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Regularized Asymptotics of the Solution of Systems of Parabolic
Differential Equations

Asan Omuraliev?, Ella Abylaeva®

*Kyrgyz-Turkish Manas University, Kyrgyz Republic, Bishkek

Abstract. The regularization method for singularly perturbed problems of S. A. Lomov is generalized to
constructing the asymptotics of the solution of the first boundary value problem for systems of differential
equations of parabolic type with a small parameter at all derivatives.It is shown that the asymptotics of the
solution of the problem contains 1 exponential, 21 parabolic and 2n angle boundary layer functions.The
exponential boundary layer function describes the boundary layer along t = 0, the boundary layer along
x = 0and x = 1is described by parabolic boundary layer functions.

1. Introduction

The papers [1] - [16] are devoted to the asymptotic solution of singularly perturbed systems of parabolic
equations. In [1], a system of two equations is studied when a small parameter tends to zero and the
complete degeneration of the differential operators occurs. It is shown that the asymptotics of the solution
of this system in the vicinity of the initial and boundary points contains boundary layers. Moreover, in
the vicinity of the boundary point x = 0, two boundary layers appear depending on a small parameter
of different scales. Papers [2], [3] are devoted to the study of systems of two equations of parabolic type
with nonsmooth boundary layer layers. The asymptotics of solutions of this problems were constructed
using the smoothing procedure.In [4] a system of two singularly perturbed equations of the reaction-
diffusion-transfer type is considered in the case of low diffusion and fast reactions. The asymptotics of the
solution is constructed by the method of boundary functions using the smoothing procedure. An estimate
of the remainder terms of the asymptotics is obtained using barrier functions. For the parabolic system
of two singularly perturbed equations [5] which containing different degrees of the small parameter at
the derivatives, the asymptotics of the solution is constructed, which characterized by a surge of one or
both components of the solution in a neighborhood of a point evolving with time. In the paper [6], an
initial-boundary value problem is considered for a singularly perturbed system of two parabolic equations,
which degenerates into a system of a finite equation and a first-order differential equation. For a singularly
perturbed system of two reaction-diffusion equations, a uniform asymptotics of the solution with respect to
the small parameter is constructed in [7]. The proof of the existence of the solution and the estimate of the
remainder terms of the asymptotics were carried out using the method of differential inequalities. In [8],
conditions are found on the initial functions that ensure the existence of a nonstationary const structure of
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the step type. In all the works described, an asymptotics of the boundary layer type was constructed.  In
the works described above, systems of two equations of parabolic type are studied and the n-dimensional
system, when the required function is a matrix and the second spatial derivative is a scalar function are
studied in [9]-[12]. The work [9] is devoted to the construction of the asymptotics of the boundary layer
without using the smoothing procedure when the boundary layer function turns out to be nonsmooth. The
boundary layer method [10] and the method of regularization of singularly perturbed problems [11] are
used to construct the asymptotics of the solution in the case when the limiting equation is unsolvable. The
case when the matrix is also at the second spatial derivative is studied in [12].

In this article, continuing the ideas of [12], we construct the asymptotics of the solution of an n-
dimensional system of linear differential equations of parabolic type with a small parameter at all derivatives
with matrix coefficients at the second spatial derivative. The presence of a small parameter at the time
derivative leads to the appearance of an exponential boundary layer along the time axis, as well as angular
boundary layers in the vicinity of points (0,0) and (1,0).

2. Statement of the problem
We consider the problem:
Leu(x, t,€) = edu — 2 A(x)d2u — D(t)u = f(x, 1), (x,t) €Q, (1)
Uli=0 =0, Ulx=o = ttly=1 =0,

where ¢ > 0is a small parameter, Q = (0 <x <1)x (0 <t <T), u=u(xt ) =col(uy,uy, .., ). Let be:

1. A(x) € C*([0,1],C™™), f(x, ) € C*(Q, C");
2. Roots of the equation det(A(x) — AE) = 0 satisfy the conditions: ReA;(x) > 0,A;(x) # Aj(x), Vi # j, E-
identity matrix of n -th order;

3. Real parts of the eigenvalues p;(t), i = 1,n of the matrix D(t) are non-positive, i.e. Rep;(t)) < 0
moreover p;(t) # u;(t), Yt € [0,T], i#j, i,j=1,n.
3. Regularization of the problem
We introduce regularizing variables:
1 (" a;(t) @ii(x)
i== i =—, diy=—5—, 2
R @

Y ds t
0= [ =L =12, 1212,
v b Ve e
and extended function ii (M, ¢), M = (x,t,&,1,1n) such that:

i (M/ E) |)(:G(x,t,s)E u (x/ t, 8) ’ (3)

X = (5/ T, n)r é = (511 52)/ él = (él,l/ 52,11 Y En,l) ’
P () = (91, 02), 01 = (P11 P21y s Put) , T = (T1, T2, 00 Tn)

& &

at) = (@1 (1), (), oy (), G (Xt €) = ((pe(f ) alt) iz)
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Based on (2), we find the derivatives from (3):

o1, 1y 3
Ot (x, 1, €) = [8tu + 50yl + Z ;i () afiu] )
i=1 x=G(x,4€)
2 n ’
P, (x)
oyu(x,t, €)= [z}’xﬁ + Z [”—2(95,,111]] ,
=1 =1 ¢ X=G(x,t,¢)
2
2 n ( / n
. i (x)) |1 .
Pulxt,e)=| R+ Y Rl ) L ,
1=1 i=1 =1
x=G(xt,e)

Z(Z(Pz 1 (%) axg T (P;':z (%) 9g,))-

Due to the fact that the mixed derivatives with respect to &;; and &;; do not affect the course of constructing
the asymptotics of the solution, they are not included in 9%u.
To determine (M, ¢) taking into account (1),(3) and the found derivatives we set the task:

. 1
L.ii (M, €) = —T1+ Tofl — eLefi + edil — Lyl = f(x, 1), MeQ, (4)
lt=c=n=0 = 0, #llx=0,¢;,=0 = flr=1,;,=0 = 0,

where-
n

2
Z A (le E(z’ TZ—Zuz(t d,, — D),
I=

i=

=

=A®X) )Y L, Li=A(X)Z, Q={M:(x,t) e Q& 1,n€(0,0)).

In this case, the following identity holds:
Esﬁ (M/ 8) |)(:G(x,t,£) = Lsu (X, £, 8) . (5)

The solution of the extended problem (4) will be defined as a series:

(e8]

(M, ) = Z e (M) . (6)

k=0

Substituting (6) into problem (4) and equating the coefficients at the same powers of ¢ , we obtain
the following equations:

Tiug =0, Tiur = =Toug + f (x,t), Tiup = =Touy + Lgug — sy,
Tiug = —=Toulg—1 + Lty — sty + Lytig—y, u1 =0, k>3 MeQ. (7)
The initial and boundary conditions for them are set in the form:

uk|t:’(:q=0 = 0/ uk|x:l—1,§1:0 = 0/ l = 1/ 2/ k 2 0 (8)
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4. Solvability of Iterative Problems

Each of the problems (7) has an infinite number of solutions. Therefore, let us single out a class
of functions in which these problems were uniquely solvable. Let us introduce the following classes of
functions:

U = {V(x, B VeoH =Y 000Dy (t),0i(x b € cm(ﬁ)},

i=1

2 52
U, ={Y(N): Y(N)= (N')D Ni < C i
2 {() (N) Z PUNDB (), IpU(NDI < eXp( n)}

Us=1C0H:Cleh =Y ci(xpitexp(;),cij(x, D) € C°Q)y,
ij=1

2

" &
Uy = {Wy : WMy = Z Z a)éj(Nl’.)bi (x) exp (T]'), |a)f-,j(N,l-)| < Cexp (_8_117]) )

I=1 i,j=1

From these classes of functions, we construct a new class as a direct sum:
U=Ue U Us;® U,
The function u (M) € U is representable in the form:

n

n 2
wM) =Y o (o ) eiH + Y ) pr (N b () +

i=1 =1 i=1

Z ok (x, B Pi(t) +Zwkl (NI b ()| exp (1)), NI = (x,t, &), (9)

i,j=1

A function from the class U; describes a regular term, a function from Ujs is an exponential boundary
layer along ¢ = 0, a function from U, is a parabolic boundary layer along x = 0 and x = 1, a function from
Uy is an angular boundary layer in the vicinity of points (0,0), (1,0).

The vector functions b; (x),;(t) in these classes are eigenfunctions of the matrices A(x) and D(#),
respectively:

A@)bi (x) = Ai (x) bi (x), D (&) ;i (£) = wi (i (1), i =1, n. (10)

According to condition 1) they are smooth in their arguments.

Along with eigenvectors b; (x) and ¢;(t) will be used eigenvectors as b} (x) , d: () ,i = 1, 1 of the conjugated
matrices A* (x), D* (£): _
A'b; = A () b} (x), D" () d; (t) = u; () d; ().

Moreover, they are chosen as biorthogonal:

(b: (), 5 () = 055, (i (B, 05 (1)) = 83,4, j = T, m.

By calculating the action of the operators Ty, T», ..., L¢, Ly on the function u (M, ¢) from (9) , with the
index k, taking into account the relations (10) and

1 _ Il
o) (1) = A(),(plz(x =(-1) f\/m
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we have: ,
Tue M) = ) ) {9 (N1) - 32, pt (V) +
i=1 I=1

Y [ () 2 ! () exp (5 9

j=1
or in matrix form:
2
Tyue (M) = Y B () {9 Y* (N') - 2 Y (N') +
I=1
[&,7Wk" (N’) - 8%1 Wk (N’)] exp (’[)} .
Here B (x) matrix-function (nxn) of which columns are eigenvectors b; (x) of the matrix A (x).

Below, in Section 5, it will be shown that the scalar functions pf” (N f) and a)f]l (Nf) are representable in

the form:
P (ND) = v e O 1 (En), of (NF) = g1 (e, ) I (S ),

where
|I§;il(é,-ll, )| < cexp (—%), m=1,2.

Taking into account these representations, we calculate:

Tou (M) = ) 1 (8) 0oy = D (i = = Y g, i OPi(t)+ (11)
i=1 i=1
n 2 n
Y () - i) ¢, pexp(z) = Y Y [PFNDD@bi)+
ij=1 =1 i=1

n

Y (i) = DObi(x)) w0 (x, Dexp(r))

=1

4

2 n ,
L (M) =) A@) ) {[2@,1 (B ) o (1) + 7, (0 (b (0 ¥ (v, t))] e I (&i0,m) +

=1 i=1
[z(p;,z @) (b @t (1) + ] ) (b ) (x, t))] 26,1 (€ ) exp (T]-)} ’ )
=1
dpuy = Z It (Ui (x, 1) i) + Z PX (ij(x, t)tpi(t)) EXP(T]‘)] N )
i=1 =1
2 n n
Z prf'l(Ni) + Z Qta}f’;(x, t)exp(f-[])] ,
I=1 i=1 =)

Lyu, = A(x) 8§ (0 (x, B) i(h)) + Z 8,% (ci.‘/j(x, t)) Yi(t) exp(t)) +
=1
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2 n
Y (PF D) + Y 32 (@l (NDBi(x) ) exp (1)
=1 j=1

With satisfying function uy (M) € U to boundary conditions (8):
Plem0 = v @8, pleo =0, pleyme0 =0, 1=1,2,

k1 _ k1 _ gkl kI _
w{/le):O = 0/ wi,j (xr t) |<S,-,1:0 = di‘,j(xr t)r a)i,jléuzoo = 0/

n

¢k, (x,0) = vy, (x, 0) - Z & (x,0), (14)

J=L(#0)
bi)p (NDlamir 20 = =0kl = L YD), B} (N letor,g,=0 = —¢f (1= 1, Dipich).

From the (14) we define:
b)Y (6 Dlamir = =0l = 1, OYi(8), (@1 (6, b)) L1 = =€ = 1, O0i(8). (15)

Obtaining these relationships is described in detail in Section 5.
Iterative equations (7) can be written in the form:

Thug (M) = He (M) . (16)

Theorem 4.1. Let the conditions 1)-3) be satisfied and Hy (M) € Uy ® Uy, then the equation (16) has a solution
uk(M) el.

Proof. Let be:
2 n

Z i (N + th]’ (N exp (1) [ Bi(0).
=1 i=1 j=1

With satisfying function u; (M) € U from (9) to the equation (16) and considering calculations (4), with
respect to pk Z(Nl) a)k I(Nl) we obtain the equations:

001 04) =8 ) o 4, ),
kI (nf] 2kl (N 2k (N G =
et (N}) = 9%, (NI +HE(N), i j=1,2,0m (17)
Under the appropriate boundary conditions these equations have solutions satisfying the estimates ([18],pp.81):

2

& &
k1 gl _ il k1 ngl _ il
oy, (N <Cexp[ _817]' Ip;” (N <Cexp( 817]'
O

Theorem 4.2. Let conditions 1)-3) be satisfied, then the equation (16) with additional conditions:

1. u|t:’[:q:0 = 0/ u|x:l—1,5,,-,1:0 = Orl = 1/_2/
2. —Toup_1 — Otg—s + Lytty_g € U @ Uy,
3. Lguk_z (M) =0

has the only solution in U.
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Proof. Satisfying the function u (M) € U with the boundary conditions from (8) we obtain (6) . Based
on calculations (11) — (13) condition 2. of the theorem can be written as:

Fr (M) = —Toug_q — dsttg_p + Lyutg_g = =V (F) [C"_1 (e, ) A(u) = A(p) CH1(x, t)] exp (1) —

2
Z B (x) WU (N') A () + D (5) B (x) W< (N exp () +
1=1

2
D(t) Viy (x, 1) + Z D () B (x) Y* (N') = 9, Vip (x, 1)
=1

2
Y 9 (B)YHR2) =94 (1 (5 C2 (x, ) exp (1) -

I=1

2
Z o (B (x) Wk=2/ ) exp (1) +
I

=1

2
A RVia (1) + ) AE) P (B Y (N')) +

=1

A )2 (W (5 C* (x, 1)) exp (1) +

2
Y A2 (B @) W (N'))exp (7).

=1

Hence, ensuring the fulfillment of condition 2) of Theorem 4.2, we set:
D(O)W() (1) Vier (x,D) = 95 (P(8) Vi (3, 1) — A (X) W(£)I2Vis (3, 8), (18)

W (O[C DA () = A T (0] =
=0 (W () C2 (x, 1) + A() 2 (¥ () C* (v, 1), (19)

then the right side will take the form:
2
FeM) ==Y {[B ) W (N) A (1) = D (5) B (x) W (NT) =
1=1

o (B (x) W2/ (Nl) exp(T)+
D () B (x) Y"1 (N') = 9, (B (x) Y/ (N') +

Ax) (B ) Y (N'))} € Uy ® Us.

By Theorem 4.1, the equation Tyuy (M) = Fx (M) has a solution uy (M) € U.
Ensuring condition 3) of the theorem, we put in (12):

20;,0) ()Y (5, 1)+, (Bix)y 1) = 0

2,0 (b0, t)); + )@ (b, 1) = 0. (20)
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Solving these equations under the initial condition (15), we uniquely define y;"l(x, t) and wf’((x, t).
The system (19) is solvable if the diagonal elements of the right-hand side satisfy the following relations:
9ck? (x, 1) + yii (B 7% (x, 1) =

n

Zﬁkz (OB @ - Yy d2 (), (21)

k=1k+i

ik ®) = (¥ (O, 01 (), Bix ) = (A i (B, ().

From the equation (21) with the initial condition from (15) we define ci.‘l.‘z(x, t). This ensures the
decidability of the system (19).

Equations with respect to Y*/ (N l) and Wk (N l) with free term Fy (M), by Theorem 4.1 they are solvable
and their solutions under the boundary conditions from (14) are representable in the form:

&,
pif’l (Nf) (x, 1) erfc( \/lﬁ) +I§"l (Nf),

a)f]l (Nf) (x t)erfc( é\l/l_) Ikl<Nf)

“0-se ) ) j—[ (fm—))]*’((fm)))

10952 [ G e )

In this case the following estimates are valid [14] pp.81:

dsdz,

dsdz.

2
il

|sz1 (Nl’)| < cexp (—%],
Ikl(N7)| < cexp (—i—%],

Thus, the function is uniquely determined uy (M) €

5. Solution of iterative problems

The iterative equation (7) at k = 0 is homogeneous, therefore, by Theorem 4.1, it has a solution
g (M) € U. With substituting 1 (M) from (9) into equation (7) atk = 0, based on calculations (15), with

respect to p?’l (Nl) and w?’].l (Nl), 1=1,2, i,j>1,2,..,n we obtain scalar equations:
dpy (N') = 9% p (N,

Iywi(N') = 9%l {(N),
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solving the above equations under the boundary conditions:
P Nly=o = 0, P (NDley=0 = ' (1),

J] - A
@} (NDly=0 = 0, @i (N)le, =0 = 4 (x, ),

we find:
p?'l(Nl) = (x f) erfc(zé\l/l_)
a)g’],l(Nl) = q” (x, 1) erfc( 5\1/1_)

To uniquely determine 1 (M) we apply conditions 1) -3) of Theorem 4.2. The condition 3), i.e. Lsug (M) =0
is equivalent to solution of the problem (20), (15), whence we define:

bi)y> (x, £) = v;0(1 = 1, v (xX)pi(),

®;,0)

bit)wy] (6, ) = vig@)el (L= 1, HPi(t), vii(x, £) = = ey

Taking into account the last relations, we calculate:

Fi(M) = =Toup(M) + f(x,1) = = Y u(t)x, 0 + D(E)itg =
j=1

n n

2
[cgj(x, ) (i(t) = (O () - Z (OB (x, B + DOb(x)(x, t))erfc( 5\/’_)}
1 =1

i=1 j=

n

(22)

2
exp(t)) + Z(u Ot ) + Y Y DObY (x, t)erfc( \F) =
1=1 1

i=

&,
_;[u,(t) ui(H) e (x, t)+Z ui(®) = i) el = 1t)v11(x)erfc(2\/’_)lx

n

2
Yi(H) exp(t)) + 2 i itoio(x, )+ ) Y uiBvii(viol = 1,0y (t)erfc( 5\/1_)
I=1 i=1

" Z (£ 0, 950) o).
i=1

To ensure that this function belongs to the class U, ® Uy, we set (yj(t) - yi(t)) cg].(x, t) = 0, vip(x,t) =

—ﬁ ( flx, 1), ij(t)). From here we define that: c?].(x, t) = 0,Vi # j, and the function c?i(x, t) is still arbitrary
and it will be defined in the next step. Taking into account that Lsuo(M) = 0, the free term of the iterative
equation (7) for k = 2 can be represented in the following form:

Fo(M) = =Thuy — dyug =

_Z (1t = (D) (x, 1) +Z(H1(t) uiO)Wvin)e; (-1, terfc( Eil )}x
i,j=1 \/ﬁ
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Pilt) exp(r)) + ) wBPi(Hoia (x, H+

i=1

n

MN

[Jz(t Vzl(x)vzl( -1, t)lnb () ETfC( é\l/l_)

=1 i=1

=

Irv;0(x, £) + [&cgj(x, Bexp(zi) + Y (i), ¥i() (vj0(x, ) + exp(r))ed (x, t))] wi(H-

j=1

1l
—_

2

Z { tp?’l(Nl) + Z Bta)OI(Nl) exp(t))

=1 i=1 j=1

=

il 5)

By assuming

(1) = pi®) ek e, 1) = Y @i, i), ),

j#i

uiBon (5, £) = =dvi0(x, ) = Y (¥, ¥i(1) Do (x, B,

m=1

0= (i, v ) iix, by =

we ensure that the function belongs to F»(M) € U, ® Us. From these equations we define c}j(x, ) =0,Vi#
j,vin(x, t), the function c}i(x, t) is arbitrary. We solve the last equation under the initial condition:

C?,i(xr Bli=o = —vi0(x,0).

By this completely the main term of the asymptotics is uniquely determined.
Then the process is repeated, but when solving the iterative equations (7) in free terms Fi(M) should

be switched from v,-l(x)cfj(l — 1, 0)¢i(t) and vy(x)og(l — 1, HYi(t) to bi(x)y (x t) and b; (x)q !(x,£). Thus, we
construct all the members of the partial sum:

k=0
6. Estimation of the remainder term
Let’s substitute the function
n+1
UM, €) = tien(M) + €™ 'Ry (M, €) = Z e up (M) — " M (M) + IR, (M, €) (23)
k=0

into the extended equation (4) . Based on (7) with respect to the remainder R, (M, €) we obtain the equation:

2 4
LRey(M) = ~Tothyr(M) = Y 7 0htty1 + Y 7 Lattyer s + Lettyn (M) = gu(M, €). (24)
1=1 =1

In the equation (24) we make a narrowing through regularizing functions, then introducing the notation:

Rs,n(x/ t, 5) = Rs,n(M/ 8) ‘X:G(x,t,s) ’ gn(X, te) = gn(Mr E) |)(:G(x,t,e)
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and based on (5), we get:

=0, I=1,2

Lé'Ré‘,n(xr tl E) = gn(x/ t/ 8)/ Ré‘,i’llt:() = Re,n =]—

Using the representation:

Ul = Z Uns1,i(x, 1) + Z "“(x t)exp( it )) Yi(h)+

2 n

5 24§ 2 (22

=1 i=1 =1

we calculate the action of the operator L. u,+1. The functions vy,41,i(x, t), CZ;'l (x, t) included in the first sums are
determined from equations (18), (19) under corresponding initial conditions from (14). Based on conditions
1), 2) they are bounded V(x,t) € Q,i,j = 1,2,..,n. The functions p;?” (o), cuzi”’l(O) included in the second
sums are defined in Theorem 4.2 and they contain the following integrals which bounded in the domain Q:

/ pu _ ) 2
f 3H() ((pi’l(x) - s) %) exp —( - s) dsdz| < ce exp (— —(Pl'l(x)],

82 52 4(iiz B Z) 8€2t
‘PLS‘) -5 ’ @7,(%)
f éH( exp _% dsdz <ceexp(— Slizt )

By analogy with [19] (pp. 72), in thls problem we pass to the Euclidean norms, we obtain the scalar
equation:

eoir(x, t, &) — e3a(x)8§r(x, te) —dt)r(x, t, €) = |gu(x, t, €)l,
r(x, t,€) = [Ren(x, t, €)l, a(x) = |A@)I, d(t) = ID@)II.

Further, repeating the arguments of Theorem 2.1 from [21], we obtain an estimate of the form (2.12) from
[21]. In view of the above estimates and the form of the constructed asymptotics, we have: |g,(x,t, €)| < ¢,
taking into account estimate (2.12) from [21], we obtain the following estimate:

[r(x,t,€) <c Y(x, 1) €Q, ¢>0.
This inequality can be proved by the method of [20].

Theorem 6.1. Let condition 1)-3) be satisfied, then for the solution of the system (24) for any x,t € Q and
sufficiently small € > 0 the following estimate is valid:

1 1
llu(x, t, €) = ten(x, £, )l < € lIRen(x, 8, €| < ce™
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