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Existence and Uniqueness Results for a Nonlinear Coupled System of
Nonlinear Fractional Langevin Equations with a New Kind of
Boundary Conditions

Hamdy M. Ahmed?, Ahmed S. Ghanem?

* Department of Physics and Engineering Mathematics, Higher Institute of Engineering, EI-Shorouk Academy, El-Shorouk City, Cairo, EQypt.

Abstract. Nonlinear coupled system of fractional Langevin equations with new boundary conditions are
considered. By using fixed point theorem and fractional calculus, existence and uniqueness solution for
the considered problem are studied. Finally, an example is constructed to illustrate the obtained results.

1. Introduction

Recently, time fractional differential equations plays an important role in describing and studying several
applied fields such as control engineering, physical science, economic, fluid dynamic and so on, (see [1-7]).
On the other hand, Several problems in physics and engineering can be described by Langevin equation
(see [8-11]. The generalization of the Langevin equations is acquired naturally by replacing the ordinary
derivative with a fractional-order derivative that yields the popular fractional Langevin equations (see
[12-21].

The purpose of this work is to study existence and uniqueness solution for coupled system of fractional
Langevin equations in the following form:

Dy, (‘D) + x1)z1(t) = Wit z1(t), z2(t)), t€ ] := [0, T, 1 <v1 2, 1 <x7 <2 1)
‘Dy; Dy, + x2)z2(t) = Walt, z1(t), 22(t), t €] := [0, T, 1 <02 <2, 1 <k <2

subject to the following coupled boundary conditions

z1(0) =0, z1(T) = d1z1(m), 2z (T) = e1z](&1) @)
22(0) = 0, z2(T) = 62z1(12), 25(T) = €221(E2)

where Dy}, Dy, Dy}, D2 denote the Caputo fractional derivative of order x;, k2, v1 and v, respectively,

Wy, W, : [0, T]XRXR — R are continuous functions, x1, x2 € R are the dissipative parameters and 0;, €; € R
and0<n;, & <1fori=1,2.
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2. Preliminaries
In this section, we introduce preliminary facts which are used throughout this paper.

Definition 2.1 (see [22]). The fractional integral of order x > 0 with the lower limit zero for a function f can
be defined as

I*f(t) = r()f )1K ds, t>0

provided the right-hand side is pointwise defined on [0, c0), where

I'(x) =f t*le7tdt, x> 0.
0

Definition 2.2 (see [22]). The Caputo derivative of order x with the lower limit zero for a function f can be
written as

1 t f(n)(s)

PIO= g ), w9

ds:I”‘“f(”)(t), t>0,0<n-1<x<n.

Lemma 2.1. Let my, mp € C([0, T], R) then the solution of linear system (1.1) is equivalent to the system of
integral equations

. (t) [ﬁ kiko Ay — kzkg,/\l] U + Aks — Arkyq for+D)
! ki(koks — kiks) 1T(v1 +1)  koks — kiky T(v1 +2)
(t k] +v1— f‘t (t _ 5)01—1
‘I’ ds — _— ds, 3
o [ g [ ®
and
2 BT» Byt B, Tt Byt
200 = & " T2 T T+ T T v T 72
627712)1 tv2 B BTt N B3tv2+1 )(ﬁ kiko Ay — koksAq
T“Zl”(vl + 1) F(vz + 2) F(vz + 2) k1 kl(kzkg, - k1k4)
62n;1+1tv2 ~ BTt . B4tv2+1 /\1k3 _ Azkl)
T”Zl"(vl + 2) F(vz + 2) F(vz + 2) k2k3 - k1k4
(f 1<2+vz 1 fl‘ (t _ S)vz—l
—————W,(s)ds — —_— ds, 4
o [ g [ @
where
; TV — § 17“1 T+l _ 8 nvl+1 Tv1-1 _ 61551_1 TV — 61551
T T+ T Ti+2) T T(v1) ' T+1)’
—'Uzr(vz + 1) _ —F(v2 + 2)
By = Tv2+1 , Ba= Tv2 4
5 T(vs + 2)[V20205 T™! = v16,8 T
’ T(v1 + D[vaTL = (v + 1)T22]
5 T(v2 + 2)[V2021, ' T = (01 + 1)ex& 1T
4

T(w1 + 2)[v2 T~ = (v + 1)T?02] ’
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_ 1 " K1+v1—1 K1+v1—1
no= m[al (11— )1 (5)ds — f (T = 91 0 )|

F(v ) f (M = 9)" " 'zy(s)ds — f (T =)~ zl(s)ds]

3 T
Ay = ﬁﬂfo (51—5)K1+v1_2\yl(s)d5_f0 (T_S)K1+vl_2\yl(s)ds]
31 T
B F(Uicl— 1)[61 0 (él_s)vl_zzl(s)ds_j; (T_S)vl_zzl(S)ds]’
— U2 — 2X1 " — g)V1—
G = r(@f (M=o s = g 5 ) (=) zi(e)ds

12 1 T
—2 _ Q\xtui-1 _ _ oYietu-1
+ Ty + 1) fov (2 —s) W(s)ds —F(Kz o) I) (T -5) Wy(s),ds

T &2
= L _ vy—2 _ 62)(1 . _ v1=2
G = Ty = 1) fo (T = 5)""“z(s)ds T, - 1) j(; (&x = 8)V17221(s)ds

Eo T
62 K1+v1—-2 1 Ko+vp—2
— — )2, (5)ds — —————— | (T —5) "2 2Wy(s)ds.
* T s oD fo (&2 —5) O P fo (T-s) 2(5)ds

Proof. We know that

(‘Dg. + x1)zi(t) =ao +a t+f (E= s 1\I’ (s)ds
R =T o
then
G AT
CDI)1 t — t —\I] _ t
yalt) =ao0+m +f0 () 1(s)ds = x1z1(t)
Hence,
apt™? a1 H01+D) (t )K1+vl ft (t— )"~
0= Wi (s)ds — Sz (5)ds + ay.
90 = 0,4 D) T T w2 Ty Toawon OB Tx | Ty aEds
Also,
byt?2 blt(vz+1) t (t _S)K2+v2—1 ft (t _S)Uz—l
o= Wy (s)ds — L 2y(s)ds + by
200 = 0,51 T Ty s D)y T w oy 2O R | Ty b

where a;,b;, i =0, 1,2 are arbitrary real constant.
From boundary conditions (1.2), we have

a = 0, bz = 0,
A kikoAy — koksAq Aks — Ak
4 = —+-——= = === 2
ki ki(koks — kiky) koks — kiky

5439
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F(Uz + 1) BlTv2+1 627712}1 B3Tv2+1 A kikoAy — kokszAq
by = (1- )G+ ( - —+ )
Tv2 T'(vy +2) Tvi+1) T(w2+2) Kk k1(koks — kikg)
N 627];1“ - B4TU2+1 Aks — Ak + CszTv2+1
F(v1 + 2) k2k3 — kiky F(vz + 2) !
A kikoAs — koksAq Aks — Arkq
bp = Bi(1—-B Biy(— + —————) + Bs(————).
1 1C1 — B2Go + Bs( P o (eaks — frka) )+ Ba( Yoks — ik )

Inserting the values of a;, b;, i = 0,1 in (5) and (6), we get solutions (3) and (4).

3. Main Results
Let us introduce the space Z = {z(t)|z(t) € C([0, T], R)} endowed with the norm

5440

llzll = sup{z(t),t € [0, T]}. Obviously, (Z,|| - ||) is a Banach space. Then the product space (Z X Z, ||(z1, z2)Il) is

also a Banach space equipped with the norm ||(z1, z2)I| = l|z1l + l|z2ll.
From Lemma 2.1, we define the operator @ : Z x Z — Z X Z by

Oz, 22)(F) = ( 28238 )

where
Pr(z,2)(0) [Ak_lll " kl:f(;zzlzc;—kii]flizn ]r(vtlv; D AIZZ :21225 1 r(t:lj)Z)
+ Ot s 29 2~ [ t oD o
and
i = BT B b e

621751 £ _ B3Ttv2 " Bg,i'verl E " k1k2A22 — k2k3A11
T“ZF(Ul + 1) F(Uz + 2) F(vz + 2) k1 k1(k2k3 - k1k4)
627712)1+1tv2 3 B4 Ttv2 + Bytv2t1 Aiks — Ak )
TUZF(Ul + 2) F(Uz + 2) F(Uz + 2) k2k3 - k1k4

(= syt - gyt
ey Vet 516 226 ~ 1o fo ey

+

z5(s)ds,

where

1

11
_ _ o\kitur-1
h = F(K1+v1)[61f0 (m = sy Wa(s, 21(5), 22(5))ds

T
[) (T — )™ 171, (s, 21 (s), zz(s))ds]

Uit T
- Xl) 01 f ] (m =)' zi(s)ds — f (T—S)”l’lz1(5)d5],
0 0

F(Ul

1 &1
Ay = —)[elf (&1 = 8) 1AW (5, 24 (s), 2a(5))ds
0

F(Kl + v — 1

T
- fo (T =521 (5209, 25|

- L[e fél (&1 = 8)"17224(s)ds — fT(T—s)vl_zz (s)ds]
T, —1) 1 ; 1 1 ; 1 ,
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T 12
X2 vy—1 62)(1[ v1=1
= T —s)*2 ds — — 817 z1(s)ds
= s [ - 2 [T -9 ae
o) " :
+ | (2= )T (5, 21 (5), 22(5))ds

(k1 +v1) Jo

T
- g, T e ), 2
T &2
— L _ o022 _ €2X1 _m-2
n = T(Uz—l)fO(T $)2 7 25(s)ds —F(vl—l)fo (Ex = 5)" 2z (s)ds
o ol IR RO RO

1 ! Ka+vU2—
 Tho+va-1) fo (T-5) Wy (s, 21(5), 22(5))ds.

For convenience, we set

517]7<1+U1 + Tritv1 6.1£K1+Ul—1 + T1<1+1)1—1
1 _ €16
@ T+ +1) ~ 277 Tl +o)
~ 6277’2“"'”1 ~ Tr2+v2
S I'(xky +v1 + 1)’ o T'(ky + vy + 1)’
_ €25’2"1+U171 B Tr2tv2-1
ST Trro) %7 Tiorw)
xiomnyt +T™) xi(er &)+ T
M = Coo+——, Mp=Cio;m + ,
LT T T e T [(wr)
T o211,
M3 = A2 + 2 11]2 + C1@3 + Cz@4,

F(Uz + 1) F(v1 + 1)

1)1—1
vt exd,
My = F(vz) + F(vl) + C1Q5 + CZQ6-

In this paper, to prove the main results, we need the following assumption:
(H) W1, W, : [0,T] x R x R — R are continuous functions and there exist positive constants C; and C, such
that forallt € [0, T] and u;, v;, i = 1,2 we have

W1 (t, ur, u2)) = Wa(t, 01, 02)| < Ci(jur — 1] + [uz — v2),

[Wa(t, ur, uz)) — Wat, 01, 02)] < Cojur — 01 + [uz — v2).

Theorem 3.1. If the assumption (H) is satisfied, then the system (1)-(2) has a unique solution provided that
hl + hz < 1 where

My +00)T" [lkik2|(M2 + 02) + lkoks|(My + 01)]T™

n +
! ki IT (01 + 1) lk1 (kaks — kikg)IT(vr + 1)
[ksl(M1 + 01) + ki [(M2 + 02)] T+ N ¥t Cy RAPE!
(|k2k3 - k1k4|)F(v1 + 2) F(K] + v + 1) F(vl + 1)’
2|B Tv2+1 62)(17)111 Tv2
h, = [1+ Bl 2 A2 +Cr03 + Cop4]

+
F(vz + 2) F(vl + 1) F(vz + 1)
2B, T erx1 &0 L T
Fva+2) " T(n) ['(v2)

[ + Ci105 + Co06]
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o1y’ 2|B3|T* . My + o1 . lk1ika|(M2 + 02) + lkaks|(M1 + 01)

T+ D) T2 il r (kaks — k) )
Syt L 2BaT M+ elksl + M + @)kl TG
F(v1 + 2) F(vz + 2) |k2k3 — k1k4| F(KQ + vy + 1) ’

Proof. Define SUPte(o,1] [W1(t,0,0)| = 8; < o0 and SUP;e(0.1] [Ws(t,0,0)] = Ny < o0 and 7 > 0 such that

N N
r>‘02 1+ p3 2/

1-p1
where
b = T (kM +akdMOT” | (kalMy + M) T
kalT(v1 + 1) |ka(koks — kikaD)T(v1 + 1) |koks — kika|T(v1 +2)
CyTF1+w1 TV1 2|B, |Tv2*1 B, |Tv2+1
- r(K11+ D) r()f)ll T PO rl(vlz| 7o) Mat ZA;I?L;L 2)
oo BT My kkalMa + lkakalMy
Fv1+1)  T(v2+2) 7 |k lk1(kaks — kiky)l
oo o 2B My My, TG, T
T +2) T +2) " foks—kiksl * Ta+va+1)  T(wa+1)
3 o T (Ikikaloz + lkoks|or) T (Ikslor + Ik1lg2) TV *!
P2 = k1|T(v1 + 1) |ka(kaks — kikg)IU(v1 +1)  lkoks — kaks|T'(v1 + 2)
. TH1+U1 .\ [1 . 2|Bl|Tv2+1 ]03 . 2|Bz|Tv2+1 o
Tk +v1+1) T(vy +2) T'(vy +2)
b 621y . 2IB3|T“2+1][ﬂ N lkikalo2 + |k2k3|01]
F(vr+1)  T(2+2) "kl  |ki(kaks — kiks)l
Lo 2B Kslor + e
F(v1+2)  T(va+2) " lkoks —kiky| 7
b = [ BT ABT

T2 +2) @ T +2) &

Let B, = {(z1(t), 22(f)) € Z X Z 2 supyp 1y 1(z1(8), 22()] = [I(z1, 22)Il < 7).
We show that ®B, C B,.

By assumption (H), for (z1,22) € By, t € [0, T], we have

sup |\I]l(t/ Zl(t)/ ZZ(t))l < sup |‘yl(t1 Zl(t)/ Z2(t)) - \I’i(t’ O’ 0)| + sup |\I]l(t/ 0/ 0)'

te[0,T] te[0,T] te[0,T]
< Ci(sup lz1(t) + sup |z2(t)]) + N;
te[0,T] te[0,T]
< Cr+\N;,i=1,2
which lead to
Al < Mir+ oy,
IA2ll < Mor+ Ny,
ICull < Mar+ 03N1 + 04N,
IColl < Myr+ 0581 + 06iN0.
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D1 (21, 22)Il

D2 (21, 22)Il

+

IA

IA

+
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sup |@q(z1,22)(t)|
t€[0,T]

At klkz/\zz — kok3 A1 t Miks — Agpky 1D

_ +
te[OT Pl kl kl(kzks —kiky) T(wi+1)  koks —kiks T(v1 +2)

k1+l)] t _ v1—-1
f ¢- ws,zl(s),zZ(s))ds—xl [ S —aes
0

K1 + U F(vl)
[IA 1l |k1k2|||)\22||+|k2k3|||)\11||] T
L |kl lk1(kaks — kiks)| [(v1+1)
A lllks] + [1A2llike| ] T T Ty
lkaks — kakal ]r(v1 ) T ro sl NI arg
[ Mir + 018 N lk1ko|(Mar + 0281) + [koks|(Myr + @181)] ™
lkea | lk1(kaks — kiks)| [(v1+1)
[ (Mar + 0181)lks| + (Mar + 02N1)|k1|] Tvi+l
kaks — k1kyl [(vy +2)
Tr1+U1 TV g
Moo ror s lC Sl =
{ M, T* (Ik1ka|My + |koks|My1)T"! N (Ik3IMy + ki Mp)TVr*!
|k1|F(01 + 1) |k1(k2k3 - k1k4)|F(v1 + 1) |k2k3 - k1k4|F(v1 + 2)
Cl TK1+U1 + Xl Tl)l }r
F(Kl + v + 1) F(v1 + 1)
{ 0T N (Ik1kaloz + lkoks|or)T™ N (lkslor + kylg2) TV
|k1|r(1)1 + 1) |k1(k2k3 - k1k4)|F(v1 + 1) |k2k3 - k1k4|F(v1 + 2)
TK]+U‘[
TreEmea)

sup |Py(z1,22)(t)]

te[0,T]
2 BTt Byt2t! B, Tt Byt
+ + -
oo e " T2 T T+ T, 12) Ty 2 12
[ 627]12)1 t2 BTt B3fu2+1 E kikoAgo — koksAqg

Tl +1) T(nt2) Tm+2) k| klok —kks)
521];14'11.1)2 BTt B4tv2+1 /\11k3 — Axnky

TUZF(Ul + 2) - F(vz + 2) * F(Uz + 2) k2k3 - k1k4 ]
t -1 t v—1
(t —s)ratr2 f (t—s)™
——————W5(s,z1(8), z2(s))ds — ————75(s)ds
o T(r2+v2) 2(8,21(8), 22(5)) X2 ) T(v2) 2(s)
2|B1|Tv2+1 2|B2|Tv n+1
1 222
0+ oz Mool + T 5 1o
Oa1]y! 2|Bs|T"*1 Al N |k1k2|||/\22||+|k2k3|||)\11||]
Fv1+1)  T(v2+2) " |kl lk1(koks — kiks)|
Oamy ™ 2By T [Aqallks + Aol
F(v1+2) T(v2+2) lkoks — kykyl
Ko+U2 TUZ
T [Cor + Ro] + 222 T

Iy + v +1) T'(v,+1)
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2|B1|Tv2+1 2|B2|Tv2+1
< ot 1 “521k
< [+ (02 £ 2) [[M3zr + 0381 + 0482] + (02 £ 2) [Mar + 0581 + 0682]
N 627731 2|l‘33|’1—'l}2+1 Mir+ lel N |k1k2|[M21’ + 02N1] + |k2k3|[M1T + lell
Fvi+1) T(w2+2) |k1] k1 (koks — kika)|
. [@@ﬁl+H&WWHHMH+@&MyHMﬂ+@&W%
[(v1+2) T(2+2) lkaks — kikyl
TK2+112 XZTUZ},
* F(K2 + vy + 1) [Cz?’ * NZ] * F(UZ + 1)
vy+1 vy+1 6 V1 vy +1
< {[1 N 2|B|T Ms + 2My|By|T 210, 2|B5|T
F(vz + 2) F(vz + 2) F(v1 + 1) F(Uz + 2)
o (Mo, koMo pkalMy ) o ST BT el + ki My
|k lk1(koks — kiky)l F(v1+2) T(w2+2) " lkoks — kikyl
TH2+v2 C, XZTUZ }
T Tratm+l) T+
2|B1|Tv2+1 2|B2|TU2+1 5277;1 ZB3TU2+1
+ 1 +
{[ T2 % T,72 2 T+ " T, 2
o [@ N kiko 02 + kokslor 52’712)1+1 2|B4| "1 |kslor + Ikilo2
ki lki(koks — kiks)| I(v1+2)  T(va+2) 7 |koks — kqkyl
2|Bl|Tv2+1 2|B2|Tv2+1 }
No.
" {[ T, +2) 1% T, 72) %)™
Consequently,
M T™ (Ikika| My + [koks|M1)T"  (JkslMy + [kq|Mp) TV
lD(z1,22)ll < T + +
1T(v1 +1)  |ki(koks — kikg)IT(v1 + 1) |koks — kika|T'(v1 +2)
CyTr+v xnT ZBlTvz+1 2M4|B2|TU2+1
Y Tt D Tor) M e ™t T, +2)

621y 2Ba|T*' My [kikalMy + [kaks|My

+ + — +
T+ " T2 Wl * ok = kiko)
o (2T BT My My TG T )
F(Ul + 2) F(l)z + 2) |k2k3 - k1k4| F(Kz + vy + 1) F(vz + 1)
N { nT" N (Ikikalo2 + |koks|or) T N (Ikslor + lk1lg2) TV
k1lC(v1 + 1) |ki(kaks — kika) T(v1 + 1)  lkoks — kika|T(v1 + 2)
. TK1+v1 1+ 2|B1|Tv2+1 N 2B2Tv2+1
(k1 + 01 +1) T +2) 2" T, +2)%
o 021" . 2|B3|T”2+1][ﬂ . lkikaloo + |k2k3|01]
F(Ul + 1) T(vz + 2) |k1| |k1(k2k3 - k1k4)|
6 v1+1 vy+1 k k
b 2y 2|B4|T ][| slo1 + | 1|02]}Nl
F(v1 + 2) F(I)z + 2) |k2k3 - k1k4|
2|B1|Tv2+1 2|Bz|Tv2+1 }
* {[1 T, 72 % T, 12 %™

= pir+ N1+ 3N <7
For (z1,22), (Z1,%2) € ZX Z and for any t € [0, T], we get
™ [M1||Z_1 -zl + allz2 — zal|

D1 (21,2,) — P s
” 1(21122) 1(21122)“ = F(U1+1) k1
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lD2(Z1, Z2) — Da(z1, 22)|

IA

IA

IA

IA

+

[lkika| Mo + lkoksIMi 121 = z1ll + [lkikaloz + lkokslon]l|Z2 — Zz||]]
k1 (koks — kika)l
[[|k3|M1 + ki IM2]lIZ — z1ll + [Ikslor + lkalo2]l122 — Z2||] T@+D

lkoks — kiky] (v +2)
TGz — zill + 122 — 2/l T xallZi — zll
F(Kl +v1+1) I'(v1+1)

{ My T [lkiko| My + |koks|M7]T™
lkalT(v1 +1)  lki(kaks — kikg)IT(v1 + 1)
[Iks|M + [ki|Mp] T+ N Ty N T x1
|k2k3 - k1k4lf(v1 + 2) r(Kl + v+ 1) F(vl + 1)
{ o™ N [kikzloz + lkokslo ] T
|k1|F(v1 + 1) |k1(k2k3 — k1k4)|r(1)1 + 1)

}nza ]

[Ikslor + lkr] o] T D TR Cy _
¥ iz - 2
|k2k3 - k1k4|F(v1 + 2) F(Kl + v + 1)
hi(ll21 = z1ll + 122 — z2l), (7)

2|By[Tv2*1 (. 62Xy

( I'(vy +2) )( I'(vi+1)
[ X2T?
T'(v,+1)

2|Bo| TV 2015
( I'(vy +2) )( I'(vy)
X2TU2_1
[ ['(v2)
(2 2B Millg — 2l + el — za

T'(v1+1) T(vy+2) k1]

kika[MallZ1 — z1]l + @2ll22 — 22ll] + Ikalks[Mi]1Z1 — z1| + ¢1l1Z2 — 22l]

[k (koks — kiky)l

+ Cio3 + CooalllZy — z1l|

+Ci0s + Cro4lllZ2 —Zzll)

+ Ci05 + Cog6]llZ1 — z1ll

+ Ci05 + Co06]ll22 - Zz||)

)

v1+1

52772 2|B4|TU2+1
F(v1 + 2) F(v2 + 2)
[MillZ1 = z1ll + 011122 — zallllks| + [MallZ: — z1ll + o2l|Z2 — z2|[]1Ka

( aks — k] )
T2 ColllZ — zill + 122 — z2ll]  x2T?M122 — 2ol
F(K2 + vy + 1) F(vz + 1)

2|Bq|Tv2*t_ daxamy
{[ B 2+ Ci103 + Copul

F(U2 + 2) F(vl + 1)
v1—1
BT €2x1EY
[ T, +2) Il T(w) + Ci105 + Co06]

621y 2B3|T*L My [kikalMy + lkoks| My

+ — 4+
(F(v1 +1)  T(w2+2)" |kl k1 (koks — kika)l
Sy 2T Milkl + Malkal, TG bz =zl
T(v1 +2)  T(a+2)"" l|kaks — kiky] T +va+ 1))

I'(vy, +2) ][F(vz +1)

2|B Tvz+1 Tv2
{[ 1B A2 + C103 + Co04]
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ZB2TUZ+1 XZTvzfl

F(vz + 2)][ F(vz)

oamy'  2Bs|T*! o1 lkikalon + Ikokslon

+ Ci05 + Co06]

o+ D " T2+l ™ Tralkaks = ik
Sy BT gilks] + galkl
TF(v1+2) T(va+2)" |koks — kiksl
TG, T
T2 tva+1) Tt 1)}”Zz —al
< oIz =zl + 1122 = z2l)). (8)

From (7) and (8), we obtain
ID(Z1,22) = D(z1, 22)l < (B + H2)(lZ1 — zall + [122 = 22l)-

Since #i; + iz < 1, therefore, @ is a contraction operator. So, from Banach’s fixed point theorem, the operator
® has a unique fixed point, which is the unique solution of system (1), (2). This completes the proof.

4. Example

Consider the following coupled system of nonlinear fractional Langevin equation

1515 _ Plzi (B 1 z( —
{ CD()+(CD0+ + 0.1)Zl(t) = m + %6’22(), te ] = [0, 001],

2 2
DYSCDL? +0.1)za(t) = Zcos(2mza(t)) + gsrrac—m, £ € J = [0,0.01]

subject to the following coupled boundary conditions

{ 21(0) =0, z1(0.01) = 0.0321(0.02), ,(0.01) = 0.052;(0.04)

2(0) = 0, 2(0.01) = 0.0321(0.02), z,(0.01) = 0.052/ (0.04) (10)

Here, k1 =xo=v1 =0, =15, y1 = x2=0.1, 61 =06, =0.03, €1 = €, = 0.05,

=12 = 0.02, & = & = 0.04, Wit 21(), 22()) = st 4 Lo=)
m =12 =4UUs 51 = 52 = U.U%, 1( ,Zl( )rZZ( )) = 5(t+3)2) 1+ ()P + 306

and Wy (¢, z1(8), z2(t)) = %cos(anl(t)) + % Take C; = C; = 0.01. With given data, we find that

ki = 688x107% ky=24x10"°, k3 =0.1, kg =45x10*
o = 2066x107, p=13%x10", p3=4x10"%, 0, = 1.66 x 1077,
05 = 8x107°%,p0,=5x10"°

IBi] = 199350, |B,| = 3322.5, |Bs| = 3.78 x 107*, |B4| = 2.83 x 107°,
M; = 7588x107* M, =226x1073,
I = 7.43x107%, h, =8.3255x107%
Note that

[W1(t, ur, uz)) — Wi(t, v1,02)] £ 0.01(Juq — v1] + [u2 — v2),
[Wa(t, uy, uz)) — Wa(t,v1,02)| < 0.01(Juy — 01| + |z — v2)),

and iy + fi, = 7.43x 107* + 8.3255 x 107 = 1.576 x 102 < 1. Thus all conditions of theorem 3.1 are satisfied.
Hence, the system (9), (10) has a unique solution on [0, 0.01].
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