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Abstract. In this paper we consider semigroups with the
following condition -
(Vx,y)(3m) (xy)" e ¢V yy

In conection with a lettice of subsemigroups of some semigroup
the imporatant position is captured by U-semigroups.A semigroup § is

& (U-semigroup if the union of every two subsemigroups of § is a
subsemigroup of § , equivalently =xy € <Zxpwey> for all x,yeSs .
These semigroups have been considered more a time,predominantly in
special cases.More detaildly about these we can find in the book of
M.Petrich, [4].

In this paper we consider a generalization of U -semigroups.

By Z+ we denote the set of all positive integers.By Reg(S)
(Gr(s) , E(8)) we denote the set of all regular (completely regular,

idempotent) elements of a semigroup § .

For non defined motions and notations we refer to [3] and [4].
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DEFINITION 1. S 1is g GU-gemigroup (genmeralized U-semigroup)
if for every x,y€ S8 there exists méZ+ such that

(1) (xy)™e ¢xy utyy
LEMMA 1. Every subsemigroup and every homomorphic image

GU-semigroup is a GU-semigroup.
A sinpgular band is a semigroup which is either a left or a right

£a

Zero semigroup.

A semigroup S = o(Lr:JY SO{ is an ordinal sum 5{ semigroups Sd 5
o eY , if Y is a chain , §.N S&=¢ if o #/3 and for any aeS«,,
bes/G , o< implies ab =ba=1b , [4],

LEMMA 2.(5]. § 1is an ordinal sum of singular bands if and only if

(¥Vx,y€8) xye {x,y}.

LEMMA 3. Let § be a GU-semigroup and let E(S) # @ . Then

(WVe,fcE(S)) efé{e,f}' p

A semigroup S 1is power joined if for every X, y€5 there exist
rn,nEZ‘lJr such that x" = yn ,[4‘].

LEMMA 4. A power joined semigroup is a GU-semigroup.

COROLLARY 1. A nil—semigrou]g is a GU-semigroup.
COROLLARY 2. A periodic group is a GU-semigroup. , |

LEMMA 5. Let G Dbe a proup with the identity element e . Then G

is a GU-semigroup if and only if & 1isg periodic. |
Proof. Let G be a Gi-semigroup.Then for any x€G there exist |
ThT L P e he,

*

m,p,qéz'{- such that e = (xx or e = (xx

Se G is periodic.
The converse follows by Corollary 2,
In any semigroup § , define a relation X by
adll b e (_jrm,nez+) a® = pt |

.
It is immediate that J{ is an equivalence relation.

THEOREM 1. 8 1is a left zero band of power joined semigroups if
and only if
(2) (Vx,yes)(Fmer”) xp™ <xy .

Proof. Let 8 be a left zero band Y of power joined semigroups




O(GYr. For xC—SD( F yeSm we have Xy € Sd(g = 54 , whence

Sy

(xy)m = x  for some m,neZ+ . Thus the condition (2) holds.

Conversely,let S8 satisfy (2) . Let x X'y . Then (xy)m =% s
for some m,nez.+ . So each K -class is a power joined subsemigroup of S
We shall show that X is a congruence on & , Suppose x.:({y and z €8 .
Then ¥ = y" for some m,nez+ , and by (2) we have that

(KZ)k =xF (y2)r = yq

for some k,p,r,qez+ . Hence

(xz)mkq = P o g o (oo BEE

y
i

Thus xz K yz . On the other hand (zx)% = 2% and (zy)i =z for
some s,t,i,jez+ C 8o (zx)® = 2 - (zy)it , i.e. zx 3 2y .
Therefore, &/ is a congruence and since a (JC 32 for every ac$8 ,
we have that § 1is a band of power joined semigroups.It is clear that

S is a left zero band of power joined semigroups.

COROLLARY 3. S is a periodic left group if and only if § is a

left zero band of periodic groups.

LEMMA 6. S 1is g completely simple GU-semigroup if and only 1f
§ is a left or a right periocdic group.
Proof. Let § be a completely simple GU-semigroup.Then by Lemmas

1, and 5. S 1is periodic.By Theorem 7.1.[1] every subsemigroup of 5 is
cimple.So E(S) is simple and by Lemmas 2. and 3. we have that E(S8) is
a left or a right zero band.By Theorem IV 3.9. [3] we have that § 1is a

periodic left or right group.
Conversely,let § be a periodic left (right) group.Them by Corocllary

3. § is a left (right) zero band of periodic groups.By Theorem 1. 35
is a GU-semigroup.
DEFINITION 2. A chain Y of semigroups § ='J § is _a

GU-chain of semigroups if for every x& S_( 3 yesﬁ f a(:fﬁ there
exists me z¥  such that (xy)me 2 wVLyy

THEOREM 2. S5 1is a regular GU-semigroup if and only if S ds a

GU-chain of periodic left and right groups.
Proof. Let § be a regular GU-semigroup.Let a = axa . Then by

Lemma 3. we have that ax = axxa oOr Xa = axxa . S0 a = axa = ax aa *

% 3 -
= ax a or a=

By Lemmas 1. and 5. we have that § is periodic.Since S 1is a semilattice

azxza . Thus § 1is a completely regular semigroup.

of completely simple semigroups we have by Lemma 6. that S is a semi-

lattice of periodic left and right groups,By Lemmas 2, end 3. and by




Theorem 5.2.(2] we have that § is a chain of periodic left and right
groups.It is clear that S5 is a GU-chain of periodic left and right groups.
The converse follows immediately.

of power joined semigroups §, »&eY and for every xasﬂ( , Ve SF i
o #(5 there exists mez'® Buch that  (xy)"c ¢xyudyy .

Proof. Let 5 be a GU-semigroup.Let x Xy . Then (xy)™ = x"
for some wm,ne Z+ . So each '](,r-cl.ns is a power joined subsemigroup of
§ . Therefore, § is a union Y of power joined semigroups and it is
clu: that for every x-es’( . yesﬁ » XA »%)1€Y  there exists
m &Z such that (xy) ¢ ooUly) .

The converse follows by the hypothesis and by Lemma &,

A semigroup S is Jf{-repular if for every a €S there exists
-ez+ such that l-‘ a"sa™ .

|
THEOKER 3. 5 f£s a GU-semigroup if snd only if § is a union ¥
THEOREM 4. The following conditions are equivalent on a semigroup S :

(1) s isa i:I'QEI_Illl' GU-semigroup,
(1) 8 4is a GU-chain Y of semigroups S , where S, ,~eY

is an ideal extension of s periodic left or right group K, by a nil-
sul.roug ’_E_El_ for every x&5, -K‘ » Y& K‘ there exist m,n ez+ such that

(3) (xy)™ , (y)"e coutyy

(iii) S 1is s union Y of ideal extensions S, #€Y of
periodic groups by nil-semigroups and for every xeS, , yes, . L $07,
there exists mez’ such that (xy)% <wo>uzyy |

Proof. (L)==% (11). Let 8 be a J{regular GU-semigroup.Let

a = axa . Then by Lemma 3. (ax)(xa)é& {nx.n}. So a=ax’a® or

a= lzlzl « Thus Reg(S) = Gr(S) . Hence S 1is a GV-semigroup.By
Theorem 5.2.[2] we have that S is a chain Y of nil-extensions of
rectangular groups s‘( »$ &Y , By Lemma 6. Sy +A€Y is an ideal
extension of a periodic left or right group K, - It is clear that (3)

holds end that 8 is a GU-chain Y of semigroups sd s ¥ .

(11) = (1). This implication follows by Lemms 5. and Corollaryl.
and by (3).

(i) =» (1i1). By equivalence (1){wy(ii) we have thet § is
periodic.Then by Theorem 3. we have the assertion.

(i1i) ==y(i). This implication follows immediately.
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CGENERALISANE U-POLUGRUPE

U vezi sa izufavanjem mreZe podpolugrupa neke polugrupe vaznu
ulogu igraju U-polugrupe.Polugrupa § je U-polugrupa ako je unija
svake dve podpolugrupe iz S podpolugrupa od § ,8te je ekvivalentno
sa Xy& Lx»wLyy za svaki x,y&S . Ovde se razmatra jedmo uopstenje

U-polugrupe,tj. razmatraju se polugrupe v kojima vazi zakon:

(V713w xy)"elnviy .
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