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Abstract. We investigate the global existence, continuous dependence and exponential stability for mild
solutions of a class of delay partial integro-differential equation with random impulsive moments. The

results are obtained by using the Leray-Schauder alternative fixed point theory and Banach contraction
principle.

1. Introduction

The study of global existence and qualitative properties, of a solution for partial differential equations
and integro differential equations are very limited. Partial differential and partial integro-differential
equations (PIDE) arise in many engineering and scientific disciplines. PIDE play very essential role in real
world modelling problems with derivative and integral terms. Yong Chen [10] studied the second-order
convergent IMEX scheme for solving the 2-dimensional PIDE with spatial delays arising in option pricing
under the hard-to-borrow jump-diffusion models. There are problems in science and engineering that
deal with PIDE’s. Takécs [29] studied qualitative properties of space-dependent SIR models with constant
delay and their numerical solutions, by constructing a delay PIDE using biological sciences. Agarwal [2]
studied stability of partial functional integro-differential equations and phase transition dynamics with the
memory of visco-elasticity. Fractional PIDE with spatial-time delay is discussed in [8]. State delay for a
first order hyperbolic PIDE is discussed in [43]. Second-order PIDE can be seen in [9]. Further, PIDEs are
used in privacy-preserving, ensuring secure communication, ship course-keeping, population dynamics,
mathematical physics, nuclear science, finance and heat transfer. For further reading and more details, refer
[3,4,8,12, 25,27, 44] and the references therein.

Impulsive differential equations are well known in modelling problems from many areas of science
and engineering. There has been much research activity concerning the theory of impulsive differential
equations see [22, 26]. The impulses may exists at deterministic or random points. E. Herndndez et al.,
[13-16] has studied the impulsive global partial differential equations and the references therein. Further,
Sivasankaran et al. [28] studied the existence of global solutions for second-order impulsive abstract
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partial differential equations using Leray-Schauder’s alternative fixed point theorem. Vijayakumar et
al. in [37, 38] proved the existence of global solutions for second-order impulsive differential equations
with nonlocal conditions using Leray-Schauder’s alternative fixed point theorem. Milan [23] studied
the sufficient conditions for the existence of global solutions of nonlinear functional-differential evolution
equations whose linear parts are infinitesimal generators of strongly continuous and analytic semigroups.
Moreover, the fractional order PIDE with spatial-time and multiple delays are studied in [8, 12, 43]. There
are lot of papers which investigate the properties of deterministic impulses see [5, 17] and the references
therein.

Considerable attention have been given to the fixed impulses in the field of nonlinear differential systems,
where the impulses do not always occur at fixed time points in the system state. There is a possibility that
it occurs at random time points in the system state, since the real world system states are often subject
to random changes. Moreover, the solutions follow a stochastic process when the impulse arrival time
is taken at random. It is certainly different from the fixed impulse approach. However, a few research
works have been done based on the stability of various differential systems, including random impulses.
For example, Shujin Wu et. al.,[39-42] studied the qualitative properties of random impulsive differential
system. In [6], the author studied the existence and exponential stability of a random impulsive semilinear
functional differential equation through the fixed point technique under non-uniqueness. In [7, 30], the
authors established the existence, uniqueness and stability results through Banach fixed point method for
the system of random impulsive differential equations. In [31], the author studied the existence results
for the random impulsive differential inclusions with delays. Further, Agarwal,R. P et. al.,[1], studied
the exponential stability of differential equations with random impulses at random times. In [34], the
problem of p moment global exponential stability for functional differential equations and scalar chaotic
delayed equations under random impulsive effects have been studied. In [32, 33, 36], the study of unstable
continuous time delay systems controlled by the random impulses has been investigated. Recently, in
[19, 20] the authors studied the exponential stability of stochastic differential systems, when the impulse
arrival time is taken at random. Till the date, there has been no result established based on exponential
stability of random impulsive PIDEs. It is different from the stochastic differential equations. This is the
motivation behind our study on random impulsive PIDEs in this paper. We have utilized the techniques
developed in [11, 22, 24, 26] to establish our results.

The paper is organized as follows: In section 2, the useful notations, definitions and preliminary
facts are briefly recalled. In section 3, we investigate the existence of mild solutions of partial delay
integro-differential equations with random impulses by using Leray - Schauder alternative fixed point
theory and Banach contraction principle. In section 4, we establish the global existence of solutions for
random impulsive partial delay integro-differential equations by using Leray - Schauder alternative fixed
point theory and Banach contraction principle. In section 5, we study the stability through continuous
dependence on initial conditions. Finally in section 6, we study the exponential stability using Leray -
Schauder alternative fixed point theory.

2. Preliminaries

Let X be a real separable Hilbert space and (2 a nonempty set. Assume that {74},7, be a sequence of
independent exponentially distributed random variable with parameter A, and each random variable 7y is

defined from Q to Dy o (0,dy) fork =1,2,..., where 0 < di < +co. For the sake of simplicity, we denote
R =[1,+0), R* = [0, +00).
We consider integrodifferential equation of the form

t
X)) = Ax(t) + f F(t,s,x(0(s)))ds, t # &, t27T,
&) = blworE), k=12, M

Xt = ¢
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where A is the infinitesimal generator of a strongly continuous semigroup of bounded linear operators S(t)

with domain D(A) C X; the nonlinear operator F : A X C — X, C = C([-+,0], X) is the set of continuous and

bounded functions mapping [-r, 0] into X with some givenr > 0; 0 : Rt — R*; & =tg and & = &g + 7%

fork=1,2,---, Here ty € R; is an arbitrary real number. Obviously, ty) = §o < &1 <& < -+ < ]}im & = oo

by : Dy > Rforeachk=1,2,---; x(&p) = ltlTrgn x(t) according to their paths with the norm ||x||; = sup |x(s)]
k t—r<s<t

for each t satisfying 7 < t < T'[| - || is any given norm in X, here A denotes the set{(t,s) : 0 <5 <t < oo}.

{G:,t = 0} denotes the simple counting process generated by {&,}, that is, {G; > n} = {&, < t}, and F;
denotes the g-algebra generated by {G;,t > 0}. Then (Q, P, {¥+}) is a probability space. Let L, = L,(Q, #, X)
denote the Hilbert space of all #; - measurable square integrable random variables with values in X.

Assume that T > t; is any fixed time to be determined later and let 8 denote the Banach space

B([to -rT], Lz), the family of all #;-measurable, C-valued random variables i with the norm

1/2
Iyllg = ( sup E||¢||%) :

to<t<T

Let Lg(Q, B) denote the family of all ¥ - measurable, 8 - valued random variable ¢.

Remark 2.1. For any given time t > 0 and integer n > 1, &, and Gy are related by {Gy > n} = {&, < t}. Itis
understood that, (&, < t} is the event that the n arrival occurs by time t, implies that G, the number of arrivals by
time t, must be at least n. Similarly, {G; > n} implies {&,, < t}, yielding the equality. The counting process {G;,t > 0}
is a stochastic process in time. The given filtration F; represents the evolution of knowledge about the random system

through time. The information at time t carried by filtration F; determines the value of the random variable &y.

Lemma 2.2. [1] The probability that there will be exactly k impulses until the time t,t > to,where impulse mo-
ments &,k = 1,2,--- follow exponential distribution with parameter A, is given by the equality P(Ijz, &) =

A=t —A(t—to)
—g e o), where, the events, Iiz, &,.,)(f) = {lw € Q: &(w) <t < &(w)),k=1,2,---.

Remark 2.3. In [1], the expected value of the solution x(t) for the random impulsive differential equation is given as

E[”x(t)”] = Z E[l|x(t)|||I[§k/§k+1)(t)]P(I[Sklékn)(t))r

k=0

where the impulse moments &,k =1,2,--- follow exponential distribution with parameter A.

Definition 2.4. [11, 24] A semigroup {S(t);t > to} is said to be exponentially stable if there are positive constants
M > 1and y > 0 such that ||S(t)|| < Me7(t-t) forall t > ty. A semigroup {S(t), t > to} is said to be uniformly
bounded if ||S(t)|| < M for all t > to, where M > 1 is some constant. If M = 1, then the semigroup is said to be
contraction semigroup.

Definition 2.5. [21] A map F(t,5,x) : AXC — X, forall t € [t,T], F(t,-,-) satisfies LZ-Camtheodory, if
(i) s = F(t,s,x) and is measurable for each x € C;
(ii) x = F(t, s, x) is continuous for almost all t € [, T];
(iii) for each positive integer m > 0, there exists a,, € L' ([1, T], R") such that
sup E|[F(t,s, x| < am(t), fort €[z, T], ae.

Ellx|*<m

Definition 2.6. For a given T € (to, +00), a stochastic process {x(t) € B, tg —r < t < T} is called a mild solution to
equation (1) in (Q, P, {F+}), if
(i) x(t) € X is Fr—adapted for t > to;
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(ii) x(to +s) = @(s) € LY(Q, B) when s € [-1,0]

+00 k k & s
0 = Y ([[oese-wo0+ Yo | ste=9) [ Fs xamauas
= i= i=1 j=i i-1

+ L S(t—s) fo F(s, 11, x(0(u))dpds )iz, ., (1), t € [to, T,

n k
where [](-) =1asm >n, [1bj(t;) = bp(tx)bx-1(Tx-1) - - - bi(7;), and 1a(-) is the index function, i.e.,
j=i

j=m
|1, if teA,
IA(t)‘{ 0, if t¢A

Our existence theorem is based on the following theorem, which is a version of the topological transver-
sality theorem.

Lemma 2.7. Let B be a convex subset of a Banach space E and assume that 0 € B. Let F : B — B be a completely
continuous operator and let U(F) = {x € B: x = A Fx for some 0 < A < 1};
then either U(F) is unbounded or F has a fixed point.

3. Existence of mild solution

In this section, we prove the existence theorem by using the following hypothesis.
(H1): The function F : [ty, T] X [to, T] X C — X is continuous, F(¢,s,0) = 0, and it satisfies the Lipschitz
condition with respect to x, ie.,

E|IF(t,s,x1) — F(t,s, 2)I* < L(t, s, Ellx1|%, Elx2lP)Ellx1 — 22, (t,5) € A, x1, %2 € X,

where L : [ty, T] X [to, T] X R* x R* — R* and is monotonically nondecreasing with respect to the second
and third arguments.
(Hp): There exists a continuous function p : [to, T] X [ty, T] = (0, c0) such that

EIF(,s, )| < p(t, H)HEIPR), (t5) €A x€X,

where H : R* — (0, o0) is a continuous nondecreasing function.
(H3): 0 : [to, T] — [to, T], is a continuous functions such that o(t) < .
(Ha): E{llbj(t))I?} < Cforall7j€ Dj, j=1,2,--- ., where C > 0.

Theorem 3.1. If the hypothesis (H,) — (Hy) hold, then system (1) has a mild solution x(t), defined on [t, T] provided
that the following inequality is satisfied

T (oo}
ds
—A(1-max({1,C})(s—to) —
M1 f e P(Sr S)dS < L H(S)I (3)

to
where My = 2M*(T — to)? and c¢; = 2M?E||o||*.

Proof. Let T be an arbitrary number ¢y < T < +oo satisfying (3) . We transform the problem (1) into a fixed
point problem. We consider the operator @ : 8 — 8 defined by

(P(t - tO)/ te [tO - tO]/
+0o | k k
bi(t;))S(t -t 0
ox(t) - kzom (®S(t = t)p(0)+ )

t S
+ fz k S(t —s) fo FGs, y,x(o(y)))dyds]I[gk,gm)(t), t € [t, TI.

i s
[bi) L S(t =) [ Fls 1 xoti)pds

ji ,.

1
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In order to use the transversality theorem, first we establish the priori estimates for the solutions of the
integral equation and A € (0, 1),

/\(p(i’—to) tE[to—T’to]
k

Ei s
(1) = AZ{H’? st 100)+ Y ] [ e fé st-9) [ e ot

i=1 j=i
+ f S(t-s) f F(s,y,xw(y)))duds]I[gk,gk+1>(t>, e lto,T]
&k 0

Thus by (H;) — (H4), we have

+00 k
Elk@IP < 2 Z [T T itPUS (e = to) Pl )P, .y (O] Pl .1 (8)
i=1

k Ei S
+[Z ;llgbxmu{ L IS - sl fo Fls, 1, (o))l

i-1

s 2
+ L 156 = PGt xDMlas] s .o (OP i O]

t
Ellp < 2M2E||(P||ZZHC ) i
k=0 i=1
t
+2MA(T - to)E[ f f F(s, , x(o (1) ]
to
/\(f fo) o
X max{l, C}————— (t=to)
L1l
< ZMZE”(pHZe—A(l—C)(t—tO)
S 2
+2MA(T - F(s, y, x(o(u)dp|| ds] x e 1A-maxeNt-to),
0
then
Elxlf < 2M2e 0Ot [jjp)?]
t S
2
42M2 A LENO=) (T — ) f [ f E[|F(s, 1, x(o@))du] ]ds
to 0
< M2 MOt E [”(Pnz]
o
+2M2e M A=maxLEN(t=to) (T — ) f f P(S,M)H(Ellx(ﬁ(y))llf)dy]ds
f() | 0
< M2 MOt ||(P||2
Ry N
+2M2e M AmmaxLENt=to) (T — ) f f P(S,H)H(Ellx(u)llf)d#]ds
f() | 0
< M2 MOt ||(p||2

t
+2MPe MImmax DU — 4g)2 f p(s, s)H(E||x||?)ds.
fo
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Since the last term on the right hand side of the above inequality also increases in t, we have

A1=O)(f— 2
sup Elx|Z < 2M2e -0 [”(p” ]
to<ov<t
t
+2M2e~AAmaxLENE—to) (T — )2 f p(s, S)H(E [|IxI2])ds
to
<

M2~ 1-Ot-t) [”(PHZ]

t
+2M26—/\(1—max{1,C})(t—to)(T _ tO)Z f p(s,s)H( sup E [llxll%])ds
to

to<v<s

Consider the function £(t) defined by

() = sup E[IxE], el T).

0<v<t

Then, for any t € [ty, T] it follows that
t
£(t) < 2M2e O [H(PHZ] 4+ DM MA-max(1L.CD(E—to) (T _ 42 f p(s, S H(E(s))ds. @)
to

Denoting the right hand side of the above inequality (4) by u(t) we obtain that
(it s u(t), telt,T],

M(to) = ZMZE_A(l_C)(tO—tO)E ”(p”2 =y,
and

M’(t) — ZMZefA(lfmax{l,C})(tftg)(T _ tO)zp(tl t)H(f(t))
2M2eMA-max{LCh(t—to) (T _ to)zp(t, HH(u(t)), t € [ty, T].

IA

Then

L(t) 2 —A(1-max{1,C})(t—to) (T _ +.)\2
Hu(®) <2M-e (T —to)p(t, 1), t € [to, T). &)

Integrating (5) from t; to t and by applying the change of variable method, we obtain

u(t) dS t
< 2M2(T _ t0)2 f e—A(l—maX[1,C})(S—t0)p(sl S)ds
ll(t()) H(S) l’g

T
ZMZ(T _ tO)z f e—/\(l—max{1,C])(s—tg)p(sl S)dS

to

IA

00

ds
< T/ N’ te [t ’ T]/ (6)
u(to) H(5) '
where the last inequality is obtained by (3). From (6) and by mean value theorem, there is a constant 77; such
that u(t) < n; and hence £(t) < 7. Since sup E|lx|[> = £(t) holds for every t € [ty, T], we have sup E|lx|)? < m,

to<vst ty<o<T
where 7; only depends on T, the functions p and H, and consequently

Ellxli = sup Ellxll; < m.

toy<v<T

In the next steps, we will prove that ® is continuous and completely continuous.
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Step 1. We prove that @ is continuous.
Let {x,} be a convergent sequence of elements x in B. Then for each t € [ty, T], we have

+oo | Kk k k i s
ox,() = Y |[[oimse - e + Y T bix) f - S(t-s) fo Fs, t, %a(0()))dpds

k=0 | i=1 i=1 j=i

f S(t— S)f F(s, u, xn(G(#)))deS] ey, 00 (8)-

Ek

Thus,
CDxn(t) — Ox(t)
= {an(@) f (t =) f E(s, w, xn(0(w)))du — fo E(s, p, x(0(w)))dp}ds
k=0 | i=1 j=i
+ f st fo F(s, 1, 3n(0())) gt — fo F(s,y,X(G(y)))du}dS] i)
and

E||dx,, — @x]}2
< MZe_A(l—maX{l,C})(t—tO)(T —to)

t S S
x f B[ Fs, (ot = [ PG g P

— 0 asn — oo.

Thus @ is clearly continuous.
Step 2. We prove that @ is completely continuous operator.
Denote

B = {x € 8] I}, < m},

for some m > 0.
Step 2.1 We show that ® maps B,, into an equicontinuous family.

Lety € By, and ty, t5 € [to, T]. If ty < t; < tp < T, then by using hypotheses (H>) — (H4) and condition (3),
we have

Dx(t1) — Px(t2)

+oo  k k k & s
= [[Jtwstes - g0+ 1 T oo | stti=9) [ R xtotuauas
k=0

i=1 j=i Si-1

+ f S(t1 - 9) f FGs y,xw(y»)duds]u[gk bt

—Z Hb(’f )S(tz—to)(p(0)+ZHb(T]) f S(t, - 5) f Fs, p, x(o(u))duds

i=1 j=i i

" f 2%_5) [ s sttt e .

&k
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<Dx(t1) Dx(t;)

2 wa )5(f1—to)<P(0)+Zl_[b(T]) f S(h - 9) f F(s, (0 ())dpds

i=1 j=i Si-

+ f 1S(t1—s) f F(s, t, 0 pds] (T () — L .0 (82)

Qk

N Z [ H bi(w)(St — to) = S(t2 — ) )p(0)

Kk
+ Z H b; (T])f S(t1 —s) — S(ty — s))f F(s, u, x(o(w)))duds

=1 j=i
f (S(tl—s)—S(tz—s)) fo F(s, u, x(0(u)))duds
+ f S(t2=9) [ FG, 1 3600l .2

E|[®x(t) — Dx(t)IP < 2ELI? + 2ElL|P,

where

L =

and

Furthermore,

E|lL|P

+00 k k k & s
Y [T owste - e+ Y, [ Teiw) [ se-9) [ Fopato@onduds
k=0 =1 i Si-1 0

i=1 j=i

t S
# [ stt=9) [ Fs @M g () = e 02)

&

2 [ H bi(r)(S(t1 — to) = S(t — £0) )(0)

i=

ko k
+ Z H bi(t}) f S(t1 —s) — S(tr — s)) fl—"(s, t, x(o(u)))duds

i= =i

+ f (St =) - S(t - 5)) fo Sp(s, 1, x(o(p)))duds

Ek

ty S
. f St —s) fo F(s, p x(o(u)dpds lg, e, (t2):

< ZMzEll(p(O)II2 [e—/\(kC)(trto) _ e%(l{)(trto)]
+2[€—/\(1—max{1,C})(h—tg) _ e—/\(l—max{l,C})(tz—tg)]

t1
X(t —to)’E | [1S(t — s)II"M"H(m)ds
to
- 0 as tz g i’l,

324

(®)
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where M* = supip(t, t) : t € [to, T]}, and

ElLI? < 3[e " -00S(t — to) - S(ta = t)IPEllp(O)I1

+3[e—/\(1—max{1,C})(t1—to)]
t S

X(t — to)E f ISt = 5) = S(t2 = 9)IPl f F(s, , x(0()))dullPds
to 0

tz S
+3[e MmN (1 — 1)E f ISt = )P f F(s, p, x(o(u)))dplds.
t 0

Since there is 6 > 0 such that

IS (t1 = to) = S (t2 — to)ll < Vi — o,

1—to
(see [18, Proposition 1]) and the compactness of S(t) for t > 0 implies the continuity in the uniform operator
topology, we have
IS (1 = to) = S (k2 — to)II> = O, [IS(tr —5) = S(t2 = s)I” = Oas t > £.

Thus, ® maps By, into an equicontinuous family of functions.
Step 2.2 We show that ®B,,, is uniformly bounded.
From (3), ||x|[3, < m and by (Hy) — (Ha), we get,

El@x)If < 2MPeMmO0E|jp0)|?

t S
+2M2 A AmmaxLENE=ho)(T — 1) f Ell f F(s, , x(a(w)))dpllds
to 0

El@x)If < 2MPeMmOE0E|jp(0)| + 2Mm2e M mmaxtLENE(T — 1)ty |11

This yields that the set {(Dx)(f), ||x||% < m} is uniformly bounded, so {®B,,} is uniformly bounded. We have
already shown that ®B,, is equicontinuous collection. Now it is sufficient, by the Arzela - Ascoli theorem,
to show that ® maps By, into a precompact set in X.
Step 2.3 We show that ®B,, is compact.

Let tg <t < T be fixed and € a real number satisfying € € (0,t —ty), for x € B,,. We define

+oo  k k &
@0 = 3 [[[bese-me0+ Y [Ty ) [ ste=9) [ o et
k=0 i=1 i=1 j=i -

&i

t—e S
+ f S(t —s) fo F(s, 1, x(0(u)))duds |Ie, e (), £ € (to,t = €). (10)

Ek
Since S(t) is a compact operator, the set

He(t) = {(®Pex)(t) : x € B},

is precompact in X for every € € (0, — t;). By using (H») — (Hs), (3) and E||x|[> < m, we obtain

t
E||(@x) — (DeX)|> < MPeMImmaxiLCNt=to) (T _ )2 f M*H(m)ds.
t—e

Therefore, there are precompact sets arbitrarily close to the set {(Dx)(t) : x € B,,}. Hence the set {(Px)(t) : x €
By} is precompact in X. Therefore, ® is a completely continuous operator.

Moreover, the set U(®) = {x € B:x = ADx, for some 0 < A < 1} is bounded. Consequently, by Lemma
2.7, the operator @ has a fixed point in 8. Therefore, the system (1) has a mild solution. Thus, the proof is
completed. O
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Now, we give another existence result for the system (1) by means of Banach contraction principle.

Theorem 3.2. Ifthe hypothesis (Hy), (H3) and (Hy) holds then the initial value problem (1) has a unique mild solution
on [ty, T].

Proof. Consider the nonlinear operator @ : 8 — 8B defined as in Theorem 3.1,

E “(Dx _ <1>y||f < ZMze—m-maxu,cl)(t—to)(T “ k)

t S S
< [ [ s o xtotie = [ loGonulPles

< MR -max(LONG=t) (T _ 4
<[ | [ 1t Bt P, Mo )00 — ot Bl
< ZM;(;—/\(Ol—maxll,C])(t—to) (T = to)
<[ | [ e B, B0 1) - B
:
< MR I-max(LONG—to(T _ p 12 [ t L(s,s, EIIP, EllyP)Ellx — yiRds

Taking supremum over t, we get,
2
[ox - @y|, < AMDIx-yl

with A(T) = 2M2eA0-maxLENE=ho)(T — )2 [* L (s, 5, E|lxiP, Ellyll?)ds.

Then we can take a suitable T, 0 < Ty < T sufficiently small such that A(T7) < 1, then we get that @
is a contraction on Br, ( Br, denotes B with T substituted by T1). Thus, by the well-known Banach fixed
point theorem we obtain a unique fixed point x € Br, for operator ®, and hence ®x = x is a mild solution
of (1). This procedure can be repeated to extend the solution to the entire interval [-r, T] in finitely many
similar steps, thereby completing the proof for the existence and uniqueness of mild solutions on the whole
interval [-7, T]. O

4. Existence of global solutions

In this section we study the global existence of solutions for

t

X)) = Ax(t) + f F(t,5,x(0(s)))ds, t # &, t € [to, )
&) = bworE), k=12, an
Xt, = Q.

Definition 4.1. A function x : [tg,00) — X is called a mild solution of (11) if x/i, 1 € B([to, T1, X) for every
Te (tOI OO)/

= kK Ei s
@ = Y ([[sse - e+ Y [[bitey L S(t=5) [ Fsu xtotuuds
k=0 =1 i=1 j=i i1

t
+ f St ) f F(s, p, 20 (u)dpds I &, (1), £ € [to, ). (12)
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In order to obtain our results, we need to introduce some additional notations, definitions and technical
remarks. It follows that g : [tp,0) — R is a positive continuous and nondecreasing function such that
g(to) =1 and tlim g(t) = co. In this section B([to, ), X), Co(X), Cy(X) and B)(X) are the spaces.

B([to, ), La) = {x : [to, 00) = X : x/ 11,11 € B(lto, T1, X), ¥V T € (to, o), Ellxll; = sup Ellx(t)I* < oo};
t>ty

Co(X) = {x € o, ), X): Jim EIROIP = 0f; CYX) = x € o, 0), X) : Jim L0 o,

BYX) = {x € B([ty, ), X) : lim%;)”z = 0}, endowed with the norms E|[x|%, = sup E|lx(t)|%; Ellx|Z =
t—o00 t2ty

Ellx()I> Ellx(®)I
g(t) g(t)

We recall here the followmg results of compactness in these spaces [13]. We omit the proof.

sup Ellx(t)I? ; Ellxll; = sup

t>to

and E ||x||% = sup respectively.
7 2k

Lemma 4.2. A set B c C)(X) is relatively compact in C) if and only i,

(a) B is equicontinuous;
(b) lim E”;((:))” = 0, uniformly for x € B;
(c) The set B(t) = {x(t) : x € B} is relatively compact in X, for every t > 1.

Lemma 4.3. A set B C B)(X) is relatively compact in B)(X) if and only if,
(a) The set Br = {x/p,1 : x € B} is relatively compact in I'([to, T]; X), for every T € (0, o0),

. ElxOI? _ ;
(b) thm - =0 uniformly for x € B.

Theorem 4.4. Let the conditions (H,),(Hs),(Hs) holds for every T > 0. Suppose, in addition that the following
conditions are verified

(a) For every t > to, the set {S(t) fos F(s, p, x(o(w))du = s € [to, t], x € B,(0, X)},

[where B,,(0, X) is a closed ball of radius m > O with center at the origin, in a Banach space X]

is relatively compact in X;

¢
(b) For every i > 0, hm (t) f p(s,s)H[nhg(s)]ds = 0,

(C) M1 e—A(l—max{l,C )(s—to) (S, S)dS < ,
) g . HE)

where My = 2M*(T — to)* and c; = 2MZE||||*. Then, there exists a mild solution for the system (11).

Proof. On the space B)(X) we define the operator

+oo  k
oxt) = Y (J]eimse-to)e©
k=0 i=1
k Lk Ei s
+ ;Hbj(Tj)Ll S(t—s)f0 F(s, u, x(0(u)))duds

S
+ f S(t-9) [ 6, o)) (0 € [0,9).
&k 0
We can observe that E|jx(#)||* < EIIxII%ﬂ g(t)

Blox(? 2V O E Il

9(t) - g(t)
2 M2e—HM1-max{1,CH)(t-to) (T —

f0)2 t )
' g(t) ft p(s, S)H(Ellxll, g(s))ds.

Next we show that @ satisfies all the conditions in Lemma 2.7.
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Let (x,)nen be a sequence in B)(X) and x € BY(X) such that x, — x in B)(X). Let e > 0 be given and
h=supE ||x,,||§g . From condition (b) there exists L; > 0 such that,
9

neN
2M2e~M1-Ot=h) E [||(p||2] DM MI-max(1CN=t)(T — g2 (*
0
+ s,s)H(fig(s))ds
e 70 f p(s, s)H(lig(s))

€
— >

< 5 > Ll

From the Lebesgue-dominated convergence theorem, we infer that, N, € N such that

L1 S S
B0 [ R mntotondn = [ FoprtoondulPlas
€

>
< 2M2e~A1-max{1,Ch(t=to) (T — ()2 1n > N,

E||®x,, — Dx|[? L * ) 2
S o f {E|| f F(s, i, xu(o(u)))dp — f E(s, p, x(o(w)))dpll }ds <e.
g(t) 0 0 0
Therefore,
_ 2
{EII(Dxn(t) O | 10, > Ne} < e (13)
g(t)
On the other hand t > L; and n > N, we find that
E|Dx, — Ox|} e 2MPeMA-max{LON(E—t)(T — )2 ft
. s,$)H(El|x, — x|I% g(s))ds
70 2 0] RASE 5,90
€ 2M2eMl-max(LCN(t=to)(T — ¢,)2 ft
< -+ s, 8)H(2%g(s))ds.
5 70 L p(s,s)H(2hg(s))
So that,
. {E||q>xn—q>x||f_t>L n>N}<€ (14)
—g(t) . = 1, = €f = -

From (13) and (14), we see that @ is continuous. Next, we prove that ® is completely continuous. Let
By = {x € B/|Ix|l%, < m}. From the proof of Theorem 3.1, we establish that the set ®(By)ljt, 11 = {Xljto,1) € B :
x € B} is relatively compact in B([ty, T]; X) for every T € (tp, o). Moreover, for x € B,,, we have that

Elox(plp _ 2Me OV Il

gty g(t)
2 M2e—A1-max{1,C))(t-to) (T -

tO)Z t ,
g(t) jt; p(s,s)H(Ellxlig g(s))ds,

Eljeox]?
g(t)
conclude that ®(B,,) is relatively compact in Bg(X). Thus @ is completely continuous.

We establish the priori estimates for the equation (12). For t > t, we get,

where, from (b) we get that

— 0 as t — oo uniformly for x € B,,, Now, Lemma 4.2 allows us to

Eloxlf < 2M2e -0 E ]

t
+2MPe MImmax LN — 45)2 f p(s, s)H(E||x||?)ds.

to
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Denoting the right hand side of the above equation by 7i(t), we obtain

' (t) < 2MPp(t, t)e~MI=maxtLENEt) (T — 12 H (1 (t))
and hence,

i gs
— <
H(s) —

< ds

M1 e—A(l—max[l,C])(s—to) (S, S)dS < .
ft(, § HG)

c1 c1

This inequality jointly with condition (c) allows us to affirm that @ is bounded in Bg(X). By using Lemma
2.7, there exist a fixed point for ®, and as a consequence a mild solution exists for (11). The proof is
complete. [

Theorem 4.5. Let the condition (Hi), (H3) and (Hy) be satisfied for every T > to. Then there exists a unique mild
solution, provided that

1 t
9 = 2M2e~M-maxLEN(=to) (T _ 42 sup — f L(s,s, ElxIP, EllylP)g(s)ds < 1. (15)
=ty 9() Jy,
Proof.
EIDx(t) - By _ 2M2= 1 1.0N0)(T — py)2

R 0]
t
x [ Lo EIP, Bl - i o)

fo

[@x(t) - (I, < 2M2e MmN g2

IA

1 t
sup s [ (s, B, Elyi?)Elle - 1B, (60
fo ‘

t>ty

IA

Pllx = yli, -

From (15), ®@ is a contraction on Bg. Hence, there exist a unique global fixed point for @ in space Bg and
this fixed point is the mild solution of the initial problem (11). O

5. Continuous dependence

Theorem 5.1. Let x(t) and x(t) be mild solution of system (11) with initial values ¢(0) and @(0) € B, respectively.
If the assumption (H1), (Hz) and (Hy) are satisfied then the mild solution of the system (11) is stable in the mean
square.

Proof. By the assumptions x and X are the two mild solutions of the system (11) for f € [to, c0) then

Ellx — x|I? 2M?2e~ MO E|1o(0) — @(0)]1?
sup b= 3l _ sup 24° llp(0) — @O
s, 9 t>ty g(t)

+ 2M2ef/\(]7max{l,C})(t7t0)(T _ to)2

1 t
xsup — | L(s,s, Ellx|P%, Ellyl”*)Ellx — xl% g(s)ds,
PG ft ( ylP) 5,96)

t>ty
_ 52 < 2 _—A(1-C)(t—to) - 2
llx = 2li7;, < 2M?e Elip(0) = ¢(0)ll,
i 2M2e—/\(1—max{1,C})(t—t0)(T — tp)?

1 t
xsup s [ 1(s,s, EllP, EIP)El - 515, 99
gt Ji, 7

t>ty
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By applying Grownwalls inequality, we have

I = 213, < 2M2 0O Ep(0) - GO,

% exp(zMZe—/\(1—max{1,C})(t—t0)(T _ t0)2 sup L

t
L(s, s, EllxI, ElyIP)g(s)ds),
s g(t)L ( yIP)g(s)ds)

Il — g‘c||§3g < JEllp(0) - <P(0)||%/
where,

5§ =2 M2e-A1-O)t—to) exp(2M2 ¢~ AA=max{L.CNG=to) (T _ 4)?2

1 t
X — L(s, s, ElIxII, EllylI?)g(s)ds).
sup = ft (5,5, EIRIP, EllyP)g(s)ds)

t>ty

Now given € > 0, choose 6 = § such that [|¢(0) — (ﬁ(O)llZB < 6. Then ||x — Xllé3 < €. Thus the difference
q q

between the mild solutions x(t) and %(f) in the interval [t, o) is small, providéd that the change in the
initial point (t9, ¢(0)) as well as in the function F do not exceed the prescribed amounts. This completes the
proof. O

6. Exponential Stability

In this section, we will study the exponential stability of mild solution of the system (11). For any
F: adapted process ¢(t) : [-1,00) — R is almost surely continuous in t. For the purpose of stability we
may assume that F(t,5,0) = 0 for any ¢t > f; so that the system (11) gives a trivial solution. Moreover
@(t) = p(t —to) for t € [ty —r,tp] and Ellp|[> — 0 as t — oo.

Definition 6.1. [11] Eq. (11) is said to be exponentially stable in the quadratic mean if there exist positive constant
Cyand A > 0 such that
Ellx(t)|* < C:iEllplPPe=t), t > to.

We now consider the following assumptions

(Hs) : uH(x) < H(uy) for all x € R* where u > 1.

(Hg) :1IS(t)|| < Me™ 71t > ty where M > 1,y > 0.

Theorem 6.2. Let the hypotheses of Theorem 4.3 and (Hs — Hg) hold. Then system (11) is exponentially stable in the
quadratic mean if it satisfies the following inequality,

(a) For every t > ty, the set {S(t) fos F(s, u, x(o(u))dy : s € [to, t], x € B,(0, X)} is relatively compact in X;
¢
(b) For every h > 0, tlgg ﬁ fto e’ (s, s)H[fig(s)]ds = 0,

0 < ds
(C)f M e—)\(l—maxll,C})(s—tg) (S,S)d5<f —,

w o ’ o HE)
where, M, = ZI)VI— and ¢y = 2M2E||g||.

Proof. The proof is similar to the proof of Theorem 4.4, we define the operator ® on the space 8)(X) and
using (H») — (Hs) we get,

E”x”% < ZMZe—/\(1—C)(t—t0)e—)/(t—t0)E||(P||2
ZMZE—A(l—max[l,C})(t—to)e—y(t—tg)

t
f eV(S_tO)p(S/ S)H(E“x“sz)dsl
Y o
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eV(t*to)E“x”t2 < 2M2e*/\(1*C)(t*to)E||(P”2

D M2e—AM1-max{1,Ch(t-to)  t -
14 f p(s, $)H (e’ E||x|?)ds.
to

Consider /1(t) = & *"E||x|[>. For any ¢ € [to, ),

L(t) < 2M2e~ MO o] +

2 M2e~M1-max{1,C))(t-to) £
f p(s,s)H(l1(s))ds.
0

t

Denote the right hand side of above inequality by u1(t), then I1(t) < u1(t); u1(to) = 2M2Ellp|* = ¢, uy(t) =

M2 e~ A1-max{1,Ch(t—ty)
V4 p(tl t)H(Ml (t))

ui t) 2M2e—A1-max{LCl)(t-g)
H(@un () = Y

uq (t) 00 2 00
s f M Aa-maxt1 Ce—h) (s 5)ds < f s
uq(to) H(S) to y (%) H(S)

Hence

p(t, t), integrating and making use of a change of variable we obtain

This inequality along with the condition (c) of Theorem 6.2 allows us to affirm that @ is bounded in
BY(X).

We will show that @ is a completely continuous operator. First we prove that @ is continuous.

Let (x,)nen be a sequence in B)(X) and x € B)(X) such that x, — x in B)(X). Let € > 0 be given

fi= sup E ||xn||§; . From condition Theorem 6.2(b) there exists L; > 0 such that,
neN 7

2M2efy(t7t0)ef/\(l7max{1,C})(t7t0)

t
y g(t) f &' p(s, s)H(2fig(s))ds < g, t> L.
to

From the Lebesgue-dominated convergence theorem, we infer that N, € N such that,

L1 S S
B0 [ Rt = [ F o)
€y

< 2Mze_}’(f—fo)e—A(l—maX{l,C})(t—tD)/n > Ne.

Consequently, for ¢ € [0,L;] and n > N, we obtain that

E[|x, — Dx|>  2MP2e(t—to)g=A(1-max{1,Ch(t—to)

g(t) : 7 9(b)
L1 S S
x [ el [ Fe o= R eGP
<e,

hence we get,

{Ellfbxn — Ox]f?
sup 4 2 m — X

o) :te[O,Ll],nZNe} < e (16)
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On the other hand f > L; and n > N,, we find that

E||®x, — CI)xIIf 2 M2e—(t=to) p=A(1—max{1,C})(t—to)
<
9 y 9()

Ly S S
x [eeo fo F(s, % (0())dps — fo F(s, 1, ¥(o()dulPds

ZMZe—y(t—to)e—/\(l—max{l,C})(t—tU)
7 9()

t S S
<[ oy | F ot~ [ Fe prooduras

ZMZE—y(t—tg)e—/\(l—max{1,C})(t—t0)

<S4
=2 7 9(H)
t
y f & p(s, $)H(EI|, — xlf}, g(s))ds
Ly
e 2M?2eV(t=to) p=A(l—max{1,Ch)(t~to) ft 7
<€, e’C~)p(s, s)H(2fig(s))ds.
: o ) p(s,s)H(2hyg(s))
Thus
E||®x,, — Dx|2
[P e e v

From (16) and (17), we see that @ is continuous.

Next, we prove that @ is completely continuous. Let B,, = {x € B/ ||x||%, < m}. From the proof of Theorem
3.1 we establish that the set ©(B,,)|i, 71 = {Xljt,, 1] € B : X € By} is relatively compact in B([ty, T]; X) for every
T € (tp, o). Moreover, for x € B,,, we have that,

EII(I)x(t)IIZ MR~ (tt0) = A1=C)(t—to) £ [||§0||2]
<

gt) g(t)
2M28—/\(1—max{1,C})(t—t0)e—y(t—t0)

t
y(s—to) 2
y9(t) ft e p(s, s)H(Ellxll, 9(s))ds,

E||Pxl7
9(t)
us to conclude that ®(B,,) is relatively compact in Bg(X). Thus @ is completely continuous.
By Lemma 2.7 the operator ® has a fixed point in B,. Therefore the system (11) has a mild solution
which is exponentially mean square stable with @(t) = @(t —ty) whent € [ty —1,tp] and E ||(p||t2 — Qast — oo.
This completes the proof. [

where, from Theorem 6.2(b) we get that — 0 ast — oo uniformly for x € B,,. Now, Lemma 4.2 allows
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