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Abstract. In this paper, we show two new results on the existence and uniqueness of the solution of
Neutral Stochastic Pantograph Integro-Differential Equations (NSPIDE) and the exponential stability in

mean square using the one-sided Growth Condition. One example is exhibited to show the interest of our
results.

1. Introduction

Stochastic differential equations (SDE) are an important tools to model much phenomena such as eco-
nomics, biology ... In the last decades, SDE takes much more attention (see [2] and [10]). Many researchers

have investigated the theory of stability for a SDE with delay (SDDE) (see [4], [7], [10], [13], [16], [18] and
[20]).

If we consider the approximation error for the parameters and the perturbed noise term of the system,
it would be better to approximate the parameters as a point estimator plus an error. Using the central limit

theorem, the error may be characterized by a random variable with normal distribution, which gives the
pantograph form of the SDDE.

The stochastic pantograph differential equation (SPDE) is an important extension of SDDE (see [1], [3],
[5], [6] and [11]). The SPDE appears in many different areas on pure and applied mathematics such as
dynamical systems, number theory and electrodynamics ( see [1], [3], [5], [6] and [11]). In the last decades,
as one of the most important class of neutral SDE, the neutral SPDE (NSPDE) (see [8], [9], [15] and [19]).

Stability of NSPDE has attracted much more attention (see [9] and [12]). Many researchers have in-
vestigated the almost sure exponential and polynomial stability of NSPDE ( see [1], [5],[6], [8], [11] and
[12]-[19]). To the best of our knowledge, there is no existing result on the existence, the uniqueness and
the exponential stability in mean square of NSPIDE. By applying the Gronwall inequality, the stochastic
analysis techniques and the one-sided Growth Condition, we investigate the existence and uniqueness
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of solution of NSPIDE and exhibit a new sufficient conditions ensuring the exponential stability in mean
square. Our paper generalize the results obtained in [17] and [19].

Now, we will summarize the main contributions of our paper:
(1) Under assumptions As-Ay, the theory of the exponential stability in mean square cannot be applied as
done in other papers like [17] and [19].
(2) In [17], the class of nonlinear hybrid stochastic pantograph equations is more restrictive than the ones
in this paper due to the neutral and the Integro-Differential terms .
(3) Different from the work in [19], considering the influence of the neutral term in the stability analysis
makes our results more general.

The framework of the paper is as follows: In Section 2, we give some Preliminaries and definitions. In
Section 3, we study the existence and uniqueness of the solution of NSPIDE. In section 4, we investigate the
exponential stability in mean square of NSPIDE. Finally, in Section 5, we exhibit an example to prove our
main results.

2. Preliminaries and definitions

Let {Q, 7, (F,)0=0,, P} be a complete probability space with a filtration satisfying the usual conditions
and W(p) is an m-dimensional Brownian motion defined on the probability space.

Let £2([c,e], R?) be the family of R?-valued Fo-adapted processes {k(0)}c<o<. such that f k(0)l?do < oo aus.
and M?([c, e], R?) the family of processes {k(0)}c<,< in L([c, €], R?) such that E fce k(0)lPdo < oo. Letp > gy > 0
and C([gp, ¢]; R?) denote the family of functions u from [gg, o] to R? that are continuous and equipped with
the norm [|ull = sup,,.., |u(s)l and | = /"7 for any n € R?. Let L%([qg, ol;RY), 0 > gy > 0, denote

the family of all #,-measurable, C([g0, ¢]; R?)-valued random variables u = {u(6) : g0 < 6 < g} such that
Ellu|l? < co.
Consider the following NSPIDE: for gy < 0 < A,

0 0
d[n(e) — D(o,n(q0))] = fi (9, 1n(0), n(q0), f g(t,n(t))dt)dwfz (@,n(@),n(q@), f q(t, n(t))dt)dW(@), (1)
q0 qo

with the initial condition
(n(0), 900 < 0 < 00, 00 € (0,21} = x € LE. ([900, 00]; RY), 2
where g € (0,1) and a > 0. We assume that
fi:loo, AIXRY xR x R? — R, £, : [go, A] X R x R? x R? — R>",

g:[o0, AIXRY — RY, D :[gy, A]x R — R".

Using the Itd’s stochastic techniques and integrating the equation (1) on both sides from gy to ¢, we have

0 S
n(e) = D(g,1(q9)) = n(g) — D(eo, n(G00)) + f A (s,n(s),nms), f g(t,n<t>>dt)ds
qs

Qo

+ f f2 (S, n(s), ngs), f 9(f,72(t))dt) dW(s), o <0< A 3)
o qs
We assume that for all g € [gy, Aland go < s < g,

f1(0,0,0,0)=0, f2(¢,0,0,00=0, g(s,0)=0, D(g,0)=0. (4)
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We will impose some assumptions which guarantee the existence and uniqueness of a solution, denoted by

1(0; 00; x), for equation (1).
Ajp: Assume that there is a constant L > 0 such that

file,1,2,0) = file, 1Z )P V Ifalo,1,2,0) = folo, 1, Z, D)
<L(ln-7P +lz =22 + o -3P), (5)

forall p € [go,Aland 1,7, 2,2, v,V € RY, where the notation ¢ V e define the maximum of ¢ and e.
Ay: Assume that there is a constant L; > 0 such that for all (g,7,z,v) € [go, A] X R X R? x RY

i, 12,0 VIfalo, 1,2, 0) < Ly (1+ I + 22 + [oP). (6)
Ajz: Assume that there is a constant C € (0, 1) such that
ID(0,z) — D(0,2)| < Clz -2, 7)

for all (g, z,z) € [go, A] X RY x R,
Ay: Assume that there is a constant L, > 0 such that

l9(e, 1) = g(o, M) < Laln =7, (8)

for all (9,1,7) € [00, A] X R? x RY.
We cite now a technical lemma which is very useful for our results.

Lemma 2.1. Letay,ap > 0and 0 < & < 1. Then

(a1 +ap)* <

M |»—IQN

Proof. see[10]. O

3. The existence and uniqueness of the solution

This section is devoted to study the existence and uniqueness of the solution for Equation (1). For
this purpose, we provide the following Lemma which will give an estimation that could be used to prove
theorem 3.2.

Lemma 3.1. Let assumptions A, — Ay hold. Let n(0) be a solution of equation (1) with the initial condition (2), then

]E( sup Ini(S)Iz]

qoo<s<A
(2+A2L2) 3
R \@22 ((1 — VO + T+ v (1+ L1 (A = g0 +4) (A - 00)(1 + AZLg)))JEuXuZ

3Ly (A — 0o +4) (A — 0o) (2 + A2L2)
(1- VO + VO

X exp

©)

In particular, n(0) € M? ([qQO,A],]Rd).
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Proof. For any integer i > 1, let 0; be the stopping time define by:
o = A Ainf{o € [go, Al; In(0)| = i}.

Itisclear thato; T Aa.s. Letn'(0) = n(gAa;), for o € [qoo, Al. Thus, forgy < g < A, T]i(Q) = D(p, ni(qp)) —D(o0, x) + Ii(Q),
where

. ¢ . ) s ,
I = nlo)+ f fi (S/n’(S),nl(QS)/ f !J(f/ﬂ’(f))df)1[@o,oi1(5)ds
o qs

0 ) . S .
+ f f2 (s,rf(S),n’(qS), f g(t, nl(t))dt)1[90,0,-1(S)dW(S)- (10)
@ gs

By lemma 2.1 and condition (7), we can derive that

, 1 . 1
H@F < ZID(e1q0) = Dleo, OF + 77 IFOF,
1 , 1 1
< ——=ID(0,7(q0)) + ———=ID(g0, V" + —=I['(9),
i (0,1'(q0) a0 (00, )+ 7= I1'0)
i 2 C 2 1 Ii 2 11
< VUrGof + TP + Tl D
Thus,
. , C 1 :
E I’ Iz) < «CE In' |2]+ E|l II2+—1E[ | IZ]
[;;12@ n'(s) Ve sup In(q9f |+ 7= 2B + $—7E| sup ()
i 2 C 2 1 i 2
E —E I
< WCE q@i‘;ig'”(s)']+ v L e (;;y (s)|)

— i 2 2 C 2 1 i 2
= VCE| sup i) )+ VEEIIE + =Bl + 1—CE[Q§§E@” (s)|]
\/Z 2 ira)2 1 i0a)12
_ , 12
=l + x/Z]E(igggm OF |+ 7ZE| sup 1) (12)
Hence,
. \C 1 )
E| sup In |2)s ———Elxi + IE( i |2). (13)
(;;E@ e (1- V02 * (1 - VO2(1 + VO) @ilsgg ©

Moreover, by Holder inequality, condition (6) and Doob’s martingale inequality, we have

. 0 o s , 2
]E[sup 1I’<s>|2] < SBU0P +3E| [ i (510,109, [ ot 1O 1y
0050 ) qs
0 o s . 2
+ 3E f f (s,nl(s),rf(qs),f g(t,n’(t))dt) 11g0,0:1(8)AW(s)
00 Qq | | s | .
< SR +3(A- ) E f f (s,n’(S),n’(qS), f g(t,n’(t))dt) ds
o qs
0 S s , 2
+ 12E f f2 (s,nl(s),nl(qs), g(t,n’(t))dt) ds
<Y qs
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0 . i o X
< BE|xI* +3L1 (A - 00) E f (1 +' )P + I (gs)I* + | f g(t, nl(t))dtlz)ds
o qs

0 . . S .
+ 12L;E f (1+|rf(s)|2+|77’(qs)|2+| g(t,ql(t))dﬂz)ds. (14)
qs

24

By condition (8), we can derive that

S S S
| f o) < A f l9(t, (D)t < AL f ()t
qs qs qs

< AL f sup |n'(r)Pdr < A*L3 sup |n'(n)*. (15)
qs gs<r<s s<r<s
Consequently,
ira|? 2 _ ? iy 2 i a2 272 i N2
E| sup (I (s)| < 3E|xII* + 3Ly (A — 00) E 1+ ') +1n'(gs)l” + AL sup |n'(r)|” |ds
00<s<p 00 qs<r<s
+

121, E f L [1 + IR + I @s)? + A2L2 sup |17"(r)|2] ds
00 qs<r<s
Therefore,
o 0 . 4 .
IE( sup |I'(s)| ] < 3E||x|* + 3Ly (A — 0o + 4) E f (1 +n' ) + In'(gs)I* + A’L3 sup In'(r)lz]ds. (16)
00<s<p0 o gs<r<s
Then, taking the supremum on the right hand side of (16), we have

]E( sup |Ii(s)|2]

00<s<0

0 . , .
< BE|x|* +3L; (A - o + 4)f [1 +E sup ['(r))* + E sup [n'(gr)P* + A2L§]E sup Ir]’(r)lz] ds
o Q0<r<s 00<r<s qOo=r<s
< 3(1+Li (A= +4) (A- po)(1+ A’L3)) EllxIP
4 .
+ 3L (A—gy+4) f (1 +(2+ A’L2)E sup |r]’(r)|2]ds. (17)
o Q0<r<s

Substituting (17) into (13), it yields that

E [ sup |ni(s)|2]

q00<5<0

; — 2 3 _ _ 272 2
(1— 02 ((1 \/Z) + \/Z+ 1+ ‘/Z(1+L1 (A=00+4) (A=) +A Lz)))]E”XH

L — ’ 272 i 2 d 18
(1_\/2)2(1_’_\/5)3&(/\ QO+4)L0(1+(2+A Lz)]qusOt<11:;|17(r)|] 5. (18)
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Therefore,

1+ (2 + Ang) ]E( sup Ir]i(s)lz]

Joo=s=0
2+ A2L2
( \/_)2 ((1— VO + VT +3 e (14 L (A-g+4) (A—QO)(1+A2L§)))1E||X||2
<2+AZL§) Ly (A o [+ @+ a22)E (2 |d 19
a-vora o ey @U( ol qi‘iis'”(”'] > )

Applying Gronwall inequality, we have

1+ (2 + Ang) ]E( sup Ini(s)lz)

qoo<s<A

(2 +A2L2) . 3 2 i
[1 = ( VO Ve T (L LA -0+ ) (A - )1+ AL )))IEIIXII
3Ly (A — 0o +4) (A — 0o) (2 + A2L2)
20
. er (1— VOP(+ ND) 20)
Therefore,
]E( sup Ini(s)lz]
q00<s<0;
(2+A2L2) . 3 2 2
= "oV (<1— VO + VCr — VZ(““ (A=go+4) (A= o)1+ A’L >))JE||;<||
3Ly (A = 00 +4) (A — 0o) (2 + A2L2)
21
P (T - VO + VD) e

Finally, (9) holds by letting i — co. [

Theorem 3.2. Let assumptions Ay — Az hold. Then, there is a unique solution 1n(o) of equation (1) such that
n(0) € M*([900, AL RY).

Proof. Uniqueness: Let 1(p) and 7(g) be two solutions of equation (1) such that n(g) = 7(0), for ¢ € [g00, 00]-
By lemma 3.1, 11(p) and 7j(0) belong to M?*([q00, A]; R?). Note that,

(o) — () = D(o,1(q0)) — D(0, 1(q0)) + 1(0),

where

Io) = f k (ﬁ (sm(sm(qs), f 906, () )dt) f (s 76), s, f g(t,ﬁa))dt))ds
@0 qs

+ fg k (fz (S/n(S)/n(qSL fq g(t,n(t))dt)—fz (slﬁ(s),ﬁ(qs), fq g(t,ﬁ(t))dt))dw(s).

By condition (7) and Lemma 2.1, we have

In(e) - (e)P < Cn(qo) - 1(qo)P + II(@)I2
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Hence,

IE(sup Ir](s)—ﬁ(s)lz] < C]E( sup [n(gs) - r](qs)|2J+ —IE(sup |I(s)|2)

0050 00=5=Q C 0050
— 1
< CIE[ sup |n(s) — n(s)lz] + 1—IE[ sup II(s)Iz], (22)
Q0<s<p C Q0<s<p
which yields that
E| sup [n(s) - 7(s)*| < ——3E| sup () |. (23)
00<s<p ( C) 00<s<p
Moreover, we can easily prove that
0
IE( sup |1(s)|2) <2L(A - g +4) (2 + A2L§) f E ( sup |n(r) — ﬁ(r)|2)ds. (24)
00<s<p ) Q0<r<s
Therefore substituting (24) into (23), we have
) 2L(A- oo +4)(2+A%L3) e .
E| sup In(s) =) | < 5 f E| sup In(r) — q(n)I° |ds. (25)
00<s<p (1 - C) 0 00<r<s

By Gronwall inequality, we obtain

]E( sup [1(s) —ﬁ(s)lz) =

00<s<A

which implies that () = 17(p) for gy < ¢ < A, therefore for all ggy < ¢ < A, almost surely.
Existence: Step 1:
We suppose that A — g is sufficiently small such that

2L (A =00 +4) (A - 00)
1-0

Let 1%(00) = n°(q00) = x and 1°(g) = x(0) for gy < 9 < A. Foreachi=1,2,3, ..., set n'(0) = x, for qoo < 0 < 00,
and define, by the Picard iterations,

1(9) = D(e,n"""(q0)) = D(eo, X) + ] (0), (27)
where, for g € [gy, A],

]i—l ) — 0) + ? (, i-1 , i-1 )’ ) (t, z—l(t))dt)d
© = xO+ [ flsn @, | gen ;

S

0=C+

<1 (26)

f fz(s 1), 1 (g9), f gt~ t))dt)dW() (28)
@

It is easy to see that n°(-) € M?([q00, A],RY). On the other hand, we can prove by induction that n'(-) €
M?([g00, Al, R?). By (27), we have:

P < 1|D<@,rf‘1<q@)>—D(po,x»z+1%u"-1<@>|2
1
S _D , i—1 2 D , 2 R i—1 2
- \F| (0,7 (q0) +C(1_ ﬂ| (@0, 0P + 71T (o)
< VU @of + — I + = @ (29)

\/2
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Taking the expectation on both sides, we get

. - C 1 -
E| sup | ’(S)|2) < C]E( In"(gs |2] ——T|IxI”* + —]E( |-t |2]-
[@Ji’@ L VCE| sup 117 @ |+ T | Sup 176

For any n > 1, we can derive from (30) that

max]E(sup I’ (s)lz] < Ve —_E|IxI? + \/_max]E[sup In'~ 1(S)|2J
00<s<Q 1 - \/z 00<s<p0
1 i—1 2
1-¢ {11%115[535130 I~ ()l ]

Proceeding as (17), we obtain

IE[ sup |J"<s>|2] < 3(1+Li(A=+4) (A= e0)(1+ A’LY) EllxP

Q0<s=<p

Q .
+3L1 (A — gp +4) (1 +(2+ A’L3)E sup Iq’(r)lz] ds

@ Q0<rs<s

On the other hand, we have

1<i<n

maxuz[sup I~ 1<s>|2] = max{ElxO)P, E(sup [1'®)P), ., E(sup I (s)P))

00=<8=0 00<s<0 00<8<p
< max{E|x|’, E(sup |n'©)P), ... E(sup 7" (s)"), E( sup [7"(s)P)}
00<s<p 00<S<0 00<8<0
= max{]ElI)(II2 max]E( sup | (s)l )}
00<5<@
<

EllxIP + maxlE( sup |1 (S)Iz)

00<5<p

Substituting (32) and (33) into (31), we obtain

{nax ]E( sup | (s)|2]

00<s<0

(1 + L1 (A =00 +4) (A= 0o)(1+ AZLi))
< C FllI?
T-C )2[ R (+ 0 "
3L1 (A -0 +4) 272 =102
C oD [H(NAL)mEiX]EfiEs'” m']ds
(1 +Li(A—00+4)(A—-p)1 +A2L§))
< ¢ Bl
(1-VC )2[ e (1+ V0 .

3L1(A—Qo+4) o ) 5
+ 0+ O - VP (1 + (2 + A°L )[IEII)(II + maXInglers In'(s)| ]]

6464

(30)

(81)

(32)

(33)
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3(
(1—()2[ e

3L (A —go+4)(A-
(1+ VO(1 - VP

3L1(A Qo+4) A2[2

(1+ VO - +C L f

1+ Ly (A - g0 +4) (A= 00)(1 + A’L2))
1+ V0

@) (1+ (2 + A2L2) EllxIP)

El|xI?

maxE sup |1 '(r)Pds

o0 1SISH gigres

(34)

By Gronwall inequality, we have:

1 00<0<A

max]E[ sup | (Q)|2) < Crexp (Ca(A =), (35)
where

C = [2\/' C+

3(14Li(A - o0+ 9) (A= o0)(1 + A1)
1+ V0

(1+(2+ A2L3) EllxIP)

E|xIP

(1-
b (A —00+4)(A - )
(1+ VO - Vo2

(36)

and

_ 3L1(A—Qo+4) (
1+ VO(1 - VT©

Since # is arbitrary, we must obtain, Vi = 0,1,2,3, ..

+A’L3). (37)

IE( sup Ini(@)lz) < Crexp (Co(A — 00)) + EllxIP, (38)
q

00<0<A

which implies that n'(g) € M?([q00, AL; R?).
Noting that for gy < 0 < A, we obtain

1'(0) = 1°(0) = n*(0) — x(0) = D(0,1°(q0)) — D(eo, x) + L1(0),

where
4 0 S
Li(o) = ( %), n°(gs), f (t, O(t))dt)d + ( ), 1°s), | 9, O(t))dt)dW( ).
1(0 fgﬂflsnans qsgn Sf@ofzsnSWQSLgn s

Proceeding as in the techniques of the uniqueness, one has:

IN

ClE( sup Ino(q@)—x(o)lz)+%ﬂi( sup |Il(Q)|2)

00<0=A C 00<0<A

IE[ sup [n'(0) - no(@)lz)

00Se<SA

IN

ACE|YP + [1+ @+ AL)E|NP]
M. (39)

Forn>1land gy < o< A,

1™ (0) — n'(0) = D(g,1'(q0)) — D(0, 7" (q0)) + K'(0),
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where
0 S S
Ko = ( ( (), 1(qs), (t, "(t))dt)— ( ), 0 (gs), (t, “(t))dt))d
0 LflsnanSLgn fils ™ (s)n qSLgn s

¢ . . s . ) ) s .
+ f (fz (S/ ). n'@s), | g U'(f))df) —f (Sf n7s), 1 as), | gt Ul_l(f))dt)) AW(s).
0 qs qs
Proceeding as in the techniques of the uniqueness, one can derive that:

E[ sup [ (o) - n"(@)lz]

00<esA

IA

C]E[ sup Ini(q@)—n"‘l(q@)lz]+% [sup IKi(@)IZ)

00<0<A 0=<0<A

2L(A - go +4)(2+ A2L2) fA]E(

IA

PN =182
1-¢ sup [n'(r) =1 (r)l]d@

Q0<r<Q

CJE( sup [1'(0) - ni‘l(@)lz] +

00<0<A @

IA

{ 2L(A - gy +4) (2+ AL2) (A - o)
C+ 1°¢C

IE( sup |n'(0) - ni‘l(@)l2]
O

0<0<A

= GIE( sup I1'(0) —UH(Q)IZ)

00<0<A

< Gi]E( sup Inl(Q)—TIO(@)lz)

00<0<A

< M6 (40)

Now, we prove that {n'(0)} converges to 1(0) in the sense of L? and with probability 1 on M? ([QQO, Al; le).
On the other hand, () is the solution of equation (1). By Chebyshev theorem, we have

IP( sup WH(@) - 771(@)|2 > E) < M(20)". (41)
00<0<A

Since Y ;so M(20)' < oo, the Borel-Cantelli lemma implies that, for almost all w € ), there is iy = ip(w) € IN*
such that

: : 1. .
sup [ (0) = ') < i > o,
00<0<A

which yields that, with probability 1, the partial sums

i-1

@+ ) (1) - () = (0, (42)

n=0

converges uniformly in ¢ € [y, A]. Let n(0) be the limit of (42). It is clear that 7(o) is continuous and
IF,-adapted. Moreover, we can see by (40) that for every g, {1'(0)}i>1 is a Cauchy sequence in M*([q00, A]; R%)
as well.

Therefore, we get n'(0) = n(o) in M?([g00, Al ;RY) when i — co. Letting i — oo in (38), we obtain

E(ln(0)P) < Crexp (Ca(A - 00)) + EllxIP, for qop < 0 < A. (43)
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Hence, using (43), we have

00 A
E f n(o)Pdo + E f In(o)Pdo
q00 Q0

A
E | In(o)fdo
400

00 A
< E [ o+ E [ (Crexp(Cal - )+ ElllP)ee
9% o
< oo. (44)
Therefore, n(0) € M?([q00, Al; R?). Now, we show that 11(p) satisfies (3). Using condition (5), we have
0 , , .
| (ﬁ (51771(5)/77’(175)/ f 9(t,nl(f))df)—f1 (sln(s),n(qs), f g(t,n(t))dt))dsl2
«Q qs qs
+IE| ‘(fz(s,n’(s),n“(qs), f g(t,n%t»dt)—fz(s,n<s>,n<qs>, f g(t,na»dt))dms)F
% qs qs
< (A-w)E QI (S, “5),11'(4s), s (t, i(t))df)— (S, (s),n(gs), s , (t))dt)|2ds
of@oflnanqsgn flnanqsgn
0 , , s ,
v B 15 on, [otaon) - (s oo, [ o ao)pas
«Q qs qs
< L(A—@0+1)(1+%+A2L§) f g]E(sup |1f(r)—17(r)|2]ds, (45)
00 00<r<s

which goes to 0 when i — co. Therefore, we can let i — oo in (27) to have that

0 s
1(0) - D(e,1(30)) = x(0) — D(go, ) + f fi (s, ne)n@s), | g, n(t))dt) ds
@ qs

+ fg: f2 (S/ T](S)/ n(qs)r‘fq; g(tr ﬂ(t))dt) dW(S), on - Qo < e <A.

Then, n(p) is a solution of (1).
Step 2: We will delete the condition (26). Set 5 > 0 be sufficiently small for

2LB+4
O0=C+ %[3 < 1. By step 1, there exists a solution of (1) on [ggo, 0o + f]. Now consider (1) on

[0 + B, 00 + 2B] with initial condition n(gy + p). Using Step 1 again, there exists a solution of (1) on
[oo + B, 00 + 2B]. Iterating this procedure, we can deduce that there exists a solution of (1) on the whole
interval [g09, A], as desired. [

4. Exponential stability in mean square of the solution of Neutral Stochastic Pantograph Integro-
Differential Equations

In this section we will present some sufficient conditions for the exponential stability in mean square of
the solution of equation (1).

Definition 4.1. The solution of system (1) is said to be exponentially stable in mean square if there exist £,C > 0
such that

E(In(, 00, VP) < Ce @ @E(||xIP)

forall 0> gy 2 0and x € L2ﬂo ([q00, Qo];le).
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In order to show the exponential stability in mean square of equation (1), we shall impose the following
assumptions.
As: Assume that there exist a nonnegative constants L, and 6 such that

19(0, 1) — 90, M| < Lae™2%n — 7, (46)
for all (5,17, 7) € [0, A] X RY x RY.

Ag: Assume that there exist a constants a, > 0, a3 > 0, a1 < —ap — ag,L%(l —q) and A > 0 such that: for any
(0,1,2,0) € [oo, Al X R x R? x R?

(1-D(@.2) fi(o.1,2,) + 310,12, 0)F < @1l + aaglef + s’ )
Ay: Assume that there exist a constants C € [0, 1) and € > 0 such that

ID(0,2) ~ D(g,2)| < Ce™2%z~ 72, (48)
for all (g, z,z) € [go, A] X RY x R,
We will assume that f; and f, are smooth enough to ensure the existence of a unique solution of equation

).

Theorem 4.2. Let Assumptions As-Ay hold. Then, the solution of equation (1) is exponentially stable in mean
square.

A o +ag +azl2(1-gq)
Proof. Lety € (0,€) be arbitrary such that y < (ﬂTq) A@go—-1) A [—( 2 ) .

(1+%)
Define u(g) = n(0) — D(g,1(q0)) and V(g) = "™ ®|u(g)]*. By It6 formula, we obtain

dv(o)

0
e [ym(@nz +2 0 (o100, [ 96, n(t))dt)] do
4

9

+

0
Ve )|fy (@, n(e),no), | g, n(t))dt) [*do
q0

+

4
201 ®yT () f (@, n(0), 1(q0), f g(t, n(f))df) dW(o). (49)
qe
Then,

eV (e—o) |u(o)?

(o) +y f Q &0 u(s)Pds + 2 f Q T (s)fy (s, 1(s), 1(gs), f S g(t, n(t))dt) ds
qs

@ @

é] S
+ }'(s—go)l (, , , t, t dt) |2d
f@o 6|, (3, ), n(gs) fq gt ()t s
Q S
+ 2| eteyT(s) (s, ), n@s), | gtt, (t))dt)dW(s)- (50)
f fols. 1), n(q fq g(t,n

0o S



L. Mchiri/ Filomat 36:19 (2022), 6457-6472

Taking the expectation on both sides of (50) and using Assumption As, we can derive that

0

Elu(go)P + yE f e/ |y(s)Pds
)

e’ E|u(p)[?

v+ 2k [eew '(s) ( (s), 1(48), s (t, (f))dt)d
Le usflsnanngn s

4

v E [ et ( @), [ ot <t>>dt)|2d
f@oe fzsnanSLgn s

IN

Elu(ao)? +yE f " 10y (s) s
)

0 s
+ 2E f e3’<s‘é’”)(a1e“|n(5)lz+aqun(q8)lz+a3| f 9(t,n(t))dt|2)ds-
% qs

Noting that by assumptions As and Ay, we have

lu(o)l* = In(o) — D(o, n(qo)I* < 2In(e)l* + 2C%In(q0),
Ju(e0)* = In(e0) = Do, n(qeo)) < 2n(o0) + 2% n(qe0) < 2(1+ ) IIxIP,

S

and
S S
| f gt n(t)dt* < L3s(1 - q) f e n(t)Pdt.
aqs q

Substituting (52)-(54) into (51), we get

0 0
COE ()P < 2(1+C)ElxI +2yE f e”In(s)Pds + 2y C*E f e”In(gs)PPds

% Q0

0 0
+ 2mE f e(V+")SI17(s)|2ds+2azq]E f e’*|n(gs)*ds

% %

0 s
+ 2a3L5(1 —q)]Ef (f e_étln(t)lzdt)se?’sds
% qs

0 2 0
< 2(1+Q)EF+2E [ onoras 2 SE [ dnera
% q q00
0, 0
+ 2a1]Ef eﬁsln(s)|2d5+2a2]Ef e%sln(s)lzds
% q0

( |r](t)|2dt)se(7’"75)sds.
qs

4
+ 2a3L5(1 - q)E f

4y

Moreover, for any 0 < gy < a, we have

0 ( s 0 -
E f ( In(t)lzdt)se(y‘qé)sds < f se()"qé)sdsIE( f e'ﬁsln(s)|2ds)
n 0 70
- JE(f V5|(>|2d)
T\ e S S
a0 \Jp
(.
< JE( f e’ﬂn(s)ﬁds)
qo
<

, (2
( f eLSds)JE||X||2+]E( f e’qsm(ands)
0 00

6469

(51)

(52)
(53)

(54)

(55)

(56)
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Hence,
& Elu(g)?

IN

0, 2 v
2(1+C2)IE||;(||2+27/]Ef eﬂslq(s)lzds+2y%(feq ds)]Ell)(llz

4y

CZ 0 Y ) 0 Zg )
+ Zy;]E er’|n(s)|°ds + 21 E ei’|n(s)|°ds

Qo %
0,
+ 2a, (fezsds)lEll)(I|2+2a2]Ef e%sln(s)lzds
0 @
, 0,
+ 2a3L3(1-9q) ( f eZSds)JE||X||2 +2a3L3(1 — q)E ( f e25|q(s)|2ds). (57)
0 90
Therefore,

&' Elu(g)P

2 Y Y ﬂ Y
(1 + CZ) + y% (f eqsds) +ap (f eﬁsds) +a3L3(1-9q) (f e@sds)] El[xI?
0 0 0

2 0,
+ Z(y(l + %) +ar+ap+asls(1 - q))]Ef e ’|n(s)l*ds
%

< GElxIP. (58)

2 e Ty Y
where C3 =2 [(1 + Cz) + 7/; (f eﬂsds) +ay (f eqsds) + 0(3L§(1 -q) (f eqsds)].
0 0 0

On the other hand, using assumption Ay, for any A > 0, we have

IA

2

2 sup (67(""’°’1E|n(9)—D(@,n(q@))|2)+2 sup (eV(Q’PU’IE ID(o, n(q@)))z)

00S0<A 00<0<A

00<0<A

IA

A

< 2C3E|xIP + 28 sup (60”6’("’@°)1E|n(q0)(2)

00<0<A

IA

(0-09)
2C:E||x|? + 28 sup (e<V-€> q°1E|q(g)(2)
qoososA

IA

I(e—y — 0— 2
2(Cs + et BRIP4 2 sup (W [n(o) ) (59)
00S0<A

Thus, by choosing C such that C < 2*%, we have

_ 2 ]. L (e=y)(1-
sup (¢ E (o)) < T30 X 2(Co+ Cel ) i,

00<0<A

Letting A — +o0, we have

sup (67("_90)]]5 |17(Q)|2) < C4EIxIP,

Qo=0<+o

1

T2 x 2 (C3 + C2e$(€_7)(1_q)). This implies that for all o > g

where Cy =

2 o—
E|n(o)| < Cie 7@ @E||xIP,

as desired. O
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5. Example
In this section we illustrate our results with an example.

Example 5.1. Consider the following NSPIDE:
1 1 e 1 e
d [77(@) - D(o, 77(50))] =h (0, (@), n(50), ﬁ g(t, n(t))dt) do+ f2 (0, (@), n(50), ﬁ g(t, n(t))dt) dW(o), (60)
20 20

1
where the initial condition is x(0) =1, for o€ [5, 1], with gy =1 and W(t) is a one dimensional Brownian
motions. Let 0 < A < i and

D(on(30) = 3¢ sin(n(30),

0 ¢ 3
f [@, n(o), n(%@)f f ) g(t, n(t))dt] = —24¢"%1(0) + %n(%p) + % f Q e”2°sin(1(s))ds,

1 0 1 1 1 1 (¢ s, .
f (@,n(@)rn(ip), ;Qg(t,n(t))dt) = E”(@)+ En(ze)— 10 f Qe sin(7(s))ds.
Then,
T 1 2 A 2 2 2
(1=D(g,2))" file,n,2,0) + S1falo,n, 2, 0) < ~17.125¢ I + 0.5(14)[zF" + 075/ (61)

Thus, aq = =17.125, a0y = 14,03 =0.75, L, = £,6 =3,y = andg=C =€ = }.
Then, ay = =17.125 < —ap — asL5(1 — q) = —14.015.
Therefore, all the assumptions of theorem 4.2 holds. Consequently, system (60) is exponentially stable in mean square.

12— ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ 1.2 ; ; : :
— E(n(o)l")
15 Ce o) E||x|]?
114 ]
08
<
2 08T
S 06
E 06T
8 04t
o
Ei
Z 02 041
s}
or Wi
02r
02f
‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ 0
2 4 6 8 10 12 14 16 18 20 0 5 10 15 20
Time o Time o
Figure 1: Trajectory’s simulation of n)(¢) on the interval Figure 2: Exponential stability in mean square of sys-
[0.5,21] with initial condition x(g) = 1. tem (60) on the interval [0.5,21].
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