= ϖ′(n0).

holds.

Definition 2.3. (See [20]) Letϖ : ℵ → RF. ϖ is (c1)-differentiable onℵ ifϖ is differentiable Case (c1) of in Definition
2.2 and can be denoted D1ϖ. Similarly, (c2)-differentiability denote by D2ϖ.

Theorem 2.4. (see [20]) Let ϖ : ℵ → RF and put [ϖ(ι)]α = [ ȷ̃α(ι), ℓ̃α(ι)] for each α ∈ [0, 1].
(i) If ϖ is (c1)-differentiable then ȷ̃α and ℓ̃α are differentiable functions and [D1ϖ(ι)]α = [ ȷ̃′α(ι), ℓ̃′α(ι)].
(ii) If ϖ is (c2)-differentiable then ȷ̃α and ℓ̃α are differentiable functions and we have [D2ϖ(ι)]α = [ℓ̃′α(ι), ȷ̃′α(ι)].

Theorem 2.5. (see [21]) Let ℑ : ℵ → RF and we suppose that the derivative ℑ′ is integrable over ℵ. Then ∀ι ∈ ℵ,
we obtain

(a) if ℑ is (c1)-differentiable, then ℑ(ι) = ℑ(b) +
∫ ι

b ℑ
′(s)ds;

(b) if ℑ is (c2)-differentiable, then ℑ(ι) = ℑ(b) ⊖
∫ ι

b −ℑ
′(s)ds.

Theorem 2.6. (see [20]) Let ϖ be (c2)-differentiable on ℵ and assume that the derivative ϖ′ is integrable over ℵ.
Then for each ι ∈ ℵ we have

ϖ(ι) = ϖ(a) ⊖
∫ ι

a
−ϖ′(τ)dτ.

Theorem 2.7. (see [23]) Let ℑ : ℵ → RF be continuous. Define Ξ(ι) := σ⊖
∫ ι

v −ℑ(s)ds, ι ∈ ℵ, where σ ∈ RF is such
that the preceeding H-difference exist on ℵ. Then Ξ(ι) is (c2)-differentiable and Ξ′(ι) = ℑ(ι).

Consider the following conditions (here ϖ : R→ RF):
(H1) For a given ι ∈ ℵ, ϖ(ι + h) ⊖ ϖ(ι) and ϖ(ι) ⊖ ϖ(ι − h) exist for h→ 0+;
(H2) For a given ι ∈ ℵ, ϖ(ι) ⊖ ϖ(ι + h) and ϖ(ι − h) ⊖ ϖ(ι) exist for h→ 0+.

3. Main results

3.1. Existence results

We consider the following systems:
ν′(ι) = aν(ι) + ,ι)ג ν(ι)), ι ∈ [0,ℸ], ι , ιk,
∆ν(ιk) = ckν(ι−k ) + ,kג k ∈ ℵ,
ν(0) = ν0 ∈ RF,

(1)

where a < 0, 0 = ι0 < ι1 < ι2 < · · · < ιk < ιm < ιm+1 = ℸ, and ג : [0,ℸ] ×RF → RF, 1 + ck < 0, kג ∈ RF.
In this paper, we consider Case: (c1)-differentiable and Case: (c2)-differentiable.
We give the following lemma, which transfers the result for linear fuzzy differential equations in [16, 18]

to the nonlinear case.

Lemma 3.1. Assume that the function ג : ℵ × RF → RF is continuous. ν : ℵ → RF is a solution of problem (1) if
and only if ν is piecewise continuous on ι ∈ ℵ and it satisfies (L1) or (L2):
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(L1) ν is (c1)-differentiable case:

ν(ι) =



cosh(aι)ν0 + sinh(aι)ν0

+
∫ ι

0 [cosh(a(ι − s))ג(s, ν(s)) + sinh(a(ι − s))ג(s, ν(s))]ds, ι ∈ [0, ι1],
(1 + c1) sinh(aι)ν0 + (1 + c1) cosh(aι)ν0

+
∫ ι1

0 [(1 + c1) sinh(a(ι − s))ג(s, ν(s)) + (1 + c1) cosh(a(ι − s))ג(s, ν(s))]ds
+
∫ ι
ι1

[cosh(a(ι − s))ג(s, ν(s)) + sinh(a(ι − s))ג(s, ν(s))]ds
+ cosh(a(ι − ι+1 1ג(( + sinh(a(ι − ι+1 ,1ג(( ι ∈ (ι1, ι2],
· · ·[

cosh(a(ι − ι+k ))φ1 + sinh(a(ι − ι+k ))φ2

]
ν0

+
[

cosh(a(ι − ι+k ))φ2 + sinh(a(ι − ι+k ))φ1

]
ν0

+
k−1∑
i=1

∫ ιi
ιi−1

{[
(1 + ci) sinh(a(ι − ι+k ) + a(ιi − s))m1

+(1 + ci) cosh(a(ι − ι+k ) + a(ιi − s))m2

]
,s)ג ν(s))

+
[
(1 + ci) cosh(a(ι − ι+k ) + a(ιi − s))m1

+(1 + ci) sinh(a(ι − ι+k ) + a(ιi − s))m2

]
,s)ג ν(s))

}
ds

+
∫ ιk
ιk−1

{[
(1 + ck) sinh(a(ι − ι+k )) cosh(a(ιk − s))

+(1 + ck) cosh(a(ι − ι+k )) sinh(a(ιk − s))
]
,s)ג ν(s))

+
[
(1 + ck) sinh(a(ι − ι+k )) sinh(a(ιk − s))

+(1 + ck) cosh(a(ι − ι+k )) cosh(a(ιk − s))
]
,s)ג ν(s))

}
ds

+
∫ ι
ιk

[
cosh(a(ι − s))ג(s, ν) + sinh(a(ι − s))ג(s, ν(s))

]
ds

+
k−1∑
i=1

{[
cosh(a(ι − ι+k ))m1 + sinh(a(ι − ι+k ))m2

]
iג

+
[

cosh(a(ι − ι+k ))m2 + sinh(a(ι − ι+k ))m1

]
iג

}
+ cosh(a(ι − ι+k kג(( + sinh(a(ι − ι+k ,kג((
ι ∈ (ιk, ιk+1],

(2)

where
φ1 =

ς j1 + ς j2

2
, φ2 =

ς j1 − ς j2

2
, m1 =

r j1 + r j2

2
, m2 =

r j1 − r j2

2
,

ς j1 =

1∏
j=k

[(1 + c j) sinh(a(ι j − ι+j−1)) + (1 + c j) cosh(a(ι j − ι+j−1))],

ς j2 =

1∏
j=k

[(1 + c j) sinh(a(ι j − ι+j−1)) − (1 + c j) cosh(a(ι j − ι+j−1))],

r j1 =

i+1∏
j=k

[(1 + c j) sinh(a(ι j − ι+j−1)) + (1 + c j) cosh(a(ι j − ι+j−1))],

r j2 =

i+1∏
j=k

[(1 + c j) sinh(a(ι j − ι+j−1)) − (1 + c j) cosh(a(ι j − ι+j−1))].
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(L2) ν is (c2)-differentiable case:

ν(ι) =



eaιν0 ⊖
∫ ι

0 (−1)ea(ι−s)ג(s, ν(s))ds, ι ∈ [0, ι1],

ea(ι−ι+1 )(1 + c1)ea(ι1−ι+0 )ν0 ⊖

{ ∫ ι1
0 (−1)ea(ι−ι+1 )(1 + c1)ea(ι1−s)ג(s, ν(s))ds

+
∫ ι
ι1

(−1)ea(ι−s)ג(s, ν(s))ds
}
+ ea(ι−ι+1 ,1ג( ι ∈ (ι1, ι2],

· · ·

ea(ι−ι+k )
1∏

j=k
(1 + c j)e

a(ι j−ι+j−1)ν0 ⊖

{ k−1∑
i=1

∫ ιi
ιi−1

(−1)ea(ι−ι+k )
i+1∏
j=k

(1 + c j)e
a(ι j−ι+j−1)

×(1 + ci)ea(ιi−s)ג(s, ν(s))ds +
∫ ιk
ιk−1

(−1)ea(ι−ι+k )(1 + ck)ea(ιk−s)ג(s, ν(s))ds

+
∫ ι
ιk

(−1)ea(ι−s)ג(s, ν(s))ds
}
+

k−1∑
i=1

ea(ι−ι+k )
i+1∏
j=k

(1 + c j)e
a(ι j−ι+j−1)גi + ea(ι−ι+k ,kג(

ι ∈ (ιk, ιk+1],

(3)

provided that the Hukuhara differences exist in (3).

Proof. Case 1. ν is (c1)-differentiable.
If ν satisfies (1), then it satisfies (2). Indeed, if ι ∈ [0, ι1] we can get

ν′(ι) = aν(ι) + ,ι)ג ν(ι)).

From [19, Lemma 3.2] we can get

ν(ι) = cosh(aι)ν0 + sinh(aι)ν0 +

∫ ι

0
[cosh(a(ι − s))ג(s, ν(s)) + sinh(a(ι − s))ג(s, ν(s))]ds.

Then

ν(ι1) = cosh(aι1)ν0 + sinh(aι1)ν0 +

∫ ι1

0
[cosh(a(ι1 − s))ג(s, ν(s)) + sinh(a(ι1 − s))ג(s, ν(s))]ds.

If ι ∈ (ι1, ι2] then [19, Lemma 3.2] implies that

ν(ι) = cosh(a(ι − ι+1 ))ν(ι+1 ) + sinh(a(ι − ι+1 ))ν(ι+1 )

+

∫ ι

ι1

[cosh(a(ι − s))ג(s, ν(s)) + sinh(a(ι − s))ג(s, ν(s))]ds

= (1 + c1) sinh(aι)ν0 + (1 + c1) cosh(aι)ν0

+

∫ ι1

0
[(1 + c1) sinh(a(ι − s))ג(s, ν(s)) + (1 + c1) cosh(a(ι − s))ג(s, ν(s))]ds

+

∫ ι

ι1

[cosh(a(ι − s))ג(s, ν(s)) + sinh(a(ι − s))ג(s, ν(s))]ds

+ cosh(a(ι − ι+1 1ג(( + sinh(a(ι − ι+1 .1ג((

Repeat the above procedures, we get ι ∈ (ιk, ιk+1], k ∈ ℵ, by using [19, Lemma 3.2], we can get

ν(ι) = cosh(a(ι − ι+k ))ν(ι+k ) + sinh(a(ι − ι+k ))ν(ι+k )

+

∫ ι

ιk

[cosh(a(ι − s))ג(s, ν(s)) + sinh(a(ι − s))ג(s, ν(s))]ds

=
[

cosh(a(ι − ι+k ))φ1 + sinh(a(ι − ι+k ))φ2

]
ν0

+
[

cosh(a(ι − ι+k ))φ2 + sinh(a(ι − ι+k ))φ1

]
ν0
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+

k−1∑
i=1

∫ ιi

ιi−1

{[
(1 + ci) sinh(a(ι − ι+k ) + a(ιi − s))m1

+(1 + ci) cosh(a(ι − ι+k ) + a(ιi − s))m2

]
,s)ג ν(s))

+
[
(1 + ci) cosh(a(ι − ι+k ) + a(ιi − s))m1

+(1 + ci) sinh(a(ι − ι+k ) + a(ιi − s))m2

]
,s)ג ν(s))

}
ds

+

∫ ιk

ιk−1

{[
(1 + ck) sinh(a(ι − ι+k )) cosh(a(ιk − s))

+(1 + ck) cosh(a(ι − ι+k )) sinh(a(ιk − s))
]
,s)ג ν(s))

+
[
(1 + ck) sinh(a(ι − ι+k )) sinh(a(ιk − s))

+(1 + ck) cosh(a(ι − ι+k )) cosh(a(ιk − s))
]
,s)ג ν(s))

}
ds

+

∫ ι

ιk

[
cosh(a(ι − s))ג(s, ν(s)) + sinh(a(ι − s))ג(s, ν(s))

]
ds

+

k−1∑
i=1

{[
cosh(a(ι − ι+k ))m1 + sinh(a(ι − ι+k ))m2

]
iג

+
[

cosh(a(ι − ι+k ))m2 + sinh(a(ι − ι+k ))m1

]
iג

}
+ cosh(a(ι − ι+k kג(( + sinh(a(ι − ι+k .kג((

If ν satisfies (2), then it satisfies (1). Indeed, if ι ∈ [0, ι1], it is easy to see that

ν(0) = cosh(0)ν0 + sinh(0)ν0 = ν0.

According to Lemma 3.2 in [19] we can get

ν′(ι) = aν(ι) + ,ι)ג ν(ι)), for ι ∈ [0, ι1].

If ι ∈ (ι1, ι2] and ι − h ∈ (ι1, ι2] with h > 0 sufficiently small, we can get

ν(ι) ⊖ ν(ι − h)
= (1 + c1) sinh(aι)ν0 ⊖ (1 + c1) sinh(a(ι − h))ν0 (4)
+(1 + c1) cosh(aι)ν0 ⊖ (1 + c1) cosh(a(ι − h))ν0

+

∫ ι1

0
[(1 + c1) sinh(a(ι − s))ג(s, ν(s)) ⊖ (1 + c1) sinh(a(ι − h − s))ג(s, ν(s))]ds

+

∫ ι1

0
[(1 + c1) cosh(a(ι − s))ג(s, ν(s)) ⊖ (1 + c1) cosh(a(ι − h − s))ג(s, ν(s))]ds

+

∫ ι−h

ι1

[cosh(a(ι − s))ג(s, ν(s)) ⊖ cosh(a(ι − h − s))ג(s, ν(s))]ds

+

∫ ι−h

ι1

[sinh(a(ι − s))ג(s, ν(s)) ⊖ sinh(a(ι − h − s))ג(s, ν(s))]ds

+

∫ ι

ι−h
cosh(a(ι − s))ג(s, ν(s))ds +

∫ ι

ι−h
sinh(a(ι − s))ג(s, ν(s))ds
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+[cosh(a(ι − ι+1 1ג(( ⊖ cosh(a(ι − h − ι+1 [1ג(( + [sinh(a(ι − ι+1 1ג(( ⊖ sinh(a(ι − h − ι+1 ,[1ג((

and for ι + h ∈ (ι1, ι2],

ν(ι + h) ⊖ ν(ι)
= (1 + c1) sinh(a(ι + h))ν0 ⊖ (1 + c1) sinh(aι)ν0 (5)
+(1 + c1) cosh(a(ι + h)))ν0 ⊖ (1 + c1) cosh(aι)ν0

+

∫ ι1

0
[(1 + c1) sinh(a(ι + h − s))ג(s, ν(s)) ⊖ (1 + c1) sinh(a(ι − s))ג(s, ν(s))]ds

+

∫ ι1

0
[(1 + c1) cosh(a(ι + h − s))ג(s, ν(s)) ⊖ (1 + c1) cosh(a(ι − s))ג(s, ν(s))]ds

+

∫ ι

ι1

[cosh(a(ι + h − s))ג(s, ν(s)) ⊖ cosh(a(ι − s))ג(s, ν(s))]ds

+

∫ ι

ι1

[sinh(a(ι + h − s))ג(s, ν(s)) ⊖ sinh(a(ι − s))ג(s, ν(s))]ds

+

∫ ι+h

ι
cosh(a(ι + h − s))ג(s, ν(s))ds +

∫ ι+h

ι
sinh(a(ι + h − s))ג(s, ν(s))ds

+[cosh(a(ι + h − ι+1 1ג(( ⊖ cosh(a(ι − ι+1 [1ג(( + [sinh(a(ι + h − ι+1 1ג(( ⊖ sinh(a(ι − ι+1 .[1ג((

Multiplying both sides of the equations (4) and (5) by 1
h and taking the limit as h→ 0+, we can get

lim
h→0+

ν(ι) ⊖ ν(ι − h)
h

= aν(ι) + ,ι)ג ν(ι))

and

lim
h→0+

ν(ι + h) ⊖ ν(ι)
h

= aν(ι) + ,ι)ג ν(ι)).

Thus ν(ι) is (c1)-differentiable on (ι1, ι2] and consequently ν′(ι) = aν(ι) + ,ι)ג ν(ι)), for each ι ∈ (ι1, ι2]. Repeat the
above procedures, then we obtain ι ∈ (ιk, ιk+1], k ∈ ℵ, we obtain ν′(ι) = aν(ι) + ,ι)ג ν(ι)), for each ι ∈ (ιk, ιk+1]. Also,
we can easily see that ∆ν(ιk) = ckν(ι−k ) + ,kג k ∈ ℵ.

Case 2. ν is (c2)-differentiable.
If ν satisfied (1), then it satisfies (3). Indeed, if ι ∈ [0, ι1] we have ν′(ι) = aν(ι) + ,ι)ג ν(ι)). According to [19, Lemma
3.2] we have ν(ι) = eaιν0 ⊖

∫ ι
0 (−1)ea(ι−s)ג(s, ν(s))ds. Then ν(ι1) = eaι1ν0 ⊖

∫ ι1
0 (−1)ea(ι1−s)ג(s, ν(s))ds. If ι ∈ (ι1, ι2] then

[19, Lemma 3.2] means that

ν(ι) = ea(ι−ι+1 )ν(ι+1 ) ⊖
∫ ι

ι1

(−1)ea(ι−s)ג(s, ν(s))ds

= ea(ι−ι+1 )
[
(1 + c1)[eaι1ν0 ⊖

∫ ι1

0
(−1)ea(ι1−s)ג(s, ν(s))ds] + 1ג

]
⊖

∫ ι

ι1

(−1)ea(ι−s)ג(s, ν(s))ds

= ea(ι−ι+1 )(1 + c1)ea(ι1−ι+0 )ν0 ⊖

{∫ ι1

0
(−1)ea(ι−ι+1 )(1 + c1)ea(ι1−s)ג(s, ν(s))ds

+

∫ ι

ι1

(−1)ea(ι−s)ג(s, ν(s))ds
}
+ ea(ι−ι+1 .1ג(

Repeat the above procedures, if ι ∈ (ιk, ιk+1], k ∈ ℵ, then using [19, Lemma 3.2], we can get

ν(ι) = ea(ι−ι+k )ν(ι+k ) ⊖
∫ ι

ιk

(−1)ea(ι−s)ג(s, ν(s))ds

= ea(ι−ι+k )[(1 + ck)ν(ιk) + [kג ⊖
∫ ι

ιk

(−1)ea(ι−s)ג(s, ν(s))ds
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= ea(ι−ι+k )
1∏

j=k

(1 + c j)e
a(ι j−ι+j−1)ν0 ⊖

{ k−1∑
i=1

∫ ιi

ιi−1

(−1)ea(ι−ι+k )
i+1∏
j=k

(1 + c j)e
a(ι j−ι+j−1)

×(1 + ci)ea(ιi−s)ג(s, ν(s))ds +
∫ ιk

ιk−1

(−1)ea(ι−ι+k )(1 + ck)ea(ιk−s)ג(s, ν(s))ds

+

∫ ι

ιk

(−1)ea(ι−s)ג(s, ν(s))ds
}
+

k−1∑
i=1

ea(ι−ι+k )
i+1∏
j=k

(1 + c j)e
a(ι j−ι+j−1)גi + ea(ι−ι+k .kג(

If ν satisfies (3), then it satisfies (1). Indeed, if ι ∈ [0, ι1] it is easy to see that ν(0) = e0ν0 = ν0 and the Hukuhara
difference eaιν0 ⊖

∫ ι
0 (−1)ea(ι−s)ג(s, ν)ds exists. From Lemma 3.2 in [19] we obtain

ν′(ι) = aν(ι) + ,ι)ג ν(ι)), for ι ∈ [0, ι1].

If ι ∈ (ι1, ι2] and ι − h ∈ (ι1, ι2] with h > 0 enough small, we have

ν(ι − h) ⊖ ν(ι) =
{
ea(ι−h−ι+1 )ν(ι+1 ) ⊖

∫ ι−h

ι1

(−1)ea(ι−h−s)ג(s, ν(s))ds
}

⊖

{
ea(ι−ι+1 )ν(ι+1 ) ⊖

∫ ι

ι1

(−1)ea(ι−s)ג(s, ν(s))ds
}

=
(
ea(ι−h−ι+1 )ν(ι+1 ) ⊖ ea(ι−ι+1 )ν(ι+1 )

)
⊖

( ∫ ι−h

ι1

(−1)ea(ι−h−s)ג(s, ν(s))ds (6)

⊖

∫ ι−h

ι1

(−1)ea(ι−s)ג(s, ν(s))ds ⊖
∫ ι

ι−h
(−1)ea(ι−s)ג(s, ν(s))ds

)
and for ι + h ∈ (ι1, ι2],

ν(ι) ⊖ ν(ι + h) =
{
ea(ι−ι+1 )ν(ι+1 ) ⊖

∫ ι

ι1

(−1)ea(ι−s)ג(s, ν(s))ds
}

⊖

{
ea(ι+h−ι+1 )ν(ι+1 ) ⊖

∫ ι+h

ι1

(−1)ea(ι+h−s)ג(s, ν(s))ds
}

=
(
ea(ι−ι+1 )ν(ι+1 ) ⊖ ea(ι+h−ι+1 )ν(ι+1 )

)
⊖

( ∫ ι

ι1

(−1)ea(ι−s)ג(s, ν(s))ds (7)

⊖

∫ ι

ι1

(−1)ea(ι+h−s)ג(s, ν(s))ds ⊖
∫ ι+h

ι
(−1)ea(ι+h−s)ג(s, ν(s))ds

)
.

The equations (6) and (7) both sides multiplied by 1
−h and taking the limit as h→ 0+, we obtain

lim
h→0+

ν(ι) ⊖ ν(ι + h)
−h

= aν(ι) + ,ι)ג ν(ι))

and lim
h→0+

ν(ι−h)⊖ν(ι)
−h = aν(ι) + ,ι)ג ν(ι)). Thus ν(ι) is (c2)-differentiable on (ι1, ι2] and consequently

ν′(ι) = aν(ι) + ,ι)ג ν(ι)), for each ι ∈ (ι1, ι2].

Continue this process so if ι ∈ (ιk, ιk+1], k = 1, 2, · · · ,m, then

ν′(ι) = aν(ι) + ,ι)ג ν(ι)), ∀ι ∈ (ιk, ιk+1].

Also, we can easily see that ∆ν(ιk) = ckν(ι−k ) + ,kג k ∈ ℵ. The proof is complete.
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Theorem 3.2. ((c1)-differentiable case). Suppose ג : [0,ℸ] ×RF → RF is continuous and satisfies (F1)-(F3):
(F1) ∃L1 > 0 such that D[ג(ι, ψ), ,ι)ג ϕ)] ≤ L1D[ψ,ϕ], for all ψ,ϕ ∈ RF and ∀ι ∈ [0,ℸ];
(F2) ∃M1 > 0 and r > 0 (r + a > 0) such that D[ג(ι, 0̂), 0̂] ≤M1erι, ∀ι ∈ [0,ℸ];
(F3) ∃K1 > 0 such that D[גk, 0̂] ≤ K1 for k ∈ {1, ...,m}.
Then (1) has a unique solution provided that

L1 <
r

(m + 1)ĉme−a(m−1)ι̂e(r−a)ℸ
,

where a < 0, ĉ = max{| 1 + ck |; k = 1, 2, · · · ,m}, ι̂ = max{ιk − ιk−1; k = 1, 2, · · · ,m + 1}.

Proof. Define a metric on PC[ℵ,RF] by

Dra(u, v) = sup
ι∈(ιk ,ιk+1],k∈M0

D[u(ι), v(ι)]e−(r−a)ι,

for u, v ∈ PC[ℵ,RF], and (PC[ℵ,RF],Dar) is a complete metric space (see [4]). Define an operatorP on PC[ℵ,RF] by

Pν(ι) =



cosh(aι)ν0 + sinh(aι)ν0

+
∫ ι

0 [cosh(a(ι − s))ג(s, ν(s)) + sinh(a(ι − s))ג(s, ν(s))]ds, ι ∈ [0, ι1],
(1 + c1) sinh(aι)ν0 + (1 + c1) cosh(aι)ν0

+
∫ ι1

0 [(1 + c1) sinh(a(ι − s))ג(s, ν) + (1 + c1) cosh(a(ι − s))ג(s, ν(s))]ds
+
∫ ι
ι1

[cosh(a(ι − s))ג(s, ν(s)) + sinh(a(ι − s))ג(s, ν(s))]ds
+ cosh(a(ι − ι+1 1ג(( + sinh(a(ι − ι+1 ,1ג(( ι ∈ (ι1, ι2],
· · ·[

cosh(a(ι − ι+k ))φ1 + sinh(a(ι − ι+k ))φ2

]
ν0

+
[

cosh(a(ι − ι+k ))φ2 + sinh(a(ι − ι+k ))φ1

]
ν0

+
k−1∑
i=1

∫ ιi
ιi−1

{[
(1 + ci) sinh(a(ι − ι+k ) + a(ιi − s))m1

+(1 + ci) cosh(a(ι − ι+k ) + a(ιi − s))m2

]
,s)ג ν(s))

+
[
(1 + ci) cosh(a(ι − ι+k ) + a(ιi − s))m1

+(1 + ci) sinh(a(ι − ι+k ) + a(ιi − s))m2

]
,s)ג ν(s))

}
ds

+
∫ ιk
ιk−1

{[
(1 + ck) sinh(a(ι − ι+k )) cosh(a(ιk − s))

+(1 + ck) cosh(a(ι − ι+k )) sinh(a(ιk − s))
]
,s)ג ν(s))

+
[
(1 + ck) sinh(a(ι − ι+k )) sinh(a(ιk − s))

+(1 + ck) cosh(a(ι − ι+k )) cosh(a(ιk − s))
]
,s)ג ν(s))

}
ds

+
∫ ι
ιk

[
cosh(a(ι − s))ג(s, ν(s)) + sinh(a(ι − s))ג(s, ν(s))

]
ds

+
k−1∑
i=1

{[
cosh(a(ι − ι+k ))m1 + sinh(a(ι − ι+k ))m2

]
iג

+
[

cosh(a(ι − ι+k ))m2 + sinh(a(ι − ι+k ))m1

]
iג

}
+ cosh(a(ι − ι+k kג(( + sinh(a(ι − ι+k ,kג((
ι ∈ (ιk, ιk+1].
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Let ν ∈ PC[ℵ,RF]. Then with ρ = Dra[ν, 0̂] we have D[ν(ι), 0̂] ≤ ρe(r−a)ι for any ι ∈ (ιk, ιk+1], k ∈ M0. Note
Pν ∈ PC[ℵ,RF] and note for ι ∈ [0, ι1] we can get

D[(Pν)(ι), 0̂] ≤ (cosh(aι) − sinh(aι))D[ν0, 0̂]

+

∫ ι

0
(cosh(a(ι − s)) − sinh(a(ι − s)))D[ג(s, ν(s)), 0̂]ds

≤ D[e−aιν0, 0̂] +
∫ ι

0
e−a(ι−s)

[
L1D[ν, 0̂] +M1ers

]
ds

≤ D[e−aιν0, 0̂] +
L1ρe−aι

r
(erι
− 1) +

M1e−aι

r + a
(e(r+a)ι

− 1)(r + a > 0),

and for ι ∈ (ιk, ιk+1], k ∈ ℵ, we have

D[(Pν)(ι), 0̂]

≤ D
[
e−a(ι−ι+k )

1∏
j=k

[(1 + c j)(−e−a(ι j−ι+j−1))]ν0, 0̂
]

+L1

k−1∑
i=1

e−a(ι−ι+k )
i+1∏
j=k

[(1 + c j)(−e−a(ι j−ι+j−1))](−(1 + ci))
ρ

r
e−aιi
(
erιi − erιi−1

)

+
M1

r + a

k−1∑
i=1

e−a(ι−ι+k )
i+1∏
j=k

[(1 + c j)(−e−a(ι j−ι+j−1))](−(1 + ci))e−aιi
(
e(r+a)ιi − e(r+a)ιi−1

)
+
ρL1

r
(−(1 + ck))e−aι

(
erιk − erιk−1

)
+

M1(−(1 + ck))e−aι

r + a

(
e(a+r)ιk − e(a+r)ιk−1

)
+

L1ρe−aι

r

(
erι
− erιk

)
+

M1e−aι

r + a

(
e(r+a)ι

− e(r+a)ιk
)

+D
[ k−1∑

i=1

e−a(ι−ι+k )
i+1∏
j=k

[(1 + c j)(−e−a(ι j−ι+j−1))]גi, 0̂
]
+D[e−a(ι−ι+k ,kג( 0̂],

so

sup
ι∈[0,ι1]

D[(Pν)(ι), 0̂]e−(r−a)ι

= sup
ι∈[0,ι1]

{
D[e−aιν0, 0̂] +

L1ρe−aι

r
(erι
− 1) +

M1e−aι

r + a
(e(r+a)ι

− 1)
}
e−(r−a)ι

≤ D[ν0, 0̂] +
L1ρ

r
+

M1

r + a
,

and for k ∈ ℵ, we have

sup
ι∈(ιk ,ιk+1]

D[(Pν)(ι), 0̂]e−(r−a)ι

= sup
ι∈(ιk ,ιk+1]

{
D
[
e−a(ι−ι+k )

1∏
j=k

[(1 + c j)(−e−a(ι j−ι+j−1))]ν0, 0̂
]

+L1

k−1∑
i=1

e−a(ι−ι+k )
i+1∏
j=k

[(1 + c j)(−e−a(ι j−ι+j−1))](−(1 + ci))
ρ

r
e−aιi
(
erιi − erιi−1

)
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+
M1

r + a

k−1∑
i=1

e−a(ι−ι+k )
i+1∏
j=k

[(1 + c j)(−e−a(ι j−ι+j−1))](−(1 + ci))e−aιi
(
e(r+a)ιi − e(r+a)ιi−1

)
+
ρL1

r
(−(1 + ck))e−aι

(
erιk − erιk−1

)
+

M1(−(1 + ck))e−aι

r + a

(
e(a+r)ιk − e(a+r)ιk−1

)
+

L1ρe−aι

r

(
erι
− erιk

)
+

M1e−aι

r + a

(
e(r+a)ι

− e(r+a)ιk
)

+D
[ k−1∑

i=1

e−a(ι−ι+k )
i+1∏
j=k

[(1 + c j)(−e−a(ι j−ι+j−1))]גi, 0̂
]
+D[e−a(ι−ι+k ,kג( 0̂]

}
e−(r−a)ι

≤ D
[
ĉme−amι̂ν0, 0̂

]
+

M1(m + 1)ĉme−a(m−1)ι̂e−aℸ

r + a

+
L1(m + 1)ĉme−a(m−1)ι̂ρe(r−a)ℸ

r
+ K1mĉm−1e−a(m−1)ι̂.

Now, let Px, Pν ∈ PC[ℵ,RF]. For ι ∈ [0, ι1], we have

D[(Pν)(ι), (Px)(ι)]

= D
[

cosh(aι)ν0 + sinh(aι)ν0 +

∫ ι

0

[
cosh(a(ι − s))ג(s, ν(s)) + sinh(a(ι − s))ג(s, ν(s))

]
ds,

cosh(aι)ν0 + sinh(aι)ν0 +

∫ ι

0

[
cosh(a(ι − s))ג(s, x(s)) + sinh(a(ι − s))ג(s, x(s))

]
ds
]

≤

∫ ι

0

[
cosh(a(ι − s))D[ג(s, ν(s)), ,s)ג x(s))]+ | sinh(a(ι − s) | D[ג(s, ν(s)), ,s)ג x(s))]

]
ds

=

∫ ι

0
e−a(ι−s)LD[ν(s), x(s)]e−(r−a)se(r−a)sds ≤

L1Dra[ν, x]
r

e−aι(erι
− 1)

and thus (recall a < 0)

sup
ι∈[0,ι1]

D[(Pν)(ι), (Px)(ι)]e−(r−a)ι

= sup
ι∈[0,ι1]

{L1Dra[ν, x]
r

e−aι(erι
− 1)
}
e−(r−a)ι

≤
L1

r
Dra[ν, x]. (8)

Similarly, for ι ∈ (ιk, ιk+1], k ∈ ℵ, we have

D[(Pν)(ι), (Px)(ι)]

≤ L1

k−1∑
i=1

e−a(ι−ι+k )
i+1∏
j=k

[(1 + c j)(−e−a(ι j−ι+j−1))](−(1 + ci))
1
r

e−aιi
(
erιi − erιi−1

)
Dra[ν, x]

+
L1

r
(−(1 + ck))e−aι

(
erιk − erιk−1

)
Dra[ν, x] +

L1e−aι

r

(
erι
− erιk

)
Dra[ν, x],

and so

sup
ι∈(ιk ,ιk+1]

D[(Pν)(ι), (Px)(ι)]e−(r−a)ι

≤ sup
ι∈(ιk ,ιk+1]

{
L1

k−1∑
i=1

e−a(ι−ι+k )
i+1∏
j=k

[(1 + c j)(−e−a(ι j−ι+j−1))](−(1 + ci))
1
r

e−aιi
(
erιi − erιi−1

)
Dra[ν, x]

+
L1

r
(−(1 + ck))e−aι

(
erιk − erιk−1

)
Dra[ν, x] +

L1e−aι

r

(
erι
− erιk

)
Dra[ν, x]

}
e−(r−a)ι (9)
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=
L1(m + 1)ĉme−a(m−1)ι̂e(r−a)ℸ

r
Dra[ν, x].

From (8) and (9) one has

Dra[(Pν), (Px)] ≤
L1

r
Dra[ν, x], for ι ∈ [0, ι1]

and

Dra[(Pν), (Px)] ≤
L1(m + 1)ĉme−a(m−1)ι̂e(r−a)ℸ

r
Dra[ν, x],

for ι ∈ (ιk, ιk+1], k ∈ ℵ.
Since L1 < r

(m+1)ĉme−a(m−1)ι̂e(r−a)ℸ , we infer that P is a contraction on PC[ℵ,RF]. The Banach fixed point theorem
guarantees the existence of a unique fixed point for P so (1) has a unique solution in the (c1)-differentiable case.

Theorem 3.3. ((c2)-differentiable case). Suppose ג : [0,ℸ] ×RF → RF is continuous and satisfies (f1)-(f3):
( f 1) ∃L > 0 such that D[ג(ι, ψ), ,ι)ג ϕ)] ≤ LD[ψ,ϕ], ∀ψ,ϕ ∈ RF and ∀ι ∈ [0,ℸ];
( f 2) ∃M > 0 and r > 0 such that D[ג(ι, 0̂), 0̂] ≤Merι for all ι ∈ [0,ℸ];
( f 3) ∃K > 0 such that D[גk, 0] ≤ K for k ∈ {1, ....,m}.

Then (1) has a unique solution provided that L < r−2a
e(r−2a)ℸ(m+1)ĉm , where a < 0, ĉ = max{| 1 + ck |; k = 1, 2, · · · ,m} and

assuming the Hukuhara difference in (3) exists.

Proof. Define an operator P on PC[ℵ,RF] by

(Pν)(ι) =



eaιν0 ⊖
∫ ι

0 (−1)ea(ι−s)ג(s, ν(s))ds, ι ∈ [0, ι1],

ea(ι−ι+1 )(1 + c1)ea(ι1−ι+0 )ν0 ⊖

{ ∫ ι1
0 (−1)ea(ι−ι+1 )(1 + c1)ea(ι1−s)ג(s, ν(s))ds

+
∫ ι
ι1

(−1)ea(ι−s)ג(s, ν(s))ds
}
+ ea(ι−ι+1 ,1ג( ι ∈ (ι1, ι2],

· · ·

ea(ι−ι+k )
1∏

j=k
(1 + c j)e

a(ι j−ι+j−1)ν0 ⊖

{ k−1∑
i=1

∫ ιi
ιi−1

(−1)ea(ι−ι+k )
i+1∏
j=k

(1 + c j)e
a(ι j−ι+j−1)

×(1 + ci)ea(ιi−s)ג(s, ν(s))ds +
∫ ιk
ιk−1

(−1)ea(ι−ι+k )(1 + ck)ea(ιk−s)ג(s, ν(s))ds

+
∫ ι
ιk

(−1)ea(ι−s)ג(s, ν(s))ds
}
+

k−1∑
i=1

ea(ι−ι+k )
i+1∏
j=k

(1 + c j)e
a(ι j−ι+j−1)גi + ea(ι−ι+k ,kג(

ι ∈ (ιk, ιk+1].

Let ν ∈ PC[ℵ,RF]. Then with ρ = Dra[ν, 0̂] we have D[ν(ι), 0̂] ≤ ρe(r−a)ι for any ι ∈ (ιk, ιk+1], k ∈ M0. Note
Pν ∈ PC[ℵ,RF] and for ι ∈ [0, ι1] we have

D[(Pν)(ι), 0̂] = D[eaιν0 ⊖

∫ ι

0
(−1)ea(ι−s)ג(s, ν(s))ds, 0̂]

≤ D[eaιν0, 0̂] +D[
∫ ι

0
(−1)ea(ι−s)ג(s, ν(s))ds, 0̂]

≤ D[eaιν0, 0̂] +
∫ ι

0
ea(ι−s)D[ג(s, ν(s)), 0̂]ds

≤ D[eaιν0, 0̂] +
∫ ι

0
ea(ι−s)

[
D[ג(s, ν(s)), ,s)ג 0̂)] +D[ג(s, 0̂), 0̂]

]
ds

≤ D[eaιν0, 0̂] +
Lρeaι

r − 2a
(e(r−2a)ι

− 1) +
Meaι

r − a
(e(r−a)ι

− 1)

≤ D[eaιν0, 0̂] +
Lρeaι

r − 2a
e(r−2a)ι +

Meaι

r − a
e(r−a)ι,



R. Liu et al. / Filomat 37:4 (2023), 1223–1240 1235

and for ι ∈ (ιk, ιk+1], k ∈ ℵ, we get

D[(Pν)(ι), 0̂]

≤ D
[
ea(ι−ι+k )

1∏
j=k

[ĉea(ι j−ι+j−1)]ν0, 0̂
]

+L
k−1∑
i=1

ea(ι−ι+k )
i+1∏
j=k

[ĉea(ι j−ι+j−1)]ĉ
ρ

r − 2a
eaιi
(
e(r−2a)ιi − e(r−2a)ιi−1

)

+
M

r − a

k−1∑
i=1

ea(ι−ι+k )
i+1∏
j=k

[ĉea(ι j−ι+j−1)]ĉeaιi
(
e(r−a)ιi − e(r−a)ιi−1

)
+

ρL
r − 2a

ĉeaι
(
e(r−2a)ιk − e(r−2a)ιk−1

)
+

Mĉeaι

r − a

(
e(r−a)ιk − e(r−a)ιk−1

)
+

Lρeaι

r − 2a

(
e(r−2a)ι

− e(r−2a)ιk
)
+

Meaι

r − a

(
e(r−a)ι

− e(r−a)ιk
)

+D
[ k−1∑

i=1

ea(ι−ι+k )
i+1∏
j=k

[ĉea(ι j−ι+j−1)]גi, 0̂
]
+D[ea(ι−ι+k ,kג( 0̂],

so

sup
ι∈[0,ι1]

D[(Pν)(ι), 0̂]e−(r−a)ι = sup
ι∈[0,ι1]

{
D[eaιν0, 0̂] +

Lρeaι

r − 2a
e(r−2a)ι +

Meaι

r − a
e(r−a)ι

}
e−(r−a)ι

≤ D[ν0, 0̂] +
Lρ

r − 2a
+

M
r − a

,

and for k ∈ ℵ, we get

sup
ι∈(ιk ,ιk+1]

D[(Pν)(ι), 0̂]e−(r−a)ι

= sup
ι∈(ιk ,ιk+1]

{
D
[
ea(ι−ι+k )

1∏
j=k

[ĉea(ι j−ι+j−1)]ν0, 0̂
]

+L
k−1∑
i=1

ea(ι−ι+k )
i+1∏
j=k

[ĉea(ι j−ι+j−1)]ĉ
ρ

r − 2a
eaιi
(
e(r−2a)ιi − e(r−2a)ιi−1

)

+
M

r − a

k−1∑
i=1

ea(ι−ι+k )
i+1∏
j=k

[ĉea(ι j−ι+j−1)]ĉeaιi
(
e(r−a)ιi − e(r−a)ιi−1

)
+

ρL
r − 2a

ĉeaι
(
e(r−2a)ιk − e(r−2a)ιk−1

)
+

Mĉeaι

r − a

(
e(r−a)ιk − e(r−a)ιk−1

)
+

Lρeaι

r − 2a

(
e(r−2a)ι

− e(r−2a)ιk
)
+

Meaι

r − a

(
e(r−a)ι

− e(r−a)ιk
)

+D
[ k−1∑

i=1

ea(ι−ι+k )
i+1∏
j=k

[ĉea(ι j−ι+j−1)]גi, 0̂
]
+D[ea(ι−ι+k ,kג( 0̂]

}
e−(r−a)ι

≤ D[e−aιm ĉmν0, 0̂] +
ρL

r − 2a
e(r−2a)ℸ(m + 1)ĉm

+
M

r − a
e(r−a)ℸ(m + 1)ĉm + e−aℸmĉm−1K.
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Now, let Px, Pν ∈ PC[ℵ,RF]. For ι ∈ [0, ι1], we have

D[(Pν)(ι), (Px)(ι)] = D
[
eaιν0 ⊖

∫ ι

0
(−1)ea(ι−s)ג(s, ν)ds, eaιν0 ⊖

∫ ι

0
(−1)ea(ι−s)ג(s, x)ds

]
≤

∫ ι

0
ea(ι−s)D

[
,s)ג ν), ,s)ג x)

]
ds

≤ L
∫ ι

0
D[ν, x]ea(ι−s)ds

=
LDra[ν, x]

r − 2a
eaι(e(r−2a)ι

− 1),

and thus (recall a < 0)

sup
ι∈[0,ι1]

D[(Pν)(ι), (Px)(ι)]e−(r−a)ι

= sup
ι∈[0,ι1]

{LDra[ν, x]
r − 2a

eaι(e(r−2a)ι
− 1)
}
e−(r−a)ι

≤
L

r − 2a
Dra[ν, x]. (10)

Similarly, for ι ∈ (ιk, ιk+1], k ∈ ℵ, we have

D[(Pν)(ι), (Px)(ι)]

≤ D
[ k−1∑

i=1

∫ ιi

ιi−1

(−1)ea(ι−ι+k )
i+1∏
j=k

(1 + c j)e
a(ι j−ι+j−1)(1 + ci)ea(ιi−s)ג(s, ν(s))ds,

k−1∑
i=1

∫ ιi

ιi−1

(−1)ea(ι−ι+k )
i+1∏
j=k

(1 + c j)e
a(ι j−ι+j−1)(1 + ci)ea(ιi−s)ג(s, x(s))ds

]
+D
[ ∫ ιk

ιk−1

(−1)ea(ι−ι+k )(1 + ck)ea(ιk−s)ג(s, ν(s))ds,∫ ιk

ιk−1

(−1)ea(ι−ι+k )(1 + ck)ea(ιk−s)ג(s, x(s))ds
]

+D
[ ∫ ι

ιk

(−1)ea(ι−s)ג(s, ν(s))ds,
∫ ι

ιk

(−1)ea(ι−s)ג(s, x(s))ds
]

≤
L

r − 2a

k−1∑
i=1

ea(ι−ι+k )
i+1∏
j=k

[ĉea(ι j−ι j−1)]ĉ(e(r−2a)ιi − e(r−2a)ιi−1 )eaιi Dra[ν, x]

+
Leaιk

r − 2a
ea(ι−ι+k )ĉ(e(r−2a)ιk − e(r−2a)ιk−1 )Dra[ν, x]

+
Leaι

r − 2a
(e(r−2a)ι

− e(r−2a)ιk )Dra[ν, x],

and so

sup
ι∈(ιk ,ιk+1]

D[(Pν)(ι), (Px)(ι)]e−(r−a)ι

≤ sup
ι∈(ιk ,ιk+1]

{ L
r − 2a

k−1∑
i=1

ea(ι−ι+k )
i+1∏
j=k

[ĉea(ι j−ι j−1)]

×ĉ(e(r−2a)ιi − e(r−2a)ιi−1 )eaιi Dra[ν, x]
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+
Leaιk

r − 2a
ea(ι−ι+k )ĉ(e(r−2a)ιk − e(r−2a)ιk−1 )Dra[ν, x]

+
Leaι

r − 2a
(e(r−2a)ι

− e(r−2a)ιk )Dra[ν, x]
}
e−(r−a)ι (11)

≤
L

r − 2a
e(r−2a)ℸ(m + 1)ĉmDra[ν, x].

From (10) and (11) one has

Dra[(Pν), (Px)] ≤
L

r − 2a
Dra[ν, x], for ι ∈ [0, ι1]

and

Dra[(Pν), (Px)] ≤
L

r − 2a
e(r−2a)ℸ(m + 1)ĉmDra[ν, x],

for ι ∈ (ιk, ιk+1], k ∈ ℵ. Since L < r−2a
e(r−2a)ℸ(m+1)ĉm , where a < 0, we infer that P is a contraction on PC[ℵ,RF]. The

Banach fixed point theorem guarantees the existence of a unique fixed point for P, thus (1) has a unique
solution in the (c2)-differentiable case.

4. An example

In this section we present an example to illustrate our theory.

Example 4.1. Let us consider a class of impulsive fuzzy differential equations:
ν′(ι) = aν(ι) + ,ι)ג ν(ι)), ι ∈ [0, ι3], ι , ιk, k = 1, 2,
∆ν(ιk) = ckν(ι−k ) + ,kג k = 1, 2,
ν(0) = γ,

(12)

where a = − 1
5 , ,ι)ג ν(ι)) = ι2 sin(ν(ι))γ, [γ]α = [α − 1, 1 − α], ι1 = 0.1, ι2 = 0.2, ι3 = 0.3, c1 = −2.1, c2 = −2.2,

1ג = 3γ and 2ג = 1.5γ.
Note ג : [0,ℸ] ×RF → RF is continuous and for ψ, φ ∈ RF,

D[ג(ι, ψ), ,ι)ג φ)] = D[ι2 sin(ψ)γ, ι2 sin(φ)γ]
≤ ι2 ·D[ψ,φ]

≤


0.01 ·D[ψ,φ], ι ∈ [0, 0.1],
0.04 ·D[ψ,φ], ι ∈ (0.1, 0.2],
0.09 ·D[ψ,φ], ι ∈ (0.2, 0.3].

Let L1 = L = 0.09. Note

D[ג(ι, 0̂), 0̂] = D[ι2 sin(0̂)γ, 0̂] = 0,

for ι ∈ [0, 0.3], so trivially (F2) and (f2) hold. For illustration we will take r = 2. Note D(גk, 0) ≤ 3, for k ∈ {1, 2}. Let
K1 = K = 3 .

Note
L1 = 0.09 <

r
(m + 1)ĉme−a(m−1)ι̂e(r−a)ℸ

= 0.2345,

L = 0.09 <
r − 2a

e(r−2a)ℸ(m + 1)ĉm
= 0.2704.

Therefore, (12) has a unique solution on [0, 0.3].
In fact, the solutions of (12) can be expressed in the following explicit forms:
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(c1)-differentiable solution:

ν(ι) =



−

{
cosh(− 1

5 ι) − sinh(− 1
5 ι)

−

∫ ι
0 [cosh(− 1

5 (ι − s))s2 sin(ν(s)) − sinh(− 1
5 (ι − s))s2 sin(ν(s))]ds

}
, ι ∈ [0, 0.1],

−

{
(−1.1) sinh( 1

5 ι) − (−1.1) cosh( 1
5 ι)

−

∫ 0.1

0 [(−1.1) sinh(− 1
5 (ι − s))s2 sin(ν(s)) − (−1.1) cosh(− 1

5 (ι − s))s2 sin(ν(s))]ds
−

∫ ι
0.1[cosh(− 1

5 (ι − s))s2 sin(ν(s)) + sinh(− 1
5 (ι − s))s2 sin(ν(s))]ds

+3 × cosh(− 1
5 (ι − 0.1)) + 3 × sinh(− 1

5 (ι − 0.1))
}
, ι ∈ (0.1, 0.2],

−

{[
cosh(− 1

5 (ι − 0.2)) [(−1.2) sinh(−0.02)+(−1.2) cosh(−0.02)][(−1.1) sinh(−0.02)+(−1.1) cosh(−0.02)]
2

+ sinh(− 1
5 (ι − 0.2)) [(−1.2) sinh(−0.02)−(−1.2) cosh(−0.02)][(−1.1) sinh(−0.02)−(−1.1) cosh(−0.02)]

2

]
−

∫ 0.1

0

{
(−1.1) sinh(− 1

5 (ι − s − 0.1) × (−2.4) sinh(−0.02)s2 sin(ν(s))

−(−1.1) cosh(− 1
5 (ι − s − 0.1) × (−2.4) sinh(−0.02)s2 sin(ν(s))

}
ds

−

∫ 0.2

0.1

{[
(−1.2) sinh(− 1

5 (ι − 0.2)) cosh(− 1
5 (0.2 − s))

+(−1.2) cosh(− 1
5 (ι − 0.2)) sinh(− 1

5 (0.2 − s))
]
s2 sin(ν(s))

−

[
(−1.2) sinh(− 1

5 (ι − 0.2)) sinh(− 1
5 (0.2 − s))

+(−1.2) cosh(− 1
5 (ι − 0.2)) cosh(− 1

5 (0.2 − s))
]
s2 sin(ν(s))

}
ds

−

∫ ι
0.2

[
cosh(− 1

5 (ι − s))s2 sin(ν(s)) − sinh(− 1
5 (ι − s))s2 sin(ν(s))

]
ds

−3 ×
[

cosh(− 1
5 (ι − 0.2))(−1.1) sinh(−0.02) + sinh(− 1

5 (ι − 0.2))(−1.1) cosh(−0.02)
]

−3 ×
[

cosh(− 1
5 (ι − 0.2))(−1.1) cosh(−0.02) + sinh(− 1

5 (ι − 0.2))(−1.1) sinh(−0.02)
]

+1.5 cosh(− 1
5 (ι − 0.2)) − 1.5 sinh(− 1

5 (ι − 0.2))
}
, ι ∈ (0.2, 0.3],

and

ν(ι) = −ν(ι).

(c2)-differentiable solution:

ν(ι) =



−

{
e−

1
5 ι −
∫ ι

0 (−1)e−
1
5 (ι−s)s2 sin(ν(s))ds

}
, ι ∈ [0, 0.1],

−

{
e−

1
5 (ι−0.1)(1.1)e−0.02 +

{ ∫ 0.1

0 1.1e−
1
5 (ι−s)s2 sin(ν(s))ds

+
∫ ι

0.1(−1)e−
1
5 (ι−s)s2 sin(ν(s))ds

}
+ 3e−

1
5 (ι−0.1)

}
, ι ∈ (0.1, 0.2],

−

{
1.32e−

1
5 (ι−0.2)e−0.04

−

{ ∫ 0.1

0 (−1.32)e−
1
5 (ι−s)s2 sin(ν(s))ds

−

∫ 0.2

0.1 1.2e−
1
5 (ι−s)s2 sin(ν(s))ds +

∫ ι
0.2(−1)e−

1
5 (ι−s)s2 sin(ν(s))ds

}
+3.6e−

1
5 (ι−0.2)e−0.02 + 1.5e−

1
5 (ι−0.2)

}
, ι ∈ (0.2, 0.3],

and
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ν(ι) = −ν(ι).

Finally, (c1)-solution (when α = 0) is shown in Figure 1; (c2)-solution (when α = 0) is shown in Figure 2.

Figure 1: (c1)-solution (when α = 0) of Example 4.1. Figure 2: (c2)-solution (when α = 0) of Example 4.1.

5. Conclusions

The purpose of this paper is establish the existence and uniqueness of (c1)-differentiable and (c2)-
differentiable solutions to first-order nonlinear impulsive fuzzy differential equations under generalized
Hukuhara differentiability using the contraction mappings principle. An example is given to prove our
results.
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