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Some New Sequence Spaces in n—Normed Spaces Defined by a
Museliak-Orlicz Function
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Abstract. In this paper, we introduce some new sequence spaces in n—normed spaces defined by Museliak-

Orlicz function. Also we investigate some topological properties and inclusion relations between these
spaces

1. Introduction

Let w be the set of all sequences of real or complex numbers and IN, R and C denote the set of positive

integers, set of real numbers and complex numbers, respectively. Also let £, and c be respectively the

Banach spaces of bounded and convergent sequences x = (x;) with the usual norm [[x|| = sup|xwl. A

sequence x € { is said to be almost convergent if all its Banach limits [1] coincide and the set of all almost

n
convergent sequences is denoted by ¢é. Lorentz [10] proved that x € ¢ if and only if lim 1 ¥’ xi.,, exists
n k=1

uniformly in m.

Maddox [12, 13] defined x to be strongly almost convergent to a number L if
1 n
lirlln - kZ:; [Xk+m — LI = 0, uniformly in m.

By [¢] we denote the space of all strongly almost convergent sequences. It is easy to see thatc C [¢] C ¢ C (.
In [3], Das and Sahoo defined the sequence spaces

1 v . .
W) = {x —] ;(tkm(x) —L) — 0asn — oo, uniformly in m, for some L}

and

1 v . .
W] = {x . p— kz:; |txm(x) — L| = 0 as n — oo, uniformly in m, for some L}
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where t,(x) = W

An Orlicz function M : [0, c0) — [0, o0) is contiuous, nondecreasing and convex with M(0) = 0, M(x) > 0
for x > 0 and M(x) — o0 as x — oo.

Lindenstrauss and Tzafriri [11] used the idea of an Orlicz function to define the following sequence
space

fM:{xew:ZM(%)<oo, forsomep>0}

k=1

which is called an Orlicz sequence space. The space £y is a Banach space with the norm

Ix]] = inf{p >0: ZM(%) < 1}.
k=1

It is shown in [11] that every Orlicz sequence space £ contains a subspace isomorphic to £, (p 2 1). An
Orlicz function M satisfies the A,-condition if and only if for any constant L > 1 there exists a constant K(L)
such that

M(Lu) < K(L)M(u) for all values of u > 0.

Subsequently Orlicz sequence spaces have been studied by Parashar and Chaudhry [19], R. Colak, M.
Et and E. Malkowsky [2], Nuray and Gulcu [18], B. C. Tripathy and S. Mahanta [21]. Esi and M. Et [4], E.
Savas [20], Bhardwaj and Singh [1], Mursaleen, Mushir A. Khan and Qamruddin [17] and many others.
Let A = (A,,) be a nondecreasing sequence of positive numbers tending to co and A1 <A, +1, A1 = 1.
The generalized de Vallée-Poussin mean is defined by

1
tn(x) = /1_ Z xk/
n kel,

where I, = [n— A, +1,n].
A set of sequences x = (xx) which are strongly almost (v, A)-summable was defined by Savas [20] as

[9,A] = {x = (x¢) : lim )\i Z [Xk+m — L| = 0, for some L, uniformly in m}
n kel,

Recently, R. Colak, M. Et and E. Malkowsky [2] defined the strongly almost (W, A) summable sequences
by using an Orlicz function as follows:
A sequence x = (x) is said to be strongly (W, A)-summable to L, if

1
lim — Z [txm(x) — L] = 0, uniformly in m.
" /\” kel,
In this case we write
.1 . .
[WA]l={x=(x): lim — Z [tm(x) — L] = 0, for some L, uniformly in m
" An kel,

for the set of sequences x = (xx) which are strongly (W, A\)-summable to L; this is denoted by xx — L[W, A].
Let M be an Orlicz function and p = (px) be any sequence of strictly positive real numbers. We define

.1 |t () — LI\ | . .
[WA,M,p]l={x=(x): lim — [M(—)} = 0 uniformly in m,
=t 3 22 ,
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for some L and for some p > 0},

Pk
W, A, M, plo = {x = (xz) : lim /\i Z [M('tkmp(x)')] = 0 uniformly in m, and for some p > O} ,
n n
kel,

Pk
[W,A,M,ple = {x = (%) : sup /\i Z [M('t’m‘:ﬂ)] < oo for some p > 0}.

n
mn kel,

The concept of 2-normed spaces was initially introduced by Gahler [5], that of n—normed spaces was
introduced by Misiak [15], and this concept has been studied by many authors ([6-8]).

Let n € N and X be a linear space over the field R of dimension d, where d > n > 2.
A real valued function || - - - || on X" that satisfies the following four conditions:
(@) llx1, x2,- -+ , x4l = 0 if and only if x1,x3, - - -, x, are linearly dependent in X;
(if) [lx1, x2, - -+ , x4 is invariant under permutation;
(iii) lleext, x2, -+, Xull = lalllcy, x2,- -+, x| for any a € R;
Av) llx +x', x0,+++, xull < Ml x2,+, xall + 17, X2, -+, xall;
is called an n—norm on X and the pair (X, |- - -, [|) is called an n—normed space over the field IR.

For example, we may take X = R" being equipped with the n—norm |[x1,xz, -+, x4|[g = the volume of
the n—dimensional parallelepiped spanned by the vectors x1,x,--- , x, which may be given explicitly by
the formula

”xl/ X2," " /x‘rl”E = |det(xij)|/

where x; = (xi1, X, Xin) € R" foreachi=1,2,--- ,n.
Let (X, l.., .., |) be an n—normed space of dimensiond > n > 2 and {a1, 4, - - - ,a,} be a linearly independent
set in X. Then the function ||.., .|l on X"~! defined by

[Ix1, %2, -+, Xu-1llo = max{llxy, x2, -+ - Xp1,aill;i = 1,2,3,--- ,n}

is called an (1 — 1)-norm on X with respect to {a1, a2, - - - a,,}.
A sequence (x¢) in an n—normed space (X, [l.., ..,, |) is said to converge to some L € X if

%im llxx = L,z1,- -, zn—1ll = 0 for every z1, 2y, ..., z4-1 € X.
—00

A sequence (xx) in an n—normed space (X, ||.., ..., ||) is said to be Cauchy if

klim llxx = xp, 21, -+, Zy-1ll = O for every z1, 2y, ..., 2,1 € X.
,p—)(X!

If every Cauchy sequence in X converges to some L € X, then X is said to be complete with respect to the
n—norm. Any complete n—normed space is said to be an n—Banach space.

Let X be a linear metric space. A function g : X — R s called paranorm if
(i) g(x) =0, forall x € X
(ii) g(—x) = g(x), forall x € X
(iif) g(x + y) < g(x) + g(y), for all x, y € X
(iv) If (o) is a sequence of scalars with &, — a asn — oo and (x,) is a sequence of vectors with g(x, —x) = 0
as n — oo then g(a,x, —ax) - 0asn — oo,

A sequence space X is said to be solid (or normal) if (a;xx) € X whenever (x;) € X, for all sequences (ay)
of scalars with |ax| <1 for all k € IN.

Lemma 1.1. ([9, p. 53]) A sequence space X is normal implies that X is monotone.

A sequence M = (M) of Orlicz function is called a Museliak-Orlicz function ([14, 16]). A sequence
N = (Ny) with

Ni(v) = sup{lvlu — My(u) : u >0}, k=1,2---
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is called the complementary function of a Museliak-Orlicz function M. For a given Museliak—Orlicz
function M, the Museliak—Orlicz sequence space t and its subspace h, are defined as follows:

tpm = {x € w: Ipm(cx) < oo for some ¢ > 0},
hap = {x € w: Ipm(cx) < oo forall ¢ > 0},

where I is a convex modular defined by

Iy = ZMk(xk), x = (xx) € tpm.
k=1

We consider ¢ equipped with the Luxemburg norm

]l = inflk > 0 : Iy, (%) <1)

or equipped with the Orlicz norm
I = inf{% (1 + Iy(kn) - k > o}.

A Museliak-Orlicz function M = (M) is said to satisfy the Ar—condition if there exist constants 4, K > 0
and a sequence ¢ = (¢r);2, € {; (the positive cone of ) such that the inequality My (2u) < KM (u) + ¢, holds
for all k € N and u € R, whenever M (u) < a.

The following inequality will be used throughout the paper :

Let p = (px) be a positive sequence of real numbers with infy py = h, sup pr = H and K = max({1, 2H-11 Then
k

for all ai, by, € C, for all k € N, we have
lax + bl < K{laglP* + [byl*} *)

and for A € C, |A]Px < max{|A[", |A|F).

The main purpose of this paper is to introduce some new sequence spaces by using a Museliak-Orlicz
function in n-normed spaces. Also we investigate some topological properties and inclusion relations
between these spaces.

2. Some new sequence spaces

Let w(n — X) denote X—valued sequence spaces defined in an n-normed space (X,||---,---|). Clearly
w(n — X) is a linear space under addition and scalar multiplication.
Let M = (M) be a Museliak—Orlicz function and p = (px) be a bounded sequence of positive real
numbers. We define for some p > 0
Pk
bn® )] 0o
P

uniformly in , m for some p > 0},

tkm(x) -L )]Pk =0
p

for some L, uniformly in m, for some p > 0},

)r" <oo

trem (x )

R |
[W,A,M,P,H"‘”]O:{xew(n_X):h,IlnA_Z Mk(

n kel, -

721, 1 Zn-1

1]
[w,A,M,p,n---u]={xew<n—X):h,gnA—Z My

" ker, L

——

e (x) z

p

s /Zl’l—l

—_

1
WAMp, - = {xe w(n = X): SUPA_Z[Mk(
kel,

mn n
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for some p > 0}.

Clearly the inclusions [W, A, M, p, |-~ lllo € [W,A, M, p,|I---1I] € [W,A, M, p, |- - - |l]e hold.
If the sequence x = (xx) is convergent to the limit L in [W, A, M, p, || - - - ||], then we write

WA Mp, - |l] - limx = L.

If we take py = 1 for all k € IN, then the sequence spaces [W,A, M,p,II---lllo, WA M,p, -1,
(WA, M, p, -+ llleo reduce to [W, A, M, |1+« [llo, [W, A, M| -+ -II], W, A, M, I - - - [ @s follows :
tﬂl
k (X)/Z

et

uniformly in m, for some p > 0},

-

for some L, uniformly in m, for some p > 0},

e (x) )] < 00
‘0 7

for some p > 0}.

1, /Zn—l

[W,A,M,“...H]O:{xea)(n—X):lirr’nAiZ[Mk(

" kel n

A /Zn—l

o1
WA, M- :{xea)(n—X):hinA—n;[Mk(

() —L
tim (%) .
p

21,0 1 Zp-1

1
[w,A,M,nwu]w—{xew(n‘x)‘i‘f A_;[M"(

Further if we take M(x) = x and p = 1 we get the following sequence spaces:

WAl = {x € wln=X):Tim - Y [(ltn) 21,7+ 2011D] =0

n kel,

uniformly in m},

o1
WAl 11 = {x € w(n = X) :Tim — Y [(ltn(x) =L, 21, , Z4al)] = 0
" /\” kel,

for some L, uniformly in m},

n kel,

WA e = {x € w(n - X) : sup /\l Z [t (x), 21, -+, zZualD)] < 00}-

3. Main Results

Theorem 3.1. Let M = (M) be a Museliak—Orlicz function, p = (px) be a bounded sequence of positive real numbers.
Then the sequence spaces [W, A, M, p, || -+ Illo, W, A, M, p, || - - [l and [W, A, M, p, || - - - [ are linear spaces over the
field R.

Proof. We consider only [W, A, M, p, |- --|l[]. The other cases can be treated similarly.
Letx,y € [W A, M,p,|l---|l] and «, B be scalars. Then there exist L1, L, € X and positive real numbers p1, p»
such that for every z;,- -z, € X

1 tim(ax + By) — (aL1 + BL2) )r
T M 721, 1 Zn—
A k&[ "( lalp1 + [Blp: ! ! p
1 |evlps trm(x — Ly) 1Blp2 teom(y — La) )] k
< - M 721, 1 Zn— 721,00, Zn—
o 5 N g | A
- d tim(y — L k
SKLZ[M;(( M,ZL'“,Z;H )] +KlZ[Mk( M,ZL“',Z;H )] -0
An kel, P1 An kel, P2

as n — oo uniformly in m.
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Therefore, (ax + By) € [W,A, M,p,||---|l]. This proves that [W, A, M, p,||---||] is a linear space. [

Theorem 3.2. Let M = (M) be a Museliak—Orlicz function, p = (px) be a bounded sequence of positive real numbers.

Then the sequence space [W, A, M,p, ||+ e is a paranormed space for some p > 0 and h > 0 with respect to the
paranorm defined by
1/H
Pk
g(x) = inf pp“/H ;| sup i Z [Mk( M,zl,'-- , Zn—1 )] < oo,
mn An keI, P

Proof. Clearly g(—x) = g(x) and g(6) = 0 where 6 = (0,0, - - - , 0) is the zero sequence.
Letx,y € WA, M, p, 1l ]l Also let
Pk
)] < oo} ,
and

A(x)z{p>0:AiZ[Mk
1 P
A(y):{p>O:A—Z[Mk( )] <oo}.
”kel,,

n kel,
Let p; € A(x) and p, € A(y). By using Minkowski’s inequality for p = (px) with px > 1 for all k, we have

121/' o /Zn—l

(tkm (.X)
P

tkm (y)

721,00 1 Zn-1

N e 1
- K\W\———— 21, /Zn1
An =2 p1+ p2
1« o () fon(¥) pe\
e L p1+ P2 P1 p1+ P2 (%)
1/H
tim Pe
S i pl k( tk”/l(x)/zlr" : /Zn—l )+ p2 Mk( £ (y)/zll'” /Zn—l )]
An &5t LP1+ p2 P1 p1+p2 P2
, 1/H 1/H
tim Pr tem Pr
L Mk( b L )] N Lz[Mk( o) o, )] < oo,
A kel, b p1 /\n kel, P2

Thus

g(x +y) = inf{(p1 + p2)""/" : p1 € A(x) and p; € A(y))
<inflpl"™ : py € A} + inf{ph "™+ pr € A(Y)) = g(x) + g(y).
For the case 0 < p = (px) < 1 with 0 < px < 1 for all kK, we have g(x + y) < g(x) + g(y) from (*).
Finally we prove that the scalar multiplication is continuous. Whenever ¢ — 0 and x is fixed imply
g(ax) — 0. Also, whenever x — 6 and « is any number imply g(ax) — 0. By using the definition g, we get

Iy

Frem (ax)

lzll' o /Zn—l

n kel,

g(ax) = inf {p”"”’ : [% Y. |Mk(
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i7"

where o = p/a. Since |a|’* < max{|a|", |a|f'}, therefore |alP/H < (max{la|", |a|"})'/H. Then

(max fla, o))" x y
I

1

3 pn/H N

1nf{a '[/\n Z[Mk(
kel,

Theorem 3.3. Let M = (My), M' = (M}) and M” = (M}/) be Museliak-Orlicz functions. Then the following

statements hold:

(i) Let 0 < h < px < 1 for all k. Then

Then,

g(ax) < inf {(ao)’”"/H : [% Z [Mk(

e (x) z
o

1, /Zn—l

n kel,

IA

g(ax)

e (x )

721, 1 Zn-1

(max{la", la") " g(x), h > 0.

This completes the proof. [J

WAMp Ao S WMo, WAMp TS WA M-I
(ii) Let 1 < py < H < oo for all k. Then

WAMA--1lo € WA Mp I Mllo, [WAMIL---1T S WA Mp, - 1]
(iii) Finally

WAM,p -1l 0 IWAMp - llle € IWAM + M7, p, -l

Proof. (i) We shall prove the result for the space [W, A, M, p, || - - - |llo- The other cases can be treated similarly.
Letx € [WA, M,p,Il---Illo, 0 < h < px < 1for all k. Then

Lzl )< 5 Zlw

kel, " kel,

tem (X) tm (x)

p

rzll"'lznfl Izll'.'lzn*]

Pk
)] — Qasn — oo,

uniformly in m.

Hence [W,A, M, p,[I---llo € [W, A, M, |- 1l]o.
(ii) Let 1 < pr < H < oo forall kand x € [W,A, M, ||---|lo]. Then for each 0 < € < 1 there exists a positive
integer m such that

1 [ tim
/\_Z Mk( k (x),zl,---,zn_l )]<e<1forallm>m0.
n kel, b
This implies that
1 [ Hem (x P e (x
A_ZMk( k—()/ 1,°°° 7 Zn-1 )] SA_Z[Mk( k ()1211”'1271—1 )]
n kel, - P n kel, P

Therefore x € [W, A, M, p, || ---Illo, for each p > 0. Hence [W, 4, M, II---IlTo € [W, A, M, p, I|---Illo.
(iif) Suppose that x € [W, 1, M, p, [I--- Il N [W, A, M, p, |- - [llo- Then

L T

n kel,

Fem (x )

lzll' o /Zn—l
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m t m pk
= i [M ( tk (X)rzlr e /Zn—l ) + M;(I ( k (x)lzll e /Zn—l )]
An p
kel,
1 A es) o (1]t (x) a
SK/\—HZ [Mk(’”T,zl,--.,zn_1 )] +I<—§ [M ( - zea||| —0
kel, kel,

as n — oo uniformly in m.
Thus x € [W,A, M+ M”,p, ||+ |llo- This completes the proof of the theorem. [
Theorem 3.4. The sequence spaces [W, A, M, p, |-+ llo and [W, A, M, p, |l - - - ll]e are solid.

Proof. We give the proof for [W,A, M, p, |- - - l]o-
Letx € WA, M, p, |-+ lllo and @ = (ax) be any sequence of scalars such that |ax| < 1 for all k € N. Then we

have
ton (%) T ZE)) "
/\ Z[ ( 721, s Zn-1 )] SA_nZ Mk 721,70 s Zn-1 _>0
kel, kel,
as n — oo, uniformly in m.
Hence ax € [WA, M,p,|l---lllo for all sequences of scalars (ax) with |ag| < 1 for all k € IN, whenever

x € [WAM,p,ll--llo- Hence the space [W,A, M, p, |- --|l]o is a solid sequence space. [
Corollary 3.5. The sequence spaces [W, A, M, p, || ---|llo and [W, A, M, p, |- - - ||l are monotone.

Proof. The proof follows from Lemma 1.1. [J
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valuable suggestions which improved the presentation of the paper.
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