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Abstract. In this note, by means of a kernel function induced by a continuous function f on the unit circle,
we show that corresponding integral operator on Banach spaceAP is bounded or compact precisely when
f belongs to the big Zygmund classΛ∗ or the little Zygmund class λ∗, whereAP consists of all holomorphic
functions ϕ on C\S1 with the finite corresponding norm. This generalizes the result in Hu, Song, Wei and
Shen (2013) [5] and meanwhile may be considered as the infinitesimal version of main result obtained in
Tang and Wu (2019) [8].

1. Introduction and main results

Let C denote the complex plane, C = {C} ∪ {∞}, ∆ = {z ∈ C : |z| < 1}, ∆∗ = C\∆ and S1 = {z ∈ C : |z| = 1}.
Set f be a continuous function on the unit circle S1. Y.Hu, J.R.Song, H.Y.Wei and Y.L.Shen [5] introduced

a integral operator T f induced by kernel function

K f (ζ, z) = (χ∆(ζ)χ∆(z) − χ∆∗ (ζ)χ∆∗ (z))ϕ f (ζ, z), (1.1)

for (ζ, z) ∈ (∆ ∪ ∆∗) × (∆ ∪ ∆∗), where χ stands for the characteristic function of a set and

ϕ f (ζ, z) =
1

2πi

∫
S1

f (w)
(1 − ζw)2(1 − zw)2 dw, (1.2)

for (ζ, z) ∈ (∆ ∪ ∆) × (∆∗ ∪ ∆∗). In particular, when ζ = z, we have

ϕ f (z) = ϕ f (z, z) =
1

2πi

∫
S1

f (w)
(1 − zw)4 dw. (1.3)

The integral operator T f is defined as for any holomorphic function ψ in ∆ ∪ ∆∗,

T fψ(ζ) =
1
π

"
∆∪∆∗

K f (ζ, z)ψ(z)dxdy. (1.4)

That is to say, when ζ ∈ ∆,

T fψ(ζ) =
1
π

"
∆

K f (ζ, z)ψ(z)dxdy, (1.5)
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while ζ ∈ ∆
∗

,

T fψ(ζ) = −
1
π

"
∆∗

K f (ζ, z)ψ(z)dxdy. (1.6)

Let p > 1. The Banach space Ap consists of all holomorphic functions ϕ in the unit disk ∆ with finite
norm

∥ϕ∥p
Ap =

1
π

"
∆∪∆∗
|ϕ(z)|p|1 − |z|2|p−2dxdy < ∞. (1.7)

When p = 2,A2 is a Hilbert space with inner product and norm

< ϕ,ψ >=
1
π

"
∆∪∆∗

ϕ(z)ψ(z)dxdy, ∥ϕ∥ =< ϕ,ϕ >
1
2 . (1.8)

Next, we recall the definitions of the two class Λ∗, λ∗ and give some background on the paper.
A continuous function f on S1 is said to belong to the big Zygmund classΛ∗ if there exists some constant

M > 0 such that
| f (ei(θ+t)) − 2 f (eiθ) + f (ei(θ−t))| ≤Mt (1.9)

for all θ ∈ [0, 2π) and t ∈ (0, π). A Zygmund function f is said to belong to the little Zygmund class λ∗ if

lim
t→0+

f (ei(θ+t)) − 2 f (eiθ) + f (ei(θ−t))
t

= 0 (1.10)

uniformly for θ ∈ [0, 2π). Zygmund [10] firstly introduced these functions. Zygmund functions have been
found many applications in the study of Teichmüller space (see [2], [3], [7]). On the other hand, some
researchers want to give some new characterizations for Λ∗ and λ∗ in view of methods in the Teichmüller
space. In 2012, Y.Hu and Y.L.Shen [4] introduced a kernel function ϕh induced by a quasisymmetric home-
omorphism h and discussed the compactness of the corresponding operator T−h on A2. Meanwhile, Y.Hu,
J.R.Song, H.Y. Wei and Y.L.Shen [5] gave the infinitesimal version of the main result in [4]. Subsequently,
on the base of [4], S.A.Tang and P.C.Wu [8] studied the compactness of the corresponding operator T−h on
A

p. In this paper, we show the infinitesimal version of the main result in [8]. Indeed, we will prove the
following theorems.

Theorem 1.1. Let f be a continuous function on the unit circle and p > 1. Then the following statements are
equivalent:

(i) f ∈ Λ∗;
(ii) The integral operator T f : Ap

→A
p is bounded;

(iii)For each fixed z ∈ ∆ ∪ ∆∗, K f (·, z) ∈ Ap, and ∥K f (·, z)∥Ap = O(|1 − |z|2|−1);
(iv) ϕ f (z) = O((1 − |z|2)−2).

Theorem 1.2. Let f be a continuous function on the unit circle and p > 1. Then the following statements are
equivalent:

(i) f ∈ λ∗;
(ii) The integral operator T f : Ap

→A
p is compact;

(iii)For each fixed z ∈ ∆ ∪ ∆∗, K f (·, z) ∈ Ap, and ∥K f (·, z)∥Ap = o(|1 − |z|2|−1);
(iv) ϕ f (z) = o((1 − |z|2)−2).

When p = 2, Thorem 1.1 or Theorem 1.2 coincides with Theorem 3.4 or Theorem 3.5 in [5], respectively.
We end this introduction section with the organization of the paper. In section 2, we give some lemmas

which will be used to prove main theorems. In section 3, we will give a proof of Theorem 1.1. The last
section we will prove Theorem 1.2.
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2. Some lemmas

According to Ahlfors [1], a complex-valued function F defined in a domainΩ is called a quasiconformal
deformation if it has the generalized derivative ∂F such that ∂F ∈ L∞(Ω). The following lemma on the
quasiconformal deformation will be used later.

Lemma 2.1. (see Theorem 2.1 in [5] or [4]) Let f be a continuous function on the unit circle. Then f ∈ Λ∗ if and only
if f can be extended to a quasiconformal deformation f̃ of the whole planeC so that f̃ = O(z2) as z→∞; Furthermore,
f ∈ λ∗ if and only if the quasiconformal deformation extension f̃ can be so chosen that ∂ f̃ (z)→ 0 as |z| → 1.

The following lemma gives the relationship between ϕ f (z) defined in (1.3) and the quasiconformal
deformation.

Lemma 2.2. (see Proposition 2.3 in [5]) Let f be a continuous function on the unit circle S1. Then the following
statements holds:

(i) ϕ f (z) = O((1− |z|2)−2) if and only if f can be extended to a quasiconformal deformation f̃ of the whole plane C
so that f̃ (z) = O(z2) as z→∞;

(ii) ϕ f (z) = o((1 − |z|2)−2) as |z| → 1 if and only if f can be extended to a quasiconformal deformation f̃ of the
whole plane C so that ∂ f̃ (z)→ 0 as z→ 1.

Furthermore, in each case,

E( f )(z) =
|1 − |z|2|3

2πi

∫
S1

f (w)
(1 − zw)3(w − z)

dw, z ∈ ∆ ∪ ∆∗, (2.1)

provides the required extension.

To prove the boundedness and compactness of the integral operator T f , we need to introduce the
following lemma.

Lemma 2.3. (see Theorem 3.6 of [9]) Suppose that (X, µ) is a measure space and K(x, y) is a nonnegative measurable
function on X × X, K is the integral operator with kernel K(x, y), that is

Kψ(x) =
"

X
K(x, y)ψ(y)dµ(y).

Let 1 < p < ∞ with 1
p +

1
q = 1. If there exist positive constants C1 and C2 and a positive measurable function h on X

such that "
X

K(x, y)hq(y)dµ(y) ≤ C1hq(x), (2.2)

for almost every x ∈ X and "
X

K(x, y)hp(x)dµ(x) ≤ C2hp(y), (2.3)

for almost every y ∈ X, then K is a bounded operator on Lp(X, dµ) with norm less then or equal to C
1
q

1 C
1
p

2 .

We also need the following integral estimates (see [9]).

Lemma 2.4. ([9]) Suppose that z ∈ ∆, s > 0 and t > −1. Then there exists constant C > 0 so that

1
C

1
(1 − |z|2)s ≤

"
∆

(1 − |w|2)t

|1 − zw|2+t+s dudv ≤ C
1

(1 − |z|2)s . (2.4)
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Remark 2.5. When z ∈ ∆∗,we can obtain

1
C

1
(|z|2 − 1)s ≤

"
∆∗

(|w|2 − 1)t

|1 − zw|2+t+s dudv ≤ C
1

(|z|2 − 1)s . (2.5)

We also consider a special subset ofAp. For fixed z ∈ ∆ ∪ ∆∗, we set ψz ∈ A
p by

ψz(ζ) =
1 − |z|2

(1 − zζ)2χ∆(ζ), z ∈ ∆, (2.6)

and

ψz(ζ) =
1 − |z|2

(1 − zζ)2χ∆∗ (ζ), z ∈ ∆∗. (2.7)

It follows from Lemma 2.4 and Remark 1 that ψz ∈ A
p.

To prove our main theorems, we need the following two lemmas in [5].

Lemma 2.6. (see Lemma 3.2 in [5]) Let f be continuous function on the unit circle. Then it holds that

T fψz(ζ) = (1 − |z|2)K f (ζ, z), (ζ, z) ∈ (∆ ∪ ∆∗) × (∆ ∪ ∆∗). (2.8)

Lemma 2.7. (see Lemma 3.3 in [5]) Let f be continuous function on the unit circle. If for each fixed z ∈ ∆ ∪ ∆∗,
K f (·, z) ∈ A2, then for all z ∈ ∆ ∪ ∆∗, it holds that

⟨K f (·, z), ψz⟩ = |1 − |z|2|ϕ f (z). (2.9)

3. Proof of Theorem 1.1

Proof. ”(i)⇒(ii)” It is known that the following two equations ((3.1) and (3.2)) hold (see [5]). when (ζ, z) ∈
∆ × ∆,

ϕ f (ζ, z) =
1

2πi

∫
S1

f (w)
(1 − ζw)2(1 − zw)2 dw =

1
π

"
∆

∂F(w)
(1 − ζw)2(1 − zw)2 dudv, (3.1)

when (ζ, z) ∈ ∆∗ × ∆∗,

ϕ f (ζ, z) =
1

2πi

∫
S1

f (w)
(1 − ζw)2(1 − zw)2 dw = −

1
π

"
∆∗

∂F(w)
(1 − ζw)2(1 − zw)2 dudv, (3.2)

where F(w) is the quasiconformal deformation of f . Meanwhile, for any holomorphic function ψ ∈ Ap, by
a result of [5], we know that

ψ(ζ) =
1
π

"
∆

ψ(z)
(1 − zζ)2 dxdy, ζ ∈ ∆, (3.3)

and

ψ(ζ) =
1
π

"
∆∗

ψ(z)
(1 − zζ)2 dxdy, ζ ∈ ∆∗. (3.4)

Following from (3.1)-(3.4), Y.Hu, J.R.Song, H.Y. Wei and Y.L.Shen [5] got that

T fψ(ζ) =
1
π

"
∆

∂F(w)ψ(w)
(1 − ζw)2 dudv, for ζ ∈ ∆, (3.5)

and

T fψ(ζ) =
1
π

"
∆∗

∂F(w)ψ(w)
(1 − ζw)2 dudv, for ζ ∈ ∆∗. (3.6)
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Then one side is for ζ ∈ ∆,

1
π

"
∆

|T fψ(ζ)|p(1 − |ζ|2)p−2dξdη

=
1
π

"
∆

∣∣∣∣∣∣∣ 1
π

"
∆

∂F(w)ψ(w)
(1 − ζw)2 dudv

∣∣∣∣∣∣∣
p

(1 − |ζ|2)p−2dξdη

≤
1
πp+1

"
∆

∣∣∣∣∣∣∣
"
∆

|∂F(w)ψ(w)|
|1 − ζw|2

dudv

∣∣∣∣∣∣∣
p

(1 − |ζ|2)p−2dξdη

=
1
πp+1

"
∆

∣∣∣∣∣∣∣
"
∆

(1 − |w|2)2−p
|∂F(w)ψ(w)|

|1 − ζw|2
(1 − |w|2)p−2dudv

∣∣∣∣∣∣∣
p

(1 − |ζ|2)p−2dξdη.

Let dµ(w) = (1 − |w|2)p−2dudv and K(ζ,w) = (1−|w|2)2−p

|1−ζw|2 , (ζ,w) ∈ ∆ ×∆. Consider the function h(w) = (1 − |w|2)α,
where −1 + 1

p < α < min{0,−1 + 2
p }. By Lemma 2.4, there exists a constant C3 > 0 such that

"
∆

(1 − |w|2)2−p

|1 − ζw|2
hq(w)dµ(w)

=

"
∆

(1 − |w|2)2−p

|1 − ζw|2
(1 − |w|2)αq(1 − |w|2)p−2dudv

=

"
∆

(1 − |w|2)αq

|1 − ζw|2
dudv

≤ C3(1 − |ζ|2)αq = C3hq(ζ). (3.8)

Similarly, there exists a constant C4 > 0 such that

"
∆

(1 − |w|2)2−p

|1 − ζw|2
hp(ζ)dµ(ζ)

=

"
∆

(1 − |w|2)2−p

|1 − ζw|2
(1 − |ζ|2)αp(1 − |ζ|2)p−2dξdη

=

"
∆

(1 − |w|2)2−p

|1 − ζw|2
(1 − |ζ|2)αp+p−2dξdη

= (1 − |w|2)2−p
"
∆

(1 − |ζ|2)αp+p−2

|1 − ζw|2
dξdη

≤ C4(1 − |w|2)αp

= C4hp(w). (3.9)

Combining (3.8) and (3.9), by Lemma 2.3 we deduce that

Kψ(ζ) =
"
∆

K(ζ,w)ψ(w)dµ(w)
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is bounded on Lp(∆, dµ). Thus there exists a constant C5 such that

1
π

"
∆

|T fψ(ζ)|p(1 − |ζ|2)p−2dξdη

=
1
π

"
∆

∣∣∣∣∣∣∣ 1
π

"
∆

∂F(w)ψ(w)
(1 − ζw)2 dudv

∣∣∣∣∣∣∣
p

(1 − |ζ|2)p−2dξdη

≤
C5

πp+1

"
∆

∣∣∣∣∂F(w)ψ(w)
∣∣∣∣p (1 − |ζ|2)p−2dξdη

≤
C5

πp+1 ∥ ∂F ∥p∞

"
∆

|ψ(ζ)|p(1 − |ζ|2)p−2dξdη

≤
C5

πp+1 ∥ ∂F ∥p∞∥ ψ ∥
p
Ap . (3.10)

And the other side is for ζ ∈ ∆∗. By (3.6) we get

T fψ(ζ) =
1
π

"
∆∗

∂F(w)ψ(w)
(1 − ζw)2 dudv

=
1
π

"
∆

∂F( 1
w )ψ( 1

w )

(1 − ζ
w )2

1
|w|2

dudv,

then

∣∣∣T fψ(ζ)
∣∣∣p =

1
πp

∣∣∣∣∣∣∣
"
∆∗

∂F(w)ψ(w)
(1 − ζw)2 dudv

∣∣∣∣∣∣∣
p

≤
1
πp

∣∣∣∣∣∣∣
"
∆

|∂F( 1
w )ψ( 1

w )|

|1 − ζ
w |

2

1
|w|2

dudv

∣∣∣∣∣∣∣
p

=
1
πp

∣∣∣∣∣∣∣
"
∆

|∂F( 1
w )ψ( 1

w )|
|w − ζ|2

dudv

∣∣∣∣∣∣∣
p

.

Thus

1
π

"
∆∗
|T fψ(ζ)|p(|ζ|2 − 1)p−2dξdη

≤
1
πp+1

"
∆∗

∣∣∣∣∣∣∣
"
∆

|∂F( 1
w )ψ( 1

w )|
|w − ζ|2

dudv

∣∣∣∣∣∣∣
p

(|ζ|2 − 1)p−2dξdη

=
1
πp+1

"
∆

∣∣∣∣∣∣∣
"
∆

|∂F( 1
w )ψ( 1

w )|
|1 − wζ|2

dudv

∣∣∣∣∣∣∣
p

(1 − |ζ|2)p−2
|ζ|2dξdη

≤
1
πp+1

"
∆

∣∣∣∣∣∣∣
"
∆

|∂F( 1
w )ψ( 1

w )|
|1 − wζ|2

dudv

∣∣∣∣∣∣∣
p

(1 − |ζ|2)p−2dξdη. (3.11)

Similar to the proof of (3.10), it follows from (3.11) that there exists a constant C6 > 0 such that

1
π

"
∆∗
|T fψ(ζ)|p(1 − |ζ|2)p−2dξdη

≤
C6

πp+1 ∥ ∂F ∥p∞∥ ψ ∥
p
Ap . (3.12)
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In view of (3.10) and (3.12), there exists a constant C7 > 0 such that

∥ T fψ ∥
p
Ap≤ C7 ∥ ∂F ∥p∞∥ ψ ∥

p
Ap . (3.13)

This shows that T f : Ap
→A

p is bounded.
”(ii)⇒(iii)” By Lemma 2.5, we know

T fψz(ζ) = (1 − |z|2)K f (ζ, z). (3.14)

Since "
∆∪∆∗
|T fψz(ζ)|p|1 − |ζ|2|p−2dξdη

=

"
∆∪∆∗
|1 − |z|2|pKp

f (ζ, z)|1 − |ζ|2|p−2dξdη

= |1 − |z|2|p
"
∆∪∆∗

Kp
f (ζ, z)|1 − |ζ||p−2dξdη, (3.15)

we get
∥T fψz∥Ap = |1 − |z|2|∥K f (·, z)∥Ap , (3.16)

that is to say ∥K f (·, z)∥Ap = O(|1 − |z|2|−1).
”(iii)⇒(iv)” By Lemma 2.6, we know

⟨K f (·, z), ψz⟩ = |1 − |z|2|ϕ f (z),

namely,
1
π

"
∆∪∆∗

K f (ζ, z)ψzdξdη = |1 − |z|2|ϕ f (z). (3.17)

In view of Hölder’s inequality, we obtain∣∣∣∣∣ 1
π

"
∆∪∆∗

K f (ζ, z)ψzdξdη
∣∣∣∣∣

=

∣∣∣∣∣ 1
π

"
∆∪∆∗

K f (ζ, z)ψz|1 − |ζ|2|
p−2

p |1 − |ζ|2|
2−p

p )dξdη
∣∣∣∣∣

≤
1
π

("
∆∪∆∗

∣∣∣K f (ζ, z)
∣∣∣p |1 − |ζ|2|p−2dξdη

) 1
p
("

∆∪∆∗
|ψz(ζ)|q|1 − |ζ|2|q−2dξdη

) 1
q

. (3.18)

Because 1 < p < ∞ with 1
p +

1
q = 1, it follows that 1 < q < ∞. From Lemma 2.4, we can assert that ψz ∈ A

q.
Therefore, we conclude that

ϕ f (z) = O((1 − |z|2)−2). (3.19)

Similarly, when z ∈ ∆∗, by Hölder inequality and Remark 1, we obtain

ϕ f (z) = O((1 − |z|2)−2), z ∈ ∆∗. (3.20)

”(iv)⇒(i)” This follows from Lemma 2.1 and Lemma 2.2.
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4. proof of Theorem 1.2

Proof. ”(i)⇒(ii)” It is sufficient to show that T f (ψn) → 0 for each sequence {ψn} converges to zero locally
uniformly in ∆ ∪ ∆∗.

Since f ∈ λ∗, from Lemma 2.1, we get that for any ϵ > 0, there exists some r < 1 such that as r < |w| < 1
r ,

|∂F(w)| < ε. Therefore, by the (3.13) we obtain

||T fψ||
p
Ap

≤ C7∥∂F∥p∞∥ψ∥
p
Ap

= C7∥∂F∥p∞

"
∆∪∆∗
|ψ|p(1 − |ζ|)p−2dζdη

≤ C7

∥∂F∥p∞

"
{|ζ|<r}∪{|ζ|> 1

r }

|ψ|p(1 − |ζ|)p−2dζdη + εp
∥ψ∥p

Ap

 . (4.1)

Thus, T f → 0 for each sequence {ψn}which converges to zero weakly.
Proofs of (ii)⇒(iii), (iii)⇒(iv) and (iv)⇒(i) are same as Theorem 3.5 in [5].
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