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Abstract. Let S(b} (b#0, complex) denote the class of functions
£ analytic in |z|<l, normalized so that £(0)=f"(0)-1=0 and
starlike of order b. A necessary and sufficient condition that
feés(b) is given.

1. Introduction

Let A denote the class of functions of the form
E(z) =z+%az
which are analytic in the unit disc U={z:|z|<1}.

A function f€A is said to be a starlike function of order b if
and only if £(z)/z#0, z€U, and

£°(2)

flmy V>0

(1) Re{l+ -11; (z
for some b (b#0, complex) and for all z€U. We dencote by S(b) the class
of allsuch functions. The class S(b) was introduced by Nasr and Acuf
in [3]. In the same paper they investigated certain properties of the
class S(b).

We note that for b equal to 1, l=o (Oga<l), cosle (A is
real and |A|<n/2) and (1-a)cosre™ * (0ga<1, [r]<n/2) we have the
class of starlike functions (5%), starlike functions of order o
(S*(a)), spirallike functions (s*) and spirallike functions of order
o (si). All of these special subclasses are the subclasses of uni-

=ix

valent functions in U. More about these classes we can see in [1].
Let £ and g be analytic in the unit disc U. The function £ is
subordinate to g, written f{g oxr f(z)-(g(z) ; if g is univalent,
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£(0)=g(0}) and £(U)C g(U).
For the proof of our result in the part 2 of this paper we

need the following lemma given by Miller and Mocanu in [2] (see
Remark on the page 191).

LEMMA 1. Let g be univalent in U and ¢ be analytic in a domain
D containing q(U), with ¢ (w)}#0 when wgq(U). Set Q(z)=zq”(z) ¢ (g(z]))
and suppose that Q is starlike {univalent) in U (i.e. Q(0)=0,
Q7(0)#0 and Re{zQ°(z)/Q(z)}>0, z€U). If p is analytic in U, with
p(0)=g(0), p(UXD and

(2)  zp“(plo(p(2)) < 2q°(2)9(g(z)) = Q(z),

then p<'q, and q is the best dominant of (2).

In the end of this part, we note that the univalent function
q is said to be a dominant of the differential subordination (2) if
P<q for all p satisfying (2). If § is a dominant of {(2) and a<q
for all dominants q of (2), then &' is said to be the best dominant
of (3) (for more details see [2]).

2. A characterization of the class S(b)

In this part we give a necessary and sufficient condition for
a function £€A to be in the class S(b).

THEOREM 1. Let f€ A. A necessary and sufficient condition

that £€ s(b) (b#0, complex) is that for each real number k, =1<k<l,
the function defined by

1/2b 1/2b
3 e = EHED T, R0 =1, B2 = (EL2),

be analytic in U and subordinate to i::z' Z& U, or equivalently that

(4) Re{Fk(Z)}>(1+k)/2, z&€U.
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PROOF. First, let £&€ S(b) (b#0, complex). In Lemma 1 we

choose q(z}— doks kz (=1<k<l), and ¢ (w)= % Then g is univalent in
U and

- Gy e . 97(z) _ _ (1-k)z
Q(z) = zq®(2)¢(glz)) = z gzl = Ti-z) (1-kz) ls starlike in U.
Really,

Re(z &(2)y o 1 pogliz  Ltkz, | o o0

0=z 1-2 l-kz

Therefore, the conditions of Lemma 1 are satisfied and we have that
for p analytic in U, with p(0)=1, the following implication

is trxue, and g is the best dominant. 1/2b

Now, let show that for the function p(z)=Fk{z}=(%%) ¢ where
f&s(b), the left side of implication (5) is satisfied. In that
sense, let show that the function

F (z) »
1 _ £°(kz)
Z_T'T T[z_f—(z szkz]

is subordinate to the function Q(z). Really, since £€s(b), from
{1) we have

1 £7°(=z) _ 1+z
(6) 1 + & (z =z 1) <

and from there and sukordinate principle,

(717 1 +% (kz -g;é—-:)z’ - <L 5 1""‘2 ~1<k<l.

Further, £ g, and £,{g, imply that £,-£,49,-9, if g9,-9, is
univalent. In our cases, (6) and (7), because

l+z _ l+kz _  2(1-k)z

1-2 1-kz — (1-z) (1-kz)

is starlike as we have shown previously, we get
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1 £7(z) _ £ " (kz) 2(1-k)z

525 " k2 e ! < om) ik
l.e. - (2)

1 £7(z) _ £7(kz)._ . ‘k'Z

35 [2 T~ K2 Frkmy O F F, (D <etz),

which was to be proved. The result follows from (5).
We note that the previous proof of necessert part of Theorem 1
is different than those given in [5] and [6] for similar situation.
For the proof of sufficient part of Theorem 1 we employ the
x defined by (3) satisfy
tne condition (4). Then it is equivalent to condition

manner due to Robertson [5]. Namely, let F

1+k .
(8) le =y - ll< 1, z€uU.
If we put
1/2b
1tk o _ £ (kz) _
@1 @ =y - 1t U Gy 1o

then we conclude that the function ¥ is analytic in U and |¥(z)]<l,
for all k, O<k<l. Let show that the function f satisfies (1). Let
t=1-k, O<t<l, Since

f(kz) = flz-tz) = £(z) + I —-—l (-tz2)®, |tz|<1-|z],

n=1
we have

-+t e £ -y e v

as t+0, |z|<l. From there, since |¥(z)|<l, we ocbtain

1-Re(1+ £ (z £ z‘z - 1)}t + &(t)<l,
which implies
ke (1+ L (z %Té)ﬂ - 1)1 + #(1)<0,

uy




Re{1+ % (2 %TS—) - 1)}>0, zeU.

= . 1, £7°(z) _ .

For z=0 the function 1+b(zm5— 1) does not vanish so we have
1, £7°(z) _

Re{1+—b(z———--5—f(z 1) }>0 and £€ 5(b).

Putting b=(1-u)coslediA in Theorem 1 we have

COROLLARY 1. Let f€A and o and X be real numbers satisfying
Oga<l, |A|<N/2. A necessary and sufficient condition that fe S; is
that for each real number k, —-1l<k<l,

6§ (1+i A +
l;_f}g:)] (1+itg )} 5 k21' z€U,

Re{[

where

|
§ = 371-a)

Yhis is the earlier result given by Selinger in [6]. In a
special case when b=1, we have that the condition

Re{l[

for each k, is necessery and sufficient for f€A to be in S*. This
is the former result obtained by Robertson [5].

Letting k+-1 in Theorem 1, we get
COROLLARY 2, Let f£€ S(b) (b¥0, complex). Then

£(z) ,1/20) .4 zeu.

Rel CCFt=ay
In the end, for k=0 in Theorem 1, we cbtain
COROLLARY 3, If f€S(b) (b#0, complex), then

1/2b

re((E2L) 7y 2, zev,

or equivalently,
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1/2b

ey L L

2 1-2

We note that from the last relation we have also

1/2b
) < v

and from there

7 1/2b
!qﬁ;ﬁ -1 5 |z|, ze€wu,

which is the result given in [4].
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