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Abstract. In this paper, we generalize and refine some Berezin number inequalities for Hilbert space
operators. Namely, we refine the Hermite-Hadamard inequality and some other recent results by using
the concept of superquadraticity and convexity. Then we extend these inequalities for the Berezin number.

Among other inequalities, it is shown that if 5, T € L(H(Q)) such that ber(T) < ber(|S|) and f is a non-
negative superquadratic function, then

f (ber (7)) < ber(f (IS])) = Lber (f (IS| — ber(T)]))..

1. Introduction and preliminaries

Let H be a complex Hilbert space with an inner product (:,-) and the corresponding norm || - ||. Let
L(H) be the C*-algebra of all bounded linear operators from H into itself, with the identity Izy. An
operator T € L(H) is called positive if (Tx,x) > 0 for all x € H, and we then write T > 0. A linear map
®: L(H) - L(H) positive linear map, is positive if ®(T) > 0 whenever T > 0. It is said to be normalized if
D(Ig) = Iy For S, T € L(H) assume that S @ T is the operator matrix (8 ;),) on L(H & H).

A functional Hilbert space is a Hilbert space H = H(Q) of complex-valued functions on a (non-empty)
set O C C, which has the property that point evaluations are continuous, i.e., for each A € Q the map
f +— f(A) is a continuous (linear) functional on H. Then the Riesz representation theorem ensures that
for each A € Q there is a unique element k, of H such that f(1) = (f,k;) for all f € H. The collection
{ky : A € Q} is called the reproducing kernel of H. If {e,} is an orthonormal basis for a functional Hilbert
space H, then the reproducing kernel of H is given by ki (z) = Y., Men(z). For A € Q, letk, = ”],i—:” be the
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normalized reproducing kernel of H. For a bounded linear operator T on H, the function T defined on Q

by T"(/\) = (TlAc,\, ka ), is the Berezin transform of T, which was introduced by Berezin [7, 8]. The Berezin set
and the Berezin number of the operator T are defined by

Ber(T) ={T(A): A€ Q} and ber(T) =sup{|T(A): A e€Q},
respectively. For an operator T € L(H(Q)) we define
I Tllver = sup{l{Thz,, k2,0l : A1, A2 € Q) and Loer(T) = inf{KThy, k)l : 4 € Q).

Clearly, the Berezin symbol T is a bounded function on QQ whose values lie in the numerical range of the
operator T, and hence
Ber(T) € W(T) and ber(T) < w(T).

The Berezin number of operators S and T satisfies the following properties(see [2-5, 10, 13, 27] and the
references therein):

(i) ber(ly) = 1; ~

(i) T € L(H(Q)) is selfadjoint, then T(A) € R;

(iii)If T € L(H(Q)) is positive, then T(A) > 0;

(iv)ber(BT) = |pIber(T) for all g € C;

(v) ber(T + S) < ber(T) + ber(S).

The Berezin symbol has been studied in detail for Toeplitz and Hankel operators on Hardy and Bergman
spaces. A nice property of the Berezin symbol is mentioned next. If 5(A) = T(A) for all A € Q, then S = T.
Therefore, the Berezin symbol uniquely determines the operator. Some excellent results about the Berezin
number were found in [11, 12, 16-18, 25, 26] very recently.

Moreover, if T € L(H(Q)), then

KThky, k)P < ATk, kYAT POk, k) (1)

for all lAcA,IA(H € H(Q)and v € [0,1]; see [19].
A function f : [0,00) — R is called superquadratic provided that for all x > 0 there exists a constant
C, € R such that

fO=fE)+C(t—x)+ f(t—x) ()

for all t > 0. We say that f is subquadratic if —f is superquadratic. Thus, for a superquadratic function we
require that f lie above its tangent line plus a translation of f itself [1]. Moreover, the following results hold
for superquadratic function.

Lemma 1.1. [1] Let f be a differentiable superquadratic function and f(0) = f'(0) = 0, then Cy = f'(x) forall x > 0.
Also, if f is differentiable superquadratic such that f(x) > 0 (x > 0), then f is convex, f(0) = f'(0) = 0 and if C, in
(2) is non-negative.

Remark 1.2. A superquadratic function looks to be stronger than convex function itself but if f takes negative values
then it may be considered as a weaker function. If f is superquadratic and non-negative, then f is convex and
increasing. Also, if f’ is convex and f(0) = f'(0) = 0, then f is superquadratic. The converse is not true. For more
information about see [1] and references therein.

A real valued continuous function f(t) on [0, c0) is superquadratic if and only if
flaa+ (1 -a)b) <a[f(@) - f(L-a)la—-b)]+ @A -a)[f®) - f(ala-Db)] )
holds for all & € [0, 1], and for all a,b € [0, o), see [1].
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The Hermite-Hadamard inequality involving convex function asserts that

f(“b) ff (1 ba + thydt < L2 O f(b) 4)

where f : ] — R s a convex function on the interval | and a,b € |. We have the following version of the
Hermite-Hadamard inequality for superquadratic functions.

Theorem 1.3. [6] Let f : [0, 00) — R be an integrable superquadratic function and 0 < a < b. Then

(5 s [ -5

1
sfo fta+(1-t)b)dt (5)

f@+f®) 1 _ _ _
<102 (b_a)zfu[w Q) f(t—a) + (t—a) f (b— D] ds

We note that, in the left hand side of (5) we have

bljfabf(‘t—“;b)dt:foif(
:fof('t—%

For recent results concerning supequadraticity the reader may refer to the comprehensive book [23].
Recently, the authors [21] and [22] proved the following operator version of Jensen’s inequality for
superquadratic functions.

ta+(1—t)b—a;b‘)dt

o — bl)dt. (6)

Theorem 1.4. Let T € L(H(Q)) be a positive operator and k, € H(Q). If f : [0,00) — R is superquadratic and
D L(H(Q)) — L(H(Q)) is a normalized positive linear map, then

(Fm ki) > £((Th Ra)) + (|7 = (Tl R o o) @)

Moreover, we have
(@ (F Mk ki) > F(@ Tk k) + <c1> (f(‘T — (@ IQA,IQA)IH|))12,\,12A>. ®)

In this paper, we get some upper bounds for the Berezin number of the f (ber(T)) and f (ber(S*T)) on
reproducing kernel Hilbert spaces (RKHS), where S, T € L(H(Q)) is arbitrary and f is a superquadratic
increasing, by using some ideas from [22, 24]. We also present some inequalities involving positive linear
maps. In the last section, we show a refinement of the Hermite-Hadamard inequality for convex function,
and then assert it for the Berezin number.

2. Berezin number inequalities via superquadratic functions

In the first section, we show some Berezin number inequalities involving superquadratic functions. We
demonstrate one of our results.
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Theorem 2.1. Let T € L(H(Q)) and f : [0, 00) — R be increasing superquadratic on [0, 00). Then

1
f (bex(T)) < ber( fo FHTI+ —t)|T*|)dt) (9)

1
~ inf < fo f (][t T+ (= )T = (T + (0= )T 1k, k) 1«H|)dﬂ%m>

AeQ

— inf folf(‘((m - |T*|)12A,12A>Ht— %‘)dt.

AeQ

Proof. Let k, be the normalized reproducing kernel of H(Q2). It follows from f is increasing on [0, ),
inequality (1) for v = 1 and the arithmetic-geometric inequality(AM-GM) that

£ ([(mko k) < £ (Vim0 )
[mkA,kA |T*|kA,kA>]

IA
—

(by AM-GM) (10)
1
< [ rle(mn k) @ o (kb))
: fo F((am-ipku )| -5 e @y 6
Now, since f is superquadratic we have

F(E(ME R + 1 =D (TR, K ))
= F({IIT1+ L = DTk, k)
<(f @M+ =)Dk, )
= (7 (lem+ = o= (em+ @ - ok k) kg oy o)

Integrating the previous inequalities over f on [0, 1], we get
1 A ~ ~ ~
f F(E(TIRL k) + @ = D (1T ke, Ko ) ) dt
0

1
< <f FEITI+(1 - t)|T*|)dtf<A,ch> (11)
0

1
- < fo F(Jeem+ a-pmn-{em+a-p |T*|11%A,I%A>1ﬂ|)dtla,za>.

Combining (10) and (11), we get
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(k) < fol F(E(mk R + 1 =D (T 1 )
1
- [ (lom = k- 3]
< <j:f(t|T| +(1- t)IT*I)dt’ACA/’%A>

1
- < fo F(Jeem+ a-nmn-{em+a-» |T*|11%A,1%A>Iﬁ\)dtih,ra>

LAk - 2o

If we get supremum over k, € H(Q) we reach our result. [

Remark 2.2. Note, if we assume that f is convex in Theorem 2.1, then by using inequality (10) and the Hermite-
Hadamard inequality we can deduce that

1
f (bex(T)) < ber( fo FEIT+ (1 —t)|T*|)dt). (12)

Now, if we suppose that superquadratic functions are non-negative, then our result is a better upper bound for the
Berezin inequality, because in this case in the right side of inequality (9) the values

1
inf <f(; f('[t [T+ (1-1)|T*] - <[t IT)+ (1 =1t)|T7] ]ACA,IA{/\> 1«H|)dtf()\,i</\>

AeQ

and

int [ F((om =k ) - 3])a

are non-negative.

The function f(x) = x" (v > 2) is an increasing(non-negative) superquadratic function, so we have the
next result; see [1].

Corollary 2.3. Let T € L(H(Q)) and r > 2. Then
ber'(T)

1
< ber( f tIT|+ (1= )T dt) (13)
0

) dtl%A,lAcA>

1 ~ ~
- Air;(fz< fo (Jrmr+ @ = i = (em + @ - o TR ) e

1 r
- [ -k -4
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Theorem 2.4. Let S, T € L(H(Q)). If f : [0, 00) — R is increasing superquadratic, then

f (ber (5'T))

( 1 2 1—t)|5|2)dt) (14)
Sberfof(tlTl +(

1 A A
—inf fo f(|[t|T|2 +(1-1) |5|2] _ <[t|T|2 +(1-1 |5|2] kA,kA>1ﬂ|)dt

AeQ)
— inf folf(K(m —18] )kA, ,\> ‘t——‘)dt

Proof. For an increasing superquadratic function f : [0, 00) — R we have

i) = ot si)
ITk

) (by the Cauchy-Schwarz inequality)

(
(VTP R o) (152 v, )
[0712£A,kA>+-(uﬂ2kA,%A>]

<f
=f

—

(by AM-GM) (15)

<
<

j: f(f<|T|2 ch,IAcA> +(1- t)<|5|2 Izmh»dt
_ folf(l«mz )i k- 2 ey

where S, T € L(H(Q)) and A € Q. Now, by a similar argument as used in the proof of Theorem 2.1 we have
the result. O

If we put S = T, we have the next result.
Corollary 2.5. Let T € L(H(Q)). If f : [0, 00) — R is increasing superquadratic, then

f (ber (ITF))

1
< ber( f F(HTP + @ =) |TP) dt) (16)
0
1
. 2 *(2 2 <217 1
_ g}fo f(|[t|T| + (=T = ([P + (1 - BT ]kA,kA>LH|)dt

- inf f:f(|<(|T|2 ~ITF)ky, k)| ’t - —')dt

In the next theorem we investigate an upper bound for the Berezin number involving a normalized positive
linear map.

Theorem 2.6. Let @ : L(H(Q)) — L(H(Q)) be a normalized positive linear map and T € L(H(Q)). If f :
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[0, 00) — R is increasing superquadratic, then
f(ber*(®(T)))
1 1
< sup ( f f (H(@(ﬂTF +A=-DITP) Ky
0

AeQ)

)

— inf ( fo 1 f(‘((d)(T*T) — O(TT")kx, kz)

AeQ

< ber(qa( fo 1 FOTR + (1 - t)|T*|2)dt))

_r

(o [ e+ O - @O + 1 - Tk o b))

- %')dt).

AeQ

1
~ inf ( f f(‘«(b(T*T) — O(TT Wk, )
0

Proof. If k) € H(Q), then we have

(D(T*Tky, kr) + (D(TT)ky, kr)

(ks ko) < f{ .

1
< f FIHD(T TYky, ka) + (1= (D(TT kn, kn))dt
0
1
- j; f('((cp(:r*:r)—®(TT*))12A,I%A>
(by (3))

1
= fo FEDTT) + (1 = HO(TT ks, ko))t

1
- fo f('«cp(T*T)—CD(TT*»l%A,fm
1
= fo FUOHTT) + (1 — O(TT)ky, kay)dt

‘fVW@rn4MT%Mn
0

Hence

1
F(K@DkkF) < [ F@UTT) + (- 0TT R k)

1
‘ﬁfwwmn—@ﬂw%b>

1 1 1
_ fo f(<(q>(t|T|2+(1—t)|T*|2))§1%A,(q>(t|T|2+(1—t)|T*|2))2icA>)dt

- fo 1 f(‘((d)(T*T) — O(TT)k, k1)

) (by [24, Theorem 2.2])
1
- E’)dt

f— =
2

1
fo EDdt

271

(17)



F. Chien et al. / Filomat 37:1 (2023), 265-277 272
1 12
= f f(”(CD(t|T|2 +(1- t)|T*|2))2 ka )dt
0

1
) f (o - oy b

- %‘)ﬂlt. (18)
Moreover, since f is superquadratic we get,
2
4 |
= fUDAT'T + (1 = HTT )k, k1))
<(D(FEHTP + (1 = DIT' Pk, ka)
—(@(F((HTP + @ = OIT'R) = (@HTP + (1 = HIT Py, k)| ) Ka, ka) by (8)).

Integrating on the previous inequality over ¢ on [0, 1], we have

I Jo

1
= fo FUPUTP + (1 = )T Pka, kad)dt (19)

(@UTE + 1 - DITP)

(@ + - o)

1 ~ A~
< [ e + - pirPyk b
0
1
- fo (@ (F((UTR + (@ = OIT'R) = (DETP + (1 = HIT' Pk, k| )) R, )
1
:<q>( f f(t|T|2+(1—t)|T*|2)dt)1%A,12A>
0

1
(ol [ A+ - o) - our? + @ - ok kot itk k)
0
(by the linearity of the inner product and @),
whence by (18) and (19) we get

(K@D, kPR)
1 1 1
< fo F({(@TF + @ = 0T))’ o (9HTE + 1 = HITP))’ ko))

1
t- z‘)‘“

_ fo ' f(‘((q)(T*T) — O(TT Yo, k)
= folf(”(qxtn’ﬁ +@ —t)|T*|2))%12A Z)dt

B f 1 f(‘«@(T*T) = ATk, k)
0

- %‘)dt
< <q>( f; FEHTP + (1 - t)IT*Iz)dt)fCA,fCA>

_<q>( fol f((‘t|T|2+(1—t)|T*|2)_(q)(tmz +(1—t)|T*|2)I%A,12A>Iﬂ’)) dtf%’%)

- %')dt.

B fol f(‘«cb(T*T) — O(TT )k, k1)
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Now, we get supremum over k; € H(Q) we reach our results. [

Corollary 2.7. Let T; € L(H(Q)) (1 < j < n)and @; : LIH(Q)) — L(H(Q)) (1 < j < n) be normalized positive
linear maps. If f : [0, 00) — R is increasing superquadratic, then

i q)]'(Tj)

=

1
< sup f f
A€Q 0

f [ber2

1 2

Z (TP + (1 - t)|T;|2)] fall |at
=1

_Aigé folf( ((]an‘ q>j(T;Tj—TjT;))IQ,\,12A> t— %')dt]
< ber Y CDj( fl f(1f|T]»|2 +(1- t)|T;|2)dt)J
j=1 0
n 1
- inf (JZ;%( | f((‘tmlz+(1—t>|T;|2>—<cD(t|T|2+(1—t>|T*|2>i%A,I%A>Iw‘))dt1%A,lh}]

-3

Proof. Assume that the normalized positive linear map ® on L(H(Q) & -- & H(Q)) by D(A) = P(A1)®--- @
D(A,), where A = A1 @ ---® A, is an operator in L(H(Q) & --- ® H(Q)). Then by applying Theorem 2.6 we
get the desired inequalities. O

1 n
~ inf [ fo f(‘((; O{TiT; =TTk, k)

The next result shows another upper bound for f (ber (S*T)).

Proposition 2.8. Let S, T € L(H(Q)). If f : [0, 00) — R is superquadratic increasing, then

z)dt)
_ %25 j:f(|<(m2 _ |5|z) fq,m' 't - %I)dt. (20)

Proof. Let ky € H(Q). Since f is increasing on [0, o), by (15) we have

' 2 2 ¢
£ (ber (S T))sigg(fo f(H(tITl +(1=DISP)

TRy, ka) + (1P ka, )
(by (15)) (21)

({7 k1)) < f[< :
< f1f<t<|T|2ch,ch> + (1 =) (ISP ka ky)) it
0
_folf(K(mz_|s|2)i<A,f<A>|‘t—%Ddt (by (5))
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1
- f (TR + (= 157 ki, R )) e
1
- fo (P = 1P k) e - 5
= fl f(<<t TP +(1-1) |5|2)% ka (1P + @ - D) |S|2)% 12A>)dt
0

B folf(K('T'z =~ 1SP)ka, K| |t - %‘)dt
= Llf(”(tlTF*'(l_t)lS'Z); i Z)dt
sl sy k-

Now, by taking supremum over all k) € H(Q), we get the desired result. [

In the next theorem we compare the Berezin number two operators under some mild conditions.

Theorem 2.9. IfS, T € L(H(Q)) such that ber(T) < bex(|S|) and f is a non-negative superquadratic function, then
f (ber (T)) < ber(f (ISI)) — Lver (f (IS] — ber (T)])).

In particular,

f (ber (7)) < ber(f (IT1)) — tver (f (T — ber (T))).
Proof. 1f we put x = ber (T) in (2), we have

f(®) = f (ber(T)) + Cpexr) (£ — ber (1)) + f (|t — ber (T)])

By using the functional calculus for the operator |S| we get

f (8D = f (ber(T)) + Cperr) (IS| = ber (T) + £ (IIS| — ber(T)]),

whence

(f (1SN kr, k1) > f (ber (T)) + Coexry (<ISlks, kr) — ber (1)) + (£ (IS| — ber (D)) ky, k),
for ky € H(Q). So

(FUSD R ka) = Cf (11S] = bex (D) kr, ka) = f (ber (T)) + Coerr) ((SIr, ka) - ber (T))
for k) € H(QQ). We take supremum over all k; € H(Q), and we get

ber(f (IS))) = fperf (|1S| = ber (T)]) = §u£<f(|5|)la,b> — inf(f (IS - ber (T))) ky, ky)

> f (ber(T)) + Coer(n) (SUP(<|5|12AJA<A>) - ber(T))
AeQ
= f (ber (7)) + Cper(r) (bex(|S|) — ber (T))
Note that Cperr) (ber(|S|) — ber (T)) > 0, then

ber(f (IS)) = Cver (f (|15 = ber (T)])) = f (ber (T)).
Thus we have the first inequality. If we take S = T in the first inequality, we get the second inequality. [
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Corollary 2.10. If T € L(H(Q)), then
ber’ (T) < ber(|T|") = luer ((IT] = ber (T)])"),

where r > 2.

3. Berezin number inequalities via convex functions

In this section, we establish some Berezin number inequalities involving convex functions. For this
propose we need the following lemma, which deduce from [9, Theorem 4].

Lemma 3.1. Let f : | — R be a convex function on the interval | and a,b € J. Then

b 1- 1 b 2 - b
f(%)s(l—a)f(( oz)a-;( +a))+af(( a;a+a)
1
< f F(( = ta + th) dt 22)
0
< 2 (f( -+ ab) + (1 - (@) + af(B) @3)
f0s0, on

where a € [0,1].

Proof. By the Hermite-Hadamard inequality (4) we have

f((l —a)a+(1 +a)b)

1
5 < j; A= 61 = 2)a + ab) + tb) dt

< A1 - a)a+ab) + £(b)
= 2

and

B 1
f(%) < fo A= Ba+ (1~ @+ ab)) dt

3 fa) + F((1 - a)a + ab)
< 5 ,

where a € [0,1]. Now we multiply 1 — « in the first inequalities and « in the second inequalities and use
this fact (see [9, Lemma 1]):

1 1 1
1-a) fo A1 =80 - a)a+ab) + th) dt + fo A= t)a+H(1 - a)a + ab))dt = fo F((1 = t)a + th) dt,

we get

1
a —a)f((1 _0‘)”;(1 +a)b)+af(W) < f F((1 = Da + thydt
0

< %[f((l —a)a+ab)+ (1 —-a)f(a) +af(b)],
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whence we have inequalities (22) and (23). Moreover

f(a+b) f((l— )(1—oz)a+(1+oz)b+a(2—a)u+ab)

2 2 2

a)a+(1+a)b)+af((2—a)a+ab

<(1-a)f ( (- 5 5 ) (by the convexity)

and

(1 - )+ ab) + (1 @)@ +af ®) < 5 (1 - @ +af 1) + (1 - )@ +af 1)
(by the convexity)

_ f@+ f()
==

and hence we get the desired inequalities. []

The next result shows a refinement of inequality (12).

Theorem 3.2. Let f : ] € R* — R be an increasing convex function and T € L(H(Q)). Then

1
f(ber(T)) < ber( fo f(HTI+ @ —t)|T*|)dt)

<b (f((1 Q)T +alT*) + (1 - ) f(T"]) + af(T1)
- 2
< ber(f(ITI) J;f(IT*I))/

where o € [0,1].
Proof. Let ky € H(Q). We have

) f[(m ki ki) +

£ ({7 R < - (by (10))

(I fc/\,fq}]

1 ~ ~
< <f fA=HITI+ tIT*I)dtkA,kA> (by (22))

< (LA =TI+ alT) + (1 - )f (T + af (DI ki) (by (23)
<(f(|TI) + f(T |>) L kﬂ> (by (24,

IN

O

Because f(x) = x” (r > 1) is increasing convex that we have the next corollary.
Corollary 3.3. Let T € L(H(Q)). Then

ber’ ( T)<ber( (1 + (1 - T dt)

(((1 a)|T| + alT")) +(1—0¢)|T*Ir+0r|T|’)
2

(ITIr+ T Ir)

in whichr > 1and a € [0, 1].
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With a similar argument in the proof of Theorem 3.2, we reach the following result.

Proposition 3.4. Let f : ] € R* — R be an increasing convex function and S, T € L(H(Q)). Then

1
f(ber(ST)) < ber( f F(HTP + (1 - t)ls*lz)dt)
0

f(A = a)TP +alS'P) + (1 = &) f(IS*) + af(T))
2

< ber(

< ber(J‘(ITIZ) + f(IS*IZ)),

2

where a € [0,1].
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