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Abstract. In this manuscript, we construct a complex (p, q) Lorentz-Schurer operator for q > p > 1 and
discuss the approximation properties on a compact disk. Based on the Voronovskaja’s type theorem and

exact orders, we also obtain quantitative estimate by the (p, q) Lorentz-Schurer operator attached to analytic
functions in the compact disk.

1. Introduction

The concept of g-calculus emerged as a new interest in the area of approximation theory. The formalism
depend its root in the field of approximation theory with the systematic study by several authors (For the
sequential knowledge, the readers may refer to [1, 2, 5, 7, 9, 10, 18] and [20]). The emergence of (p, )-
analogue of different operators, for instance, Bernstein operators, Bernstein-Stancu operators and others
(see [3, 4, 19, 22]) paved way for the more efficient concept of approximation by the (p, g)-analogue of a
positive linear operator, which has been an active area of research lately. Now, we recall the following
definitions essential for the present investigation: For any analytic function & from Dg = {w € C : |w| < R}

to C, G.G. Lorentz introduced (see [8]) an important sequence of operators by

v k
L, w) = (V) Y)Y 190, veN, we Q).
kzz(; k (v)

1)
The g-analogue of the Lorentz operators (for q > 1), studied by Gal (see [6]) is given by
v k
e (VY [ w
Lw)= ) 0 (k) (W) DY), veN, weC). 2)
k=0 g AR

The (v, q) integer [v], 4 is defined by

p’—q”
[V]ng = o (v € No).
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The (p, q)-binomial expansion is given as

14

v _ .
(ax + by), , = Z (k) a" R,
pa

k=0

where, the coefficients (;),  are given by

(V) — [V]p,!
koo [klpally =Kol
The (p, 9)-derivative of a function & (differentiable at 0) is defined as:

h(px)=h(ax)

CEOTa ifx#0

D, h(x) =
1 (0), ifx=0.
Details on (p, q)-calculus can be found in (see for details [11, 13, 15-17, 21]).

Throughout this paper we use the following standard notation: IN, Ny, Z, R, C denotes the set of natural,
non negative integer, integers, real, complex numbers respectively.

2. Construction of Operators
We define the (p, 9)-analogue of Lorentz-Schurer operator on a compact disk for q > p > 1 as follows:
v+a e (v w k
W)=Y q 7 ———| DY )0, 3
-Lv,a,v,ﬂ(h, w) T q 2 (k)p . ([V i Ol]p,q) p,q( )( ) ( )

(ve N, a > 0and fixed, w e C).
We remark that the operators in (3) reduce to the g-analogue of Lorentz operators (2) for p = 1and a = 0.
The upper approximation estimate of (p, q)-Lorentz-Schurer is given under the theorem below.
Theorem 2.1. Lethh : Dg = {w € C : [w| < R} — C be an analytic function in Dg, where R > q > p > 1 be
such that J(w) = kfo Ci ¥, then

() Letl<r< ¥ < *R be arbitrary fixed and lw| <7, veN,a > 0, then we have the following upper
q q y g upp

estimate:
pV-HX
Ly opqM)(w) — M(w)| £ ———— M, p,q(h),
L) = )] € 2= Mepa(h)
where,
My, pa(h) = Ma-p+l) i ICxl (k + 1)7’1{ < .
” (a-p? &

i) Let1 <r << 7 < 2o < 2R be arbitrary fixed with |w| <7, u,v € N, then the following approximation
a a y H g app

is given as
o )| < P M
L oa @) = HO@) £ p7me M),

where,

-p+1) o
Monalt) = 202D G+ 1 <
=0

(a=»
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Proof. (i) For ej(w) = w' = Ly, 4p4(e0)(w) =1 and L4 pq(e1)(w) = w. Then

V+a w
( il[h“[+w

Loapale)w) =a

2<i<v+a,VivelN),
and by solving further, we find

‘ i _ v+a—1M
Ly pq(er)(w) =w (1 P [v+ a]p,q)

« (1 _ prea2 h) (1 Bl Gl UL}

[v+aly, [v+aly,

Itis obvious thatfori>v+a +1,

Lyapale)w) =0

Also, we can write
Liapa@) = Y Ci Luapale)@), VIl <.

Thus, we have

| £1,0,0,0(n) (@) = h(w))|

SZ:Kw£mm4@@w—&ww+;2:1WA£m%Am&w—QWM

v+a

Eyav

+ Z ICilF, ¥ [w| < 7.

i=v+a+1

v+aly, [v+aly,

By using the result in [6], we have

1- (1 _ pv+0c—1 [1]p,q )(1 _ p1/+ct—2 [z]p'q )

[v+alyg [v+aly,

1= prran = 1hba ) oy C= D= Llg
” [v+aly, v+aly,

(1 Pv+a 1[ [1lpq ) “(1 _ prra2 [2]p, )(1 _ pv+oc—(i—1) [i __1]p’q _

[v+al,

305
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Thus,

v+a

Z'C'V z<v+a>

% (1 _ pvﬂxfl [1]prq )(1 _ pv+0ﬁ2 [Z]p:q ) (1 _ pvﬂxf(l?l) [l — 1]p,q ) _ 1’
[v+aly, [v+aly, [v+aly,

v+a

V+0( . .
< ICi| i = 1) [i = 1]y, p OV
[v+aly, Z ! P
p1/+0¢+1 vta i
— P Vi z( /)
[v + alpq(q—p) Z ’
pv+a+1 vta

2|C,|(1+1) roo(as <r1)

~ v+alys(a—p)

v+a

where, by the conditions already mentioned for i, we get Y, |Ci| (i + 1) ri1 < 0.
i=2
As h is analytic which implies that C; = h<1'(0), and by the Cauchy’s estimate of C; in the disk |[w| < 71, we
have [C}] < =%,V i > 0, where
v+a v+a )
Ky, =max{lh(x)| : lw| <r} < ) |Cilr' < ) ICil (i+1) ] := R, (h) < o0
i=2 i=2
Therefore,
0 ) v+a+l X2 i vta+l
Y, e <r,| | Y (5) =Ram| -] ()
i=v+a+1 n i=0 n n n-r
v+a v+a+1
=R )[F] " <R s
ri—r/ln [v+aly (a-p)

and finally we have

pv+a+1 (q —p+ 1)
vt+aly, (q-p)?

Ly pq(h) (@) = h(w)| < [ R, (1), VYveNand|w <r

(ii) Let us consider the circle ® with center 0 and radius r* > r. Also, we have that for any |w| < r and
vED®, lv—w|l =71 —-r.

Now, for all v € N, it follows from Cauchy’s formula that

Ly o,p,0(M) (@) = h(v)

|£8) | () (@) — K (w)| =

(v - w)!‘“
pV+1)¢+1 27trt
< M, pq(h ) —+1
[v+aly, 2 (rr—r)H
pv+a+1 H‘ r
= ral, M pa(h) ——— o
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Theorem 2.2. Leth : Dg = {w € C : [w| < R} = C be an analytic function with h(w) = ), Ck, ¥ w e Dg
k=0

andR>¢g*>pt>1,1<r< vn oo ;):_412 be arbitrary fixed. Then for all v € N, |w| <, we have

03
Suall@)| _ 32
Loanalt)0) = i) + T < T Q)

— (] [ k
where @, 0 = 5 Y ICH(k + 1)(k +2)2 (3r1) < oo.
|

Proof. For all |w| < r,v € N, we have

Spa(h)(w)
Ly g p0()(w) — h(w) + m
= Z Ck [Lv,a,p,q(ek)(w) - Ek(ZU) + pv+a—(k—1) [k]L__l[k]q Ek(ZU)]
< |V G| Lommaen@) = ety + prve-ton Hea e q(w)”
k=0
Y et gk ([k]?—_fk]q _ 1)
k=v+a+1

<

1

e e q(w)”
k=0

3 ey Kl ~ [K]
k[ via—ge-1) Klog a
+ ) |ck|r(p oty Zoa 1).

k=v+a+1

Here, we have by principle of mathematical induction with respect to k that

p2(v+a) (k+ 1)(k—2)2 (ﬂ)k

0<& J(w) <
Al Ty S E R

V2 <k<v+a,velNisarbitrary fixed and |w| < r, where

prra=t=1 [k, o — [K],
[v+aly, p—1

Eva k(@) = Ly apq(er)(w) — ex(w) + ex(w)
Vra—(k-1)

= Lv,a,p,q(ek)(w) - ek(w) + ! ([1]13,(1 +...+ [k - 1]p,q) €k(ZU).

[v+aly,

Since, by principle of mathematical induction, we have

k.. — [k
L%%%h=ﬂﬂm+m+m—ﬂm)

Then again, in view of the result in Theorem 2.1 (i), we can write &, 4, o(w) = 0, ¥ v € IN and we get the
recurrence relation

w2

Evak,pa(w) pvm_(k_l) Dy o[Lyapq(ek-1) (W) — er_1(w)]

[v+aly,

-1 w
+ ()l = e @)+ Enierpal@), ol <1
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Now, for |w| < rand 3 < k < v + a and with the use of mean value theorem, with ||k, = max{|i(w)| : [w| < 7},
we write

[Evna@)| = W P (L (e @) = e (@) Nl
p- r
+ L)) - @z +  [Enasotan(@)
r? k-1
“mra U T E D Lmmaein) @) — eca(@ls
P,q p
p-1 r
+ (—p)f’ 1Lv.a,p,0(ex-1)(W) = e (W)l + » Sv,a,k—l,p,q(w)|
_ e kD ( ar )k-l (k= 2)[k = 2lon yva-een
[v+aly, % p v+ aly,
(p—"Dr (ﬁ)k_l (k = 2)[k — 2]y, via—(k-1) , I
Ty p v +aly, P 5 [Braktna@)
- {_72 pratn®=D) (b 1),} (2] 2= 2o
[v+aly, ar/p p p [v +alp

+ % ‘(gv,a,k—l,l),q(w)|

p2(1/+a)

S L ral. T ](k + 1)k = 2)lk = 21,07 + 11|80 ape1,0(@)|-

Fork=1,2,3, -+, we obtain the estimate

|amkpq<w>|_ — r12<z—1><z— )i = 21,0

Alyq i=3
pZ(VJra) (k + 1)(k _ 2)2 (%)k
T [v+al?, (a-p) P/

Further, we calculate

| Y ICH [ Loapale) @) — ex(w) + qrro-b Kol (w>]|
v+a
< Z G [Evpa@)
pz(v+a) via by (qu )k
< — k+1)(k—-2)"—
[v+al, (a— p)Z|Ck|( k=27
p2(1/+0c) 1 via

A 2 (1
< vl e g e 0 7).
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Finally, since (D”“_(k_l) —[k]",;“,_l[k]“ - 1)

i Cut (pvm_(k_l) [k]?—_ [Kl, 1)

1
k=v+a+1

>0,Vk>v+a+1,in view of Theorem 2.1 (i), we get

- - [kl
< p1/+0( (k-1) |Ck| rk ,
k:;:ﬂ (p—Dlv+alyq
. 1 kq*
S pV‘FD(*(k*l) |Ck|
k=;:+1 (P =Dv+alyq v (a-»)
er (h) pv+a+1 s rk ' L

S —qp
— k
(p 1)[V + a]p’q k=v+a+1 7’1

v+a+ (o) k 2k

“wetmrar, 1 )]G
v+a+ (\-+¢371+1) 00 k

o) L )]

— er(h)p\/+a+1 r\3 1’%

G tieans ) o7

=

"

= ol

_ ré)
p2(v+uz)+2 er (h)

<

Tlv+al, (p-1)(a-p)?

pZ(v+a)+2 via

2 (4 d
S[V+“]%,q (r—1)(q - p2 §5|Ck| (k+ 1)k +2) (prl) ,

with the help of the inequalities

k k v+ v+a 1,1/3
pa S ik’ JDv+0¢ = £ and 1/3 s - .
P (a=pv+alp, (r,” =113~ (a=p)

[k]

Thus, combining above estimates, we get

Spa()(w)

Ly ap0(M)(w) = h(w) + [v+aly,

(pa—q+p—1) pX+e) & v
ST O Torar Ao G+ D2 (Tn)

P9 k=0

We give the lower approximation estimate with the help of undermentioned Theorem:

Theorem 2.3. Leth : Dg = {w € C: |w| < R} — Cbe an analytic function in Dg where h(w) = Y, Cwk, Yw e
k=0

v € N and |w| < 7, we have

Dgand let1 < r < q:% < q:—f be arbitrary fixed. If & is not a polynomial of degree < 1, then for all

v+a

14
”Lv,a,n,q(h) - h”r 2 [1/+—a]mcr’”"”“(h)’

where, C;;, p,q(h) counts only on ki, r and r1. Also, ||1]|, refers to rlnlax{lh(w)l}.
w|<r
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O

Proof. For [w| < rand v € N, we have

-
-Lv,a,p,q(h)(w) - h(w) - [v + a]p/q
pvﬂt [V + a]%,q p(vﬂ‘z
X\~ Seale) + [v+alpq| p2*0 Loapallw) = hw) + [v+aly, Seal)e0)
Using the inequality
IF + Gl = [IEll, = IG1l,| = IFll, = Gy,
we have
pV+Dt
1Ly,0,,q(h) = hll, > m
Soqlh P [l ah ) ) - ) + s
X ISwal@ll = = | =g [ Loanali@) = hw) + oo A

Now, we get [|Syq(h)ll; > 0. Since by hypothesis, h is not a polynomial of degree < 1 in Dy it follows by
supposing the contrary that

Spo()(w) =0V w € Dr={weC:|w <.

Further calculation gives

SM (h)(w) =w

Do) W@ g
q 4 P.a -

—
implying
Dy ()W) = W (w), ¥ w € D\{0}.

Considering h(w) = Z Ciw*, the above inequality gives C; = 0, for all k > 2, showing h is linear in D,, which
contradicts with the hypothe51s Now, in view of Theorem 2.2 we have

2

[v+a pvte

[v+alp,

where @Q,, , 4(h) is a positive constant depending only on k, 1, p and q.
Since % — 0 as v — oo, there exists an index v, depending only on #, r, r{, p and q such that for all

v+ a > v, we have

N Loapa)(@) = h(@w) + =S ()W)

p V+a) . < Qh,v,a(h)r

||Sm,q(h)(w)|| -

Ly apa(M)(w) — h(w) +

[1/ + 0(] a pZ(v+a)

prta [V + a]
[ aly,

Spq<h><w>H } 2180

which surely implies that

v+o
P

Lva Lh_hr——
1Lsanali) = bl > e

||Sp q(h)(w)”r/ Vv+a>.



M. Saif, F. Khan, S.A. Khan / Filomat 37:1 (2023), 303-316 311

Forv+a €{l,..., vy}, we have

v+a
p

“'EV,%D,Q(h) - h”r 2 MV,VLV,WJ)/W

[v+al,
with

[v+al,
pV+Dt

My vapa = 1Ly,a,0,4(R) = hll, > 0.

Since ||.Lyq,p,q(7) = hll; = 0 would imply that & is a linear function, a contradiction. Therefore

v+a
p

v m=hl = e
1Ly, ,p,0(1) =l [v+al,

Cr,rl,p,q (h)/
where

. 1
Cirpa(h) = min {Mrrl 1oa(B), ooy Moy v, pa(h), E”SM(h)”} ,

from which the proof easily follows. [

In view of Theorem 2.3, and (i) of Theorem 2.1, we deduce the following result:

Corollary 2.4. Leth : Dg = {w € C: |w| < R} — C be analytic in Dg, be such that h(w) = Z Cyk, Yw e Dg

andletl <r < ﬂ < TR pearbitrary fixed. If his nota polynomial of degree < 1, then for all veNandw| <7,
we have

pV‘FCY
1Lsimat) = hll ~ —Emee,
R TR

where, the constants depends on /i, r, r1, p and q, and are independent of v.

3. Approximation results
We prove the undermentioned Theorems concerning the simultaneous approximation:

Theorem 3.1. Let I : Dg = {w € C : |w| < R} — C be an analytic function in Dg be such that h(w) =

Y Cwk, Vwe Dgandletl <r<r < % < p R be arbitrary fixed. If /1 is not a polynomial of degree
k=0
< max{l, u — 1}, then for all v € IN, we have

v+a
P

() ()
1Ly 0 () = By ~ ———,
VA ’ [v+aly,

where the constants depend on i, 1, 1, u, p and g, but are independent of v.

Proof. We already have the upper estimate for ||.£m () = HW]|, by Theorem 2.1 (ii), so it remains to find

the lower estimate for ||£1(ff ;rp,q(h) K@,

Let © be the circle of radius #* and center 0. The inequality [v — w| > ¥ —r holds for all [w| < rand v € ©.
Applying the Cauchy’s formula, we have

|‘£1(/}2M(h) h(“)(w)| lu ‘f Lyapq(h)(v) — h(v)dv _ ®)

(l) — w)p+1
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Now, in view of the proof of Theorem 2.1 (ii), for all v € ® and v € N, we have

__
-Ev,a,pfq(h)(w) - h(w) - [V + (X]p,q
v+a 2 v+ ©)
S P v+aly, I h h P s
X 4 =Sp,a(h)(w) + [ ral. | w2 va,pa(M) (@) — h(w) + v+ aly, el -
By (5) and (6), we get
©  gy—pgy = P [ B f _ Sual@)
L1000 = {50 [ - e

v SV‘] h
praut [ al (Loapah)(@) = hw) + preo Al ja}f:’))d }
[v+aly,2ni Jo P20+ (p — )utl
pV+D(

[v+aly,

prre ol f [v+ a2, (Loapa(h) (@) - h(w) + pr+a 200
(]

X{[_Sp,q(h)(w)](#) + p2n+a) (y — )i+

Thus

v + aly, 27 dv}

180 = 100y 2 {5,001
v,a,0,0 +alp, ' ’

[v

2 Spq(h)(w)
(e g [ B a0 )
v +alyqll2n Jo p20+a) (p — q)p+l J

Now in view of Theorem 2.2, Vv + a € N, we get

! [v+ali, (Lva pa(I)(@) = h(w) +p"* S;l(ZIZZ:))
p! 2nrfv+al?, _ vra Spalh)
27 (rt — )l p2vea) Loapall) =+ v +alpqll,
utr
Ser,D,q(h)m'

But we have || — [Syq(m)]*® “r > 0, by hypothesis on k.
Therefore, it would follow by supposing the contrary that

[SpaM]® @) =0 (V[w| <79,
where, in view of Theorem 2.2, we write

Spa(M)(w) = ZqV+a i, Moo = kg [k]pq k]q
=

Z qreEDey ([Mpq + - + [k = 1lp0) w".
k=2
Supposing u = 1, from

S, (W)(w) = Z A ENC k(Mg + oo + k=10 0 =0, (Vw| <7),
k=2
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it would follow that Cy = 0, for all k > 2, eventually which shows I would be a polynomial of degree
1 = max{1, p — 1}, that is a contradiction with the hypothesis.
Now taking u = 2, we get

Sy (W)(w) = Z D Gk (k= 1) (Mpq + - + k= 1) @2 =0, (Vw| <),
k=2

which would leads to a contradiction.

Now, taking u > 2, for all [w| < 7", we get

SYm@) =Y @D Gk (k= 1)k -+ 1)
k=u

X ([1]p,q + oo + [k = 1]p,0) W+ = 0,

implying that Cx = 0, for all k > p, again a contradiction with the hypothesis.
Lastly, for h analytic in Dg that is

hw) =) G, (Yw e Dy),
k=0

and for any y € N, u > 2, we define the iterates of complex Lorentz-Schurer operators L, 4 »«(h)(w), by
ngl,v,q(h)(w) = Lyapa(M)(w)

and
Lo (@) = Lyapgl L u(](@).

Since by recurrence for all u > 1,

Lopa@) = Y CeLyanale)(@),
k=0

thus we get
LU ,a@) = Y CLE (@),
k=0

where, fork =0,1and k > v + a + 1, we respectively have
Lo @) =1, L, () = w, L, o(e)w) = 0.
For2<k<v,

£ (e)w) = 1—1£>V+”‘_1—[1]D'q '
vl [V + alys

|1 = pv+0c—2 [2]p,q : 1— pV+C¥—(i—1) [Z _ 1]p_,q ‘ wk
v+al,,) [v+alyg !
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Theorem 3.2. Leth: Dg = {w € C: |w| < R} = Cisanalyticin Dg withR>p>g>land1<r < p—gl < %

be arbitrary fixed such that h(w) = }, Ciwk, ¥ w € Dg, then we have the upper estimate

k=0
v+a ©
L) =M, = T o ;'C"'( o 7
Moreover,
v+a
if lim B2~ 0, then lim [ £%), .0 - 1| =o0.
V—00 [V]D,q V—00 [ r

Proof. We have for all |w| <,

v+a
(@) - L1, ()| < Y ICi*
k=2
v+a— [1] / ! Vv 2 [ 1] q .
X[l—(l—p”‘lﬁ ...1—D+a(1)ﬁ + Z |Ck|7’k
P pa k=v+a+1
Denoting
1 e _i-1) [k =1y
Ao = 1_pv+a1 , 1_pv+a (i-1) A,
S ( [v+ a]v,q [v+ a]p,q
we get
1- ﬂ,fm 1- ﬂkva)(l + ﬂkva + ‘(ﬂkva + ...+ ﬂ]ﬁ;;) < [J(l - ﬂk,v,a)/
and since
k-1[k-1
1= iy < ot 8D Loa

[v+aly,

we therefore obtain
+ . oo
i |C |1’ v+a 1 [Hp,q # 1- pv+a—(i—1) [Z — 1]9/0 : + Z |C |l’k
k v+aly,) [v+aly, k
4 ’ k=v+a+1

v+a+1 s

<”Z|C PRt [ = Ayl < Y1 (k= 1)1k = 1],07"

k=2 - [ +ala k=2

lupv+0¢+1 ® rkqu/pk Hpv+a+] s q .
< — C < Crlk + 1)(=r

[vm]pqé' L [vm]p,qq_p;' e+ D)

lup1/+oz+1 & '

< Al as Z Cel(k + 1)(r1)

Also, in view of the proof of Theorem 2.1, we get the estimate

(o)

vt L ICAEE DO TG+ D)
Z. ICkIrk p k=0 < up k=0
T [v+aly, (qg—p)? T v+alyg (q9-p)?

k=n+a+1
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Collecting now all the estimates and considering that

1 N 1 _g-p+l1
a=» (a-9?2 (a-p?’

we get the desired result.
As

v+ v+a
p p

[V + a]p,q ~ qv+a 4

v+a
we conclude, if lim &2 — =0 that
Y—00 [v+alyq

lim [|.£55 () = hl, = 0.

4. Concluding Remark

In this paper we have intruduced (p, q)-analogue of Lorentz-Schurer operator, is given by the following
equation:

vta k

kk=1) [V w k)

Loapow) =) a7 ( ) (—) DY ()(0), 8)
i k), \lv+alye) ™1

(veNN, a > 0and fixed, w e C).

o If we put p = 1 in equation (8), (», g)-analogue of Lorentz-Schurer operator reduces to the g-analogue
of the Lorentz-Schurer operators and it is given by the following equation:

vta k
@thZﬂﬁH W)wmm
q

= [v+al,

(veNN, a > 0and fixed, w € C).

e For the case @ = 0 in above equation, we get g-analogue of the Lorentz operators:

v k
Lol w) = qk(kzl)(};) ([E‘i ) D® 1)), (veN, weC).
k=0 a q

eIfwetakea = 0, p = q = 1in equation (8), then we get very famous simple Lorentz operator introduced
by G.G. Lorentz, and is given by

L,(w) = Z (Z) (%)k h®0), (veN, w e Q).
k=0

Henceforth, our operators given by equation (8), can be seen as a generalization as well as modification of

the well known operators of g-analogue of the Lorentz-Schurer operators. As 1 < -1, that is sequaence -
n [”]q [”]q
1

is sharply converge against the sequence .
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