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Abstract. In this study, we construct the Bézier-Baskakov-Beta type operators. We provide elements of
Lipschitz type space, a direct approximation theorem by means of modulus of continuity w,(C, £) (0 < £ < 1)

and approximation rate for functions having derivatives of bounded variation. We support the theoretical
parts by computer graphics.

1. Introduction

Aral and Erbay [5] introduced Baskakov operators based on a € [0, 1] as follows:
@y _ N @ 7
B, (Gx) = Z;‘ bm,j(X)C(m), x € [0, c0).
]:

Here

@, X7 ax (m+j-1\ m+j-3 o m+j-1
bm,].(x) = Ar [(1 " x)( j 1-a)(l+x) is2 +(1-a)x j .
The operators Bfff)(C; x) reduce to Baskakov operators [6] for o = 1.

Kajla et al. [19] considered a Durrmeyer type generalization of the operators (1) and gave the uniform
convergence results. Gupta et al. [14] presented a family of approximation operators of exponential type
and obtained some approximation theorem (See also [13]). In 2020, Mohiuddine et al. [21] Baskakov-
Durrmeyer type operators based on the parameters and studied quantitative approximation results. Very
recently, Mohiuddine et al. [20] introduced Stancu-Kantorovich form of the operators (1) and studied the
direct results. Md. Nasiruzzaman et al. [22] constructed a-Schurer-Kantorovich operators and studied
some direct results. N. L. Braha et al. [7] considered a Baskakov-Schurer-Szdsz-Stancu operators and
established Korovkin type theorem, Griiss-Voronovskaya type theorem and the rate of convergence. H. M.
Srivastava et al. in [26] proposed Szdsz-Mirakjan Beta-type operators and obtained the rate of convergence
with the help of the classical and second moduli of continuity. Zeng and Chen [29] defined Bézier form of
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Bernstein-Durrmeyer operators and obtained the direct approximation theorem for functions of bounded
variation. Srivastava and Gupta [25] obtained the convergence rate for Bézier form of BBH operators for
functions of bounded variation. In 2007, Guo et al. [12] defined Baskakov-Bézier operators and studied
the direct, inverse and equivalence approximation theorems with the help of Ditzian-Totik modulus of
smoothness. Bézier type operators were studied by several researchers (cf. [1-3, 8, 15, 17, 27, 28, 31, 33]).
Also uniform modulus of smoothness of certain operators were examined in [37-46].

Nasiruzzaman et al. [23] considered following Durrmeyer type generalization of the operators (1):

c(tydt, 2)

. 1 *° t
* . _ (a)
ByalCix) = ;; bm,j(x)B(j +1,m) ]; (1 + tym+i+l

where B(j + 1,m) is the beta function defined as

R Vi _ T(nI(s)

Bro)= | Gxar="""Trrs) "

s> 0.

Nasiruzzaman et al. [23] studied uniform convergence of these operators in weighted spaces. A Durrmeyer
type generalization which includes Beta function can be found in [4], and « type generalization of operators
can be found in [35, 36].

Main goal of this article is to define the Bézier variant of the operators (2) and study some approxima-
tion properties e. g. the elements of Lipschitz type space, direct approximation theorem and the rate of
approximation for functions having derivatives of bounded variation.

Let £ denote the class of all Lebesgue measurable functions C on [0, c0) such that

R (€0]
o (Q+1t)k

2:&:

dt < oo, for some positive integer k}.

For 6 > 1, we now consider the Bézier variant B:ﬂ 20 of the operators B;w as follows:

" LN - C) 1 0 ti
B o(Ci%) = ;)4 Qm,jfa(x)B( j+1,m) j(; (1 + tym+itl b, 3)

where Q¥ () = [Vija®]” = [Vinjra®)] with Vi ja@) = i Bl ().

m,j,a
o=j
Alternatively we may rewrite the operators (3) as

509 = [ Ul DO, € [0, ), @
0

where

(e8]

Upao(e,H) =Y QY. ()

=0

1 t
B(j+ 1,m) (1 + tym+i+1”

For the sake of simplicity let 7 = (t —x)? and v = t — x.

"
m,a

Lemma 1.1. [23] Following relations are satisfied for B
(@ B;,.,(Lx)=1
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x(m+2a —2) 1
-1 (m-1)
mx*(m +4a —3)  x(4m + 10(a — 1)) 2
m—-2m-1)  (m-2)m-1) m-2m-1 "

(b) B,,,(t;x) =

m>1;

(©) By, . (t5x) = > 2.

%

Lemma 1.2. [23] Following relations are satisfied for B

. oy XQ2a-1) 1 )
(@) B;,,(v;x) = m=1 + =1 m>1;
. 2x%(m+4a—3)  2x(m+5a—3) 2
R T TR B T 7 A T i e
Corollary 1.3. For A > 2 and m sufficiently large, we have
A 2
B, (1) < =2 m(x), (5)

where p(x) = +/x(1 + x).
Lemma 1.4. The inequality || 8;, ,(C) ||| C || is satisfied for C € Cg[0, o).
Lemma 1.5. The inequality || B:n,a,ﬁ(c) I< O || C |l is satisfied for C € Cg[0, o).

Proof. Applying the inequality |af — bP| < Bla — b| with 0 < 4,b < 1,8 > 1 and the definition of fo)].a, we
obtain,

0 < [Vi,ja(]? = [Vin,js1,0(01° < 01V ja(¥) = Vinjs1,a(0] = 055 (2). (6)

o3

From the operators 8,

(G x) and Lemma 1.4, we get

185,06 I 0118, < O 11 CII-

O

2. Direct Theorem
From [30], we have
1= Vm,O,a(x) > Vm,l,a(x) > > Vm,j,a(x) > Vm,j+1,a(x) >

0 < [Vija@)] = [Vinjra®)] < 06(0), 02 1. %

We need following definitions to prove our results. Let p(x) = /x(1 + x),0 < ¢ < 1, Ditizian-Totik modulus
wpe(C, t) [9]is

e 52)- -1

wpz(C, t) = sup sup {
O<hst x£hpf(x)/220

and the appropriate Petree’s K-functional is defined by

Ky (C 1) = inf{IC— gll + Hp’g'Il}, >0,

inf
ge Wy

where W, = {g : g € ACyy, ||p€g'|| < o0}. The relation Epz(C, t) ~ a)pz(C, t) is well known [9, Theorem 3.1.2].
This implies there is a constant M > 0 such that

M w (T, 1) < Kpe(G 1) < Maye(C, 1). (8)
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Lemma 2.1. For C € Wy, p(x) = 4/x(1 +x),0 <€ < 1andt,x > 0, one has

j: C'(w)du

Proof. On an application of Holder’s inequality, one has

<2/ (x P+ 4+ p ) M-

¢ Cdy
’ £rr -
fxC(u)du < IIPCllfxpg(u)
" du ‘
71 1-¢ Iiaddl)
< o f ol

Taking into account following two inequalities
f " du f " du
| < i

x P 1 Jx Vu

ftd_u<M
SRV R

one achieve following relations

(=)

and

t

t 2€ : 1
/ d < Crr
J] < Wl | s
26’
s HPKC' MW ((1 +072 1+ x)—z/z)

via inequality |a + b < |l + b for0<p <1. O
Lemma 2.2. Following inequality is satisfied

B, o1+ DH75%) < Gl +x)™ 9)
for any non negative real number k, where Cy is a constant dependent on k.

Proof. For each x € [0, ), the result holds from (2). From (7), we have

. Hy o~ N © : v
B, o1+ Kx) = ;Qm,].,a(x)B(]+1,m) fo Tt

< QW (I(m + j+ 1)[(m + k)

_ m,j,e
;)4 I'(m+k+j+1)I(m)
j-1
< 01+x)7F

x[ ax (m+j_1)—(1—a)(l+x)(m+j_3)+(1—0¢)x(m+j_1)]
(1+x) ] j=2 j
IFm+j+1DI(m+k)

T(m+k+j+1)I(m)

(10)

Applying D’Alembert’s ratio test, the series on the right hand side (10) becomes convergent. This completes
the proof. O
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For ¢; > 0 and ¢, > 0, Lipschitz-type space in two parameters [24] is given as

C1,C: 14 9
Lipl () = {C € Col0, )£ 1) ~ L < M——0— € 0, ),
(t+ 122 + 0ox) 3
where M is a positive constant and 3 € (0, 1].
Theorem 2.3. Let C € Llp(c1 “2)(9). Then, one has
1B,00(G) — L < M(e”’”—zm)
ma, 0= - (c122 + cox)
Vx > 0, where Ly q2(x) = BTM,Q(V; X).
Proof. For § =1, one has
1B, oG~ LI < B, (L) - L))
< M.‘B:HHQ[L;X]. (11)
Vit +c1x? + cox
Using the fact that ! < ! , the Cauchy-Schwarz inequality and applying Lemma
t+c1x2 + cox \/c1x2 + cox
1.1 and (6), inequality (11) implies that
1 . M . _
1B, 0(GX) — L) £ M———==8,,,o(IV;x) < (B, o@D

Veix? + oox Ae1x2 + cox

SM( ’ ,Um2a2(x))
C1X° + CrXx

By the aid of Holder inequality with p = § and g = {15, Lemma 1.1 and (6), one has

(9]

1By, 00(G0) = L) < ZQﬁjﬂ,gx)B(].ij) fo (1+:)]m+j+l|<:(t)—c<x>|dt

{iQﬁf)] V5 +11,m)(f0oo (1+t)’"+1+1 &) = C(x”dt)é}s

j=0

- . . l
{ZQSDM( )B(j+1,m)fo (1+tt)m+f+1|C(t) (x)“dt}

=0

IA

S

IA

(o)

1 0 t [v|
M Z © . . dt}
{ — Qm’]’“(X)B(] +1m) Jo U+ 02 + oox

]

M (v 40 1 f oy }
(c1x2 + sz)% {;)‘ Qm’j’a(x) BG+1,m) J, (1+¢tymtj+l [vidt

3
"l rit,a,Z (.X)

(c1x2 + %) 2 ’

9

IA

9

M

— B
(€122 + cpx)2

;%)% < MO

m,a,0

where0 <9 <1. [J

Next, we achieve a direct approximation theorem for Bézier-Baskakov-Beta type operators concerning
Ditzian-Totik modulus of smoothness.
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Theorem 2.4. Following inequality is satisfied for C € Cg[0, o0)
Pl‘_%f))
Nl
Proof. Bearing in mind definition of Epz(C, t), for fixed m, x, £ one can take g = gy, x¢c € W, so that

p'~t(x)

m

8,,0(G) - (W) < Caoy(C

1-¢
I - gl + P (x)).

o'/l < R (€, =

Since B;,a,e(l ;x) =1, one has

BZ!,&,Q(C; x) - C,(X)| <2|Ic- _‘7” + |B;1,a,9(g;x) - g(X)l

¢
Taking into account Lemma 2.1 and the representation g(t) = g(x) + f g (u)du, we get
X

t
B, np ( f g’(u)du;x)

Lot g |v|
2yl {p 0B, 0V50) + B, (m”‘)} .

By the help of (7), Cauchy-Schwarz inequality and Corollary 1.3, we have

B, . 0(g:%) — 9()|

IA

. 2
B, noViX) < (B,,00)
. Noip)
<

Similarly using Lemma 2.2, we get

* |V| . % |V| .
Fnt ((1 + th”‘) = O ((1 + t)m,x)
0(8,,,7:0) " (B +H 7))
VoA
o, YO ) | e
m

/2

IA

From (15)-(17), we get
()
By, 0(0:%) — 9(x)| < Cllp"g'llpv.

Using sz(c, t) ~ wp(C, 1), (13), (14) and (18), we obtain (12). [

3. Rate of Convergence

6740

(12)

(13)

(14)

(15)

(16)

(17)

(18)

Suppose C € DBV, (0,), y > 0, is the class of all functions defined on (0, ), having a derivative of

bounded variation on every finite subinterval of (0, o), V¢ > 0 and |C(#)| < Mt
Let g(t) be a function of bounded variation on each finite subinterval of (0, o). One has

() = fo 9Bt + C(0)

since ¢ € DBV, (0, 00).
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Lemma 3.1. Following equalities are satisfied

Y
@) Bmaox,y) = f Unn,a,0(x, t)dt < o - Al ))2 ,0<y<y,
0
(b)l—ﬁmmd%Z):bf Upa0(x, t)dt < GA(p(gz, <z<o00

for sufficiently large m, x € (0,00) and 0 > 1,A > 2.
Proof. Taking into account (7) and Corollary 1.3, one has

Y Y

x—1)\?
fum,a,ﬂ(xr t)dt < f( ) Um,a,@(xr t)dt
0 T y

0
By, o) (x—y) 2 <08, (7x)(x -y~
PR

m (x — y)?

B0 (x, y)

IN

which completes proof of (a). Using the same manner one can prove part (b), so we omit this.

6741

Theorem 3.2. Suppose that UZ (Cy) is the total variation of C; on [a,b] C (0,00), A > 2and C € DBV,(0,),6 > 1.

Then, for every x € (0, co) and sufficiently large m, we have

BrapG0 -] s 57

fp()eﬂuxﬂ o)
[Vm ]
6/\(1+x
P Ux x/](c T 3— x/\F(C)
‘F
9/\(1+x x+x/] x+x/\/rﬁ '
C, C).
7_; ( )+W (&

Here auxiliary function C, is defined as

CH-C(x-), 0<t<x,

C(t) = 0, t=x,
CH)-Cx+) x<t<l.

Proof. Bearing in mind the result f Upo.q(x, t)dt = B;W/@(l ;x) =1, one has
0

8, () - L) fo () = LN, Bt

fo ) ( fx | C,(”)d”)um,a,e(x, tydt.

(19)
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By definition of function C, for any C € DBV,,(0, ), one can have

(0 = (T 00+

7+1)
#0500 - {0 + T 6o))

#3(Cr) - ) s9m0) + 5

where
1, x=t
MD:{ 0, x#t
The following result is clear
t
* 1
[ tnnaten) [ - 3{ewn + o)t =
0

By Cauchy-Schwarz inequality, (6) and simple computations, we have

fom ( fxt o (€ 008) + 00 (o) U

Clet) + GC'(x—>] f " Wiy o, Bt
0

E

1

0+1

%(C/(x+) ; ch(x—)) (B0
YOI e+ 02 6|y 2t

E, = fom(fxt %(C'(x+) - C'(x—))(sgn(u —0)+ g - i

0+1
I lo@n - e fwuu (x, Dt
s X i V| Uy ,0(x,

IN

and

IA

+
0 | , .
= o+l Cx+) = CT(x-) Bm,a,@ (vl;x)

IN
D +

’ ’ " _ 1/2
G [C @) = T )| (8,00 (7))

62 A
|0 - o) \/;pu).

<

Taking into account (19)-(22), Lemma 1.2 and Corollary 1.3 following estimate is obtained

1B, 6(G0) = L) < |Hinao(Cor ) + Lnao(C X))

YOI 0]y 2t

LYo
0+1

632 , A
577 ) = o) \/; p),

+

)du)um,e,a (x, H)dt

6742

(20)

(21)

(22)

(23)
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where

X t
HunoC) = [ ( [ Gttt it
0 X

) t
Im,a,ﬁ(c;/x):f (f C;(u)du)um,a,@(xrt)dt-

The rest of the proof is to estimate the terms H,, 6,,(C;, x) and I, 4 6(C%, x). Following relations are satisfied

‘ fo ( f | )Y 51

L Brn,a,0(x, t)C;(f)dt‘

(f;*f;)ﬁ;(t)!)ﬁm,a,e(x,t)|dt

2 Y *
020 [Turcow- o [ v
m 0 y

2
< o™ f D) — 2t +
m 0

|Hm,a,9(C;cr X)|

IA

x X 7
%vx—x s yin(Cx)

by the help of Lemma 3.1 with y = x — x/ v/m, the inequality fa ! diBm,a,o(x,t) < 1 for all [a,b] C (0, c0) and
integration by parts.
Putting u = x/(x — t) following relations are satisfied

102 x—x/ \m 1 \
o) oot = 02 [Tor |
1

m
[Vm ] i+1
A +x) A ,
< 0= Z f VY (Cdu
j=1 ]
[V ]
Al +x) ,
< 0= Z Vi Q).
j=1
So the following inequality is satisfied
[Vm ]
, Al +x) . , X ,
|Hia,0(C,, )| < € - ; Vi (C) + N (G- (24)

Applying Lemma 3.1 with z = x + x/ v/m and via integration by parts, we have

fx ) (fx | C;(”)du) Uy, 6,(x, t)dt‘
f: ( fxt c;(mdu) di(1 = Bua0(x, 1) + f ) ( f o) du) )

|Im,9,a(c;cz x)l
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- ‘[(fxt C;(u)du) (1= Bmaolx, t))]i - f: ()1 = Buao(x, £))dt

N fz " ( fx t c;(u)du) di(1 = B, t))‘

_ \( f c;<u>du) (1 = Bl 2)) — f L0 = o, D)t

+[ (]: C;(u)du) (1= Brap(x, If))]:o - j;o T = Brao(x, t))dt‘

f LB = Bl D)t + f c;<t><1—ﬁm,a,e<x,t»dt\

2 00 Z
< eA”T(x) f V() (v) 24t + f VH(C)dt

Ap*() X xvx/ v
< 0— VW) Pt + —=v V(). (25)
m x+x/ \m \/"_1
Putting u = x/v following relations are satisfied
A 2 A 2 m
o2 [T epertar = 022D [T pigay
m X+X/ M xm
[Vm 1 Aj+1
< 6/\(1+x) Z f x+x/u(c;)du
m = Jj
[«/r71
< /\(1 + x UX+Y/](C’ (26)
j=1
Again combining (25)-(26), we get
[vm ]
/ /\(1 + x) XX/ /71 X x4x/m s
I0,0(Cer X)| < O——— vy (G + = TG (27)

As a result, we get the required result combining (23), (24) and (27). O

4. Computer graphics

In this part, we provide some numerical results to see convergence of our operators. We first demonstrate
behavior of polynomials bifl‘)].(x) for some j and « values, and x € [0, 5] in Figure 1 and Figure 2. We consider
convergence and errors of convergence of our operators to the basic function

(@) = Vx
in Figure 3 and Figure 4, respectively. We also consider

x+4
tx) = x2+6
to see effectiveness of our operators. In Figure 5 (a), we choose m = 20, = 0.5 and 6 = 2 to see convergence
of B;W,Q(C; x), where x € [0,3]. We select m = 5,a = 0.9 and 0 = 2 in Figure 5 (b), m =10, = 0.8 and 6 = 3
in Figure 5 (c), m = 10,a = 0.9 and 6 = 2 in Figure 5 (d), m = 15, = 0.9 and 6 = 2 in Figure 5 (e) and
m =25,a = 0.5 and 6 = 2 in Figure 5 (f) to observe approximation of 8,  ,(C;x) and corresponding errors.
We can clearly say that, the operators B,  ,(C; x) have less errors even for small values of .
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(c) bgﬂg (x) with some a values (d) béal) (x) with some a values

Figure 1: Behavior of polynomials bﬁ:)],(x) for x € [0, 5]

6745
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0.15

0.10

0.05

gl
2 3 4 5 = 1 2 3

(0) bg)ﬁ (x) with some a values (d) b(5“5) (x) with some a values

Figure 2: Behavior of polynomials bi:)j(x) for some j and a values, and x € [0, 5]

6746
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function

Figure 3: Approximation of operators for some m values

-7 e E; (m=10)
=TT e E, (m=30)
E; (m=50)

Figure 4: Errors of approximation for some m values
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0.08

0.06

0.04

0.02

I I I
0.5 1.0 1.5 2.0 25 3.0

% _ x+4
(a) Convergence of Bm,a,e toC=

x2+6

0.5 1.0 15 2.0 25 3.0
(b) Error form =5, =0.9,0 =2

0.05

0.04

0.03

0.02

0.01

I I I I
0.5 1.0 1.5 2.0 25 3.0

(c) Error form =10, =0.8,0 =3

I I I I
0.5 1.0 1.5 2.0 25 3.0

(d) Error form =10, =0.9,0 =2

0.035

0.030

0.025

0.020

0.015

0.010

0.005

I I I
0.5 1.0 1.5 2.0 25 3.0

(@) Error form =15, =0.9,0 =2

I I I
0.5 1.0 1.5 2.0 25 3.0

(b) Error form = 25,4 =0.5,0 =2

Figure 5: Convergence of operators and errors of approximation
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