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Abstract. In this manuscript, we construct new modification of Baskakov operators on (0, c0) using
the second central moment of the classical Baskakov operators. And the moments and the central mo-
ments computation formulas and their quantitative properties are computed. Then, rate of convergence,
point-wise estimates, weighted approximation and Voronovskaya type theorem for the new operators are
established. Also, Kantorovich and Durrmeyer type generalizations are discussed. Finally, some graphs
and numerical examples are showed by using Matlab algorithms.

1. Introduction

The classical Baskakov operators B,,(g) see [7] and are defined as

m

Bm(gr t) = Z bm,k(t)g( K )l te [0/ OO), me N+ = {1/2/’ o }/
k=0

where by, (1) = (”ﬁf‘l)ﬁ, k=0,1,---. Later, many different generalized modifications of the Baskakov

operators have been constructed and studied by many researches(see (p, g)-Baskakov-Durrmeyer-Stancu
operators [3], generalized-Baskakov-Durrmeyer operators [12], (p, q)-Baskakov-Durrmeyer operators [21],
Apostol-Genocchi-Baskakov-Durrmeyer operators [10], g-Baskakov operators [6, 13], generalized g-Baskakov
operators [5] and so on). Recently, it is a hot topic how to construct new Baskakov type operators based
on new Bernstein type operators. For instance: In [9], Deniz et al. constructed Baskakov-Durrmeyer-
Kantorovich operators in terms of the method of Stan constructed Bernstein-Durrmeyer-Kantorovich op-
erators in [29]. In [4], A, Aral et al. defined a-Baskakov operators in term of the results of X. Y. Chen et al.
in [8]. In [30], F. Usta constructed new modification of Bersntein operators on (0, 1) by means of the second
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order central moments of the classical Bernstein operators. Motivated from the works of Usta, we construct
a new modification of Baskakov operators as:

1w (m+k-1) 1 , [k
Bu(g;1) = akzzo‘( P )W(Wf—k) g(a), t €(0,00), m € N,. 1)

where g € C[0, c0). We regard the operators (1) as a mapping from [0, ) to (0, o0) and emphasize that the
domain of our operators are (0, o) but the classical Baskakov operators are [0, o).

2. Auxiliary Results

Lemma 2.1. [15, Lemma 2, p = q = 1] If we define T,,;(t) = B, (u';t) and i = 0,1,2,---, then there holds the
following relations:
t1+¢
Too) = 5 Tua() = £ Tyal) = £+ 0,

me,i+1(t) = t(l + t)(Tm,i(t)), + mtTm,i(t)-

Lemma 2.2. If we define T,,,;(t) = B,,(u';t),i=0,1,2,---, then there holds the following relations:

MO D ) = Togsat) = 24T i1 () + P01 @
Tilt) = T, 1y (1) = €T, (1); (©)
Tpib) = %(t(l + DT, (D) + T, (4)

Proof. By the definitions of B,, and B,,, we can write

en. _oo k-1 # AAY
— zm,,(ﬂ—Z( k )W(t‘%) (%)

k=0
= Tuiva(t) = 24Ty iv1 () + T i(F).

Next, applying Lemma 2.1 and (2), we can obtain
t(l + t)zm,i(t) = me,i+2(t) - 2mtTm,i+1(t) + mtsz,i(t)
= H1+ 8)(Twisa (1) = mt Ty ia () + mi2 T i(t)
= H1 + ) (Tois1 (1)) — t (HL + (T i(H)) + mt Ty (1)) + mt> T i(t)
= K1+ (T () = (1 + (T (1))’

Thus, Ty(t) = T, ,,,(t) = tT7, (). Finally,

m,i
1m,i(t) = T;nli+1 (t) - tT;n,i(t)

t(l +t , ’
= - )(Tm,i(t)) +tTyi(t) ]| — tTm,i

1 "N
= — (¢ + (Twi(1) )+ Toi(t).

’

(®)

We complete the proof of the Lemma 2.2. [J

Then, the following lemma can be obtain immediately:



W. T. Cheng, S. A. Mohiuddine / Filomat 37:1 (2023), 139-154 141

Lemma 2.3. Form € N and t € (0, 00), the new Baskakov operators have the following equalities:

2 1
zm,o(t) =1; zm,l(t) = (1 + a)t + Z;
7 6\, 5 6 1
Sal) = (14 5 S5 ) (5 )

m? - m3 m  m?  md m2 3 Y
T = (1420, DL 26 100),, (22 186 404 240
% m m2 m3 m4 m2 m3 m4

61 211 150\, (29 30 1
(S 2150y (2930,

T3(t) = (1 + E +
m

+ —
mt

md  mt

md  m

Lemma 2.4. Forany t € (0, o). Then, we can prove the following central moments properties:

An(t) 1= By - 1) = 21, ©)
By(t) := By ((u — £ t) = (% + %)(t2 +1) + %; 6)
lim mA,,(t) =2t + 1; @)
n11:1:m: mBy(t) = 3(E + b); ®)
Lim n*®,, (=% t) = 1521 + 1 9)
m*B,, ((u = 1)) = O(1), m — oo. (10)

Proof. (5) to (8) can be easily obtained. We only prove (9). Applying Lemma 2.3, we can write

4
4 . .
A A i, 4\ 441
B, ((u-t%t) = 1'2:0 (l,)%m(u D
_(15 130 120\, (30 260 240\ (11)
‘(ﬁ+ﬁ W) +(E+W W)t
15 155 150\, (29 30\ 1
+(_2+W+W)t +(_3+ ) Tt

m m4

Thus, (9) is proved. Similarly, we also obtain (10). [

Using the definition of the operators, Lemma 2.3 and the well-known Korovkin theorem, we can obtain
the two following lemmas:

Lemma 2.5. For g € Sg(0, o), then we have

1B (Il < llgll,

where Sp(0,00) := {g € C[0,00) : g be bounded function on (0, o)} endowed with the norm ||g|| = sup{lg(t)| : t €
(0, c0)}.

Lemma 2.6. For g € C[0, c0) and any finite interval I C (0, oo), then the sequence {B,,(g; t)} converges to g uniformly
on I, where C(0, o0) be space of all real valued continuous functions on (0, co).
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3. Rate of Convergence

In this section, we will focus on the rate of convergence of the new Baskakov operators in terms of the
modulus of smoothness, K-functional and Steklov mean respectively. For any g € Sg(0, o), we recall the
following K-functional:

K(g;6) = inf {llg — hll + SlIk” |1},

(9;0) = inf {llg —All + olln"l

where 6 € (0,00) and W? = {h € Sp(0,00) : I',i"" € Sp(0,0)}. The usual modulus of smoothness and the
second-order modulus of smoothness of g can be defined by

w(g;0) = sup sup |g(t+u) = g(£)l

0<u<0 te(0,00)

and

wy(g;0) = sup sup |g(t +2u) — g(t + u) + g(t)|.

0<u<d te(0,00)
Applying [11, p.177, Theorem 2.4], there exists an absolute positive constant M such that
K(g; 6) < Mas(g; V0),6 > 0. (12)

Meantime, for g € Sg(0, o) and z > 0, the Steklov mean is defined as

g:(t) = ;iz fz fz [2g(t + u +v) — g(t + 2(u + v))]dudo.
0o Jo
Thus, g € Sp(0, o0), we can write

4 (3 (2
() — == - - dudo.
g:(t) — g(t) f(; fo [2g(t + u +v) — g(t + 2(u + v)) — g(t)]dudv

72

It is obvious that |g.(t) — g(t)| < w2(g;z) and ||g; — gll < wa(g; z). If g is continuous, then ¢, g’ € Sp(0, o0) and

g;(t):§[2£§ (g(t+u+g)—g(twtu))du—%foé(g(t+z+2u)—g(t+2u))du .

Thus, we have ||/l < 2w(g; z). Similarly, [|g7]l < Zw2(g; 2).

Theorem 3.1. For g € Sp(0,0), m € N, and t € (0, 00), we have

|B,(g;1) — 9(t)| < 20(g; VBu(1).
Proof. Applying [11, p. 41, (6.5)], for g € Sp(0, o) and any 6 > 0, we have

l9(0) = 9B < @ (g : lu — H) < w(g; 0) (1 * lu; tl)'

Combining the monotonicity and the linearity of the operators (1) and Cauchy-Schwarz inequality, for any
0 > 0, we have

|B(g:£) = 9()| < Bul|g(w) - g(t)
< B (wig:0) (1 + "5 ) 1) < wir0) (1 v

By (u - 1% t)]

D <Bu(w(g:lu—t);t)

%m (|u B t|/' t)
0

< w(g; ) (1 + 5

< w(g;0) (1 + B(;”(t)],

by choosing 6 = +/B;,(t). We complete the proof of Theorem 3.1. [J
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Theorem 3.2. For g’ € Sp(0,00), m € N, and t € (0, 00), we have

|B.u(5;) — 90| < 1AW@®)llg' O]+ 2Bu(®w (9 VBu(®)).
Proof. Applying B,, to both sides of g(u) = g(t) + g’ (t)(u — t) + g(u) — g(t) — g’(t)(u — t), we have

;t)

|B.u(; 1) = 9(t)] < 19/ OByt = ;)] + By, (Jg(0) — () = 7' ()(u — 1)

< 1An@Nlg O+ By (1= 111+ =) 1) o 759)

B, - 12
< 1AuOllg O] + VB, e 075D (1 + #]w (7/70)

with the help of Cauchy-Schwartz inequality and mean value theorem. Choosing 6 = /B,,(t), we can get
the desired result. [

Theorem 3.3. For g € Sp(0,00), m € IN, and t € (0, 00), there exists an absolute positive constant My = 4M such

that
|B,(9: ) — 9(8)| < My (g; VA2 + Bm(n) + (g AR ®).

Proof. For g € Sp(0, ), we consider the following new operators by:
Bu(7: 1) = Bl D) + 9(H) = g (Au() + 1), z € (0,00),m € N,.
Applying Lemma 2.3, we can obtain
Bu(131) = Bu(1;1) = Tuo(t) = 1,
and
B, (1;1) = By () + £ — (A(t) + 1) = Tpy1 () — Ap() = £

For any h € W2, applying the Taylors expansion formula, we can obtain
h(u) = h(t) + W (H)(u —t) + Iu(u —v)h” (v)dv.
Using the operators %,, to both sides of the above equality, we have
B,,(1: 1) = h(t) + By, ( f u(u — )W (v)dy; t)
t

" Ap(t)+t
=g(t) + B, (f; (u — o)’ (v)dy; t) - f: (Ap(t) + t = v)h" (v)do.

B, ( f ”(u — o) (v)dv; t)
B, ( fu(u —v)h” (v)dv ;t)
t

< (A2, + Bu(®) "1l

Hence,

B,(;) — h(t)| =

(13)

A (£)+t
< + f |A,(f) +t — olh” (v)do
t
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Using Lemma 2.5, we have
18007 )] < 1B(g; D] + [g(O] + [g (¢t + An(®))] < 3llgll, ¥g € Sp(0, 00). (14)
For g € Sg(0, ) and any & € W2, combining (13) and (14), we have
[B(0:0) — 9(8)] = [Bu(g: )~ 9(8) + () + 1) - 900
<18y (g =l ) | + By (1) - h(t)| +1g(8) = h(E)| + |g(An(®) + D) = g(2)]
< 4llg = il +{A%,() + Bu(®} Il + @ (9; 1An(®)]) -

Taking infinum on the right hand side over all 1 € W2, using (12), we complete the proof of Theorem 3.3. [

Theorem 3.4. For g € Sp(0, 00), m € N, and t € (0, o), we have

Bu(g: 1) — 9(8)| < 5 Vm|An(t)lw (g; + gmBm(t) + 2) s (g;

Vm) \2 Vm)®
Proof. For z,t € (0, ), by the definition of the Steklov mean, we can obtain
|B.u(g:) — (0] < Bu(|g- |Bu(g3) = g:()] + |g=(5) - 9(8)] -

Applying Lemma 2.5, we have

=gl £ wa(g; 2).

23m(|!]z - M(|gZ

By the Taylor’s expansion formula for g,, we have

0:0) = 0:(t) + LB — ) + ft (1 — o)/ (0)dlo.

and
0251 — 9:(0)] < [Bug20 - 1] + B ( [ w-vgt e t)
< 1g2MB((u = £); 1)l + 1197 |l (f lu — v|dv; t)
< ||gz|||Am<t>| + 217180
2An(O(5:2) + 2z Bu(Dn(g2)
Hence,

[B1(530) = 90| < 240 OK(032) + (55 B () + 2) (52

1

for t € (0, o0). Choosing z = o we obtain the desired result. O

4. Point-Wise Estimates

In this section, we establish three point-wise estimates of the operators (1). First, we denote that a
function g belongs to Lip,,(y, D), y € (0,1], D C (0, o) if it satisfies the following condition:

lg(u) —g®)l < Mlu—tl", ue D, t € (0,00),

where M is a positive constant depending only on y and A.
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Theorem 4.1. For g € Sp(0, o) (\Lip,,(y, D), then for any t € (0, o), we have

|B,(9:1) = 98] < M((Bu(8)* +2d7(1;D)),
where d(t; D) = inf{lu — | : u € D} denotes the distance between t and D.

Proof. Let D be the closure of D. Applying the properties of infimum, there is at least a point 1y € D such
that d(t; D) = |t — uo|. By the triangle inequality

lg(u) — g()| < g(u) — g(uo)l + 1g(t) — g(uo)l,
we have

1B(g: 1) — 9(8)] < By (I9(w) — g(uo)l; £) + B (19(1) — g(ui0)]; £)
< M{B,, (Ju— uol’; D) + |t — uo]"}

< M{By, (Ju =t + [t = uol”; £) + |t — uol"}
SM{B,,, (Ju — ;1) + 2|t — u|”} .
Choosing p = % and g = % and using the well-known Hélder inequality, we have

|Bu(g: 1) = ()] < M{(By (11 = 117 )7 (B, (19 )7 +2d7 (1; D)}
< M{(By (ju — 1 t)) +2d"(t; D)}
< M((Bu(1)? +2d"(;D)).
we complete the proof. [J

Next, we obtain the local direct estimate of the operators (1), using the Lipcshitz type maximal function
of the order y introduced by Lenze [19] as

lg(u) — g(®)]

w—m o VEO1l (15)

d’y(g; t) =

u,te(0,00),u#t

Theorem 4.2. For g € 5g(0, ), then for any t € (0, o), we have

|B,0(g; ) — (0] < @53 1) Bu() .
Proof. From the equation (15), we have
[B(g:6) = 9] < @y(9; B (10— t1)..

Applying the well-known Holder inequality, we have

|B(g: 1) = 9] < @ (1) (Bun (1 = D%4))* = (03 5) (Bun(1)*
we yield the desired result. [

Finally, we establish pointwise estimate of the operators (1) in the following Lipschitz-type space (see
[26]) with two distinct parameters ki, k; € (0, 00):
|u —t”

- - /u/te (0,00 7
(M+k1t2 +k2t)l2} )

Lipﬁ'?’k”(y) = {g € C(0,0) : [g(u) — g(Hl <M

where y € (0,1], M is a positive constant depending only on y, k1, k» and g.
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(k1

Theorem 4.3. For g € Lip,, kZ)()/), then for any t € (0, o0), we have

|23m(g,t) g(t)|SM(k1t2+k2t) .

Proof. Applying the well-known Holder inequality with p = = and g = 5=, we have

|B(g:5) = 9(B)] < B (l9(w) - g(1)]; 1)

—H
cufu )
(u + k12 + kpt)2

<8, (D

(k1t2 + kot)2

M

< (B (= ;)7 (B (17 D)7

(k]fz + kzt)Z

y

_ m®) )
B M(k1t2 + kzt) ’

Thus, the proof is completed. []

5. Weighted Approximation

Let By(0, o0) denote the function space of all functions g such that |g(t)] < M,(1 + t?), where M, is a
positive constant depending only on g. By C(0, o) we denote the subspace of all continuous functions in
the function space Bp(0, ). By C?Z(O, o0) we denote the subspace of all functions f € Cp(0, o) for which

lg(®)l

lmlt2

exists finitely. Norm of the subspace C?z (0, 0) is defined by

lg(®)]
llgll = su .
te(O,Eo) 1+t

Meanwhile, we denote the modulus of continuity of g on the interval (0, a], a € (0, ), by

w,(g;0) = sup sup |g(u) —g(t)l.

|u—t|<06 u,te(0,a]
As is known, if g € C(0, o) is not uniform, the limit bhrg w(g;0) = 0 may be not true. In [32], Yiiksel and

Ispir defined the following weighted modulus of continuity:

_ lgt + 1) = g(0)] .
Ago)= sup ArEaeie) IS0 16)

and proved the properties of monotone increasing about {(g; 6) as 6 > 0, 6111})1 Q(g; 6) = 0 and the inequality

Q(g; A8) < 2(1 + A)(1 + 69)Q(g;6), A > 0. (17)

Forany g € C ,(0, 00), it follows from (16) and (17) that

l9(u) — ()] < (1 + (= £2) (0 + A)O(g; lu — 1) (18)

|u

< 2(1 ; T_tl)(l +52)Q(g;0) (1+ (= 12) (1 + ).
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Theorem 5.1. For g € Cp(0, ), m € N, and a > 0, we have
”%m(gr t) - g”(O,a] < 4Mg(1 + az)Bm(a) + 2(‘~)a+1 (!7/ VBm(a))-
Proof. Forany t € (0,a] and u > a + 1, we easily obtain 1 < (u — a)? < (u — t)>. Hence,
l9(u) = 9B < lgQo)l + lg(B)] < M, (2 + u? + £)
SMy(2+ 8+ (u—t+1?) < My (2+ 38 +2(u - t)?) (19)
< My(4+ 32 (u — t)* < AM,(1 + a®)(u — t)?,
and forall t € (0,a], u € (0,a+ 1] and 6 > 0, we have

lu—¢

190 = 9O < waur (g3l = 1) < (14 222 ) 0 (330). (20)
Combining (19) and (20), we have

—t
lué l)wm (7;0).

Using the operators B, both sides of the above inequality, we obtain
1Bu(g; 1) — g < B (19(u) — g(B)]; 1)
<4M,(1 + a%)B,, ((u —t)% t) + B, ((1 + Ju ; t|);t) Wa+1(g;0)

QSm ((u - t)z; t)
0

19(1) — g(B)] < AM, (1 +a®)(u — b + (1 +

< 4M,(1 + @®)By(t) + was1 (g5 6) (1 +
< AM,(1 + 22)Byu(t) + war1 (430) (1 + % Bm(t))
< AM,(1 + 22)B,y(@) + was1 (730) (1 + % M).
By choosing 6 = \/m and supremum over all f € (0, a], we accomplish the proof of Theorem 5.1. O
Theorem 5.2. For g € C%(0, o), we have
Tim [1B,(g;.) — gll2 = 0.
Proof. By the Korovkin theorem [14], we only need to prove the following three conditions:
lim 1B, (u';.) -], =0, i=0,1,2. (21)
Since B,,(1;t) = T,,0(t) = 1, the condition (21) holds for i = 0. From Lemma 2.3, we have

2 1 2
(1+—)t+——t <—.
m m

1B, (u;.) = tll = sup =

te(0,00) 1+ t2

Hence, lim ||B,,(u;.) — tll = 0. Finally, we have

7 6 5 6 1
B,,(u?.) -l = —(1+—+—)i§2+(—+—)15+——t2
1 (1475.) = Fll tf(;fi) 1+ m - m? m - m? m2

9.5 0
S—+—2—>0, as m — oo,
m m

Thus the proof is completed. [
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Theorem 5.3. For each g € C?Z (0, 00) and s € (0, o0), we have

B(g;t) — g(t
Mmooy (1+ 1)1

Proof. Let ty € (0, o) be arbitrary but fixed. Then

. 1B(g; 1) — g(b)l
o) (1 +12)1Hs
1B, (g;t) — g(b)l 1B, (g; 1) — g(b)l
=S 2\1+s su 2\1+s
ety (1+19) telto0) (L +1%) (22)

|B,,,((1 + u); )| lg(®)]
<IBu(g;t) = gllos) + M, sup ————"=+ LA A,
g 1l0,t0) g te[tof;) (1 + 2)l+s ety (1 + £2)L+s

=h+L+1s.

By lg(t)l < llgll(1 + £2), we have

t 1+
I = sup |!7(2)|1+s < llgll2( ; 1+s) < ||Ll]||z2 .
telto,0) (1 +£) teltoe0) (1 +12) (1+£2)

|8, (1+12

Ve > 0. Since lim sup (1+t2));t)| =1, there exists M; € N, such that for all m > My,

M= 4elty,00)

B, ((1 + u?);t
llgll2 B ((1 + u?); t) < llgll2 1+P)+ e ). llg1l2 L€ 23)
(1 + t2)lss (L+2)t+s Bligllz) — A+ 3
Thus,
B ((1+ u? ;t llgll €
gl sup ¢ 21) ) < T S m= M.
teltge0) (L)1 (1+£2yp 3
Hence
2
Lol < Ak ey s (24)

(1+8)y 3

ligll>
(1+82)°
exists M, € N, such that for all m > M,,

Next, for sufficiently large ¢y such that < ¢. Then, I, +13 < 236, V¥m > M,. Applying Theorem 5.1, there

€
3
Let M = max{M;, M}. Combining (22), (23), (24) and (25), we have

o B0 =500
e (1 +12)LFs

1B:.(7; 1) = gllcon) < (25)

<e, VYm>M.

Hence, the proof of Theorem 5.3 is completed. [

Theorem 5.4. For g € C?Z(O, 0), then, for large enough m, we have

B 1) 9 1
W <279Q) (g, \/ﬁ) .
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Proof. Applying inequality (21), we have
| Hl < 41+ )1+ 2)Q (g, 0), lu—t<6,
900 =901 < 44 4 522 1+ (g:6), Ju—t>0.

By taking 6 € (O, %), we have

lg(u) — g(1)] < 4(1 + &)1 + ) (1 + (”‘g—4t)4)0 (7;0)

(u—t)* 20
o

S9(1+t2)(1+ )Q( ;0).

Hence,

o Bulw-0%1)
1B5(7;1) = 9O < 91 + )| 1+ ———— Q(g;9). (27)

Using (11), we easily obtain

lim 728, (1 — H*;t) = 153(1 + )7 < 30(1 + )2,
Thus, for large enough m > 2, m*®,, ((u -t ) < 30(1 + t%)?. Choosing 6 = 5 in (27), we can yield the
desired result. O

Theorem 5.5. For g € C?Z(O, o) satisfies g', g € C?Z(O, 0), then, for large enough m, we have

9"( )5

%m(g; t) - g(t) g (t)A (t) - m(t)

< 0(1)9( %)

Proof. By Taylor’s expansion formula for g € C?Z(O, o), we have

//()

gu) = g(t) + g’ ()(u —t) + (u—t)?
//( ) (28)
= g() + g (O = 1) + == (= 1) + D(u, 1),

where |[s — | < |u — t| and

g/l(s) _ g//(t)
1)

Using (18) and choosing 6 € (0, 1), we have

D(u,t) =

|D(u, t)] = 2(1 + 6*)*(1 + t)Q(g”;0) (1 + (u—b )(t z)%. (29)

Combining (10), (28) and (29) and using the operators B,, both sides of the above equality, we have

(= t258) + ;AE;QQQ]

B, (10w, ;) < 2(1 +6*)*(1 + )Q(g";0)| B 5

B, ((u - 1) t)]

<2(1+**(1+)Q(g”;0) [Bm(t) + 5

<2(1+ 6221 + P)Q(g";5) (o(%) ; %o(%))

Taking 6 = —=, we complete the proof of Theorem 5.5. [
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From Theorem 5.5, we obtain the following immediate corollary:

Corollary 5.6. For g,h € C?z (0, 00) satisfy gh, g’, I, (gh)’, g”, "' and (gh)” € C?Z(O, o). Then, for any t € (0, ),
we have

r}gr(}om (Biu(gh; t) — Bu(g; t) - Bu(; 1) = 3(t + £2)g' (' (¢).

6. Voronovskaya type Theorem

Theorem 6.1. For g € C[0, o0) and g"’ exists at a point t € (0, 00), then.

tim 1 (B(9:) - 9(6) = (1+ 209/ () + 5+ P)g” 0.

m—00

Proof. By the Taylor’s expansion formula for g, we have

g(u) = g(t) + g’ (H)(u —t) + %g”(t)(u — 1% + Ro(u; H)(u — 1)?,

where

gu) — g(t) — g/ ) — t) — 39" (W)(u — 1)
Ro(u; t) = (u— )2 ’
0, u=-t.
Applying the L'Hospital’s Rule,

e W@ 1

. a1 "0y —
lulg}RZ(u’ h= 2 u—t u-—t 2“7 () =0.

Thus, R(.; t) € C(0, o). Consequently, we can write
1
Bu(g1) = 9(8) = AuOg () + 5Bu(D7” (1) + By (Ralw; 0t — 1),
By the Cauchy-Schwarz inequality, we have

1B, (Raw; ) = 1% )| < By (R3(w; 1)) V2B, (= %)

We observe that R3(u; ) = 0 and R3(u; t) € C(0, o). Then, it follows in Lemma 2.6 that

Lim B, ((R3(u;1);t) = R3(t;1) = 0.
Hence, from (9), we can obtain
lim By, (Ra(u; Dt ~ £);1) = 0.
Combining (7) and (8), we complete the proof of Theorem 6.1. [J

Corollary 6.2. For g” € C[0, c0) then we have

Tim 1 (B(5:) - 9(6) = (1+20g/() + 50+ P)g" (),

uniformly with respect to any finite interval I C (0, co).
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7. Kantorovich and Durrmeyer Type Generalizations

Kantorovich and Durrmeyer Type Generalizations of classical probability operators and their modifica-
tions have always been a hot topic since the 1930s, we mention some of them:[1, 2, 16-18, 20, 22-25, 27, 28, 31].
Let by, x(t) = %(W}]{‘_l)(léﬁﬁ(rnt —k)?,k=0,1,--- denote the new modified Baskakov basis function, then

the operators (1) can be re-written as:

. k
Bu(g:t) = Z bm,k(t)g(a), t €(0,00), m € N,.
k=0

The Kantorovich type generalization of the operators (1) is defined by

kel

Kulg;H) = m Z By (£) ﬁ " gu)du, t € (0,00), meN,. (30)
k=0 m

n—1

Applying the property of the Beta function: B(n, m) = fooo @y du, n,m € Ny, for any i € N,, we can
obtain

fm By i (0)ui'di = (m=i- 2):(i tk-1) (i(i + 1)(m + k) + mk) ,m > i +2. (31)
0 m'k!

Hence, the Durrmeyer type generalization of the operators (1) can be defined by
Dulgit) = (m=1) Y buuit) f 0,0 (1)g(0)dl, £ € (0,00), m > 2. (32)
k=0 0
Then, we directly compute the first and second order moments for the operators (30) and the operators (32):

2 3
K.(LH=1; K, (ut :(1 —)t —;
10 =1 Kl = (1+ =)+ >

Rm(uz;t) = (1+ Z + i)t2+(g + i)t_’_ L
m m m

2 m mZ 3 27
(m +2)? 3m+2
=1 = S 3.
9m(]-/ t) 1 Dﬂ’l(ul t) m(m — 2) m(m — 2), m>3;
@m(uz; ) = (m + 1)(m + 6)? 2 12m? + 56m + 48 14m + 12 -

mm—2)m=23)  mm-2)m=23)  mm-2)m-3) "
Now, Theorem 6.1 can be modified as following:

Theorem 7.1. For g € C[0, o0) and g"’ exists at a point t € (0, 00), then.
: 3 ’ 3 2\ 17
lim m (R, (g;t) — g(t)) = (E + Zt)g (f)+ E(t + 199" (1),
lim m (Dy(g; t) — g(t)) = B+ 66)g () + 3(t + £2)g”" (b).

The proving methods are similar, hence, we omit the details.

8. Numerical Examples

In this section we will analyze the theoretical results presented in the previous sections by numerical
examples.
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Table 1: Error of approximation E,, 1(g; ) for m = 20, 50,100,500
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Figure 1: Approximation process by B,

t | Exa(g;t) | Es01(g;1) | Ew00,1(9;t) | Es01(g;t)
0.5 0.0469 0.0238 0.0128 0.0027
1.0 0.5381 0.2310 0.1178 0.0239
1.5 0.5839 0.3101 0.1671 0.0353
2.0 0.5456 0.0229 0.0196 0.0088
25 3.4864 1.0047 0.4399 0.0782
3.0 8.8744 2.8717 1.3269 0.2482
3.5 | 17.3456 5.8606 2.7567 0.5240
4.0 | 29.5361 10.2078 4.8449 0.9281

Let Ey1(g;t) = |Q3m(g; t)—g(t)

,Em2(g:9) = [Ru(g: ) — g()

the error function of approximation by the operators B,,, K, Dy,

First, we consider the function g(t) = (t — 1)(t — 2)(t — 3), t € [0.5,4]. The convergence of the operators
B, to function g is showed in Figure 1. Meantime, we compute the error of approximation for Ex1, Es1,
E100,1, Es00,1 at points {0.5,1.0,1.5,2.0,2.5,3.0,3.5,4.0} in Table 1.

Second, we consider the function g(t) = (t — 2)(t — 3)(t — 4), t € [1,8]. The convergence of the operators
K, to function g is showed in Figure 2. Meantime, we compute the error of approximation for Eis5, Esq2,
Eo2, E120,2 at points {1.0,2.0,3.0,4.0,5.0,6.0,7.0,8.0} in Table 2.

Table 2: Error of approximation E,; »(g; t) for m = 15,30, 60, 120

t | Ei52(9;t) | Eso2(g;t) | Ee02(g;t) | E1202(g;1)
1.0 1.4479 0.8002 0.4204 0.2155
2.0 3.8171 2.0366 1.0444 0.5280
3.0 4.4635 3.0827 1.7384 0.9165
4.0 6.5648 0.9206 0.0974 0.1841
5.0 | 36.3238 13.2319 5.4425 2.4352
6.0 | 91.8694 37.1098 16.4453 7.7073
7.0 | 180.2577 | 75.8130 34.4750 16.3980
8.0 | 308.5446 | 132.6003 | 61.0956 29.2733

152

,Ema(g;t) = |Dm(g; t) — g(t)| denote respectively

Finally, we consider the function g(t) = (t — 2)(t — 9), t € [1,10]. The convergence of the operators D, to
function g is showed in Figure 3. Meantime, we compute the error of approximation for Ezs3, E753, E1503,
E3003, Eso0,3 at points {1.0,2.0,3.0,4.0,5.0,6.0,7.0,8.0,9.0,10.0} in Table 3.
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Figure 3: Approximation process by Dy,

Table 3: Error of approximation E,, 3(g; t) for m = 25,75,150, 300, 500
t | Exss(g;t) | Ezs3(g;t) | Eis03(g;t) | Eso03(g;t) | Es003(g;t)
1.0 2.7080 0.9186 0.4599 0.2300 0.1380
2.0 2.0212 0.8539 0.4443 0.2262 0.1366
3.0 0.6160 0.2594 0.1767 0.0994 0.0622
4.0 5.2035 0.8650 0.3430 0.1504 0.0853
5.0 11.7413 2.5192 1.1148 0.5231 0.3058
6.0 20.2296 4.7033 2.1387 1.0188 0.5995
7.0 30.6681 7.4173 3.4147 1.6375 0.9661
8.0 | 43.0571 10.6611 4.9428 2.3792 1.4059
9.0 57.3964 14.4348 6.7229 3.2438 1.9187
10.0 | 73.6860 18.7384 8.7552 4.2315 2.5046

9. Conclusion

In the paper, we construct new modification of Baskakov operators on (0, o) using the second central
moment of the classical Baskakov operators. And the moments and the central moments computation
formulas and their quantitative properties are computed. Then, rate of convergence, point-wise estimates,
weighted approximation and Voronovskaya type theorem for the new operators are established. Also,
Kantorovich and Durrmeyer type generalizations are discussed. Finally, some graphs and numerical
examples are showed by using Matlab algorithms.
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