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Abstract. Let h; = {f =(fi) € w: Yy dilfic — frnl < oo} N ¢o, where d = (di) is an unbounded and monotonic
increasing sequence of positive reals. We study the matrix domains /1;(C?) = (hs)e and bo(C7) = (bv)cs,
where C7 is the g-Cesaro matrix, 0 < g < 1. Apart from the inclusion relations and Schauder basis, we
compute a-, f- and y-duals of the spaces h;(C7) and bv(C7). We state and prove theorems concerning
characterization of matrix classes from the spaces /;(C7) and bv(C7) to any one of the space {, ¢, ¢y or
¢;. Finally, we obtain certain identities concerning characterization of compact operators using Hausdorff
measure of non-compactness in the space 11;(C7).

1. Notations, introduction and preliminaries

The following notations/symbols are used throughout the texts:

IN
)

{]‘/2/3/‘.'}/
The set of all real or complex valued sequences,

1 [oe]
bsy = f:(fk)ew:supd—ka <ooy,
n ‘Vlk:.l

1- qk >1

. 1 _ 7 7

[k]q T 1,q k=1,
0, k=0,
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B(X) := Unitballin X,
o := Setof all finite sequences that ends in zeros,
N = Family of subsets of N,
N; := Sub-collection of N with elements that are greater than r.

We emphasize that [k]; = k, when g — 1. [k], is well known as g-numbers. We refer to [6] for detailed study
in g-numbers and g-theory. In the above notations, and in what follows summation and supremum over
the set IN are simply denoted by ) ; and sup,, respectively, and d = (d;) is an unbounded and monotonic
increasing sequence of positive reals. Also any sequence with zero or negative subscript is considered to be
naughti.e., fy = 0fork < 0for any f = (fy) € w. Further the sets ., c, co, {1, bs and cs are standard notations
and have the usual meanings.

Let H = (hnk);"kzo be an infinite matrix over the complex field. Let H, = (h,,k):;o and Hf = (Hf),, where

(Hf)n = Lixhufr for any f € w, provided that the infinite sum exists. The sequence Hf is also known as
H-transform of the sequence f. Let X, Y C w. Then, (X, Y) denotes the family of all matrices that map X into
Y. Thatis H € (X,Y) if and only if Hf € Y for all f € X. The set Xy = {f cew:Hf e X} is called the domain
of H in X. It is known that if X is a BK space with norm [|(:)||x and H is a triangular matrix, then Xp is also
a BK space with norm [|(*)llx,, = IH(")llx - The readers may refer the papers [1, 2,7, 12, 28] and the book [22]
which are great sources for the theory of sequence spaces.

A sequence (un>:;0 in a normed linear space X C w is called a Schauder basis for the space X if for each

f € X, there corresponds a unique sequence of scalars, say (bk), such that f = Y, buy for all k € IN.
For X C w, the sets

X" :={a = (@) € w:af = (afi) € &y forall f = () € X);
X .= {a =(ax) €w:af = (arfy) €csforall f = (f) GX};
X = {a =(ax) €ew:af = (arfr) € bsfor all f = (fx) EX},‘

are called a-, - and y-dual of the space X.
Let 0 < g < 1. Then, g-Cesaro matrix C7 = (CZk) (cf. [28]), n,k € IN, is defined by

7!
g | =, 1<k<n,
Cu =13 1l

0, k>n,

-1 -
Indeed C7 is a triangular matrix, and so has a unique inverse (Cq) = (an ) defined by

1t

n-1’

- _ ) (=)rF
an -

n—1<k<n,
0, otherwise,

We emphasize that the matrix C7 reduces to Cesaro matrix C; of first order as g tends to 1. Domain of
g-Cesaro matrix in the spaces {w, ¢, ¢ and ¢, (1 < p < oo) are examined by Yaying et al. [28] and Demiriz
and Sahin [2].

The sequence space bv defined by

bv={f=(fk>ew:2|ﬂ—fk+l|<oo}, (1)
k=1

which is the forward difference operator A domain on the sequence space £;, where Afy = f — fi41, for all
k € IN. The space byy = bv N ¢ and the inclusions ¢; C bug C bv C c strictly hold. Moreover, the sequence
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space bv is a BK space with the norm

Iflloo = Y Ifi = fietl for all £ = () € bo.
k=1
The sequence space h defined by

hi={f=(f)ew: ) Kfi— fuml <o) Ncg
k

is called Hahn sequence space, named after its introducer H. Hahn [4]. He obtained that / is a BK space
with norm

Il = ) Kifi = feal+ suplfl for all £ = () € .
k

Extending the studies of Hahn, Rao [16] proved that the space & is a BK space with AK with respect to the
norm

1flh = ) Kifi = forl forall f = (f) € b,
k

A generalized Hahn sequence space i was introduced by Goes [3] for d = (dy) € @ with di # 0 for all k,
defined by

= {f=(f)ew: Y lfi - fnl < 0of Nco.
k

Quiet recently a scientific study of a more generalized Hahn sequence space is carried out by Malkowsky
et al. [11] as follows:

hg = {f =(f)ew: de|fk = fral < 00} N co.
k
The authors proved that /i, is a BK space with AK with respect to the norm

1fll, = Y, dilfi = il for all f = (fo) € hy,
k

where d = (di) is an unbounded and monotonic increasing sequence of positive reals. Besides, the au-
thors stated and proved various significant results concerning characterization of matrix transformations
between h,; and classical BK spaces, and characterization of compact operators on the space h; using Haus-
dorff measure of non-compactness. We refer to [10, 15, 17, 18, 21, 27] and the survey paper [8] for more
studies and results related to Hahn sequence space.

The main objective of this paper is to extend the studies related to Hahn sequence space. In doing so, we
introduce matrix domains hd<C‘7) = (h4)cr and bv(C‘7 ) = (bv)c, obtain Schauder basis, a-, - and y-duals of

these new spaces. Besides results related to matrix transformation from /;(C7) and bv(Cq ) to any one of
the space {w, ¢, ¢o or {1 are obtained. In the final section, certain identities concerning characterization of
compact operators on the space /1;(C7) using Hausdorff measure of non-compactness are determined. Since
the matrix C7 is more generalized than C, we believe that the results so obtained in this paper strengthen
the results of Kirisci [7].
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2. Sequence spaces h;(C7) and bo(CT)

Let us define a sequence g = (g;) whose k' term is given by g, = (Cq f ) e This means that the sequence g
is the Ci-transform of the sequence f, and

Sy @
7= Lt
k=1

The sequence spaces h;(C7) and bv(C7) are defined by

{f=(h)ew:9=CIf €hy},
{f=(f) ew:g=C1f €bv}.

It is trivial that h;(C7) and bv(C7) can be expressed as h;(C?) = (hy)cr and bo(C7) = (bv)e. In other words,
ha(C?) and bo(C7) are domain of the matrix C7 in h; and bo, respectively. We emphasize that the sequence
space h;(C%) reduces to the sequence space h(C;1), when g tends to 1, as studied by Kirisci [7].

The equality (2) can also be redefined in terms of the sequence g = (gx) by

ha(C7)
bu(CY)

n

k
fu= Z (—1)”"‘%%, n € N with fi = g9. (3)
k=n-1

Theorem 2.1. We have the following statements:

(a) hy(CT) is a BK-space with respect to the norm

n qk—l n+l qk—l

T fem ) Tk
;‘ [n], kZ=1‘ [n+1],
(b) bu(CT) is a BK space with respect to the norm

~ ~ n qk—l n+l qk—l
”f”bv(ca) = ”qu”bv = Z £ @fk - kZ_; mfk

n
Proof. This is easy to verify and hence details are omitted. [

||f||hd(C‘7) = chf”hd = Zdn

n

Theorem 2.2. h;(C7) and bu(CY) are linearly isomorphic to hy and bv, respectively.

Proof. We know that C1 is a triangle and so is invertible. The result immediately follows from the fact that
the mapping T defined by

T : X([C) — X
foo— Tf=g9=0Cf
is a linear bijection and norm preserving, where X denotes either of the space h,; or bv. Hence h;(C7) = hy
and bo(C7) = bv. O

Theorem 2.3. The following inclusions strictly hold:

(1) hd C hd(C‘?),
(2) hy(C7) C £1(CY),
(3) hy(C7) C bu(CY),

where €1(C7) = (€1)c is studied in [28].
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Proof. (1) It is evident that /4 is contained in /4(C7). To examine the strictness, we consider d = (di) = (k);2,

(q[k +1], - [k]q)
q

and the sequence r = (1) = defined for all k € IN. Then

[k]q) 1 1 -1
limre = lim([k+1], - —|= — - =—#0. 4
koeo ¥ koo ([ ly q 1-qg q91-9 ¢ @)

Thus r is not a sequence in k4. On the other hand, C7r :=s = (s¢) = (qk) is a sequence in hy. This follows from
the following illustration:
Since qk — 0as k — oo, it is enough to show that ) dilsi — sk+1| < co. We have

Y Kac=qeal = lg—+20% - 1+ 3g> — gt + -+
k

= q(l—q)+2q2(1—q)+3q3(1—q)+--~
= q-q)1+29+3¢" +---)
1

= ’7(1—4)'W

as desired.
(2) Let us take di = 2 for every k € N and define the sequence g = (gi) by

{ 0, k#2°,
k=91 e
k' k=2°.
Then, g € {1 \ hy. That is to say that the inclusion h; C {; strictly holds. Now define the sequence f = (fi) by

k
v
fi = 2 (—1)'“”%‘% for each k € N with f; = g;1.
- q-
v=k-1

Then, one obtains C7f = g € {; \ h; which in turn leads us to the fact that f € £1(C7) \ h(CT).

(3) It is easy to see that the inclusion h; C bv strictly holds which implies that the inclusion /,(C7) C bu(C1)
holds. Now, let us take the sequence e = ((l)k). Then, Cle = e € bv \ hy and so, e € bu(C9) \ hy(C) as
required. [

Now we determine the Schauder basis of the space bv(Cq ) We recall Theorem 2.5 of Kirisci [9] and Theorem
3.1 of Basar and Altay [1] wherein the authors obtained the Schauder bases of the spaces h, and bv,
(1 £p < ). Let X C w and H be an infinite triangular matrix. Then, the matrix domain Xy has a Schauder
basis if and only if X has basis. As a direct consequence of this fact, we conclude that the inverse image of
the basis of each of the spaces I; and bv form the Schauder basis of the spaces h;(C7) and bu(C7). This fact
allows us to present the following results:

Theorem 2.4. Define the sequences b® = (bi,k)) and b® = (Ei,k)), keN, by

dl' k>mn, 1, k<n,
w_] TF i _ ) [y _
pl=1 Ky o and B =0 =, k=n,

gy’ ’ 0 k>

0, otherwise, ’ n.

Let gy = (C7f)i for each k € IN. Then
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(a) bW is a Schauder basis for the space hy(C7), and every f € hy(CT) is uniquely represented by f = ¥ gib®.
(b) b® is a Schauder basis for the space bu(C7), and every f € bv(C1) is uniquely represented by f = Y. gib®.

Corollary 2.5. The sequence spaces hy(C7) and bv(CT) are separable.

3. Alpha-, Beta- and Gamma-duals

In this section, we compute the a-, - and y-duals of the sequence spaces h;(C7) and bu(CY).
For our study, we need the following lemmas. Throughout N denotes the family of all finite subsets of IN.
We assume that H = (1) is an infinite matrix over the complex field.

Lemma 3.1. [11] The following statements hold:
(i) H = (hy) € (hg, t1) if and only if

1 m
U gy Lo L
(ii) H = (hy) € (ha, €e) if and only if

sup — Z /o
" k=1

(iii) H = (hy) € (hg,c) if and only if (5) holds, and
day € C 3 lim hyy = ay for each k € IN. (6)
n—oo

< 00,

< oo, 5)

Lemma 3.2. [5] The following statements hold:
(i) H = (hy) € (bv, £1) if and only if

sup Z i B
k =

(ii) H = () € (bv, £s) if and only if

i tuj
=k

(iii) H = (hu) € (by, ¢) if and only if (8) holds, and

< oo. 7)

sup < 00, (8)

nk

A € €3 lim ¥~ by = i for each ke N. 9)

j=k
< oo} ,
s

Theorem 3.3. Consider the following sets

{tz(tk)ew:supdiz Z )" k[ ]q
mo T k=1
D, := {t =) €ew: stlnpzn: ;1(—1)"_k;,1—_q1tn

Then, [hy(C7)]* = Dy and [bo(C9)]* = D,.

Dy
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Proof. For all n,k € N, consider the matrix A7 = (”Zk) defined by

(k]
_qyn—k 221 _
al, = =1 pr thy, n—-1<k<n, 1)
0, otherwise,
where t = (#) € w. Then, we get the following equality:
n - [k]
o= ), (T = (A1),

k=n-1

for each n € N, where g = C7f. Thus tf = (t,f,) € {1 whenever f € hy(C%) if and only if A7g € {; whenever
g € hy. This leads us to the fact that t = (t,) € [hy(C7)]" if and only if A7 € (hy, £1). Thus, using Part (i) of
Lemma 3.1, we obtain

supd ZZ 1)nk[ ,

Therefore [h;(C7)]* = Ds.

The a-dual of the space bv(CY) is obtained in the similar way by using Part (i) of Lemma 3.2 instead of Part
(i) of Lemma 3.1 in the aforementioned statements. Hence, details are excluded to avoid repetition of the
similar statements. [

< 00

Theorem 3.4. Define the matrix T = (tn) by
tk+1
M-m(k——ﬂ
q q"
foralln,k=1,2,3,--- . Then, we have the following statements:
(i) t = (t) € [ha(CNHIP ifand only if T = (ty) € (hg,c) and

([;Eq?) € leo. (11)
(i) t = (t) € [bo(CH]P ifand only if T = (t,x) € (bv, c) and
([;E’) € co. (12)

Proof. (i) Assume that t = (t) € [h4(C7)]P. Then, the sequence tf = (ff;) € cs. That is to say that the series
Ytk fx is convergent for all f = (f;) € hs(C7). Now, we consider the following equality obtained by the 7
partial sum of the series )  fi with (3)

- [v]
Y uf = th(N”g4 (13)
k=0 k=0 v=k-1
r—1
e b [r]q
- L e

for all n,r € IN. Bearing in mind the fact /1;(C7) = h;, we pass to limit, as ¥ — oo, in (13). Then, since the
series )y t fx is convergent by the hypothesis, the series

Z[ ]q( |23 _fk+1) 7
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is also convergent and the term [r],t,9,/¢" " in the right hand side of (13) must tend to zero, as r — co. Since
hy C ¢g this is achieved with {[r]qt, / qr‘l} € {, we therefore have

X uf= Y, ( tk —t"“) g = (o) (14)

for all k € IN. Hence, T = (tx) € (hg,c). Thus, the conditions in (5) and (6) of Part (iii) of Lemma 3.1 are
satisfied by the matrix T. Hence, the conditions are necessary.

Conversely, suppose that T = (t,x) € (hg,c) and the condition in (11) holds. Then, we again obtain the
relation (14) by using (13). Therefore, since we have T = () € (h4, ) the series }; tx fi is convergent for all
f = (f) € ha(C"). Hence, t = (t) € [ha(CT)]?, that is, the conditions are sufficient.

(ii) Part (ii) can easily be obtained using similar arguments as in the proof of Part (i), with (

) € cp instead

of the space {, and the conditions in (8) and (9) of Part (iii) of Lemma 3.2 instead of the conditions in (5)
and (6) of Part (iii) of Lemma 3.1. O

Theorem 3.5. The following statements hold:
(i) t = (t) € [Ma(CN] if and only if T = (tnk) € (hy, L) and the condition (11) holds.
(ii) t=(tx) € [bo(CT)]) if and only if T = (t,x) € (bv, L) and the condition (12) holds.

Proof. This can be obtained by the similar technique used in proving Parts (i) and (ii) of Theorem 3.4 with
Part (ii) of Lemma 3.1 in the proof of (i) and Part (ii) of Lemma 3.2 in the proof of (ii) instead of Part (iii)
of Lemma 3.1 and Part (iii) of Lemma 3.2, respectively. We omit details to avoid repetition of the similar
statements. []

4. Matrix transformations

In this section, we characterize some classes of matrix transformations from the sequence spaces h;(C7)
and bou(CY) to any one of the space €, ¢, ¢ or ¢5.

Consider the matrix Z7 whose (11, k)" term sz is given by

Pk
q _ 1
o = (2 -
Theorem 4.1. H = (hy) € (hs(C), {s) if and only if
sup — i

uj Z[ ]q( _ nl;(+1)

(mq 1m) » W)
q- reN
forallm,n € N.

hn k+1

)forallnk—123 (15)

<, (16)

Proof. LetH € (hy(C7), {s). Then, Hf exists forall f € h;(C), and belongs to the space (. Thus, H,, € [ha(CN)]P
which confirms the necessity of the conditions in (16) and (17).

Conversely, assume that the conditions in (16) and (17) hold. Let f = (f;) € h4(CY). Then, H,, € [hs(C? ) for
eachn € N, and Hf exists. Therefore, we have the following equality:

Zhnkﬂ—ZhnkZ< 1oLtk et

k=1 v=k-1

r—1
hn,k hn,k+1 [r]q
= ;[k]q (qk_‘l - l]k )gk q- 1 hnr!]r

(18)
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for all n,7 € IN. In the light of the condition in (17) and passing to limits as r — oo in (18), we deduce the
following equality

Y =Y 2 (19)
k k

for all n,k = 1,2,3,---, where the matrix Z9 = (ZZk) is defined as in (15). Thus Z7 maps hy into . This
implies that Z7g = Hf € {., as required. [

Theorem 4.2. H = (hy) € (ha(C),c) if and only if (16) and (17) hold, and there exists ay € C such that

hn+
11m[k]q(q - qﬁl

n—o0

) = ay for each k € IN. (20)

Proof. Assume that H € (h4(CY),c). Then Hf exists for all f € hy(C7), and belongs to the space c. Since the
inclusion ¢ C {s holds, the necessity of the conditions in (16) and (17) are straightforward. To prove the
necessity of the condition in (20), we consider equality (19) for f = C-%¢®. Then, we get that the sequence

Hf = H(Ce®) = 29(C7(C1e®)) = 296 = Z] = (21 )y

is convergent for each k € IN. This proves the necessity of the condition in (20).

Conversely, we assume that the conditions in (16), (17) and (20) hold. Then, under these assumptions
H, € [hs(C))P and so H f exists. Thus we again get the equality (19). We observe that the conditions in (16)
and (20) corresponds to the conditions in (5) and (6), respectively, with ZZk instead of h,. This implies that
Hf =Z7g € c. Thus H € (hs(C7),c). O

Replacing the space c by the space cy, the above theorem gives the following result:

Corollary 4.3. H = (hy) € (h4(C7), co) if and only if (16) and (17) hold, and (20) also holds with ay = 0 for all
k e IN.

Theorem 4.4. H = (hy) € (ha(C7), £1) if and only if (17) holds, and

1 N hn,k hn,k+1
e 3, L (- ) <

forall m e IN.

00, (21)

Proof. The proof is similar to the proof of Theorem 4.1 and so details are omitted. [

In the similar way, matrix transformation from bv(C%) to any one of the space €, ¢, o or ¢; can be
characterized. Hence we present the results without proof.

Theorem 4.5. H = (hy) € (bv(CY), {) if and only if

sup Z k]q( ”"k“) < oo, (22)
mmn k=m
({gmlj h) €co (23)

forallm,n € N.
Theorem 4.6. H = (h,) € (bv(CY), c) if and only if (20), (22) and (23) hold.

Theorem 4.7. H = (hy) € (bv(CY), co) if and only if (22) and (23) hold, and (20) also holds with ay = 0 for all
keIN.
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Theorem 4.8. H = (hy) € (bu(CY), t1) if and only if (23) holds, and
. huje I
SupZ Z[k]q( k—]; _ ,l;<+1) <o
m A=\ g q
forall m e IN.

(24)

We need the following Lemmas due to Basar and Altay [1] and Malkowsky et al. [11] for our next results:

Lemma 4.9. [1, Lemma 5.3] Assume that X and Y are any two sequence spaces, H is an infinite matrix, and M is a
triangle. Then, H € (X, Ypm) © MH € (X, Y).

Lemma 4.10. [11]
(1) H = (hyx) € (boo, hy) if and only if

sup Z Z dy (hnk - hn+1,k) < oo, (25)
N k [neN
31330 [l = 0. (26)

k
(2) H = (hy) € (c, hy) if and only if (6) holds, and

sup Z Z (P — hn+1,k)

n  |keK

(o)

(Z hnk] € hy. (28)
k

n=1

< o, (27)

(3) H = (hux) € (co, hg) if and only if (6) and (27) holds.
(4) H = (hyx) € (t1,hy) if and only if (6) holds, and

su
D2
Lemma 4.11. [20]

(1) H = (hy) € (£, bv) = (¢, bv) = (co, bv) if and only if

(i = e )| < 0. (29)

sup |} Y i = | < o0, (30)
NK [zeN kek
(2) H = (hy) € (6, bo) if and only if
sup Y Jine = 1] < 0. (31)
S

As one of the immediate consequence of Lemma 4.9, we characterize the matrix class (X, h4(C)) by using
Lemma 4.10, where X is any one of the space {«, ¢, ¢y or {;.
Define the matrix C7 = (cf’1 ) forall n, k € N by

no_ov-1
I
nk DZ:f [n], k

Theorem 4.12. We have the following statements:
(1) H € (£, ha(CT)) if and only if (30) and (26) hold with E;’;k instead of hyy.
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(2) H € (c,ha(CT)) if and only if (6), (27) and (28) hold with & instead of h.
(3) H € (co, ha(CY)) if and only if (6) and (27) hold with EZk instead of hyy.
(4) H € ({1, ha(CT)) if and only if (6) and (29) hold with E:’;k instead of hyy.

Proof. (1) By using the definition of the matrix C7 = (EZ ) and Lemma 4.9, it is evident that H € ({c, h4(C7))
if and only if C7 € (€, hy). The desired conclusion follows immediately by using Lemma 4.10.

The remainder of the theorem can be shown using similar arguments as in the proofs of each of the Parts
2,3and 4 of Lemma 4.10. O

Theorem 4.13. We have the following statements:

(1.) H € ({s, bv(CT)) = (c, bu(CT)) = (co, bu(CT)) if and only if (30) holds with E:';k instead of hyy.
(2.) H € (€1, bu(C")) if and only if (31) holds with EZk instead of hy.

Proof. 1t is similar to the proof of Theorem 4.12. [

Another important application of Lemma 4.9 is to characterize matrix classes from the sequence space
Xe€ {hd(C" ), bo(C1 )} to some of the well-known sequence spaces in the literature.

Define the matrix S = (s,x) by s, = 1if 1 <k < n and 0, otherwise. Then, considering M as the summability
matrix S and the Cesaro matrix C; in Lemma 4.9, we define matrices whose (11, k) entries for all 1,k € N
are given by

n

n
. 1
S = ) hacand ey = Y ~hok.

v=1 v=1
Corollary 4.14. We have the following statements:

(1) H € (hy(C1), bs) if and only if (16) and (17) hold with 3, instead of .

(2) H € (hy(CY),cs) if and only if (16), (17) and (20) hold with 3,y instead of .

(3) H € (hy(C9), cso) if and only if (16), (17) and (20) hold with 8, instead of hyy and ay = 0 for all k € IN.
(4) H € (bu(CT7),bs) if and only if (22) and (23) hold with 5, instead of hyy.

(5) H e (bu(CT), cs) if and only if (20), (22) and (23) hold with 5, instead of hyy.

(6) H € (bu(C7),csg) if and only if (22) and (23) hold, and (20) holds with 3, instead of hy and oy = 0 for all
k € IN.

Corollary 4.15. Let X, X., Xo and Xy be the Cesaro sequence spaces studied in [14, 19]. Then

(1) H € (hy(CT), Xw) if and only if (16) and (17) hold with c}qk instead of hyy.

(2) H € (hy(C7), X.) if and only if (16), (17) and (20) hold with c}, instead of .

(3) H € (hy(C7), Xo) if and only if (16), (17) and (20) hold with ¢! instead of hy and ag = 0 for all k € N.
(4) H € (hy(CT), Xy) if and only if (17) and (21) hold with c, instead of hy.

(5) H € (bo(C), X) if and only if (22) and (23) hold with c!, instead of hy.

(6) H € (bv(C7),X,) if and only if (20), (22) and (23) hold with c}qk instead of hyy.

(7) H € (bo(C7), Xo) if and only if (22), (23) and (20) hold with c}, instead of hy and oy = 0 for all k € N.
(8) H € (bv(C), Xy) if and only if (23) and (24) hold with c}, instead of hy.
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5. Compactness of operators via Hmnc

Throughout this section, Hmnc is the abbreviation for Hausdorff measure of non-compactness. For
u = (ux) € w, define

Zukfk

k

lull = sup
feB(X)

7

where we assume that the series on the right hand side exists. It is observed that u € X. Denote the family
of all bounded linear operators from Banach spaces X to Y by B(X, Y), which is a Banach space endowed

with the norm ||T|| = SUP repx) ”Tf”
Let D(X) denote the domain of X. An operator T is called compact if D(X) = X and the sequence ((T f )k)

has a convergent subsequence in Y, for every bounded sequence f = (f) in X.
Let B(fx, rx) represent the unit ball with centre f; and radius ¢, fork = 1,2, ...,n. Then Hmnc of a bounded
set Q in a metric space X is defined by

x(Q) = inf{e >0:Q Ckgl B(fi,m), ke Xne<e(k=1,2,...,n),ne ]N}.
Hmnc of any operator T : X — Y is defined by ||T1|,, = x(T(B(X))). The relation
IITll, =0 & T is compact

plays a significant role to determine the compactness of an operator between BK-spaces. We refer to
[11-13, 23-26] for studies concerning compactness via Hmnc.

In the rest of the paper the set of all finite sequences that ends in zeros is denoted by . We recall some
known results in the literature that are necessary for our investigation:

A =1, -

Lemma 5.2. [22, Theorem 4.2.8] Assume that X and Y are any two BK sequence spaces. Then, (X,Y) € B(X,Y), i.e.
every H € (X,Y) defines a linear operator Ty € B(X,Y), where Ty f = Hf forall f € X.

Lemma 5.1. [11] We have hg = bs,. Further, }

Lemma 5.3. [12, Theorem 1.23] Consider X D ¢ as a BK-space and H € (X, Y). Then

ITull = 1Hllxy) = sup [IHallk < co.
nelN

Lemma 5.4. [13, Theorem 3.7] Consider X D o as a BK-space. Then, we have the following statements:
(a) Assume that H € (X, co). Then ||Tq||, = limsup ||Hn||§( and Ty is compact if and only ifIIH,,I& =0(n — o).

n—oo

(b) Assume that X has AK and H € (X, c). Then

1. :
5 limsup ||H, — hilk < ITull, < limsup [|H, — ik
n—00 n—oo

and Ty is compact if and only if |H, — h||§( =0 (n — oo), where h = (hy) with hy = lim hy for all k € IN.
n—00
(c) Assume that H € (X, t). Then, 0 < ||Tg]|, < limsup ||Hn||§( and Ty is compact zfllHnH;f( =0(n — o).

n—o0

Lemma 5.5. [13, Theorem 3.11] Assume X D ¢ to be a BK-space and H € (X, {1). Then

t t
lim sup ZH” <|ITull, <4 - lim sup H,
r—=0e0 NeN,; neN X = NeN, neN X
t
and Ty is compact if and only if sup || Y, Hu|| =0 (r — o).
NeN, lineN X
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We write the next lemma that follows from our previous results.

Lemma 5.6. Let X be any sequence spacen and H € (hy(C7), X). Then, Z7 = (ZZk) € (hg, X) and Hf = Z9g for all
f € ha(C7), where the matrix Z9 = (ZZk) is defined as in (15).

Proof. It is straightforward from Theorem 4.1. [

Theorem 5.7. We have the following statements :

(a) Assume that H € (hy(C7),cp). Then

m
q
Zznk
k=1
(b) Assume that H € (h;(CY),c). Then

1 1 m 1 m

=1l — 1 - <||Tyll, <1 — 1 -

: lr;ljgp(dm Z [ Zkl] < ITall < lglqsgp(dm Z 20 = 2

meN = meN =

n—o0

melN

. 1
ITHll, = limsup [d_

|

where z = (zx) and z;, = lim ZZk for each k € IN.
n—00
(c) Assume that H € (hy(C7),{s). Then

m
q
Zznk
k=1
<|ITyll, < 4lim
< | Twll, < Hmszlp

(d) Assume that H € (hy(C1),{1). Then
N,
eN
Proof. (a) Assume that H € (h;(C7), cp). We have

)88
Y

k=1 \neN
for each n € IN. In the view of Part (a), Lemma 5.4, we conclude that
m

m
q

22|

k=1
1

7 _
Zznk Zk

m

+
-l = -l - g5

1
0 <|ITylly, < limsup[d—
n—oo m

meN

lim sup —
"= NeN, Gm
meN

M)2EN

k=1 \neN

1
Il ey = 12801, = 122, = i‘iﬁ(ﬁ

. 1
Tl = limsup (d—
n—oo m
melN

(b) Note that

] (32)

for each n € IN. Assume that H € (h;(C7),c). Then, in the light of Lemma 5.6, we get that Z7 € (hy,c).
Keeping in mind that ; is a BK space with AK, by Part (b) of Lemma 5.4 we deduce

1. .
3 hrfj;lp ”ZZ - z”Zd < |ITwll, < hr’is;lp ”ZZ - z”Zd

which on employing (32) yields the desired result.
(c) It is obtained in the similar way as in the proof of Part (a) except that we use Part (c) of Lemma 5.4
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instead of Part (a) of Lemma 5.4.

(d) Observe that
1 m
ZZﬂ Z‘Zq = sup[d—z ZZZk]‘ (33)
neN neN  lps,  MENUG=T [neN

Assume that H € (h;(C1), {1). Then, by applying Lemma 5.6, we get that Z7 € (hy, {1). By Lemma 5.5, we
obtain

Zzﬁ z +

neN

lim sup

< IITully <4 - lim sup Z
r—»ooNeNr

% NeN, neN

ha ha

and by (33) these inequalities imply

)

k=1 \neN

1
S| Twll, <4 hm sup —
N N

1
lim sup —
r—oo NEN,

%[z

k=1 \neN

This completes the proof. [

As a direct consequence of the above theorem, we have the following result:

Corollary 5.8. The following statements hold:
(a) Assume that H € (hy(CT),co). Then, Ty is compact if and only if

z‘gz[ L

(b) Assume that H € (hy(C7),c). Then, Ty is compact if and only if

]—>0(n—>oo)_

51151]11\31[ kZ: ]—)O(n—>oo).
(c) Assume that H € (hy(C), €w). Then, Ty is compact if
m
el L o0

(d) Assume that H € (hy(C1), £1). Then, Ty is compact if and only if

()88

k=1 \neN

— 0 (r > ).

sup — L
NeN d
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