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Abstract. In this paperwe investigate the spectrum and the Drazin spectrum and their pseudo spectral
analogues, for linear relations between Banach spaces and corresponding spectra, the generalized Drazin-
meromorphic pseudospectrum. More specifically, the generalized Drazin-meromorphic pseudospectrum
for a linear relations on a Banach space is studied. We also make several observations about the level set
of the generalized Drazin-meromorphic pseudospectrum of linear relations. Furthermore, it is shown that
pseudospectrum has no isolated points, has a finite number of connected components and each component
contains an element from the generalized Drazin-meromorphic spectrum .

1. Introduction

This section contains some basic notions and results from the theory of linear relations given in [5] -
[11,13].

First, let us fix some notations. The symbols X, Y, Z stand for infinite dimensional Banach spaces over
the same field K (K being R or C). A multivalued linear operator or linear relation is a mapping T ¢ X XY

which goes from a subspace D(T) C X called the domain of T, into the collection of nonempty subsets of Y
such that

T(a1x1 + aox2) = a1 T(x1) + a2 T(x2)
for arbitrary scalars a1, @y and x1, xp € D(T).
For x € X\D(T), we define Tx = (), with this convention, we have

DT) ={xeX:Tx +0}.

The collection of linear relations as defined above will be denoted by LR(X, Y). A linear relation T € LR(X, Y)
is uniquely determined by and identified with its graph, G(T), which is defined by

G(T)={(x,y) e XXY:x€e D), y € Tx}.
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The inverse of T € LR(X, Y) is the linear relation T~! defined by
G(TY:={(y,x) e YXX: (x,y) € G(T)}.
If T, S € LR(X, Y), then their algebraic sum T + S is also a linear relation defined by
G(T+5S)={x,u+0): (x,u) € G(T), (x,v) € G(S)}.
Similarly, if T € LR(X, Y) and S € LR(Y, Z), then their product ST is also a linear relation defined by
G(ST) :={(x,2) e XX Z: (x,y) € G(T) and (y, z) € G(S) for some y € Y}.
If M is a subspace of X such that M N D(T) # 0, then Tvinp(r) := Tim is defined by
G(Tm) =1{(x,y) e G(T): x e M}.

The quotient map from Y onto Y/T(0) is denoted by Qr. It is easy to see that QrT is single valued so that
we can define
ITx|| := [|QrTx|| forallx € D(T) and |[T|| := [IQrTIl.

Let T € LR(X, Y). The range of T is the subspace
R(T) :={y: (x,y) € G(T)}

and T is called surjective if R(T) = Y. The subspace T~!(0) is denoted by N(T) and T is called injective if
N(T) = {0}, that is, if T~ is a single valued linear operator.

Now if T is both injective and surjective, then we say that T is bijective. T is said to be bounded below
if the set is injective and open. Observe that

Tx =y +T(0), forany y € Tx.

We say that T € LR(X, Y) is continuous if [|T]| < oo; bounded if it is continuous and D(T) = X, open if T is
continuous, equivalent if its minimum modulus y(T) is a positive number, where

W(T) = sup{A > 0 : Ad(x, N(T)) < ||[Txll, x € D(T)},

where d(x, N(T)) denotes the distance between x and N(T).
A linear relation T is said to be closed if its graph is closed. Similarly, T is called closable if T(O) = T(0).
T is defined by G(T) := G(T).

Let L(X) be the Banach algebra of all bounded linear operators on an infinite dimensional complex
Banach space X. Recall that an operator T € L(X), is Drazin invertible if there is S € L(X) such that

TS =ST, STS =S5, TST —T is nilpotent.

The concept of the generalized Drazin invertible operators was introduced by J.Koliha [7]. An operator
T € L(X) is generalized Drazin invertible in case there is S € L(X) such that

TS =ST, STS =S5, TST —T is quasinilpotent.

Recall that T is generalized Drazin invertible if and only if 0 ¢ acco(T), and this is also equivalent to the fact
that T = Ty ® T, where T is invertible and T is quasinilpotent.

Recently, Zivkovi¢-Zlatanovi¢ and Cvetkovié [14, 15] further generalized the concept by replacing the
third condition in the previous definitions by the condition that TST — T is Riesz, and so it is introduced
the concept of generalized Drazin-Riesz invertible operators. Also, Zivkovi¢-Zlatanovi¢ and Duggal [6, 15]
introduced the notion of generalized Drazin-meromorphic invertible by replacing the third condition with
TST — T is meromorphic.

In this paper, we further generalize this concept by introducing generalized Drazin invertible of a
multivalued linear operator T.
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Definition 1.1. T € LR(X). An element S € LR(X) satisfying
TS=ST+T(), STS=Sand TST=T+ U

with, U € LR(X) meromorphic, is called a generalized Drazin-meromorphic inverse of T and it is denoted by T°.

Now, we investigate corresponding resolvent. For T € LR(X), the generalized Drazin-meromorphic
resolvent
peom(T) ={A € C: (A -T)" exists}.

The complement of the set p; pp(T) is called generalized Drazin-meromorphic spectrum and it is defined
as:
ggpm(T) ={A € C: A -Tisnot g DM invertible},

where g. DM denote: generalized Drazin-meromorphic.

The map (A—T)° defined from pg ps((T) to LR(X) is called the generalized Drazin-meromorphic resolvent
map. In fact, that
Pgome(T) 2 A (A =T)° € LR(X)

is continuous and even analytic. The Definition of the generalized Drazin-meromorphic pseudospectra of
a multivalued linear operator T, for every ¢ > 0 is given by:

ogome(T) = agom(D| {A ec: infljr -y B oD agbDMoy, g},

inverseof A — T

where ogpm(T) is the generalized Drazin-meromorphic spectrum of linear relation T. By convention we
write

(A-T)yagDM }

inf{ll(/\ Ak inverseof A = T

if (A — T)° is unbounded or nonexistent, i.e., if A is in ogpm(T). The generalized Drazin-meromorphic
pseudoresolvent set of T € LR(X) is defined as,

peome(T) = peom(D) [ ) {A ec: infljr -y oD agbMy e},

inverse of A = T

For more information about pseudospectrum of a multivalued linear operator see for example [1-
4,9,10, 12].

The main aim of this paper is to offer a new definition of the generalized Drazin-meromorphic pseu-
dospectrum of a multivalued linear operator T in Banach space, and we try to explain some properties of
which (Theorem 2.1). Also we introduce some topological property (Theorem 2.5 and 2.6) and investigate
and classify the possible cases, when the norm of the generalized Drazin-meromorphic resolvent map is
not constant in an open connected subset of the generalized Drazin-meromorphic resolvent set (Theorem
3.3). Further attention is then devoted to the analysis of the level sets

(A-T)°ag.DM |- 8}

inverse of A = T

0.(T) := {/\ € C:inf{|[(A=T)°|l:

The above set is called level set of the generalized Drazin-meromorphic pseudospectrum. Finally, we
state some results relating the characterization of the generalized Drazin-meromorphic pseudospectrum
(Theorems 2.6, 2.7 and 2.10) of a multivalued linear operator.

In this note, we focus attention on the generalized Drazin-meromorphic pseudospectra of a multivalued
linear operator and its properties. The remainder of this paper is organized as follows. In Section 2, we first
suggest a characterize for the generalized Drazin-meromorphic pseudospectrum of a multivalued linear
operator. Then, in Section 3, we focus on the level set of the generalized Drazin-meromorphic pseudo
spectrum, we also look at some topological property o, pp,(T).
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2. Generalized Drazin-meromorphic pseudospectra

In the following, we define and characterize the generalized Drazin-meromorphic pseudospectrum
of a multivalued linear operator. We begin with the following definition.

Definition 2.1. Given ¢ > 0 and T € LR(X). The pseudospectrum of T is denoted by o.(T) and is defined to be the
set

@av:aaﬂquCsmﬁMMuu—TrW>§}
By convention, we write |[(A — T)™Y|| = oo if A € o(T), (spectrum of T).

Definition 2.2. Let T € LR(X) and € > 0. The generalized Drazin-meromorphic pseudospectrum of T is defined as,

ogome(T) = agom(D| ] {A eC: inffia-Tyy: G-I agDMo e},

inverse of A — T

By convention, we write

A-T)°agDM }

inf{ll(/\ DN verse of A\=T

7

if (A = T)° is unbounded or nonexistent, i.e., if A is in o5 pm(T).

The generalized Drazin-meromorphic pseudoresolvent set of a multivalued linear operator T is defined as,

%DMAD::%DMUMW{AeC:nﬁmm—Tmu %ézxﬁfﬁ‘}s§o

Definition 2.3. [5, Definition 1.5.1] Let T € LR(X). A linear operator S is called a selection if

T= S +T-T and D(T) = D(S).

——
single valued part

If S is a selection of T then we have for all x € D(T)
Tx = Sx + T(0).

Example 2.4. Let I is selection of T, S = I + T(0) and we suppose T>(0) = T(0), then S is a generalized Drazin-
meromorphic inverse. Indeed, we have

TS = (I-T(){I+ T(0))
= I*-T%0)
= I-T(0)
= [-T(0)+ T(0)
= ST+ T(0),

STS = (I+ T(0))(I - T(0))(I + T(0))
= (I +T(0))(I* - T*0))
= ([ +TO){U - T(0))
= I>-T%0)
= I-T(0)=S
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and

TST = (I-T))(I+ T(0)I - T(0))
= (I-TO){I* - T*0))
= (I-TO)I-T(0))
= 2 -2T(0) + T*(0)
= [-2T(0) + T(0)
= I-T(0)
= [+ T(0)-2T(0),

where U = =2T(0) = —2(T — T) € LR(X) meromorphic .

The following lemma collects some useful known properties of the multivalued linear operator. For
more information about these notions, one can see [5].

Lemma 2.5. Let X and Y be two vector spaces and let T € LR(X,Y). Then
(1) D(T™) = R(T); D(T) = R(T™).

(2) T is injective if, and only if, T'T = Ip).

(3) T is single valued if, and only if, T(0) = {0}.

4)TT 'y = y+ T(0) (y € R(T)) and T~'Tx = x + T1(0).

The following properties of the generalized Drazin-meromorphic pseudospectrum are easy to check
from the definition of the generalized Drazin-meromorphic pseudospectrum.
Theorem 2.6. Let T € LR(X) and € > 0. Then,
(1) 0gom(T) = [ o5 Dme(T).

>0
(@) If0 < &1 < &2, then 05 ppme,(T) C 0gDMe, (T).

Proof. (1) Note that

ﬂ (GS.DM(T) U {/\ eC: inf{ll()\ -7 (A-T)ag.DM } S g})

inverseof A — T

() oaome(D)

>0 >0

agom(D|_J (ﬂ {/\ eC:intfja-y: o DPagDM é})

e>0

It is sufficient to prove that

inverse of A = T

N {/\ e C:inf{ll(A - T)°|l: (A-T)"agDM }> g} C agom(T).

e>0

(A-T) ag.DM
inverse of A — T

LetAe ﬁ {A € C:inf{I(A - T)°:

>0

} > 5} , then we have

(A-T)°ag.DM

inf{”(/\ - Ill: inverseof A = T

b>e,
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for all ¢ > 0. If ¢ — +00, we obtain

(A-T)°ag.DM

inf{ll(/\ -l inverse of A = T

}:+oo.

Hence, A € ggpm(T).

The proof of (2) is elementary. O

Theorem 2.7. Let T € LR(X) and ¢ > 0. Then, the set o5 pm,(T) is a closed subset of C.

Proof. Let A € m. Then, for r €]0, e[ we have
Bf(A, 1) N pgom,e(T) £ 0,
where B¢(A,7) = {u € C such that |A — p| <7}
So, there exists p € pgpm,(T) such that |1 — | <. Then
1 € pgom(T)
andinf (10 =171 G o527

and there exists a generalized Drazin-meromorphic invertible (A — T)® such that the inequality

} < ¢e. Then, (A = T) is generalized Drazin-meromorphic invertible

I(A=T)°]| < e holds.

Applying [5, Theorem. I1.2.5] we have y((u — T)°) > €. Hence (u — T)° is exists. But |A — u| <7 < ¢, then
by [5, Corollary I11.7.7], (A — T)® is exists. It follows that,

AE pg.DM,s (T)

For x € D(T), we have

A =Tyl (T =+ = A)°xl]

> (T = w)°xll = = Alllxll
> (T —w)?) = lu = ADIlxl,
therefore
Y(A=T)) 2yt =T)°) = lu—Al
Hence
Y(A=-T))ze~-r, YO<r<e.
Then

WA -T)) > e.
Consequently, applying [5, Theorem. 11.2.5] we have

(A-T)°ag.DM }

inf{ll(/\ -l inverseof A — T

<e&.

We deduce that,
Ae pg.DM,e(T)'

We observe that pg pm(T) is a closed set. [J

Corollary 2.8. The set ogpm,(T) is a non-empty compact subset of C.
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Proof. From Theorem 2.7, it follows that o4 p,¢(T) is closed. Since
0gdM(T) C 0gpm,e(T) and ogppme(T) C 0.(T) is bounded.

Thus ogpm,e(T) is compact. O

In the rest of the paper we investigate the relation between the generalized Drazin-meromorphic pseu-
dospectrum and the usual generalized Drazin-meromorphic spectrum in a complex Banach space. To do
this, we suppose that X is a Banach space satisfying the following property:

(H) : For all generalized Drazin-meromorphic invertible multivalued linear operator T € LR(X) there exist
D € LR(X) such that T(0) c D(0), D(T) € D(D) and D is not generalized Drazin-meromorphic invertible

and ||T - D|| =

i with T° a generalized Drazin-meromorphic inverse of T.

1
Tl

Example 2.9. Let X be a Banach space and, let T,D € LR(X) where T1(0) is subspaces verify that Tf(O) = T1(0).
Then, for all n € IN we consider

(I-Ti®) 0 ([ Ya-Ty0) 0
T‘( 0 %(I—Tl(O)))andD_( 0 o)

Our next example shows that ||T — D|| =

We obtain that,

() 0 _ [ 21 -Ty(0) 0
T‘( 0 rﬂ—Tmm)‘MdT‘D‘( 0 50—%@»)

This implies that,
IT°ll = max {Ii(T = T (), lln( = Ty O)II} = n

and , ,
T-D| = S(I-T (=T ==,
IT = DIl = max{ll5.( = Ty 15 (1 = Ty} =
We conclude that . ,
T-Dlj===—.
IT=Dll= 5 = oo

Suppose X is a complex Banach space with the following property (H).

Theorem 2.10. If A € ogpm,(T), then there exists D € LR(X) such that T(0) c D(0), D(T) c D(D), ¢|D|]| < 1
and
A € ogpm(T + D).

Proof. Suppose A € agpm,(T). We will discuss these two cases:
1% case : If A € 0z pm(T), then it is sufficient to take D = 0.

2™ case :If A e 05 DMe(T)\gom(T). Then,

>

(A-T)°ag.DM }

inf{ll(/\ -l inverseof A — T

Hence, (A — T) is not generalized Drazin-meromorphic invertible and there exists a generalized Drazin-
meromorphic invertible (A — T)°® such that

(A =T)°ll > e.
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By assumption, there exists B € LR(X) such that T(0) c B(0) , D(T) ¢ D(B) and

1 1
A-T-B| = < .
| TS -1y agDM
mn {H( - Tll inverseof A - T }
LetD=A-T-B. Then 1
D= ———=m < -
I (A =T)|l ~ ¢
Since
DD) = D(A - T - B) = D(T) N D(B) = D(B)
and
D(0) = T(0) + B(0) = B(0),
then

B=B+D-Dand D=B-B+D.

Thus, D+ (B—-D) = A—T - B+ (B - D). This is equivalent to saying that B = A — (T + D) is not generalized
Drazin-meromorphic invertible. So,
A € ogpm(T + D).

O

Theorem 2.11. Let T € LR(X), A € C, and € > 0. If there is D € LR(X) such that T(0) c D(0), D(T) c D(D),
DIl < 1and A € ogpm(T + D). Then,

A € agpme(T).

Proof. We assume that there exists D € LR(X) such that T(0) c D(0), D(T) c D(D), €|ID|]| < 1 and A €
oG.om(T + D). We will discuss these two cases:

1% case : If A € ogpm(T), then the conclusion follows trivially as
Og.DM(T) - Gg.DM,S(T)'

2 case : If A ¢ 0gpM(T). Then, A — T is not generalized Drazin-meromorphic invertible and A — T — D is not
generalized Drazin-meromorphic invertible. Since T(0) € D(0), D(T) € D(D), then

DA -T-D)-(A=-T)) =D(T) N D(D) = D(D)

and
(()\ -T-D)-(A - T))(O) = T(0) + D(0) = D(0).
Hence
(A-T-D)-(A-T)=D.
Therefore,

1 1
=>|Dl=IA=T-D)=(A=T)|| > ————.
= > 1Dl = I )= =Dl
Thus, ||(A — T)°|| = €. Hence

(A-=T)°ag.DM } S e

inf{”(/\ =Dl inverseof A = T

Thatis, A € ogpme(T). O

Theorem 2.12. Let T € LR(X), A € C, and ¢ > 0. Let A € ogppm(T) and let A, ¢ ogpm,(T) be such that A, — A
Then,

A-T)°agDM }

inf{ll(/\ TV verse of A\=T
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Proof. Let 6 € R and we suppose

(A-T) agDM }

inf{||(/\ =Dl inverseof A = T

<6.

Hence, (A — T) is generalized Drazin-meromorphic invertible and there exists a generalized Drazin-
meromorphic invertible (A — T)°® such that

A =T)°l <o

Since [A, — A| — 0 for all A € ogppm¢(T), then there exists ng € IN such that

1
M=l < 57
< 1
1)
1
P —
I(A =T)°|l
< (1)\ e M for all n > ng.
. el - ag.
1nf{||(/\ el inverseof A — T }

Hence, A ¢ ogpm,(T). This is a contradiction. [
Theorem 2.13. Let T € LR(X) and & > 0. Then, ogpm,(T) has no isolated points.

Proof. Suppose ogpm,(T) has an isolated point u. Then there exists an 6 > 0 such that for all A € C with
0 < |A — | < 6 and there exists a generalized Drazin-meromorphic invertible (A — T)° such that

(A =T)°ll < e.
Let pt € 0gpm,e(T)\ocom(T). Then, using the Hahn-Banach Theorem, there exist x” € X’ such that

(A-T)yagDM

X((u=T)) = inf{ll()\ —T)Il: inverse of A = T

} with ||| = 1.

Now, we define
¢ : pgom(T) — R,
A — () = X (A - T)).
Since ¢ is is well-defined and continuous; in B(y, 6) and for all A € C with 0 < |A — p| < 6, we have
X((A=-T1)°)

lp(A) = <A =T)| <e.

But, ¢(u) = lI(u — T)°l| > e. This contradicts the maximum modulus principle.
|

Theorem 2.14. Let T € LR(X) and ¢ > 0. Then, for each A € ogpm(T), there exists r > 0 such that D(A,r) C
Gg.DM,s(T)'
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Proof. Let A € o5pm(T) and suppose for every r > 0 such that D(A,7) € ogpme(T), then there exists a
sequence A, — A such that A, € ggppe(T). it follows that (A, — T) is generalized Drazin-meromorphic
invertible and there exists a generalized Drazin-meromorphic invertible (A — T)® such that

I(An = T)°ll < e.
From the continuity of the map
pgom(T) — R,
A — (A =T)°|l.

We obtain that
l(An = T)°Il = lI(A = T)°l.

implies that A — T is generalized Drazin-meromorphic invertible and therefore A ¢ o, pp,(T). We conclued
that A € o pm(T). A contradiction. [

3. Level sets of the generalized Drazin-meromorphic pseudospectrum for multivalued linear operator

We begin with the following definition.. For more information about level sets of pseudospectrum for
linear operator see for example [8].

Definition 3.1. Let T € LR(X) and € > 0. Level set of the generalized Drazin-meromorphic pseudospectrum of T is
defined as

0.(T) := {A € C:inf{ll(A = T)°|l: (A—T)"a g DM )= e}.

inverseof A — T
Remark 3.2. Let T € LR(X) and € > Q. Then,

(1) Oc(T) € agpme(T).

(2) If T = Al for some A € C then O.(T) = @. In particular, intO,(T) = @.

Theorem 3.3. Let T € LR(X), A € C, and € > 0. Then, O,(T) is a compact subset of C with an uncountable number
of elements.

Proof. Since O(T) is a closed subset of o, pp(T), therefore O.(T) is compact. Suppose that O.(T) has a
countable number of elements. Then, we select an isolated point u € ogpam(T). Hence, there existanr > 0
such that

B(.Ur 1’) N O'g.D/V((T) =9, B([ur 1’) N Ug.DM,s(T) # @ and B(H/ 1’) N pg.DM,e(T) * 0.

Now, we define the function ¢ by the following forms,

¢:V—C,

A — inf{l(A = T)°|l: (A-T)°ag.DM )

inverseof A — T

where V = B(u, 1) \ O,(T). Ago ¢ is continuous and

V={A¢ ogom(T): p(A) < e U{A ¢ agpm(T) : (1) > ¢f.

This is a ambivalence to the fact that V is connected. [
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Theorem 3.4. Let T € LR(X), ¢ > 0and A € C. Let Q be an open subset of the unbounded component of pgpm,(T).
For some M > 0, we assume

. oy, A-=T)°ag.DM

1nf{||(/\—T) 1 iverse of A\-T }SM
forall A € Q, then

. o, A=T)°agDM

1nf{||(/\ -l inverse of A — T } <M

Proof. Let ()y the unbounded component of pgpat(T). Then,

(A-T)°ag.DM }

{A eC: inf{“(/\ =Tl inverseof A = T

> M} is bounded

and we get
(A-T)yag.DM

{A eC: inf{ll(/\ =Dl inverseof A = T

}<M}mQO¢®.

Now, let
(A-T)agDM

pe {/\ eC: inf{ll()t -l inverseof A — T

} < M} N QO.

Then, the proof follows by applying [8, Theorem 2.1] to the analytic map, the open set {2 and to the point
w. O

Corollary 3.5. Let T € LR(X), A € C, and ¢ > 0. The set O.(T) has empty interior in the unbounded component of
Pg‘DM,s(T)'

Theorem 3.6. Let T € LR(X), A € C, and ¢ > 0. Then, ogpm,(T) has a finite number of components and each of
which contains an element of o ppm(T).

Proof. The final stage of knowledge transfer can be broken down into several steps:
Step 1 : Let Q be a component of o pm,(T). We first prove the following,

. .. (A=T) ag.DM
IfQﬁ{/\eC:znf{H(A—T) E (invers)esf%_,[ }>€}¢®,

then QN ozpm(T) # 2. Assume to the contrary that Q) is a component and

. o (A=T)°ag.DM
Qﬂ{)\eC:mf{ll(/\—T) E (invers)e(?ng—T }>g}¢@

but QN oz pm(T) = @. Consider the set
Q1 = Q\O(T) = QN O(T).

We see that
(A-T) ag.DM

O C {/\ € C:inf{l|(A = T)°|l:  verceof AT

} > e} C O.(T).
Since () is a component, u € Q and B(u, r) is connected, we have
B(u,r) € Q.

From the definition of Q;, B(u, r) € €, it follows that €; is open in C. Let u € ;. Using the Hahn-Banach
Theorem, there exist x’ € X’ such that

(A-T)*ag.DM

X(p-T)= inf{ll(/\ =Dl inverseof A = T

} with ||x’|| = 1.
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Now, we define
¢: O —C,
A— p(A) =x'(A-T).

Clearly ¢ is well defined, analytic and also continuous on Q; (closure of Q). For any boundary point A of
0 we have

A =TIl =¢,
hence |p(A)| < ¢ but at the point u, we have
lp(l = 1" (= D)l = lI(u = T)°ll > &

This is a contradiction to Maximum Modulus Theorem.
Step 2 : We claim that

ogpm(T) € U O..
i=1
Indeed, let A € ogpm(T), then from Theorem 2.14, there exists r > 0 such that
D(A,7) € ogppme(T) and {B(A,7) : A € o5pom(T))
is an open cover for o5 pm(T). Since o5 ppm(T) is compact, there exists {11, A2, -+, A, } such that
n
agom(T) € [_JBA, )
i=1

Consequently, there exists components Oy, Oy, - -+, O, of 6, ppm,(T) and each O; contains at least one B(A;, ;)
such that

ogom(T) < |_J B, r) <[] O
i=1 i=1

Step 3 : We show that

{/\ e C:inf{I(A - T)°|: (A -T)"ag.DM }> e} c| Jo.
i=1

inverseof A =T

(A-T)Y agDM

Letu € {A €C: inf{||(/\ STl e of AT

} > e} , then there exists > 0 such that

B(u,r)c{AeC: inf{l(A-T)°|: (A-T)"is gDMinverse of A - T} > ¢}.
Hence B(u, r) € Q; for some connected component Q; of ogp,(T). We proved that Q N ogpm(T) # @. It

follows that QO C U O;. Thus
i=1

, oy, (A=T)agDM "
{/\EC:mf{H(/\—T) IE (invers)ec?ng—T }>€}§ 0.
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Since each O; is closed in C and Theorem 2.13 and Step 2, we obtain

ocome(T)

o,
i=1

inverseof A — T

{)\ € C:inf{l(A - T)°||: e o T }> f}

N

The proof is therefore complete. [
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