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Abstract. In this paper, our interest is devoted to study the convex combinations of the form (1 —A)f + Ag,
where A € (0,1), of biholomorphic mappings on the Euclidean unit ball B” in the case of several complex
variables. Starting from a result proved by S. Trimble [26] and then extended by P.N. Chichra and R. Singh
[3, Theorem 2] which says that if f is starlike such that Re[f’(z)] > 0, then (1 — A)z + A f(z) is also starlike, we
are interested to extend this result to higher dimensions. In the first part of the paper, we construct starlike
convex combinations using the identity mapping on B" and some particular starlike mappings on B". In
the second part of the paper, we define the class £} (IB") and prove results involving convex combinations

of normalized locally biholomorphic mappings and Loewner chains. Finally, we propose a conjecture that
generalize the result proved by Chichra and Singh.

1. Introduction

Let C" denote the space of n complex variables z = (z1, ..., z,) with the Euclidean inner product (z, w) =
Z']Ll zjw; and the Euclidean norm ||z|| = V(z,z), for all z,w € C". Also, let B" denote the Euclidean unit ball
in C". In the case of one complex variable, the unit disc B! is denoted by U.

Let H(IB") denote the set of all holomorphic mappings from B" into C". If f € H(IB"), we say that f is

normalized if f(0) = 0 and Df(0) = I,, where Df(z) is the complex Jacobian matrix of f at z and I, is the
identity operator in C". Let

S(B") = {f € H(B") : f is normalized and univalent }

be the set of all normalized biholomorphic mappings on B".

A mapping f € S(B") is called convex (starlike) if its image is a convex (respectively, starlike with respect
to the origin) domain in C". We denote by

K(B") = {f € S(B") : f(B") is a convex domain in C”}

the class of normalized convex mappings on B" and by

S*(B") = { f € S(B") : f(B") is a starlike domain with respect to zero in C"}.
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the class of normalized starlike mappings on B”. In the case of one complex variable, the sets S(U), K(U)
and S*(U) are denoted by S, K and S*.
If f € H(B"), we say that f is locally biholomorphic on B" if J¢(z) # 0, for all z € B", where J¢(z) =

det (D f (z)), for all z € B". We denote by
LS,(B") = { f:B" = C": fis normalized and locally biholomorphic on ]B"}

the set of all normalized locally biholomorphic mappings on B". If n = 1, then £S;(B!) is denoted by LS.
Another important class of normalized holomorphic functions on the unit disc U is the Carathéodory
class (for details, one may consult [4, Chapter 2], [9, p. 27] or [22, Chapter 2]), denoted by

P ={p e HU) : p(0) = 1and Re[p(0)] >0, CeU}.
In the case of several complex variables, we use the family
M(B") = {h € H(B") : h(0) = 0, Dh(0) = I,, and Re(h(z),z) > 0,z € B" \ {0}}

of normalized holomorphic mappings on the Euclidean unit ball. It is important to mention that the class
M(B") plays the role of the Carathéodory family in C". This class will be very important in the section that
contains remarks about Loewner chains and Herglotz vector fields. For more details, one may consult [6],
[8], [9], [16], [20] and [23].

Next, we recall the notions of Loewner chain and Herglotz vector field on the Euclidean unit ball in C".
We will use these notions to prove that (under some particular assumptions) the convex combination of
two Loewner chains is also a Loewner chain.

Definition 1.1. (see e.g. [9, Definition 8.1.2] or [11, Definition 1.11): A mapping L = L(z,t) : B" x [0,00) — C" is
said to be a Loewner chain (normalized univalent subordination chain) if the following conditions hold:

1. e”'L(-,t) € S(B"), for all t € [0, 0);
2. L(B",s) C L(B"t), forall0 <s <t < oo.

Definition 1.2. (see e.g. [9, Chapter 8]): Let h : B" X [0, c0) — C" be a mapping. We say that h is a Herglotz vector
field if the following conditions hold:

1. h(-,t) € M(B"), for all t € [0, c0);
2. h(z,-) is measurable on [0, 00), for all z € B".

The following theorem gives a sufficient condition for a mapping L = L(z, t) to be a Loewner chain (see
[6, Lemma 1.6], [11], [14, Lemma 2.3] or [20, Theorem 2.2]).

Theorem 1.3. Let L = L(z,t) : B" X [0, 00) — C" be a mapping which satisfies the following conditions:
1. L(-,t) € H(B"), L(0,t) = 0 and DL(0, t) = €'y, for all t € [0, c0);
2. L(z,-) is locally Lipschitz continuous on the interval [0, co) locally uniformly with respect to z € B".

Assume that there exists a Herglotz vector field h : B" X [0, c0) — C" such that
JdL "
E(z, t) = DL(z,t)h(z,t), ae te€][0,00), zeB"

Moreover, assume that {e‘tL(-, t)}t>0 is a normal family on B". Then L(z, t) is a Loewner chain.
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The connection between the class S and the Loewner chains in the case of one complex variable is given
by a result due to Pommerenke (see e.g. [9, Theorem 3.1.8]) which says that any function f € S can be
embedded as the first element of a Loewner chain (i.e. for each f € S, there exists a Loewner chain L(C, t)
such that L(C,0) = f(Q), for all C € U).

This result is no longer true for the class S(B"), and by this reason I. Graham, H. Hamada and G. Kohr
(see [6]) defined the class

S'B") = {f € S(B") : A L(z, t) a Loewner chain s.t. {e”'L(-, t)}s0 is a normal family on B" and f = L(-,O)}

of normalized univalent mappings which have parametric representation on B". It is clear that S°(B!) = S
(see [22]), but S°(B") & S(B"), for n > 2 (see [6] and [9]). For details, one may consult also [6], [9, Chapter 8]
and [11].

2. Remarks on convex combinations

An interesting fact about the class of normalized univalent functions on the unit disc U in C is that the
class S is not convex. Namely, starting from two normalized univalent functions on the unit disc even the
average of these functions does not necessarily belong to S. To show this, we present two examples in the
case of one complex variable (see e.g. [4], [12] or [18]) and one example on the Euclidean unit ball in C? (see
e.g. [9] or [16]).

Example 2.1. (see e.g. [4, Exercise 3, Chapter 2]): Let

c

arop U

f(O) = and  g(C) =

_t
(1-0y
Then h = (f + g)/2 does not belong to S.

In Example 2.1, the functions f and g are not only normalized and univalent - they are even starlike on
the unit disc U. However, the function # is not starlike on U (in fact, & is not even univalent on U). Hence,
f,g €S, buth ¢ 5" because h ¢ S. Another important example was given by MacGregor in [18, Section 3].
He proved that the linear combination of two convex functions is not necessarily univalent on the unit disc.

Example 2.2. (see [18, Section 3]): Let

_c o
f(C)—m and g(C)—1+iC, Cel

Also let h(C) = tf(C) + (1 = t)g(C), for all 0 < t < 1. Then h is not univalent in U for each t € (0, 1).

In the previous example, f, g € K are convex functions, but / is not univalent on U because there exists
apoint zg = (a +1i)/(a + 1) € C with |zg] < 1, where a = /(1 -1#)/t, 0 < t < 1 such that h’(zp) = 0 (for the
complete proof, one may consult [18, Section 3]).

Next, we can extend the statement of Example 2.1 to the case of several complex variables. For n = 2,
we obtain the following example (considered in [9, Problem 6.2.3] and [16, Problem 4.3.4]):

Example 2.3. (see [9, Problem 6.2.3]): Let

21 21 22

f(z)‘((1—z1)2’(1—z2)2) and g(z)_((1+zl)2'(1+zz)2

), z=(z1,22) € B2

Then h = (f + g)/2 is not starlike on the Euclidean unit ball B*. In fact h does not belong to S(B?).



E.S. Grigoriciuc / Filomat 36:16 (2022), 5503-5519 5506

Remark 2.4. We can also analyze the convex combination between the mapping f(z) = =5z, for z € B" and one of
the mappings 9(z) = g3 ot 9(2) = gop. forz = (21, ..., 2x) € B". Similar arguments like in the previous examples
will show us if the mapping h = (f + g)/2 is starlike or not on the Euclidean unit ball B".

Although linear combinations of univalent functions are not always univalent (for more details about
these results, one may consult [2], [12], [15] or [18]), there exist subclasses of the class S that satisfy this
condition (see [3], [19] or [26] in the case n = 1). The goal of this paper is to extend in the case of several
complex variables a result proved by PN. Chichra and R. Singh in [3, Theorem 2] for the case of one complex
variable. This result shows that the convex combination between a starlike function with positive real part
of the derivative and the identity function is also starlike on the unit disc U, as it follows:

Theorem 2.5. Let A € [0,1]. If f € S* and Re[f'(C)] > O, for all C € U, then
h(C) = (1 -A)C+Af(C) (1)
is starlike with respect to zero in U and Re[h’(C)] > 0O, for all C € U.

In the case of several complex variables we start with some particular forms of the mapping f in order
to construct convex combinations which are starlike on the Euclidean unit ball B”. Like in the case of result
proved by Chichra and Singh, we also consider convex combinations between a starlike mapping and the
identity map in C". First, we prove a general result for normalized locally bihomomorphic mappings on
B" which satisfies some additional conditions in order to obtain the starlikeness of the convex combination.
Then, in the final part, we propose a conjecture which generalize Theorem 2.5 in the case of several complex
variables.

3. Preliminary results

Next we present some important results the will be used in the proofs of the main results from this
paper. We recall, without proofs, the analytical characterization of starlikeness in C" (proved by Matsuno,
see [17] or [9, Theorem 6.2.2]; see also [5] and [25]), the connection between Loewner chains and starlike
mappings (see [9, Corollary 8.2.3] or [21, Corollary 2]) and also some important criteria for univalence in

n

Theorem 3.1. Let f : B" — C" be a locally biholomorphic mapping such that f(0) = 0. Then f is starlike if and
only if

Re([Df(2)] ' f(z),2) >0, zeB"\{0}. 2)

Using Theorem 3.1 we can prove that a locally biholomorphic mapping with f(0) = 0 is starlike on the
Euclidean unit ball B". Another important characterization of starlikeness was given by Pfaltzgraff and
Suffridge (see [9, Corollary 8.2.3] or [21, Corollary 2]) in terms of Loewner chains.

Theorem 3.2. Let f : B" — C" be a normalized locally biholomorphic mapping on B". Then f is starlike on B" if
and only if L(z, t) = € f(2) is a Loewner chain.

We end this section with two important results that ensure the univalence of a normalized holmorphic
mapping on the Euclidean unit ball B”. The first result, proved by Suffridge in [25, Theorem 7], is a version
of the Noshiro-Warschawski’s univalence criteria (see e.g. [4, Theorem 2.16] for the case n = 1) in the case
of several complex variables.

Theorem 3.3. (see [25, Theorem 7]): Let f : B" — C" be a normalized holomorphic mapping such that
Re(Df(z)(u),uy >0, zeB",ueC|ull=1. 3)

Then f is univalent on B".
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Another important criteria for univalence in C" is presented in the following result proved by I. Graham,
H. Hamada and G. Kohr in [7, Lemma 2.2] (see also [13] and [14]).

Theorem 3.4. (see [7, Lemma 2.2]): Let f : B" — C" be a normalized holomorphic mapping such that
IDf(z) — Il <1,z € B". 4)
Then f € S°(B"). In particular, f is univalent on B".

Taking into account that S°(B") & S(B"), for n > 2 (see [6]), it is clear that there is an important
difference between Theorem 3.3 (which assures us the univalence of a mapping on B") and Theorem 3.4
(which assures us that a mapping admits parametric representation on B"), i.e. there exist normalized
holomorphic mappings on B" that satisfy condition (3), but do not satisfy condition (4).

Such an example, that shows us that S°(IB") is a proper subclass of S(B") for n > 2, is presented in [9,
Example 8.3.21].

4. Univalence of convex combinations in C"

In view of the results presented in the previous section we can prove some criteria for univalence of a
convex combination of normalized holomorphic mappings on the Euclidean unit ball B*. In fact, we can
obtain a condition for a convex combination to be a mapping which has parametric representation on B".

Lemma 4.1. Let f : B* — C" be a normalized holomorphic mapping such that
Re(Df(z)(1), u) > 0,
forallz € B", u e C" with |lu|| = 1. Also let
h(z)=(1-A)z+Af(z), zeB", Ae€]01]
Then h is univalent on B".
Proof. Clearly, h is a normalized holomorphic mapping. Moreover,
Dh(z) =(1-MAI, + ADf(z), ze€B", A€][0,1]

and then
Re(Dh(z)(u), u) = Re([(1 = D)L, + ADf(z)](w), )

= Re((1 = AM)L,,(u), u) + Re{AD f(z)(u), u) = (1 — A)Re{u, u) + ARe(D f(z)(u), u)
= (1 = D)ljul® + ARe(Df(z)(u), u) = (1 — A) + ARe(Df(z)(u), u) > 0,

for all z € B", u € C" with ||u|]| = 1. According to Theorem 3.3 we obtain that / is univalent on B". Since / is
also normalized, it means that & € S(B"). O

Remark 4.2. Notice that, in view of the previous proof, we obtain that if Re<D f(2)(u), u> > 0, for all z € B" and
u € C" with |lul| = 1, then Re(Dh(z)(u), u> > 0, for all z € B" and u € C" with ||u] = 1.

Let k € N*. We say that a mapping Py : C* — C" is a homogenous polynomial of degree k if there exist
Q: C" X ... x C" - C" an k-C-linear operator such that Pi(z) = Qx(z¥). For details, one may consult [9] or
[16]. Recall that we define the norm of the operator Py by ||P|| = max{||Pr(z)|| : || = 1}.
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Lemma 4.3. Let f : B" — C" be a normalized holomorphic mapping such that
IDf(2) = Il <1,

forall z € B" and
h(z)=(1-A)z+Af(z), zeB", Ae]0,1]

Then h € S°(B"). In particular, h is univalent on B".
Proof. Frist, it is clear that & is a normalized holomorphic mapping on B". Moreover,
Dh(z) = (1 - M), + ADf(z), zeB", Ae€l0,1]
and then
IDh(z) = Iull = Il = Al + ADf(2) = L[l = IA(Df(2) = L)l = IAl - IDf(z) = Ll < [IDf(2) = Ll < 1,

for all z € B". In view of Theorem 3.4 (see [7, Lemma 2.2]) we obtain that & € S°(IB"), so h is also univalent
onB". O

Lemma 4.4. Let f : B" — C" be a normalized holomorphic mapping such that f(z) = z+ Y 50, Ax(ZX), for all z € B".
Also let

hz)=1-A)z+Af(z), zeB", A€(0,1).
IF Y., kAl < 1, then h € S°(B").

Proof. Since f(z) = z + Y o, Ar(ZY), for all z € B", we deduce that

Df() =1, + Y kAW, zeB,
k=2
where we used the fact that A(z") is a homogenous polynomial of degree k. On the other hand,

Dh(z) = (1 - A, + ADf(z), zeB".

Hence,

IDh(z) = Lll = IADF@) = L)l = |4 Y kA = A1 | Y kA&, )
k=2 k=2

< Y KA < Y KA DE <) KA
k=2 k=2 k=2

Then we obtain

IDh(z) = Inll < |lz]l - Zk”Ak“ <lzll<1, zeB"
k=2

Consequently,
IDh(z) - Il <1, zeB"

and in view of Theorem 3.4 we deduce that h € S°(B"). O



E.S. Grigoriciuc / Filomat 36:16 (2022), 5503-5519 5509

5. Particular starlike mappings on the Euclidean unit ball in C”

In this section we present the firstimportant result of this paper together with some examples toillustrate
how this result can be applied in several particular cases. We begin this section with a well-known result
related to starlike mappings on the Euclidean unit ball B” (see [9]).

Lemma 5.1. Let f : B" — C" be of the form f(z) = (fl(zl), ey fn(zn)),for all z = (zq,...,2,) € B".
1. If fi,..., fu €S, then f € S*(B").

2. If, in addition, Re[f/(z))] > 0, for all j = 1,1, then Re(Df(z)(u),u) > 0, for all z € B" and u € C" with
lJull = 1.

Proof. Indeed, if fi,..., fn € S, then f € 5*(B") (see e.g. [9, Problem 6.2.5] or [16, Example 4.3.4]) and this
completes the first part of the proof.
For the second part of the lemma, we have

fll(Zl) 0 0 .. 0 u
pfee=| 0 BEO 0N e, i)
0 0 0 ... filzo))\uy

and
Re(Df(2)(u), u) = lur* - Re[f{(z1)] + .. + lul* - Re[ £ (24)] > O,
for all z € B" and u € C" with ||u|| = 1 and this completes the proof. [
According to Lemma 5.1 we can obtain a first version of Theorem 2.5 in the case of several complex

variables. However, in this case we have a particular form of the mapping f (it has on each component a
starlike function of one variable). The following result is very simple and its proof is immediate.

Proposition 5.2. Let 0 < A < 1 and let f1,..., f, € S* be such that Re[]"]f(z]-)] > 0, forall j = 1,n. Also, let
f@ = (A1), -, fulzn)), for all z € B". Then
h(z) = (1 - A)z+ Af(2) ®)

is starlike, for all z € B" and A € [0, 1]. Moreover, Re(Dh(z)(u), u) > O, for all z € B" and u € C" with |lul]| = 1. In
particular, h is univalent on B".

Proof. In view of Lemma 5.1 we have that f € S*(IB") and Re(D f(z)(u), u) > 0, for all z € B" and u € C" with
[lu|]| = 1. On the other hand,

h(z) = (1= Nz +Af(2) = (1= D21, z) + Ai@1), s fulzn)

= (1= Nz1 + Afi(@), - (1= Dz + Afa(zn)).

If we denote hj(z;) = (1 — A)z; + Afj(z)), for all j = 1,nand z; € U, then according to Theorem 2.5 we obtain
that hj € S*, forall j=1,nand A € [0, 1]. Hence,

h(z) = (I(z1), - 1u(z0)

is a starlike mapping on B”, for all A € [0, 1]. Moreover,

Hz) 0 0 .. 0 \(m
Dh(z)(u) = ‘0‘ hﬁf’f2) N | L= = (1l 21), e 0 20))

0 0 0 ... H(zn))\uy
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and
Re(Dh(z)(u), u) = |u1* - Re[h}(z1)] + ... + [un]* - Re[H),(z4)] > 0,

for all z € B" and u € C" with ||u|| = 1 and this completes the proof. [

It is clear that the mapping f used in the previous result has a very particular form (has on each
component a starlike function of one complex variable). However, we can obtain similar results for an
arbitrary starlike mapping on the Euclidean unit ball.

In the following examples (considered also in [5], [10, Example 3.5], [13, Example 3.4], [24] or [25, Exam-
ples 3 and 7]) we use arbitrary starlike mappings to construct starlike mappings (as convex combinations
on B"). On the other hand, we can obtain starlike mappings / of the form (5) on B" using starlike mappings
f that do not satisfy condition Re(Df(z)(u), u) > 0, for all z € B" and u € C" with |Ju|| = 1.

Example 5.3. Let n =2and f : B> — C? be given by
flz) = (21 + azé,zz), z=(z1,22) € B? (6)
with a] <3 \/5/2. According to [24, Example 5], we know that f € S*(IB?). Moreover,
hz)=1-A)z+Af(z)=(1- )\)(zl,zz) + A(zl + azé,zz) = ((1 —A)z1+ Azg + Aaz%, 1-A)z + )\zz),

S0
hz) = (z1 + Az, z2), 2= (21,2) € B,

Then h € S*(B?) if and only if |Aa| < 3 V3/2. In particular, this is true for A € [0,1] and |a| < 3+3/2. Hence,
h € S*(B?).

Example 5.4. Let n =2and f : B> — C? be given by
f@) = (21 +az122,72), 2= (21,22) € B @)
with |a| < 1. According to [24, Example 6], we know that f € S*(IB%). Moreover,
hz) = (1= Nz + Af(2) = (1= Dz, 22) + Az + az1z2, 22) = (1 = Dz + Az + dazizy, (1= V)za + Aza),

S0
h(z) = (Zl + /\612122,22), z=(z1,22) € B2

Then h € S*(B?) if and only if |Aal| < 1. In particular, this is true for A € [0,1] and |a| < 1. Hence, h € S*(B?).

It is important to mention here that the results contained in Examples 5.3 and 5.4 can be directly verified.
However, we can obtain starlike mappings & as convex combinations of two starlike mappings such that at
least one of them does not satisfy the condition Re(Df(z)(u), u) > 0O, for all z € B” and u € C" with [ju|| = 1.

Remark 5.5. Notice that in Examples 5.3 and 5.4 we can consider also a general case: a complex parameter A € C
with the property that |A| < 1.

In the following example (considered also in [9] and [24]) we use a convex mapping f on B” to construct
a starlike univalent mapping h on the Euclidean unit ball B". The condition |a| < 1/2 also ensures the
univalence of the mapping & on B".

Example 5.6. Let n =2 and f : B> — C? be given by
f(Z) = (Zl + ﬂZ%, ZZ)/ z= (Zl, Zz) S ]B2 (8)

with |a| < 1/2. Then h(z) = (1 — A)z + Af(z) is starlike on B?, for all z € B? and A € [0, 1].



E.S. Grigoriciuc / Filomat 36:16 (2022), 5503-5519 5511

Proof. According to [24, Example 7] we know that f € K(B?). Moreover,

h(z) = (21 + AaZE,Zz), z = (z1,2) € B2

Then h € 5*(B?) because |Aa| < % < %3 In addition, Df(z) = (é 2alzz) and
Re(Df(z)(u), u) = Re((uy + 2azy1iz, u2), (u1, 12)) = [ur|* + Re(Qazpuioinr) + |uaf* = 1 + 2Re(azauyliy)
> 1 - 2lal|za|lu1luz| > 0,
for all z € B?, u € C? with ||u|| = 1 and |a| < 1/2. On the other hand,
Dh(z) = D((1 - M)z + Af(2)) = (1 - ML + ADf(2) 9)

and
Dh(z)(u) = (1 = Au+ ADf(z)(u), uce C?, |jull = 1.

Then

(Dh(z)(u), u) = (1 = Mu + ADf(2)(u), ) = (1 = Mu, u) + (ADf(2)(u), ) = (1 = A)u, u) + MDf(2)(u), u)

= (1= Dllul* + MDf(2)(u), u) = (1 = 1) + MDf(z)(u), )
and
Re(Dh(z)(u), uy = (1 = A) + ARe(Df(z)(u), u) > 0, (10)

for all z € B?, u € C* with |[u|| = 1 and A € [0, 1]. Hence, / is a starlike univalent mapping on the Euclidean
unit ball B2, [J
6. A general result on convex combinations of locally biholomorphic mappings in several complex

variables

Next, we present another suggestive result which can be seen as a second version of Theorem 2.5 in the
case of several complex variables. We can consider the following result as a generalization of the theorem

proved by Chichra and Singh (see [3, Theorem 2]).

Theorem 6.1. Let 0 < A < land p = A/(1 — A). Also let f : B" — C" be a normalized locally biholomorphic
mapping such that

|Df(2) - L|| < % (11)
and

Re((l, + uDf(2)) " (2 + uf@),2) > 0, (12)
forall z € B" \ {0}. Consider h : B* — C" be given by

h(z) = (1- Nz +Af(z), zeB" (13)

Then h € S*(B"), forall A € (0, 1).
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Proof. In order to prove that h € S*(IB"), for all A € (0, 1), it is enough to show that / is locally biholomorphic
on B", h(0) = 0 and
Re([Dh(z)] *h(z),z) >0, zeB"\{0}.

Since f is normalized on B" it follows that
h(0)=Af(0)=0 and Dh(0)=(1—-A),+ADf(0) = L,.

Moreover,
|Dhz) - L|| = |1 = ML, + ADf(z) - L|| = |ADf(2) = AL,|| = 1Al |[Df ) - I.|| = A |Df2) - L|| < % =1,

for all A € (0,1), in view of relation (11). According to Theorem 3.4 the above inequality assures us that
h is univalent on B". Obviously, in particular, / is locally biholomorphic on the Euclidean unit ball B".
Moreover, the relation

|Dh(z) - 1| < 1

implies that Dh(z) is invertible, i.e. there exists the inverse operator [Dh(z)]™!. Finally, the inequality
Re([Dh(z)] h(z),z) >0, zeB"\{0}

is equivalent to

! (L + D @)1=z + uf@), z>

Re{((1= M2 + ADF@) (1 - D)z + Af@)),2) = Re< :

= Re<([2 + ny(z))_l(z + yf(z)),z) >0, zeB"\{0}.

Hence, in view of relation (12), we obtain that
Re([Dh(z)]'h(z),z) > 0,
for all z € B" \ {0}. According to Theorem 3.1 we conclude that & € S*(B"), forall A € (0,1). O

Remark 6.2. It is clear that

o if A =0, then h(z) = z;

o if A =1, then h(z) = f(z),
forall z € B" and then h € S*(B").

7. The class .E;(]B")

Taking into account the main result from the previous section, we can define a class of normalized locally
biholomorphic mappings on the Euclidean unit ball that satisfies conditions from Theorem 6.1. Hence, the
convex combination between the identity map and a function from this class will be a starlike mapping on
the Euclidean unit ball B".

Definition 7.1. Let us consider A € (0,1) and p = A/(1 — A). We say that f € L3(B") if f is normalized locally
biholomorphic on B" and f satisfies

@) [Dfe) -1 < 1

(a2) Re<(1n + ny(z))_1<z + yf(z)),z> >0, forall z € B" \ {0}.
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In view of the above definition, we denote the class
Ly (B") = {f € LS,(B") : f satisfies (a1) and ()}

Remark 7.2. Note that L} (B") # 0 as the identity mapping ¢ : B" — C" given by ¢(z) = z, for all z € B" belongs
to L (B").

Next, we present an example (considered also in [5], [10, Example 3.5] or [25, Examples 3 and 7]) of
a mapping f that has been used in Example 5.6 and which satisfies also the conditions (a1) and (a2) from
Definition 7.1. This means that f € £;(IB?) and then we can construct a starlike mapping  which is a
convex combination between the identity mapping and the mapping f.

Example 7.3. Let n =2 and f : B> — C? be given by
f@=(n+dd2) z=(@,2)eB, (14)

where |a| < 1/2. Then f € .E*A(IB2). In particular, h € S*(B?), where h(z) = (1 — A)z + Af(z), for all z € B? and
A€ (0,1).

Proof. Let0 < A <1and u = A/(1 —A). Then f is normalized locally biholomorphic on B? and

pfe=(y )

epre-fy ) 9 %)

IDf@) - L = ||A]| = max {lA@)Il : llw]l = 1}.

Let us consider w € C" such that ||w|| = 1. It follows that

If we denote

then

IA@)I| = 12azyw,| = 2 - |a] - |za] - o]

and ||A]| < % if and only if |a| < % Since A € (0,1) and || < 1/2, we obtain that condition (a;) from Definition
7.1 is satisfied. On the other hand,

B=1I,+uDf(z) = (1 0) N (H 20#22) _ (1 +u Zayzz)

0 1)7\0 u 0 1+p
and
2auz
g1 (1+ u —zam):(ﬁ,, —afyfz]_ (15)
A+w>\ 0 1+u Top

Let us denote
C(z) =z + uf(z) = (z1,22) + (yzl +2auz3, yzz) = ((1 + Wzy + 2auz3, (1 + y)zz), z = (z1,20) € B2
Then

(1+wz1 +2apzy  2apz5(1+p) 1+ )z

-1 _ 2 2
Re(B C(z),z> = Re<( T+ o A+rup ' 1+p )/ (21,22)>
2auzs  2auz

1+y_1+y

= Re((z1 + 22 (21,2) = Re((z1,22), (21, 22) = [eIP >

for all z € B?\ {0}. Hence, condition (a,) from Definition 7.1 is also satisfied and then we conclude that
fe Lj\(le). In particular, in view of Theorem 6.1 we obtain that i € S*(IB%), where & is given by relation
(13). O
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Remark 7.4. In the second part of this section, let us to refer to the case n = 1. Consider A € (0,1), p = A/(1 = A)
and f : U — C a normalized locally univalent function on the unit disc U in C. Then

1. Condition (a1) can be written in one of the following form

FO-11<1 e fOenLEGIY, el (16)

where U, (1;1/A) is the disc with center w, = 1 and radius ry = 1/A. The smallest disc U, can be constructed
for A — 1 (in this case, we obtain the disc U, of center wy = 1 and radius r1 = 1). On the other hand, for
A — 0, it is clear that Re[f'(C)] > O for C € U implies condition (16), but the converse result is not necessarily
true.

2. Condition (ay) can be written in one of the following form

Re((1+pf'(©) (C+uf(©),C) >0

or

R%Z@+#ﬂo) C+ uf(0)
1+ pf'(Q) C+ucf ()

forall C € Uwith C # 0. Clearly, if f € S* and Re[f’(C)] > 0 for C € U, then the above condition is satisfied
(for details, one may consult [1] or [3]). But again, the converse result, is not necessarily true.

]>0 & |c|2Re[ ]>o, (17)

Hence, we conclude that if A € (0,1) is sufficiently small and f € S* is a function with the property that
Re[f"(C)] > O for C € U, then (a1) and (ay) take place, but the converse implication is not necessarily true.

3. In view of previous remarks we can define the class

C+uf(0)

B = £ = CH0) =0, F(0) = LIF(0)—1] < -
L3(BY) = L£3U) = {feH(U) :f0)=0,f(0) =1,1f(0) ~ 1 < - and Re[C+#Cf’(C)

|>0ceuriof
for the case of one complex variable, where A € (0,1) and p = A/(1 = A).

Remaining in the case n = 1 we obtain the following result:

Proposition 7.5. Let A € (0,1) and f € L (U). Consider the function h : U — C be given by

Q) =1 -A)C+Af(0), Cel
Then h € S*.

Proof. Since f € L (U) we deduce that h € H(U), h(0) = 0 and #’(0) = 1 (in fact, i € S). Moreover,

SR R o R

forall C € U\ {0}, where u = A/(1 — A). Hence, in view of the analytical characterization of starlikeness in C
(see [9, Theorem 2.2.2]) we obtain that h € S*. O

Question 7.6. What is the connection between the starlikeness of the mapping f and conditions (a1) and (az) for
n > 27 For sure, there will be no equivalence between the conditions, but the question would be whether the implication
from the case n = 1 is true.
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8. Remarks on Loewner chains

%

Another interesting approach to the class £ is that in terms of Loewner chains. We can prove that
starting from a function f € £;(BB") we can easily construct an associated Loewner chain according to
Theorem 6.1 and the characterization of starlikeness with Loewner chains given by Theorem 3.2. In
particular, we can obtain a Loewner chain that is the convex combination of another two Loewner chains.

Proposition 8.1. Let A € (0,1). If f € L(B"), then
H(z,t) = (1 = A)e'z + Ae' f(2) (18)
is a Loewner chain, for all z € B" and t € [0, o0).
Proof. Let f € £;(B") and h : B" — C" be given by
h(z)=(1-A)z+Af(z), zeB", Ae€(01).
Then h(0) = 0, Dh(0) = I, and h is locally biholomorphic on B”. Moreover,
H(z,t) = (1 = Ae'z + Ae' f(z) = e'h(z), ze€B", te]0,).

According to Theorem 6.1 we know that /1 € S*(IB"). Since h is normalized locally biholomorphic on B”, it
follows in view of Theorem 3.2 that H(z, t) is a Loewner chain, for all z € B" and t € [0,0). O

Remark 8.2. In view of Proposition 7.5 and Theorem 3.2 we obtain the previous result also in the case of one complex
variable.

In the following remark we replace the mapping f € L (B") with a starlike mapping on the Euclidean
unit ball. However in order to obtain a Loewner chain (which is also a convex combination of the identity
mapping and a starlike mapping on B") we still need the assumption (a,) from Definition 7.1. According
to this remark we deduce that in our context, for n > 2 this condition is very important.

Remark 8.3. Let A € (0,1) and f € S*(B") be such that ||Df (z) — I\l < %, for all z € B". Also consider the mapping
H =H(z,t): B" x [0,00) — C" be given by

H(z,t) = (1 - AMe'z+ Ae'f(z), zeB", te]0,). (19)
In this case, H = H(z, t) is the convex combination of two Loewner chains
Li(z,t) = e'z

and
Ly(z,t) =€'f(z), z€B", te[0,).

Moreover, H(-, t) is holomorphic on B", H(0, t) = 0 and DH(O, t) = €'I,, for all t € [0, ). On the other hand, H(z, -)
is locally Lipschitz continuous on [0, oo) locally uniformly with respect to z € B".
According to relation (19) we have that

e H(z, ) = e”![(1 = D'z + A f(2)] = (1 - Dz + Af(2),
forallz € B" and t € [0, c0). Let us denote h : B"* — C" given by
h(z) = (1= A)z+ Af(z) = e 'H(z, 1),

forallz e B", t € [0,00) and A € (0,1). Since f € S*(IB"), we deduce that {e‘tH(-, if)}t>0 is a normal family on B" (see
[4, Chapter 1] and [16]). -
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In order to prove that H = H(z, t) is a Loewner chain (according to Theorem 1.3) we have to construct a Herglotz
vector field P = P(z,t) : B" X [0, 00) — C" such that

(%I(z, t) = DH(z,t)P(z,t), ae. t€][0,00), zelB" (20)

Using the assumption ||Df (z) — || < %, for all z € B", we deduce that

IDh(z) = Inll = (1 = ML, + ADf(2) = Ill = IADf(2) = ALl = |Al - IDf(2) = LIl < % =1,

for all z € B". Then the operator I, + [Dh(z) - In] = Dh(z) is invertible on B" and we can consider the inverse
operator [Dh(z)]™! on the Euclidean unit ball B". In view of this remark and relation (20) we obtain

P(z,1) = [DHE, t)]*laaij(z, H = e[(1 - DL, + ADf@)| HE, b

or equivalently,
Pz, = [(1 = VL, + ADF@)| [(1- Az + Af()]
and hence

P(z,1) = [Dh(2)] (2, (21)

forall z € B" and t € [0, 00). Clearly, P(z,-) is measurable on [0, 00), for all z € B" because is constant with respect
to t and then it remains to prove that P(-,t) € M(B").

For simplicity let us consider n = 2. Since Dh(z) = (1 — A), + ADf(2) is invertible, it follows that P(-,t) is
holomorphic on B2, P(0,t) = 0 and DP(0, t) = I, for all t € [0, o). Indeed,

-1
PO,t) =[(1 - ML + ADF(0)| " [A£(0)] = (0) =0,

forall t € [0, 00). On the other hand, if we denote h(z) = (hl(z), hz(z)), then

dz1 09z 1 1 02> 0z»
Dh(z) = and  [Dh@)| =—= ,
ohy Iy @\ on,  om

0z 9z 0z 0z
where Ji(z) = det (Dh(z)), for all z € B2. Taking into account the previous relations we obtain the mapping

8h2 8h1 8}11 3’12

Pz, t) = 1@ 5> () ha(2)=— e (2), ha(z) 5= (Z) (@5~ (Z))

I()(

forall z € B? and t € [0,00). Now it is clear that P(0,t) = 0, for all t € [0, o). Moreover, after some computations
we deduce that

[Pn(z) Plz(z)]
DP(z,t) =
I () p2n(z) pn(z)

where ohy,  oh ’h ohy ,  Jh ’h
P = 5 @O72@ + @5 5-6) - 5 2@ 5 @) ~ k@75~ ()
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2
et = FHOZEE 5O - FEOTEE - O TEE
2
P = GEOT + 1o () - LTI e )2l '”( )
2
P = 22000 + ) @) - P ) P2 - e );Zz ®
and ther oy I Oy I
72 070 - 520570 0
DP(0, ) =
0
' 0 OO0 - 20RO

(9]’11 (9]’12 8h2 ahl
]h(o) 0 17 J,0)
forallt € [0, o0) since f is normalized and h1(0) = h,(0) = 0. In order to complete the proof it remains to show that

I =1,

Re(P(z,1),z) >0, zeB"\{0}, te[0,00).

Indeed, we have

Re(P(z,1),z) = Re([Dh(z)| h(2),2) = Re{[(1 - VI, + ADf@)| [0 = Nz + Af)],2) > 0, 22)

forall z € B"\ {0} and t € [0, ). But relation (22) is the same as condition (a,) from Definition 7.1. Concluding the
above arguments, we obtain the following result:

Proposition 8.4. Let A € (0,1) and f € S*(IB") be such that

IDf@) -l < 1 23)
and

Re([(1 - VI, + ADF@)] [(1 - Dz + Af)],2) > 0, (24)

forall z € B" \ {0}. Then H = H(z, t) given by (19) is a Loewner chain. In particular, the Loewner chain H = H(z, t)
is the convex combination of two Loewner chains.

Remark 8.5. Letn =1, A €(0,1) and f € S* be such that
obtain that condition (24) is

Re [ C+uf(0)

C+ucf'(Q)

If we denote h(C) = (1 — A)C + Af(C), for all C € U, then h is holomorphic and normalized on U. In fact, in view of
the assumption |f'(C) — 1| < 1, for all C € U, we obtain that h € S. Next, let us define p : U x [0, 00) — C given by
h(C)
Q)

According to previous remarks, we deduce that p(-,t) € P, for all t € [0, 0o) and p(C, -) is measurable on the interval
[0, 00), for all C € U, where

- 1) <1, forall C € U. In view of relation (17) we

]>o, Celu\(ol, p=A/1-A). 25)

pCt) =

Cel, tel0,o0).

P ={p e HU) : p(0) = 1and Re[p(()] >0, Ce U}



E.S. Grigoriciuc / Filomat 36:16 (2022), 5503-5519 5518

is the Carathéodory class in the case of one complex variable (for details, one may consult [4, Chapter 2], [9, p. 27] or
[22, Chapter 2]).

If we consider H = H(C,t) : U X [0,00) — C given by H(C, t) = ¢'h(C), then H(-,t) € H(U), H(O,t) = 0 and
H'(0,t) = ¢!, for all t € [0, 00). Moreover,

H
aa—t(C, t) = e'h(C) = Ce'W (Qp(C, 1) = zH'(C, p(C,t) ae. t€[0,00), CeU

Hence, taking into account the n = 1 version of Theorem 1.3 (see [9, Theorem 3.1.131), we conclude that H = H(C, t)
is a Loewner chain in C.

9. Conjecture related to Chichra-Singh’s result in several complex variables

In this last section we propose a conjecture (for the case of several complex variables) which generalize
Theorem 2.5 proved by Chichra and Singh in [3] (in the case of one complex variable).

Conjecture 9.1. Let A € [0,1]. If f € S*(B") and Re<D f(z)(u),u> > 0, for all z € B" and u € C" with |jul| = 1,
then
h(z) =(1-A)z+ Af(2)

is a starlike mapping on B". Moreover, Re(Dh(z)(u), u> > 0, forall z € B" and u € C" with ||u|| = 1. In particular,
h is univalent on IB".

Remark 9.2. In the case of one complex variable, the statement of Conjecture 9.1 is true, as it reduces to Theorem 2.5
obtained by Chichra and Singh in [3].
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