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( Received 26.04.1888)

The presentations and structures of layer symmetry groups G32 are defined by the
use of antisymmetry groups of ornaments Gé .

1. INTRODUCTION

The idea of antisymmetry, introduced with the representations of the 0321 band and

G32 layer symmetry groups using Weber black-white diagrams, i.e. by the Ciz'1 anti=

symmetric friezes and Gé ornaments, is realised in the works of H.Heesch and A.V.
Shubnikov. The established relation between the G;.. ) antisymmetry groups and
G(r'-l e .. symmetry groups of the (r+1l)-dimensional space was applied in the early
studies of antisymmetry by H.Heesch [1, 2] for the derivation of four-dimensional

G430
number( less then 2000).

symmetry groups and for the approximate valuation of the G, symmetry group

43

In the course of development of the antisymmetry theory, the m;antioned relations
have been widely used by A, V. Shubnikov, .2_. M. Zamorzaev, A.F.Palistrant and nu=
merous other authors. After the multiple antisymmetry theory,introduced hy A. M.
Zamorzaev[.'i], the mentioned relation, which ;nakes possible the dimensional chan-

ges, is generalized in the works of A. M. Zamorzaev and A. F.Palistrant ]:3,4, 5] .
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y i ) a symmatry groups and
The principle of the relation between the GI‘. - multiple antisyn y group
suhperiodic svmmelry groups of the (r+1)-dimensional space is expressed by the re~
‘ ' ! 1-1

| . ’ .
; safi e O maltiple) antisymmetry ca-
coursive relations connecting the .o ancd G(r+1)r. N ( ple) ¥

tegories.

Bv gathering the original results and works of numerous authors, H.S.M. Coxeter
and W.0.d,Moser in their monograph L()] have given the must complete info on dis-
crete group presentations, where the presenlations and structures of the G2 orna-

mental symmetry groups [G,Chapter 4] are discussed.

In this paper the presentations and slructures of the Gr. __ symmetry groups are the
hasis of presentation and structure defining of the G(r+1)r. ~ symmetry groups. The
suggested procedure makes possible the generalization, i.e. the application of the
Gl' 3 multiple antisymmetry groups, connecting the Gr. . symmetry groups of the
r-dimensional space with subperiodic symmetry groups of the (r+1)-dimensional
space. The first of the given possibilities is the object of this study, while the se-

cond, generalization, exceeds its domain.

In Section 2 are given the theoretical assumptions, making possible the use of pre=~
sentalions and structures of the GI__ N symmetry and G;. . antisymmeltry groups

for defining the presentations and structures of the G(r+1)r. y symmetry groups.
Section 3 contains illustrations of this universal procedure and its practical resulis:
the defining of the presentations and structures of the 80 G32 layer symmetry groups
obtained by using the presentations and structures of the 17 G2 ornamental symmetry
groups and Gé antisymmetry groups. The final results are represented in the cata~

logue, in Section 4.

2. THE UNIVERSAL METHOD OF PRESENTATION AND STRUCTURE DEFINING
OF G(r*l)r SYMMETRY GROUPS BY USE OF Gr SYMMETRY AND G’

b o s Tuoa
ANTISYMMETRY GROUPS

Every symmetry group G is given by the presentation:
{81,82,...,Sm} gk(Sl,Sz,...,Sm):E k=1,2,...,8 1)
Group G and all groups derived from G by introducing the ey antiidentity transforma-

tion which satisfies the relations:
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are antisymmeiry groups.

Antisvmmetry groups are divided into three types: the generating( i.e. symmetry
groups), senior and junior groups [3,4] . If G is the generating group, then the seni-
or antisymmetry group derived from G is of the Gx{el} form. All junior antisymme-

try grovps G; ( j€N), derived from G are isomorphous with the G group [3] 3

Let the symmetry group G be given by the presentation (1) and the relations (2) are

satisfied. The El antiidentity transformation can be identified with the (hyper) plane

reflection [7] ;

10...0
R = |0L...0 dim R =(r+1)x(rtl)
00...1

1f group G is the symmetry group of the r-dimensional space, the member of the
Gr category, in accordance with [3,4, 5] , the senior antisymmetry group of the
Gx(el} form defines the corresponding symmetry group of the (rt1)-dimensional spa-

ce, the member of the G category. These two groups have the following pre-

r+l)r...
sentations respectively:

{SI,SO,...,Sm}x{el} = {sl,sz,....sm}x{nl}

e S.,... 2 =1, 2, e s
88155500015 )E B 5y Sy -rS )=E k1,2,
2- = 2: fa
e =E e 55.e R=E R,S=SR i=1,2,...,m

and the structure GxDl.

The junior antisymmetry group ij ( jeN )}, which is isomorphous with the generating
G group, as well as the corresponding symmetry group of the (r+1)-dimensional spa-

ce ,the member of the G category, have the presentation:

[ oz 7
{s ,S'z,...,S!'n} gk(S’,S;‘,...,SI’n)=E k=1,2,...8
and the same structure as group G. The generator set {Si,S’, o ,S;n} consists of
(anti)generators Si' ( Si’=Si or Si'=e15i, i=1,2,...,m) or corresponding symmetries

Si' of the (r+1)-dimensional space ( S;=Si or Si’:Rlsi, i=1,2,..., m) respectively, ob-

tained by the identification e.liR1 3

By using the minimal generator set of the G group, we can obtain presentations of

subperiodie G(1-+1)r symmetry groups with minimal generator sets.

7




If the number and structures of non-iscmorpheus groups of the Gr category are |

lmown,we can state the nombz2r of non-isomorphous G category groups.

(r+1)r...

3. PRESENTATIONS AND 5TRUCTURES OF G32 LAYER SYMMETRY GROUPS

\

|

|
In order to define lhe presentations and structures of the 80 632 layer symmaetry !
groups, the mentioned theoretical suppositions have heen used, The 17 G2 ornamen-— ‘
tal symmetry groups, given with one or several different presentations, comprising ‘
the structure symbols [S,Chapter 4] and the 46 Gé ornamental junior antisymmetry
groups,obtained by antisymmetric characteristic method [8] are the basis of these ‘

defining. |

The final result is a catalogue of the 80 (339 layer symmeltry groups with presenta—
tions and structure symbols. Besides these data, the catalogue also gives complete
information on the derivation process and relations existing hetween the Gé orpamen=

tal antisymmeltry groups and an layer symmetry groups.
O,

The concept of the catalogue can be illustrated with the example of the layer symme-
try groups, derived from the III) pm ornamental symmetry group, The I1II) pm orna=-
mental symmetry group is given by two different presentations [6, Chapter 4]: ‘ |
8) {X,Y,R} XY=YX R%E RXR=X" RYR-Y ‘
') {Y,R,R’} R*=R'’-E RY=YR R'Y=YR'

and has the structure D xC
an 0

Regarding the III) pm G2 ornamental symmetry group as the generating symmetry
group, the 8, Pmll [3, 9]G32 layer symmetry group of the Doo me structure, with
the same two presentations:

8)  pm={X,¥,R} 8.Pmil D xC
8") pm={¥,R,R"}

a8}

is obtained.

The next 24, Pm2Zm layer symmetry group of the Dm wa XDl structure is obtained

from the pm X {el} senior ornamental antisymmetry group by identification of the ey
antiidentity transformation with the Rl plane reflection in the invariant plane of the

ornament pm. The result are two different presentations of the 24.P m2m layer sym-~
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metry group:
9) pm=xD, ={X,Y,R}x {r } 24.PmIm D xC xD,
L 1 o @ 1
9') pm D, = {Y,R,H'}x{nl}
In accordance with the direct group product definition [G] heside the §) or 8') relations,
defining thepm ornamental symmery group, in the presentations 9),97) the relations

X,Y,R:R] or Y.R,R':_"Rl are satisfied respectively.

The following five 10)=14) G32 layer symmetry groups are derived from Lhe correspon-
ding junior antisymmetry groups, generated from the pm by applying the antisymmet-
ric characleristic method [8] One or several generator sets and the group/subgroup
symbol of the corresponding Gé junior antisymmetry grouip [lO]are given in the first
line of the catalogue. The second line contains the related generator set(s) and the cry-
stallographic symbol [3, 9]of the layer symmetry group resulting from the identifica-
tion of the el with Rl' Since junior antisymmetry groups are isomorphous with the ge=
nerating symmetry group, the same applies for the related layer symmetry groups.It
means that they posses generators, given in the same order, which satisfy the same
defining relations as the generators of the generating G2 ornamental symmetry group,

as well as the same structure as the generating group.

In the catalogue, the translations are denoted by X,Y, Z{ except for the 40"),41"), 42"),
43"), 44™) layer symmetry groups, where the S denotes a translation), the reflections
by R, the half-turns by T, the glide reflections by P ,Q,0, the central inversion by I,
the rotations hy S( except for the 40'"),41'),42"), 43"), 44") layer symmetry groups),

the 21 rotational reflection by V,W and rotational reflections by 5.

When denoting the Gé ornamental antisymmetry groups, the group /subgroup symbols
[10] give the complete information, except for the 11),13) antisymmetry groups,
where by additional markml or lm [1 U] is denoted the symmetric frieze subgroup of

the considered antisymmetric ornament.

With regard to relation of isomorphism, since the G, category consists of the 17 non-
isomorphous ornamental groups,[G,Chap ter 4], the (332 category consists of the 34 [3]
non-isomorphous layer symmetry groups. The presentations and structures of the 80

iayer symmetry groups can be used for the next dimensional change, in order to obtain
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by the same procedure the presentations and structuresof the G432 four-dimensional

subperiodic groups,applying the presentations and structures of the 032 layer symwmsa-
try groups and G:';2 antisymmeatry groups [9]etc. The suggested method, applied on
the different well known Gr symmetry group categories can be a very efficient ins=-

trument for the analysis of the multi-dimensional groups [5]

4. CATALOGUE OF PRESENTATIONS AND STRUCTURESOF G32 LAYER
SYMMETRY GROUPS

1) pl 1) p1={x, ¥} 1.p1 cfb
17) pl={x,v,2}
2) p1xD ={x, Yhe(R } 7.P1lm cixnl
2%) p1xD ={X, ¥, Z}x(R }
3) {X,e, v} pl/pl
{x,p} 10.P11p c:)
3%) {X,elY,eIZ}
{x,p,Q}
) p2z 4 p2={X,Y,T} 3.P112
4) p2={r;, 1,1}
4n) pz=(T1,T2,T3.T4}
5) p2xD;={X, ¥, T} (R } 12_1:11%
5°) p2xD, = {Tl,Tz,Ts]x{Rl}
5'") p2xD, ={T1 +T s T3,T4}x{Rl}
6) {x,¥,e,T} p2/pl
{x,v,1} 2.p1
6") {elTl,esz,e1T3}
{5 o010}
6'") {elTl,esz,elT3,e1T4}
{11.12,13,14}
7) {x,elY,T}={e1x,e1Y,T}={x,ely,e T}={31X,elY,elT} p2/A2
x,Q,1} ={r,0,1 -={xq.1) ={P,q,1} 16.p11§
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IIl) pm

V) pg

7°)

7”’

8)

8%)

9)

9°)

10)

10°)

11)

117)

12)

12*%)

13)

13°)

14)

14%)

15)

157)

16)
16°)

{e,T, ,Tz.Ts.‘r:{elTI,esz,Ta}

{II.TZ,TS} =
[elTl,eli'g,Ta,T4}
{11.12,1'3,'1*4}
pm‘={X|YvR}
pm={Y,R,R"}
pme1={X,Y,R]x{R1}
pme1={Y,R,R’}x(R1]

{X,Y.elR}

{x,Y,T}

{Y.eln,eln'}

{v,7,T°}

{x,elv,n}

{x.Q,r}

{elY,R,R‘}
{Q,R,R"}
{X,elv,eln'}

{x.e,T}

{elY, e;R.e; R’}
{q,1,7°}
{elx,Y,R]={e1X.Y.elR}
{r.Y,R} = {p,v,T)
{Y,R,e;r}
{yv.r, 1}

{elx, € Y,R} ={elx,e1Y.e1R}

{r,Q,R} = {r,q,1}
{e;Y,e,R,R"}
{Q,T,R")
re={x, ¥,P)
re={P,Q}
pgxD={x, v, P}x(r }
pexDy=(P,Qlx(R,}

{1 1,.T,)

8.Pmll D xC
@ oo

24.Pm2m Dmxcmel

pm/pl
4.P121 D xC
[
pm/pm({ml)
25.Pm21b Dmxcw
pm/pg
2
26.Pb2b I)m:lc‘:D
pm/pm(lm)
pm/em
36.Cm2a ]‘.l':l:’xtl'm
9.Pbll <2,2, 0>

29.Pb2ym  {2,2,a) xD,
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V) pig
VI) p3
VII} p3lm

22

17) {X,Y,clp}
{X,v,v}
17" {elP,elQ}
{v,w}
18) {e;X,Y,P}={e X,Y,e P}
{P, . Y.P}= (P ,¥,V}
18°) {elP,Q}
{v.Q}
19) p4g={Rl,R2,R
19°)  p4g={R,s}
20) p4ng1:{R1,R2,R3,R4.S}x{R’}
20") pdgxD, ={R,8)x{R"}
21) {Rl,Rz,R3,R4,eIS}
{Rl,Rz,Ra;R4,§}

s
3'R4' 1

21*) {R,e 87
{r,8}
22) {elRl,ele,elRa,elR4,S }
{Tl.Tz,T3,T4,S)
22') {¢R,8Y
{1.8})
23 {eR ,eR,.e/R;eR e S}
{TI,TZ,Ta,T4,§}
23") {elR,e s}
{r.5}

249 p3={x,v,2,5)

247 psz{sl, sz]

25 p3xD;={X,Y,2,5}x{R,}
25") P3XD1: {Sl ' 52}x {Rl}

26)  p3lm={s,,5 R}

26') p3lm={R,S}

27 p3lmxD,={s ,s,,R} x{R.}
27"} p3l me1={R,S]x{R1}

pg/pl

5.P12,1 <2,2, 00>

pg g
30.Ph2;a  {2,2,00)
+
56.P 4bm [4 ,4]
4 +
63.P——hm [4 ,4] xDy

p4g/cmm

58.P&21m [4+,4]

pdg/p4
P42 2 Ef 4]
54.P42) ,

pdg/pee
- +
60.P 4b2 [4 ,4]

+

65.P3 A

2 +
74.P6 A xDl

+
70.P31lm [3 ,s]

- +
79.P §2m [3 ,6]xD1




VII} p3ml

IX) pé

X) pbm

{sl, 218 RY p3lm/p3

{88, Sy 68.P 321
28') {eR,87}
{T.8}

29) p3m1={Sl,Sz,R} 69.P 3ml

29") p3ml={R ,R,,R.}
30) p3m1xD1:{Sl,Sz,R}x{R’} 78.P6m2
30°) p3m1xD1={R1,R2,R3}x{R }

31) {Sl.Sz,elR} p3ml A3
{s, .5, T} 67.P 312
31°) {e l,e elﬂs'}
{1, Ty, 33
32) ps=[sl,sz,'r} 73.P6
32°) po=iSiT}
33) pexD,={s,,8,. Tx(R,) 15.P%
33%) psxD1={s,T‘}x(Rl}
34) {51'52"31'” p6/Ap3
{51,52,1} 66.P3
34"y {s,e'lr}
{s,1}
35)  pém={R,R,;.R,.R } 77.P 6m

35') pém={R, HI,R 3
36) pémxD;={R,R ,R, R3}x{R} 80. P-—-mm
36") mexDl—{R,Rl.Rz}x{R }

37 {e,R.B.R,.RgY p6m/p3ml

{T,Rl,Rz.R3‘} 72.P 3ml
37) {e;R.R;.Ry)

{r.R.R,}

) {R.e;R;,e;R,,e,R 3} p6m A 31lm

{R,TI,TZ,Ta} 71.P31m
38’) {n,elnl,elﬂzl

{R,T,.T,}

.4

A xD1

6.9
[6,3]+xD

[6-3T"D1

0.9

[6.3] xD,

[6.3]

[e.]
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XI) em

39) {elR,eIRI,eIRZ,elﬂs}
{T.TI,TZ,TS}

39°) {eIR,eIRI,eIRZ}
{T,TI,TZ}

40) em={P,qQ,R}

40°*) cm=|P,R}

40") cm={R,S}

41) cme1=[P,Q.R}x{R1}

a) cme1={P.R}x{R1}

41") cme1={R,s}x{Rl}

42) {P.Q.elR}

fr.Q,1)
12°) {P,e,R}
{7}
42") {e;8,e/R}
{p,, 7}
43) {QIP,EIQ,R}
{v.w, R}
43") {e,P,R)
{v.RY
43") .{els,n]
{r,.r}
44) {elP,elQ,elR}
{v.w, 1)
44%) {ell’,elR}
{v,1)
44) {S,eln)
{s,T}

X0) pmam 45) pmm={R.R',Rz.Y)

24

45') Pmm: {Rl lnleSIR4}
46) pmmxD,={R,R*,R,, Y}x{r"}
46°) pmmsD; ={R, "RysRy.R Ix {r"}

p6m/pé6
7%6.P622

11.Cmi1

35.Cm2m

31.Ph2n

cm/pm
32.Pm2. n

cm/pl
6.C121

23.Pmm2

37.Pmmm

[e.2]




X0I) pmg

47) (elR,'ﬁ',Rz,Y}= {R,R',Hz.elY}={R,R',e1R2,e1Y} pmm/pmm

{T,R',RZ,Y} = {R,R',Rz,Q} ={R,R',T2,Q} 41 Pmmb D_xD

47') {e,R; Ry, R.,R
{Tl,Rz.Rs.R4}

48) {R,R’.elRZ,Y]: {eln,eln',az,y}

{R,R',TZ,Y} = {T,T‘,RZ,Y}

48") {e; R .R ), e R, R}
{Tl,Rz,Ta.R4}

49) {eIR,R‘.elﬂz.
{T,R',TZ,Y} ={T,T’,R2,Q}

49%) {elRl ,eIRz.ele,R4}

{T1’T2’T3'n4}
50) {e,R.R",R,.e Yl={e R,R" &R

172°"1

‘ {T,R",R,,Q} ={T,R",T,,Q}
507) {e1R1’°1R2'R3’R4}
{TI.TZ,R3,34}
51) {eIR,elR',ele,Y}
{T,T',Tz,Y}
51°) {elRl.ele.elRa,eIR4}
{_Tl.Tz,Ta,T4}
52) pmg={P,Q,R}
52°) pmg={T1.T2,R}
53) pmngf{P.Q,R}x{Rl}
53°) pmgxnl={'1'1,'r2,n}x{nl}
54) {e;P.Q,R}
{v.Q,R}
54°) {elTl,TZ,R)
{II.TZ,R}
55) {P,Q,e R}
ir,q,T)

a

pmm/pm

2
13.Pm11 Dmem

Y}={e1R,elﬂ' ,Rz.elY}= {elR,eIR’ ,ele,elY} ,

P {T,T',TZ,Q}
pmm/pmg
38.Pbmb Dmem

Y} pmm/cmm

48, Cmmsa D xD
@ o

pmm/p2
i9.p222 D xD
()

28.Pbm2

40.P bmm

pmg/pmg
45.Pbma

pmg /g
17.P=11

25




55") {elTl,esz,elR}
{1,.1,,T}
56) {elP,elQ,R} mg/pm
{v,w,R} 14, Pl—l
56") {e;T,,e T ,R}
{11,12,3_}
57) {elP,Q,elR} pmg /pgg
{v.qQ,T} 430 paa
57") {elTl,Tz,elR}
{1,,T,.T}
58) {eP.e Qe R} pmg 2
{v.w,T} 21.P22 2
{Tl,Tz,eIR}
{r,,T,.T)
XIV) pgg 59)  pge={P,Q,T} 33.Pba2  (w,m)2,2)
59°) pge={P,0}
60) pgexD ={P.Q,TIx(R} 44.Ptam  (@,0012,2)xD
60°) pgexD,={P,0}x{R,}
{P-Q!elT} pgg/gg
{r,@,1} 18.P-11  (00,012,2)
617) {elP
iv,0}
62) {elP,elQ,Ts pee /2
{v,w,T} 20.P2,2,2 (o0 ,mf 2,2)
62') {elp,elo}
{v,vl}
XV) cmm 63) cmm={R1,R2.R3.R4.T} 34, Cmm2

637) cmm={R1.Hz-T}

64) cmme1={RI,RZ,Ra,R4,T}x(R'} 47. Cmmm

64') emmxD z[Rl,Rz.T]x{R'}

65) {R R R3,R4.e1T} emm /pmm
{Rl,R RyR, Jg) 46.Pmmn

26




’ T
65") {Rl.Rz.e] }

}
{R;.R,.1} |
66) {elRl,Rg,elﬁg,R4,T} emm /pmg 1
{TI.RZ,TE,R4.T} 42.Pmbn !
66") {e R;,R,,T} 1
{Tl,Rz,T} ‘
67) {elﬁl.RQ,eIRS,R4,e1T} cmmécm ni
{Tl.Rz,TB,R4,I} 15.0-11
67°) {elRl,Rz,elT} -
{T; RyoI} i\
68) {elRl,elﬁz,ele,e1R4,T} cmim,/p2 ‘
{TI,TZ,TB,T4,T} 22,0259 |
63") {elRl,ele,T}
{Tl.‘TZ,T}
69) {elRl,ele,e1R3,81R4,elT} cmm/pgg ‘
{T) Ty Ty T, 1) 39.P ban |
69') {e;R.e R ,eT}
{T . Ty1} .
XVI) p4 70) p4={T1,T2,T3,T4,S} 49.P4 [2,4
70°) p4={8, T}
m  paxD={T,T,, T, T, Sh{R) 51.P4; E1,4]+xD1
71’) p4xD1={s,T}x{R1}
72) {Tl.Tz,Ts,T4.eIS_} pd/p2 .
{1,:7,T,,T,.8} 50.P1 [4,4)
72’) {e;5, T}
{8,713
73) {31T1,91T2,31T3,e1T4,S} pd/fp4
{101, 15.1,.5] s2.p% (4.4
13) {s,e,T)
{s,1}
XVI) pim  74) p4m:lR.R1.R2.Rs,R4'} 55.P4mm [, 4) ‘
|

74") p4mm={R,Rl,R2}

2




[
[2

B3]
(4]

28

o = (] i
75) p4mxD, {R.Rl,nz,na,n4]xfﬂ} 61.P=mm [4.4]:;131
75°) p4mxnl={R,R1,R2}x{R'}

76) {GIR’R,i'R:?'Rs'R4} p4m/pmm
{T,Rl,nz,Ra.R4} 59.P m2 [4.4]
76"} {e,R,R.R,}
{T,Rl,Rz}
77) {R,EIRI,Rz,Rﬂ,elR4} p4m/pdm
{R.T), R, R,,T, ) 64.PLmm  [4,4]
77°) {R.eIRI.Rz}
{R,T;,R,}
78) {"IR'ele’Rz'“s'elBﬂ pém/pdg
{r.1.R,R.,T,) 62P5em 4,4
78°) {eln.elnl.nz}
{'r,'rl,Rz}
79) {R,elRl,eIRZ,eIRS,e1R4) pém/cmm
{R,Tl,Tz.Ta,T4} 57.Pi2m [1,4]
79%) {R,elkl,elnz}
{R,Tl,Tz}
80) {elR,eIRI.ele,eIRS,eIR4} pim/p4
{T,Tl,Tz.Ta,T4} 53.P 422 [4,4]
80°) ellﬂ,ell’{l,ell'{2
T,T,.T,
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