Filomat 37:2 (2023), 643-660

Published by Faculty of Sciences and Mathematics,
https://doi.org/10.2298/FIL2302643Y

University of Nis, Serbia
Available at: http://www.pmf.ni.ac.rs/filomat

2y

‘&,
g,
T &

&
Ipapor®

On the domain of g-Euler matrix in ¢ and ¢y with its point spectra

Taja Yaying?, Bipan Hazarika®, Liquan Mei®

?Department of Mathematics, Dera Natung Government College, Itanagar 791113, India
bDepartment of Mathematics, Gauhati University, Gauhati 781014, India
¢ School of Mathematics and Statistics, Xi’an Jiaotong University, Xianning West Road, Xi’an, Shaanxi, 710049, People’s Republic of China

Abstract. We introduce new Banach spaces eg’ﬁ (9) and ef”g (9) defined as the domain of generalized g-Euler
matrix E*?(q) in the spaces ¢y and ¢, respectively. Some topological properties and inclusion relations
related to the newly defined spaces are exhibited. We determine the bases and obtain Kéthe duals of the
spaces eg’ﬁ (9) and e’ (9). We characterize certain matrix mappings from the spaces eg’ﬁ(q) and e (q) to
the space S € {{«, c, co, 1, s, cs, csp}. We compute necessary and sufficient conditions for a matrix operator

to be compact from the space eg’ﬁ (9) to the space S € {{w,c,co, t1,bs, cs, cso} using Hausdorff measure of
non-compactness. Finally, we give point spectrum of the matrix E*#(g) in the space c.

1. Introduction and preliminaries

The g-analog of a mathematical expression means the generalization of that expression using the pa-
rameter q. The generalized expression returns the original expression when g approaches 1. The study of
g-calculus dates back to the time of Euler. It is a wide and an interesting area of research in recent times.
Several researchers are engaged in the field of g-calculus due to its vast applications in mathematics, physics
and engineering sciences. In the field of mathematics, it is widely used by researchers in approximation
theory, combinatorics, hypergeometric functions, operator theory, special functions, quantum algebras, etc.

Let 0 < g < 1. Then the g-number is defined by

1-¢°
™ (©@>0),

odal=1, (v = 0).

One may notice that, when g — 1 then v[g] = vifv > 0.
The g-analog of binomial coefficient or g-binomial coefficient is defined by

rlql!
" _Jeouma 120)
v, 0 (v>r),
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where g-factorial v[g]! of v is given by

olql' = vlgl(v - Vgl ... 2[q]1[4].

Lemma 1.1. The g-analog of binomial formula or Gauss’s binomial formula is given by

2 r=1
(a+ﬁ);={§“+ﬁ)(ﬂla+ﬁ)(ﬂlOf+l3)---(q “h 2D

7

= [Z] gD a?pr, where (;) =0forv <2.
q

v=0

1.1. Sequence spaces

A linear subspace of w, the set of all real-valued sequences, is called a sequence space. Few examples
of classical sequence spaces are £ (k-absolutely summable sequences, 1 < k < o), £« (bounded sequences),
co (null sequences), c (convergent sequences), etc. Further the spaces of all bounded, null and convergent
series are denoted by bs, csp and cs, respectively. A Banach sequence space having continuous coordinates
is called a BK sequence space. We are well aware that the spaces ¢y and c are Banach spaces endowed with
the supremum norm.

It is well known that the matrix mappings between BK-spaces are continuous. Because of this celebrated
property, the theory of matrix mappings has an important place in the study of sequence spaces. Let S and
T be two sequence spaces and @ = (¢,,) be an infinite matrix of real entries. Further let &, denote the o' row

of the matrix ®. The sequence ®s = {(Ps),} = {Z qusv} is called ®-transform of the sequence s = (s;) € S,
v=0

provided that the series ) ¢s, exists. Further, if s € T for every sequence s € S, then the matrix ® is said
0=0

to define a matrix mapping from S to T. The notation (S — T) shall represent the family of all matrices that

map from S to T. Furthermore, the matrix ® = (¢,,) is called a triangle if ¢,» # 0 and ¢, = 0 for 7 < v.

The matrix domain S of matrix ® in the space S is defined by
Sp={sew:DseS}. (1)

The set S¢ is a sequence space. This property plays a significant role in constructing new sequence spaces.
Moreover if ® is a triangle and S is a BK-space then the sequence space Sg is also a BK-space equipped
with the norm [[s|ls, = [|Ps|ls . Several authors applied this celebrated theory in the past to construct new
Banach (or BK) sequence spaces by using some special triangles. For relevant literature, we refer the papers
[2,3,6,15, 16, 23, 28, 34, 45-47] and textbooks [7, 33, 43].

1.2. Compact operators and Hausdorff measure of non-compactness (Hmnc)

Let S and T be two Banach spaces. The set of all bounded linear operators C : S — T will be denoted
by B(S — T), which is again a Banach space equipped with the norm ||C|| = SUP,cp, [|Cs||, where the

notation Bs denote open ball in S. Further, we denote ||g||g = SUp, g |Z;‘;O gvsv| . In this case, we observe

that ¢ = (¢,) € SP, provided that the supremum exists.
Now we recall the definitions of compact operator and Hmnc of a bounded set.

Definition 1.2. An operator C : S — T is said to be compact if the domain of S is all of S and for every bounded
sequence (s;) in S, the sequence (C(s,)) has a convergent subsequence in T.

Definition 1.3. The Hmnc of a bounded set H in a metric space S is defined by
X(H) =inf{e > 0: H C U,_B(s5,a),5 € S,8, < £ (0=0,1,2,...,7),r € No}.

where B(sy, ay) is the open ball centered at s, and radius a, for eachv =0,1,2,...,r.
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The compact operator and Hmnc are closely related. An operator C : S — T is compact if and only if
ICll, = 0, where [|C||, denotes Hmnc of the operator C and is defined by ||C||, = x(C(Bs)). Using Hmnc,
several authors obtained necessary and sufficient conditions for matrix operators to be compact between
BK-spaces. For relevant literature, we refer to [9, 10, 35-38].

1.3. Euler sequence spaces

The Euler matrix E* = (e) of order « is defined by

a {(Z)(l —a)Pa’ (0<v<7),
erv =
0 (v>r),

for all r,v € Ny, where 0 < a < 1.
Let @ and B be two non-zero real numbers such that @ + 8 # 1, then binomial matrix E*f = @y is
defined by

oo _ @@ 0=<vs,
ro 0 (U>T).

One may observe that the binomial matrix E*? generalizes the Euler matrix E°.

Several research publications can be found in the literature concerning sequence spaces generated by
using Euler matrix E®. Altay and Basar [2] introduced the Euler sequence spaces €7 = (co)e: and €5, = (£ )Ea.
One may refer Table 1 that contains publications dealing with Euler sequence spaces. Before proceeding to
the table, we define the operators V = (6,,), Vi = (8i,), BY = @, BY = "y and Vf = (6{0), that are used
in the table:

s JCDT O r-1s<os<n, o _ (-17°(")  (max{0,r—i} <v <),
0 (v>71). 0 (0 <s <max{0,r — i} or v > 7).

b0 — ([ )airogr (max{0,r —i} <v <),
700 (0 <v <max{0,7—1i}) or (v > 1),

bl =

(rfv)ai’r+”‘8””nv (max{0,r—i} <v <),
0 (0 < v <max{0,r—1i}) or (v >r),

— T(f+1)
s <V e O<osn),
o (s>r),

where i € Ny, f € Rand n = (n,) is any fixed sequence of real numbers.
Let 0 < g < 1, then the g-Cesaro matrix C(q) = (c/,) [1, 11] is defined by

&
g = | wom 0<v<y),
0 (v >r).

The construction of sequence spaces using g-analog C(g) of Cesaro matrix has been studied recently by
Demiriz and Sahin [18]. The authors studied the domains Xo(q) = (co)c(g) and Xc(q) = (¢)c(y)- More recently
Yaying et al. [47] studied Banach spaces XZ = (fk)c(g) and X1 = (fx)c(g), and studied associated operator
ideals. For studies in g-Hausdorff matrices, we refer [1, 5, 11, 14, 40]. We stricly refer to [20] for detailed
studies in g-calculus.

Motivated by the above studies, we construct BK sequence spaces eg’ﬁ (9) and e?’ﬁ (9) derived by the g-
analog E%#(g) of the matrix E*f. We exhibit some topological properties, inclusion relations and determine
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Table 1: Euler spaces

Euler Spaces References
ej = (co)er, &f = (C)ee (2]

e} = (lhes, €% = (foo)En [3,34]
e5(V) = (co)eav, €4(V) = (c)eav [4]

eg (V') = (co)eavi, €2(V') = (Q)eavi, €5 (V') = (feo)Eavi [39]

et (V) = (e, €5(V) = (co)eavr, €8(V) = (Oavr, €5(VF) = (boo)govs [21]

e (k) = (£(k))e- [24]
eg(V, k) = (co(k))eav, €2(V, k) = (c(k))esv and e5,(V, k) = (£e(k))Eav [25]
eg(V', k) = (co(k))gayi, €2(V', k) = (c(k))eavi, €5(V', k) = (Lo (k))Eavi [26]
fo(E®) = (fo)es, fF(E®) = (f)e= [27]
e2(BY) = (co)eap, €5(BY) = (0)gspo, €%(BY) = (feo)Eapo [22]
e3(BY) = (c0)gup0, 8 (BY) = (©)gupo [30]
e’ = (tews, € = (co)ens, € = (s, € = (boo)us [12,13]
ey (BY) = (co)ewspn, 7 (BY) = (0)gespn, €e (BY) = (Ceo)espo [32]
eg'ﬂ (V) = (co)eesvr, €2F(VF) = (©pusvs, € (VF) = (Ce)usvs [31, 44]
" (V) = (L)ewrws [46]

bases for the spaces eg’ﬁ (9) and e?'ﬁ(q). In the section 3, we compute Kothe duals (a-, - and y-duals) of the
spaces eg”g (9) and ef (9)- In the section 4, we characterize some matrix mappings from the spaces eg’ﬁ (9) and
e?’ﬁ (9) to the space T € {{w, c, co, €1, cs, csp, bs}. In the section 5, we obtain necessary and sufficient conditions

for the matrix E*# to be compact from the space eg’ﬁ (9) to the space T € {€«,c, co, £1,¢s, 50, bs}. In the final
section, we compute point spectrum of the matrix E!(g) in the space c.

2. The sequence spaces e;x,ﬁ () and e‘:’ﬁ (g

Let a, 8 be two non-negative real numbers with a + § # 1, then the g-analog of the binomial matrix
EvB(q) = (€% () of order (a, p) is defined by

—L_pr 5) AU RT—0
e‘ff (q) — ) (a+p); [v],ﬂ(Z)a ﬁ 0<v< r),
0 (v>7),

where 0 < g < 1. Clearly when g — 1, the matrix E*(g) reduces to binomial matrix E*f. Thus E*#(g)
generalizes binomial matrix E% in the sense of g-theory. Hence we may call the matrix E“#(g) as the
g-analog of binomial matrix E*#. Furthermore, we also realize that the matrix E*#(g) reduces to the triangle

E*(g) with entries m[;]qq(g)a”(l —a) 7, whenp=1-a.

More explicitely
1 0 0 0
B a
@, @By 0 0
B (1+qap go? 0
E*(q) = | (@+pp (@+py? (a+p)?

i (+g+q)ap?  q+g+2)a® P’
(a+B)] (a+p); (a+p); (a+B);
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Let us consider the sequence €, = (%) in the first column of the matrix E*#(g). It is known from [20,
q

p- 29] that the infinite product (1 + oz)f;" = (1+a)(1+qa)(1+4g%a)... converges to a finite limit. In the light of
this result and some minor calculation, we realize that unlike its classical version, the sequence €, converges
to a finite limit greater than zero, as ¥ — oo. Similarly, the other columns of the matrix converge to a finite
limit. This immediately gives us the following result:

Lemma 2.1. E*F(q) is a conservative matrix. In otherwords, E*F(q) maps c to c.

Now we define the generalized g-Euler sequence spaces eg’ﬁ (9) and e’ (9) by

@ . 1 L . 3
eo'ﬁ(q) = {S =(sy) Ew: rll)l’l; @x ﬁ)g Z [;Lq(z)avﬁr vg = 0} )

v=0

¥WW={SZ@QE““EﬂwajﬂmEZEL¢&fﬁv%emﬁ%'

v=0

In the notation of (1), we redefine the above sequence spaces by
&"(@) = (@l and €’ () = O @)

We emphasize that the spaces eg’ﬁ (9) and ef’ﬁ (9) reduce to some of the well known Euler sequence spaces
in literature:

1. When g approaches 1, the spaces eg’ﬁ (g) and e?’ﬁ (9) reduce to the binomial sequence spaces eg’ﬁ and
et?, respectively, as studied by Bisgin [12].

2. When 8 = 1 — a, the spaces eg’ﬁ (9) and e?”g (9) reduce to g-Euler spaces €((q) = ({x)es(y and eg(q) =
(€w)Ee(g), respectively, which further reduce to well known Euler sequence spaces e and e{, respec-

tively, when g — 1, as studied by Altay and Basar [2].
Now define the sequence t = (t,) in terms of the sequence s = (s,) by

r

1 r %) vpr-v
(a+p); Z‘ [qu(Z)a P s ©

v=0

t, = (Ea'ﬁ(Q)s)r =

for each r € INp. The sequence f is called the E%(g)-transform of the sequence s. Further, on using (3), we
write

o [1aDpiapy

s0= ) (-1
j=0

for each v € INj.
Now we state our first result:

ti, 4
avq(;) / ( )

Theorem 2.2. eg’ﬁ (9) and e’ (q) are BK-spaces endowed with the same norm defined by

1 - r %) vpr-v
(@+p); Z L,Lq(z)a B s,

v=0

lIsllges ) = llsllgos,y = sup
eO (q) € (Q) relNp

Proof. The proof is a routine verification and hence omitted. [

Theorem 2.3. eg’ﬁ(q) = co and " (@ =c
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Proof. Since the proofs are similar for both the spaces, hence we provide the proof of the first case only.

Define the mapping 7 : eg’ﬁ (q) = co by ms = E¥F(g)s for all s € eg,ﬁ (9). Clearly, 7 is linear and 1 — 1. Let
t = (t,) be a sequence in ¢y and s = (s,) be as defined in (4). Then, we have

. 1 - r %) Jvpr-ov
M s B Z‘ [v]qq@a P

q 0=0

1 - r v = :
= i Garp2| Y (1)
fim <a+/s>s;u;’ L

=lim¢t, =0, since t € cg.

r—o00

[71,4C 06"+ py;
avq(g)

tj

Thus we realize that s is a sequence in eg’ﬁ (9) and the mapping 7 : eg”g (9) = co is onto and norm preserving.

Hence eg’ﬁ (9) = co. This completes the proof. [J

Theorem 2.4. ¢y ¢ eg’ﬁ (9). However, the inclusion ¢ C €2 (q) holds.
Proof. The result immediately follows from Lemma 2.1. O

To end this section, we construct bases for the spaces eg'ﬁ (9) and e?’ﬁ (9). We recall that domain Sg of a
triangle ® in the space S has a basis if and only if S has a basis. This statement together with Theorem 2.3
gives us the following result:

“

Theorem 2.5. For every fixed v € Ny, define the elements of the sequence z¥(q) = (zﬁv)(q)) in the space e," (q) by

(-1 [;]qq( 2 )ﬁr:v("”’ﬁ)g
a”q(z)

0 (v >r).

29(g) = (o=,

Then
(a) the set {z(o)(q), z0(g),z?(), .. } forms basis for the space &3 (q) and every s € 5" (q) has a unique represen-
tation s = io: t,2(q).
v=0
(b) the set {e, z20(qg),z(g), 2 (), .. } forms a basis for the space €2 (q) and every s € €2 (q) can be uniquely

expressed in the forms = Ee + Y, (t, — &)z9(q), where & = lim t, = lim (E*#(q)s)s,.
=0 v—00 V>0

3. Kothe duals

In the current section, we compute Kéthe duals (a-, -, y-duals) of the spaces eg’ﬁ (9) and ef’ﬁ (9). Since

the computation of duals is similar for both the spaces, we shall omit the proof for the space el” (9). Before
proceeding, we recall the definitions of Kéthe duals.

Definition 3.1. The Kothe-Toeplitz duals or a—, p— and y—duals of subset S C w are defined by

S*={c=(co) Ew:cs=(cySv) €ty foralls €S},
Sf=|c= (o) €w: cs = (CoSu) € csforalls € S} and
S" ={c=(co) €w:cs=(cySy) €bsforalls €S},

respectively.
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In the rest of the paper, N will denote the family of all finite subsets of INy. First we note the following
lemmas due to Stielglitz and Tietz [41] that are necessary for obtaining the duals:

Lemma 3.2. @ = (¢y,) € (co — 1) if and only if

sup [i Zcp] < co,

ReN \ 5=0 |reR
Lemma 3.3. @ = (¢y,) € (co — c) if and only if

r
sup Z )¢rv| < oo, (5)
relNp =0
lim ¢y, exists for each v € INp. (6)
r—0co

Lemma 3.4. @ = (¢r) € (co = o) if and only if (5) holds.
Theorem 3.5. The set v1(q) defined by

v1(q) = {c =(c)Ew: SHPZ

ReN 520

Y 1y (1,808 @+ p;

- ¢
7eR arql) r

<m}.

is the a-dual of the spaces eg’ﬁ (q) and e? q).
Proof. Consider the following equality

r [r] q(r;z')ﬁr—v(a + ﬁ)g

CrSy = Z(_l)r—v =

v=0
- (A“’ﬁ(q)t)r @)

for all r € Ny, where the sequence t = (t,) is the E%/-transform of the sequence s = (s,) and the matrix
AYF(q) = (al,) is defined by

T 42 pr-v(a+p)e
al, = {(—1)r‘5—[”]"q P ',  (0<v<v),
ro

?’tS
@

a"q(é)
0 (v >r).

We realize on using Eq. 7 that ¢s = (¢,s,) € {1 whenevers € eg”g () if and only if A%#(g)t € ¢, whenever t € c.

Thus we deduce that ¢ = (¢;) is a sequence in a-dual of eg’ﬁ (¢) if and only the matrix E*#(g) belongs to the

class (co — ¢1). Thus we conclude from Lemma 3.2 that [eg,ﬁ (q)]a = v1(q). This completes the proof. [J

Theorem 3.6. Define the sets v,(q), v3(q) and va(q) by

11,408 + )
a’q(g)

va(q) = {c =) ew: Z(—l)"”

¢y exists for each v € NO} ,
=lc= alby 5] q(m;v)ﬁm_v(a +B)y
V3(q) {C (Cr) € w:sup Z Z( 1)111—0 q q

<00,
TENO v=0 |m=0

roor my (") gm—v + By
va(q) = {C =(c)ew: }Lf?oz Z(—l)m_v[v]qq pr e+ Py Cm exists},

Cm

acmq(g)

v=0 m=v aq (z)
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o, B a, &
Then [e;(q)] = va(q) N va(q) and [e2” ()] = va(q) Nva(g) N va(g).
Proof. Consider the following equality

: Ay [21.9C2 ) + By
CoSy = (—1)U_m 1 - t b Co
; ;)‘ mzzo avq(z)
(& Bt By
- Z Z(_l)m ° ) Cm ¢ty
v=0 |m=v amqg\2
= (Ba"g(q)t)r 8)

for each r € Ny, where the sequence t = (t,) is the E*#(g)-transform of the sequence s = (s,) and the matrix
B*f(q) = (b],) is defined by
r 3 [7;’] q(mz_v)ﬁm’v(a-{_ﬁ)”

< | £ o B

0 (v>r1),

e Grm 0<v<y),

for all r,v € INg. Thus on using Eq. 8, we realize that ¢s = (¢,s,) € cs whenever s = (s,) € eg’ﬁ (9) if and only if
B¥ft € c whenever t = (t,) € ¢o. This yields that ¢ = (¢,) is a sequence in f-dual of eg’ﬁ (9) if and if only the
matrix B*#(g) belongs to the class (co — c). This in turn implies on using Lemma 3.3 that

bt

sup Z

< ooand lim bfv’ﬁ exists for each v € INp.
r—00
r€No =0

Thus eg’ﬁ (9) = v2(gq) Nv3(g). This completes the proof. O

Theorem 3.7. The y-dual of the spaces eg”g (q) and ef (9) is v3(q).

Proof. The proof is similar to the previous theorem except that Lemma 3.4 is employed instead of Lemma
33. O

4. Matrix mappings

In the present section, we determine necessary and sufficient conditions for a matrix to define map-

ping from the spaces eg’ﬁ (9) and ef’ﬁ (9) to the space u € {€,c,co, €1,bs,cs,c50). The following theorem is
fundamental in our investigation.

Theorem 4.1. Let T be any arbitrary subset of w. Then @ = (¢pr) € (eg’ﬁ (q) — T) (or respectively (e?’ﬁ (9 —T)

if and only if @V = (65,2,) € (co — c¢) (or respectively (c — c)) for each r € Ny, and © = (6,,) € (co — T) (or
respectively (c — T)) where

0 (v >m),
[11,8 208 @py
alg®

n _

mo = lg (_1)l—v (Prl (0<v<m),

and
14+ By
alg()

o [
6rv = Z(_l)liv (Prl (9)
I=v

forall r,v € Ny.
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Proof. The details of the proof are omitted since it is similar to the proof of Theorem 4.1 of [28]. [

Now, by using the results presented in the Stielglitz and Tietz [41] together with Theorem 4.1, we obtain
the following results:

Corollary 4.2. The following statements hold:
1. e (eg’ﬁ(q) — {s) if and only if

sup Z )9%( < 00, (10)

meNy =0

lim 0%, exists for all v € Ny (11)
m—0oo

hold and

00

sup ) [0] < o, (12)
relNp =0

also holds.
2. ® € (el (q) — o) if and only if (10) and (11) hold, and

(e8]

sup Y 16,0 < oo, (13)

lim 6,, exists for all v € N, (14)

r—00

also hold.
3. de (eg’ﬁ(q) — ¢o) if and only if (10) and (11) hold, and (12) and

lim 6,, = 0 for all v € Ny, (15)

r—o00

also hold.
4. de (eg’ﬁ(q) — {1) if and only if (10) and (11) hold, and

(e8]

sup Z Z (o

ReR =0 |7eR

< 00, (16)

also holds.
5. ® € (e’ (q) — bs) if and only if (10) and (11) hold, and

(o]

sup Z i O

7€No 3=0 |m=0

< oo, (17)

also holds.
6. e (eg’ﬁ(q) — ¢s) if and only if (10) and (11) hold, and (17) and

Z 0, converges for all v € Ny, (18)
r=0

also hold.
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7. D€ (eg’ﬁ(q) — csp) if and only if (10) and (11) hold, and (17) and

(o)

Z 6, = 0 forall v € Ny,
r=0

also hold.

Corollary 4.3. The following statements hold:

1. @ e (€2 (q) — Lw) if and only if (10), (11) and

lim )" O,
m—00
=0

hold, and (13) also holds.

2. de (ef’ﬁ(q) — ¢) if and only if (10), (11) and (20) hold, and (12), (14) and

7

lim 0,, exists
r—o0
v=0

also hold.
3. @ € (el — co) if and only if (10), (11) and (20) hold, and (12), (15) and

r

lim » 6, =0

v=0

also hold.

. De (ef’ﬁ(q) — {1) if and only if (10), (11) and (20) hold, and (16) also holds.
5 de (ef’ﬁ(q) — bs) if and only if (10), (11) and (20) hold, and (17) also holds.
. De (ef’ﬁ(q) — ¢s) if and only if (10), (11) and (20) hold, and (17), (18) and

(o]
Z Oy, converges,
v=0

gk

I
f==}

T

also hold.
. De (ef’ﬁ(q) — ¢sg) if and only if (10), (11) and (20) hold, and (17), (18) and

=0

gk

Il
(=}
<

7

also hold.

652

(19)

(20)

(21)

(22)

We recall a basic lemma due to Bagar and Altay [8] that will help in characterizing certain classes of matrix

mappings from the spaces eg’ﬁ (9) and ef’ﬁ (9) to any arbitrary space T.

Lemma 4.4. [8] Let S and T be any two sequence spaces, @ be an infinite matrix and © be a triangle. Then,

De(S—Te)ifand only if @D € (S = T).

Now, by combining Lemma 4.4 with Corollaries 4.2 and 4.3, we define following classes of matrix mappings:
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Corollary 4.5. Let ® = (¢y,) be an infinite matrix and define the matrix C1 = (cl,) by

r m—1
7 _ 2 ‘ q
Cro = — (1’+ 1)[q] ¢mv/ (0< q< 1)

forall r,v € IN, where r[q] is the g-analog of r € INg. Then, the necessary and sufficient conditions that @ is in any one
of the classes (eg’ﬁ (q) — Xg), (eg’ﬁ (@) — X0, (e?’ﬁ (9 — Xg) and (e?’ﬁ(q) — X1 is determined from the respective
ones in Corollaries 4.2 and 4.3, by replacing the elements of the matrix ® by those of matrix C7, where X} and X{ are
g-Cesaro sequence spaces defined by Demiriz and Sahin [18].

Corollary 4.6. Let ® = (¢y,) be an infinite matrix and define the matrix C = (Cy,) by

Crv = Cnrt (va/ (r,v € Np)
Cr+l

m=0

where (C,) are sequence of Catalan numbers. Then, the necessary and sufficient conditions that ® is in any one of the
classes (eg'ﬁ (@) — co(0)), (eg’ﬁ (@) = (@), (€27 (q) = co(C)) and (2P (q) — c(C)) is determined from the respective
ones in Corollaries 4.2 and 4.3, by replacing the elements of the matrix ® by those of matrix C, where ¢(C) and co(C)
are Catalan sequence spaces defined by Ilkhan [19].

Corollary 4.7. Let ® = (¢ro) be an infinite matrix and define the matrix F = (fi) by

r 2

foo = mzo F’;% (r,v € No)

where (f,) are sequence of Fibonacci numbers. Then, the necessary and sufficient conditions that @ is in any one
of the classes (€)”(q) — Lw(F)), (€5(q) — c(F)), (6"(9) — co(F)), (€:"(9) = Cw(P)), (€1F(q) — c(F)) and

(eF (9) = co(F)), is determined from the respective ones in Corollaries 4.2 and 4.3, by replacing the elements of the
matrix O by those of matrix F, where €« (F), c(F) and co(F) are Fibonacci sequence spaces defined by Kara and Basarir
[23].

5. Compactness by Hmnc

It is known from Theorem 3.2.4 (a) of [33] that if S and T are any two BK-spaces, then every matrix
® € (S — T) defines a linear operator Co € B(S — T), where Cos = ®s for all s € S. Moreover, if S D ¢
is a BK-space and ® € (S — T) then ||Co|| = [|P||s_T) = SUP,e;, |||CDr||j{_; < oo (see [29, Theorem 1.23]), where
o represents the set all sequences that terminate in zeroes. The following Lemmas are essential for our
investigation:

Lemma 5.1. ffo =cf = cg = (1. Further, if S € {{, c, co}, then ||s||Jé = lslle, .

Lemma 5.2. [29, Theorem 2.15] Let H be a bounded subset in cy and define the operator 1, : co — co by
1,(S0,51,52-..) = (S0,51,52--.,5+,0,0,...) forall s = (s;) € co, then

X(H) = lim (S“}? I - nr)(S)II),

where 1 is the identity operator on cy.

Lemma 5.3. [36, Theorem 3.7] Let S D ¢ be a BK—space. Then, the following statements hold:
(a) If ® € (S — co), then ||Col|,, = limsup ||CD,||§ and Cg is compact if and only if lim ||(I>r||§ =0.

r—00
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(b) If S has AK and ® € (S — c¢), then

%limsup |, — ||5 < lICall, < limsup ||, - ¢
r—00 r—o00

and Ceq is compact if and only iflim “(I) - (p”; = 0, where ¢ = (¢po) with P, = lim q),vfor all v € Ny.
(c) If ® € (S — {w), then 0 < ||Col|,, < lim sup ||D, ||S and Cg is compact if and only thm [|D, ||S =

r—00

In the rest of the paper, R, is the subcollection of R consisting of subsets of INy with elements that are
greater than m.

Lemma 5.4. [36, Theorem 3.11] Let S O ¢ be a BK—space. If ® € (S — ¢1), then

+ +

@, D,

reR

<|IColl, <4+ lim [sup

m—o00
ReR,,

lim | sup Z
m—oo ReR, |5

S S

and Co is compact if and only if lim (sup ”Z,GR @r”;] =0
m—oo ReR,

Lemma 5.5. [36, Theorem 4.4, Corollary 4.5] Let S O ¢ be a BK—space and let

. +

Yo

v=0

ol =

S
Then, the following statements hold:

(a) If © € (S — csp), then ||Coll, = lim sup “A”Fs]—»hs) and Cg is compact if and only 1f11m ”¢)||(S—>bs =0.
(b) If S has AK and ® € (S — c¢s), then

Z®¢

and Co is compact if and only if lim sup || £_o @, — (f)”; = 0, where ¢ = (Py) with Gy = lim Y.}, o Gy for
r—o0 r—oo
all v € Np.

(c) If ® € (S — bs), then 0 < ||Col, < limsup ||(I>||Eg_)bs) and Cg is compact if and only thm ”q)”(s-ms =0.

» t

) ®-d

v=0

= hm sup

r—o00

< |IColl, < limsup

r—00
S

S

Lemma 5.6. Let S be a sequence space and @ = (¢y) be an infinite matrix. If ® € (eg’ﬁ (q) = S),then® € (co — S)
and Os = Ot forall s € eg”g(q), where the matrix © = (Oyy) is defined in (9).

Proof. Let @ € (eg’ﬁ (99 > S)and s € eg"g (@) Then @, = (Pro)oe, € [eg’ﬁ (q)]ﬁ for all r € INy. Consider the
following equality,

©h, = Z Oroto

AR B 1 ool
Z(—l) Prm ((aJr‘B)q Z[ } g@alp lsl\]

m=o ag(3) =0

Il
04 1 z

(prvsv = (Ps), (23)

<
Il
o
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for all v € Ny, where the sequence t = () is the E*#(g)-transform of the sequence s = (s,). Thus, we
realize that ©, is absolutely summable for each r € INg and ©t € S. This yields the desired consequence
®c(c—9S). O

Theorem 5.7. The following statements hold:
(a) IfP e (eg’ﬁ(q) — ¢o), then ||Coll, = limsup Y52 [0y .

r—o00

(b) If D e ()7 (g) — o), then

= hmsupz 10,0 — 6] < lIColl, < hmsupz 16,0 — 61,

r—00 0=0
where 0 = (0,) and 0, = lim O, for each v € INy.
() If® e (5" (q) — €w), then 0 < ||Coll, < limsup Yo 100! .

r—o00

(d) If® € (e)°(q) — 1), then

lim (]! < [[Coll, <4 lim [@]"]

€ (—0) €’ -t

where || @[] oy = SUPRER, Yoro|Lrer Or-

() If e (e ﬁ(q) - cso), then ||Coll, = limsup, ., (Lo2o | L1z Or])-
(P Ifde (eg’ﬁ (9) — cs), then

%lim sup (i Zr: 0, — 6

r—eo v=0 | I=0

Ze,v—e

] < IColl, hmsup (Z

v=0

}

where 6 = (0,) with 0, = lim Y.1_, O, for each v € Np.
(¢ IfDe (eg’ﬁ(q) — bs), then 0 < ||Col|,, < lim sup (Z;":O (ZLO 61v|).
r—s00

Proof. (a) Let® € (eg'ﬁ (9 — co). We observe that

I@lLes,,, = I1©4IE, = 141l = Y10,
v=0

for r € INy. We realize on employing Part (a) of Lemma 5.3 that

ICall, = lim sup [Z |em|].
v=0

r—00

(b) Notice that
1©, - Ol = 118, — Oll,, = Y 160 — Ol (24)
=0

for each r € IN. Now, let @ € (eg"g (9) — c¢), then Lemma 5.6 implies that ® € (co — c). Employing Part
(b) of Lemma 5.3, we deduce that

—11msup||® - 9||c0 < |IColl, < limsup ||©, — || ,

r—o0 r—00
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which in the light of (24) yields us

—llmsupZ|9rv—9|<|ICq>||X hmsupZIQw 0,|

r—00 r—0o0

which is the desired result.
(c) The proof is analogous to the proof of Part (a). Hence details are excluded.

(d) We have
Z@) - ef =Y. [¥ 6 5)
reR o reR v=0 | reR

&

Let® € (eg’ﬁ (9) = €1). Then Lemma 5.6 implies that ® € (co — ¢1) . Hence, by employing Lemma 5.4,

we get
+ +
lim | sup Z@r < |IColl, <4+ lim | sup 0,
m—00 RG'R", eR @ m—o0 Re Rm R @
which further reduces on using (25) to
hm (] <|IColl, < 4 hm @||i"
i ., < ICall 1
as desired.
(e) Notice that
r t [ r
Z(Dl = Z@l = Z glv ’
“ﬁ(q) 1=0 . =0 ¢ ©v=011=0

which on using Part (a) of Lemma 5.5 yields

Yo

IColl, = limsup Z

r—0e0 v=0
(f) We have
r t r 0o r
Y e- =lZ®1—~ =Y D 0.-0. (26)
1=0 o =0 o ©v=0[I=0

for each r € INy. Let @ € (eg"’g (9) = cs). Then Lemma 5.6 implies that © € (cop — cs). Thus with the aid
of Part (b) of Lemma 5.5, we deduce that

+

i®l_él

1=0

< |IColl, < limsup

r—00

1 ~
= limsup -6,

r—00

7

Co

which on using (26) yields us

%limsup 2 Zelv— 0,

r—eo v=0 | I=0

r
O — 0,
=0

] < |IColl, < hmsup [Z

}

as desired.
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(g) This proof is analogous to proof of Part (e). Hence details are excluded.
|

Now, we have the following corollaries:

Corollary 5.8. The following statements hold:

(a) Let ® € (eg’ﬁ (9) = co), then Cq is compact if and only if lim f |0y| = 0.
(b) Let @ € (€37 (q) — c), then Co is compact if and only if lim ( |6: - |)

(c) Let D € (ea ﬁ(q) — (), then Co is compact if and only lfhm Z |Oy0] =

Z 61”0

reR

ReR,, \v=0

Z 910

1=0

(d) Let ® € (eaﬁ(q) — (1), then Cg is compact if and only zf hm [sup (Z

-
=0

(f) Let ® € (eaﬁ(q) — cs), then Co is compact if and only if lim sup(z 'Z, O — 6') 0.

v=0 |I=0
)0

In the present section, we compute the point spectrum of the g-Euler operator E*#(g) on the space ¢ of
convergent sequences.

Let S # {0} be a complex normed space and W be any linear operator that maps domain of ¥ to S. By
W* and B(S), we shall denote the adjoint of ¥ and the set of all bounded linear operators on S into itself,
respectively. Denote W, = W — ul, where u € C and [ is the identity operator on the domain of W. Then the
operator ‘I’;l = (W — ul)™! is called the resolvent operator of W, given that W, is invertible. Define the set
(¥, S) by

(e) Let @ € (eg'ﬁ (9) = cso), then Cg is compact if and only if lim sup ( Y

r—o0 v=0

r—00

Z le

(g) Let D € (eg’ﬁ (9) = bs), then Cg is compact if and only if lim sup ( Y
1=0

v=0

r—00

6. Point spectrum of E%f(g) on c (set of convergent sequences)

G, S)={ueC: ‘I/;ll does not exist}.

Then the set (W, S) is called point spectrum of W over the space S. Recently, Yildirim [49] studied the
fine spectrum of g-analogue C(g) of Cesaro operator C of order 1 over the space cy. For more details on
spectrum and the fine spectrum of well known operators in literature, one may refer [48] and the references
mentioned therein, in which the author has provided a detailed survey of spectrum of well known triang]les.

Lemma 6.1. The matrix ® = (¢r) gives rise to a bounded linear operator ¥ € B(c) if and only if lim ¢, = ¢, for
r—00

each v € Ny and sup Z |¢),v| < oo. Further, ||¥|| = sup 2 |qbrv|

reN, v=0 reN, v=0

Theorem 6.2. E*f(q) € B(c) and ||Ea'ﬁ(‘7)“(c_>c) =

Proof. We recall that the matrix E“#(g) is conservative. That is lim,_ efz;ﬁ exists, for each v € INy. Further-
more

r O avgro
g9 aB (a+p);
ol K i
e = sup Y 51 Sup[zo @+, ] el

relNp

This completes the proof. [
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Theorem 6.3. Let 0 < q < 1. Then (,(E*F(g),c) = 0.

Proof. On the contrary, we assume that (,(E*?,c) # 0. Then there exists atleast one non-zero sequence
s = (sp) € c with E*f(g)s = us. This gives us the following system of equations:

S0 = HUSo

[, [,

So+« 51 = USq
@y’ Yarp,
2 2 )2
i ], L 198,
B =50+ ap 551 +a 552 = liS2
(@+p); (a+p); (@+p);
-1 Vreo
otk g AL, Or]
so+af’ ———=s1+...+a" p———F—5p1 + Sy = US
@+ Py @+ Py @t py @rpy™ "
(6] . . .
Let s, be the first non-zero component of s, then we get u = a” 2. Taking this in account, the next terms
p get i @ Py g
Suv+1,Sv+2, - .. are obtained as
[0+ 1]
So+1 = - Sv
: 9
[0 + 2]
So+2 = v Sy
: 9
v+3
Sp43 = Sp
| v

Thus

se1_ (r+Dlql
s,  (r+1-o)q] ~

Thus we realize that the sequence (s,) is not a sequence in ¢, which is a contradiction to our assumption.
This completes the proof. [J
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