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Abstract. In this paper, we introduce the construction of extending a soft topological space with respect
to a family of soft subsets from a given soft topological space. We focus on studying this extension when
the family consists of a single soft set. We show that the extended soft topological space is not uniquely
determined. We further study the conditions under which certain soft topological properties are shared
between the extended soft topology and the original one. Lastly, applying a soft point theory, we see that

the obtained results are parallel to those results that exist in classical topology, and by Terepeta’s Theorem,
our results are natural generalizations.

1. Introduction

The area of topology that deals with the fundamental set-theoretic definitions and constructions used
in topology is known as general topology. Most other fields of topology, such as differential topology,
geometric topology, and algebraic topology, are built on it. Soft topology is also a branch of topology that
combines soft set theory and topology. It is motivated by the standard axioms of a classical topological
space and is concerned with a structure on the set of all soft sets. A set of important properties was
introduced to describe a universe of options as soft sets. Since its inception in 1999 by Molodtsov [14],
soft set theory has been a booming topic of research and interaction with other fields. Shabir and Nazs’
[17] work, in particular, helped to establish the subject of soft topology. Despite the fact that numerous
studies followed their instructions and diverse notions appeared in soft settings, it is still possible to make
significant contributions. In this note, we introduce the notion of extension of a soft topological space
regarding a collection of soft subsets of the given soft space. But, here, we only study when the collection
contains one soft set and call it a simple extension (for short, s-extension) of a soft topological space. The
s-extension of crisp topological spaces is originally due to Levine [11]. The study of the preservation of soft
topological properties under s-extension is made. Our results are built on the soft point theory given in [6].
By Theorem 1 in [18], the obtained results are generalizations of those that exist for crisp topology.

2. Preliminaries

Let U be an initial universe, P(U) be all subsets of U and E be a set of parameters. A collection
Ag = {(e,A(e)) : e € E} is said to be a soft set [14] over U, where A : E — P(U) is a crisp map. The family of
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all soft sets on U is represented by SP(U, E). A soft element [15] is a soft set Ag over U in which Ag = {u}
for all e € E, where u € U, and is denoted by ({u}, E). A soft point [4], denoted by u(e), is a soft set Ag over
U in which A(e) = {u} and A(e’) = 0 for each ¢’ # ¢, ¢’ € E, where e € E and u € U. A statement u(e)€EAr
means that u € A(e). The soft set Ur\Ag (or simply A}) is the complement of Ag, where A° : E — P(U) is
given by A°(e) = U\A(e) for all e € E. A soft subset Ag over U is called null, denoted by @, if Ap = 0 for
any e € E and called absolute, denoted by U, if Ag = U for any e € E. Notice that U =Dand & = U. Itis
said that Ag, is a soft subset of Bg, (written by Ag, QBEZ, [13]) if E; € E; and A(e) € Bg for any e € E;. We say
AE1 = BEz if AEIEBEZ and BEZEAEI-

Maji et al. [13] gave definitions of soft union and soft intersection of two soft sets with respect to
arbitrary subsets of E. However, as Ali et al. [3] and Terepeta [18] report, these definitions are inaccurate
and confusing. As a result, we stick to Terepeta’s [18] definitions.

Definition 2.1. Let {AfE 11 € I} be a family of soft sets over U, where I is any index set.

(i) The intersection of AL, for i € I, is a soft set Ag such that A(e) = (), A'(e) for each e € E and denoted
by Ap = ﬁiEIA%" '
(ii) The union of A, for i € I, is a soft set Ag such that A(e) = U;; A'(e) for each e € E and denoted by
Ap = UigAl.
Definition 2.2. ([17]) A subcollection 7~ of PS(U, E) is called a soft topology on U if
(i) ® and U belong to T,

(ii) finite intersection of sets from 7~ belongs to 7, and
(iii) any union of sets from 7 belongs to 7.

Terminologically, we call (U, 7, E) a soft topological space on U. The elements of 7 are called soft 7 -open
sets (or simply soft open sets when no confusion arise), and their complements are called soft 7 -closed sets
(or soft closed sets).

In what follow, by (U, 7", E) we mean a soft topological space and by two distinct soft points u(e), v(e’),
we mean either u # vore # ¢'.

Definition 2.3. ([8]) A subcollection 8 C 7 is called a soft base for the soft topology 7™ if each element of 7
is a union of elements of 8.

Definition 2.4. ([1]) Let ¥ be a collection soft sets over U. The soft topology generated by ¥ is the
intersection of all soft topologies containing ¥ and is denoted by 7 (7).

Definition 2.5. ([17]) Let A be a non-null soft subset of (U, 7, E). Then 74 := {Gg ﬁAE : GEET ) is called a
soft relative topology over A and (A, 74, E) is a soft subspace of (U, T, E).

Definition 2.6. ([17]) Let Br be a soft subset of (U, 7, E). The soft interior of Ag, denoted by int, (Bg), is
the largest soft open set contained in Bg. The soft closure of Bg, denoted by cl, (Bg), is the smallest soft
closed set which contains Bg. The soft closure and interior of a soft subset Bg in the subspace (A, 74, E) is
respectively denoted by cls(Bg) and int4 (Bg).

Lemma 2.7. ([10]) For a soft subset Ag of (U, T ,E),
int(A%) = (cl(Ag))" and cl(A%) = (int(Ag))“.
Definition 2.8. ([7, 9]) A soft topological space (U, T, E) is called

(i) soft Ty if for each u(e), v(e’) over X with u(e) # v(e’), there exist soft open sets Ag, Bg such that u(e)gAE,
v(e’)¢Ag or v(e’)EBE, u(e)¢BE.
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(i) soft Ty if for each u(e), v(e’) over X with u(e) # v(e’), there exist soft open sets Ag, Br such that u(e)eAg,
v(¢’)¢Ar and v(¢’)EBE, u(e)¢B,

(iii) soft T, (soft Hausdorff) if for each u(e), v(e’) over X with u(e) # v(e’), there exist soft open sets Ag, Be
containing u(e), v(e’) respectively such that Ag NB: = .

(iv) soft regular if for each soft closed set Fr and each soft point u(e) with u(e)EF £, there exist soft open sets
Ag, B such that u(e)€Ag, FrCBg and Ar(\Bg = @.

(v) soft normal if for each soft closed sets Dg, Fr with Dg ﬁP E= 5, there exist soft open sets Ag, Bg such
that DgCAg, FrCBg and Ap(\Bg = ®.

The above soft separation axioms have been defined for the first time by Sabir and Naz [17] with respect
to soft elements.

Definition 2.9. A space (U, 7T ,E) is called

(i) soft compact [5] if each soft open cover of U has a finite subcover.
(ii) soft separable [16] if it has a countable soft set.
(iii) soft connected [12] if it cannot be written as a union of two disjoint soft open sets.

3. Extensions of soft topological spaces

Definition 3.1. Given a collection ¥ = {F. : i € I} of non-open soft sets over U, where I is any index set and

a soft topological space (U, T, E). The soft topology 7~ on U generated by TUF is called an extension of
T with respect to F. If ¥ contains a single soft set Fr, say, then the generating soft topology 7 is called a
simple extension (for short s-extension) of 7". By the notation = 7 [Fg] we mean J~ is an s-extension of 7~
with respect to the soft set Fg, and (U, T, E) is an s-extension soft topological space of (U, 7, E).

From the definition, we first give an easy remark.

Remark 3.2. If 7~ = 7[Fg] be an s-extension of 7~ over U, then

(i) 7 is the smallest soft topology on U that contains 7~ and {Fg};
(ii) if u(e)EF £, the collection {Of : O is soft 7 -open around u(e)} forms a soft ‘f'—open base at u(e), while if
u(e)€FE, the collection {G ﬁF £ : GE is soft 7 -open around u(e)} forms a soft ‘f'—open base at u(e);
(ili) F is always soft 7 -open, but never soft 7-open;
(iv) soft ‘f’—open sets are of the form GEO[OE ﬁF £], where Gg, O are soft 7 -open;
(v) for a soft subset Ag over U, int;(Ag) = int, (AE)O intp(Ag ﬁFE);
(vi) for a soft subset Bg over U, cl;(Bg) = cl,r(BE)ﬁ [BEO clp(BEﬁFE)];
(vii) (F, 7%, E) = (F, 7%, E) and (F*, Tr:, E) = (F", T, E);
(viii) let u(e)¢Fr and let Bg be soft set over U, then u(e)€ cl;(Bg) if and only if u(e)€ cl, (Bg).

Remark 3.3. At this place it is important to assert that if 7 is an s-extension of a soft topology 7, then 7 (e)
need not be the extension of 7 (e) for all e € E. Let U = {uy,us}, E = {e1,ez}, and T = {CT), ;L'l} be the soft
topology on U. If Ag = {(e1, {u1}), (e2, U)}, then T = TTAg] = {5, Ag,il}. Therefore ‘7'(61) =1{0,{u1}, U} is an
s-extension of 7 (e1) = {0, U}. On the other hand, 7 (e;) = {0, U} is not an s-extension of T (e;) = {0, U)}.

Lemma 3.4. Let (U, T, E) be a soft topological space and let T = T [Fg]. Then Fg is soft T -closed if and only if Fr
is soft T -closed.
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Proof. 1f F is soft 7 -closed, then F{, is soft 7 -open, by Remark 3.2 (i), TCT, so Fy is soft ‘f‘-open and hence

Fr is soft 7 -closed.
Conversely, suppose that Fg is soft 7 -closed. Then Fy. is soft 9 -open. By Remark 3.2 (iv), F =

GEU[OEHFE] for some soft 7 -open sets Gg, Or. But F; ﬂFE = ®@. Therefore F = GEUCD which is a soft
7 -open set. Thus Fg is soft 7 -closed. [

Lemma 3.5. Let (U, T, E) be a soft topological space and let T~ = T [Fe]. If Cg is T -closed, then CeNFg is soft
closed in (F,T¢,E) = (F, ¢, E) and Ce(F% is soft closed in (F°, Tp, E) = (FF, T e, E).

Proof. Follows from Remark 3.2 (vii) and Lemma 3.4. O

Lemma 3.6. Let AE,BEE(%I T, E) with ApCBg and let G be soft open over U. If Ap\ int(Ag) = B\ int(Bg) = Cg
and cl(BE\AE)ﬂCE = CD then

(i) Hg = Gg\ cl(GEﬁBEﬂA ) is soft open;
(ii) GED int(Ag) =~H5ﬂ int(Bg); and
(iil) GeMNCg = HENCE.

Proof. (i) Clear.

(ii) Let u(e)EGEﬁint(AE) Then u(e)eGg and u(e)€ int(Ap)int(Bg). We claim that u(e)eHg. If not,
then u(e)e cl(GEMBEMAL )C cl(GE)ﬂ cl(BE)ﬂ cl(A7)). This implies that ue)e cl(Ag)) = (int(Ag))°. Thus
u(e)eHEﬂ int(Bg) and so GEﬂ 1nt(AE)<_ZHEﬂ int(Bg).

Conversely, since HeCGe, we can only show that HEﬁ int(BE)EHEﬁ int(Ag). By (i), one can get the
following simplifications

HEﬂ int(Bp) = GEﬁ int(GgDBgDAE)ﬁ int(Bg)
= Gef Yimi(ci{ )30l
= Ggﬁint(GEOAE)ﬁint(BE), (1)

and correspondingly,

HEﬂ int(Ap) = GEﬂ int(G UAE)ﬂ int(Ag). )

Let u(e)EHEﬁ int(Bg), then by statement (1), there exists a soft open O containing u(e) such that OrCGr,
OEEGC UAE, and OgCBg. This means that OpC int(Ag). Therefore u(e)eHg () int(Ag) and hence Hg() int(Bk)
CH Eﬁ mt(AE) Thus (ii) is proved

(iii) GeCeC [GE\ cl(BE\AE)] ﬂCEC[GE\Cl(AEﬂBE\AE)]ﬂCE = Hp(\Cr and Hp(\CECGENCk is always
true, hence the result. [

Theorem 3.7. Let Ap, Be€(U, T ,E). Then T[Ag] = T[Be] if and only if A, Bg satisfies (i) Ag\int(Ag) =
BE\ int(BE) = CE, and (Zl) CI(BE\AE)HCE = CI(AE\BE)HCE =0

Proof Suppose that (i) and (ii) are true for the given subsets Ag, B; over U. First we consider the case if
ArCBE. By Remark 3.2 (1), the soft base B(BE) of T [Belis equal to TU‘TB We claim that B(Br)CT [Ag]. Take
any Dr€B(Bg), if Dr = GEﬂBE = GEﬂ(lnt(BEﬂAE)) (GEN 1nt(BE))U(GEﬂAE), then Dg€7 [Ag], see Remark
3.2 (iv), and since T CT[Ag], therefore T[BE]C‘T[AE] We now show that B(AE)CB(BE) Let F EEB(AE) If
Fe = GeNAE, by Lemma 3.6, Fp = GeNAg = [GeNint(Ap)IUIGENCE] = [HeN int(Be)]UIHENCEIEB(BE).
Therefore 7 [Ag]CT [Bel.
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Here, we consider a more general situation, if Ag ﬁB ¢ = Dg, then we start with
De\int(D) = (Ag( |B) |int(Ap)( ) int(Be))
= [Ag[ B[ |GntCAr) I _JiAe( )Be( |(nt(Br))]

= [AEﬁCE]O[BEﬁCE] =Ck
Now,

CI(AE\DE)ﬁCE = Cl(AEﬁ ACOB%DﬁCE
= atae JapJad B e
= d(A\Bef |Ce =B

By the same way above, one can obtain cl(BE\DE)ﬁCE =® In conclusion, from the first case, we get
T1Ae]l = T[Bel = T[Del. _ _
Conversely, suppose that T[Ag] = T [Bg]. Let u(e)eAp\int(Ag). Assume that u(e)¢Br and Ar =

GEU(HE ﬂBE) for some soft 7-open sets Gg, He. Therefore 1u(e)€GeCAg and so u(e)e int(Ar), which is
impossible.

Assume that u(e)€ int(Bg). Then there exists a soft 7-open set O containing u(e) such that u(e)€OpCBE.
Now, we have

u(e)EintT[BE](OEﬁAE) = int (oEﬂAE)UmtB(oEﬂAEﬂBE)

= [int (oE)ﬂ int, (Ag)] UmtB(oEﬂAEﬂBE)

Since u(e)¢ int(Ag), so u(e)€ intz(Og ﬂAE ﬂBE) mtB(OE)ﬂ 1ntB(AE)ﬂ intg(Bg). Therefore, there exists a soft
T -open set Wg containing u(e) such that u(e)eWE ﬂB £CAg. On the other hand, u(e)eWE ﬂOECWE ﬂB £CAE,
which implies that u(e)€int(Ag). This is a contradiction. Thus Ag\ mt(AE)(_ZB £\ int(Bg).

The other part can be proved by the same steps above.

We now show cl(BE\AE)ﬂCE = @ Suppose otherwise that u(e )ECI(BE\AE)ﬁCE and O is any soft
T—open Contalnmg u(e). Then for each soft 7 [Bg]- -open set WE of the form GEU(H E ﬂBE) containing u(e),
We(Be\AEg) # ®. Then again, (OEﬂAE)ﬂ(BE\AE) = @ and so OEﬂAE # WE for any soft 7 [Bg]-open set

WE. This is impossible as 7 [Ag] = 7 [Be]. The part cl(Ag\B E)ﬂCE = @ can be followed in a similar way
above. Hence the proof is finished. [

Corollary 3.8. Let A, Be€(U,T,E). If Cg = Ag\int(Ag) and Br = Ap\Fg, where cl (Fg) = Fg, FEﬁCE =,
then T[AE] = T[BE]

Corollary 3.9. Let Ap, BE&(U, T, E). IfCt = Ag\ int(Ag) and Bg = Ag\UGg, whereint, (Gg) = Gg, cl, (Gg)(\Cr =
@, then T[AE] = r]-[BE]

4. Soft topological properties under s-extension

Lemma 4.1. ([9, Proposition 5.1]) Let (U, T, E) be a soft compact space and let Ap€(U, T ,E). If A is soft closed,
then Af is soft compact.

Theorem 4.2. Let (U, T, E) be a soft compact space. Then (U, T [Ag], E) is soft compact if and only if A is soft
compact in (U, T, E).
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Proof. Assume (U, T [Ag], E) is soft compact. By Remark 3.2 (iii), A}, is soft 7 [Ag]-closed and then A, is soft
compact in (U, T [Ag], E). Since T ST [AEg], so Af, is soft compact in (U, T, E).

Conversely, let W = {W%. : i € I} be a soft open cover of (U, T[Ag],E), where I is any index set. Then,
for each i, Wl G’ U(H’ ﬂAE) Therefore A$ CUZE,G But A{ is soft compact, so there exists a finite subset

—M
M c I'such that A CU1 1GL. On the other hand, U= U,E[(Gl UHl ) and since (U, T ,E) is soft compact, then

there exists another finite subset N' C I such that U = Ul 1(G’ UH1 ). Therefore Ag = U: 1[G’ U(H’ ﬂAE)]

In conclusion, we have
M+

u=ag_Jae=J_, 16\ JH:(ap
Thus (U, T [Ag], E) is soft compact. [J

An s-extension of a soft compact space may not be soft compact.

Example 4.3. Let 7 = {Agiﬁ : 0(eq )gAE}O{ﬁ} be a soft topology on the set of reals R, where E = {ey, 5}.

Evidently, (R,7,E) is soft compact since the only soft open cover of R is {R} which is finite. But
TTi(e1,0),(e2,0)}] = SP(R,E) is the soft discrete topology and surely it cannot be soft compact as R is
infinite.

Lemma 4.4. Let Gg, DEE((LI, T, E). If G is soft open and D, soft dense, then cl(Gg) = cl(GEﬁDE).

Proof. Since GEﬁDEEGE, then cl(GEﬁDE)Ecl(GE) On the other hand, if u(e)€cl(Gg). Then for each soft
open set O conta1n1ng u(e), GEﬂOE # @. But Dg is soft dense, so it intersects each non-null soft open set.
Therefore (Ge(\Dg)(\Or # ®. This implies that u(e)e cl(GEﬂDE) Hence cl(Gg)C CI(GEﬂDE) |

Theorem 4.5. Let (U, T, E) be a soft separable space. Then (U, T [Ak], E) is soft separable if and only if (A, T a, E)
is soft separable.

Proof. Assume (U, T[AE] E) is soft separable. Then there exists a conutable soft subset D of (U, T[AE] E)
such that cl [4,1(Dg) = U. Since Ag is soft T[Ag]-open, by Lemma 4.4, cl 4,1(Ar) = cl, AE](AEHDE)
Therefore

ArC el a1(Ar) = ol g (Ar[ \De) = cl, (Ag[ |Dr),

and so Ag = Agﬁ cl (A ﬁDE) = cla(Ag ﬁDE). But Ag ﬁDE is soft countable, hence (A, 74, E) is soft separable.
Conversely, let Fr be a countable soft dense in (U, 7, E) and let Cg be a countable soft dense in (A, 74, E).

Then D = FelJCE is countable. We now prove that Dr is soft dense in (U, T [Ag], E) Let O be any non-null
soft T[AE] -open. Then OE = GEU(HEﬂAE) for some T—open sets GE,HE If G # CD then GEﬂFE + ® and
S0 [GEU(HEﬂAE)]ﬂDE + . On the other hand, if G = CD HEﬂAE # @. Therefore (HEﬂAE)ﬂCE # ® and

OEﬂDE = [GEU(HEHAE)]H[FEHCE] # ®. Thus Dr is soft dense in (U, T [Ag], E), and hence (U, T [Ag], E)
is soft separable. [

Theorem 4.6. If (U, T ,E) is a soft Ti-space, then (U, T [Ag), E) is soft Ti-space, fori = 0,1,2.
Proof. By Remark 3.2 (i), TCTIAEl. O
The converse is not valid in general.

Example 4.7. Let U = {u}, E = {e1,e2}, and 7 = {5, ’17} be the soft topology on U. If Ag = {(e1, {u}), (e2, D)},
then 7[Ag] = {QJ Ag, ‘U} and so (U, T [Ag], E) is a soft Ty-space, but (U, T, E) is not.

Example 4.8. Consider the softspaces (IR, 7", E)and (R, 7 [Ag], E) givenin Example 4.3, there A = {(e1,0), (e2, 0)}.
Then (R, 7 [Ag], E) is soft T,, while (IR, 7, E) is not soft T.
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Lemma 4.9. Let (U, T, E) be a soft regular space. Then (U, T [Ag], E) is not soft regular if and only if there exists
u(e)€AE such that Ge(\(cl, (Ap)\Ag) # @ for each soft T -open set G containing u(e).

Proof. Suppose, if possible, (U, T [Ag], E) is soft regular. Then for each soft 7 [Ag]-open set GrCAg containing
u(e), there is a soft T[Ag]-closed set Fr such that u(e)CFrCGr. Again by soft regularity of (U, 7, E), there
exists soft 7 -open Of such that 1u(e)€0E ﬁAEEF - By assumption, there is v(e)EOEﬁ(CIT (Ap)\AE). Therefore
v(e)ecl, (O NAg)C cl, (Fg) = cl, a,(Fg) = FECAg, which is impossible.

Conversely, suppose that (U, 7 [Ag], E) is not soft regular. There exists a soft 7 [Ag]-open Of containing
u(e) such that no soft 7 [Ag]-closed set Fr containing u(e) is a subset of Og. On the other hand u(e) must be
in Ag. If not, then for the soft 7 -open Dg = GEO(aﬁAE) containing u(e), there is a soft 7 -closed set K¢ such
that u(e)EKEEDE. By Lemma 3.4, K is soft 7 [Ag]-closed, which shows that (U, T[Ag], E) is soft regular, a
contradiction.

Now, we assume that there is a soft 7 [Ag]-open Ug containing u(e) such that

Uz( (el (Ap)\Ap) = ©.

Let G be a soft T[Ag]-open containing u(e), where Gg = EO(HEﬁAE). If Fg is any soft 7 -closed set
containing u(e) with F CUNHE, by Lemma 3.4,

clT[AE](FEﬁAE) =d, (FEﬁAE)E o, (FE)ﬁ o, (Ag) = FEﬂ ol (Ag).

Since FrC(Up(HE) and Ug\(cl, (Ap)\Ag) = ®, then Fg( cl, (Af) = FeNAg and so cl, (,)(FrNAE)CFENAEC
(Ug ﬂHE)ﬂAEEGE. This means that (U, 7 [Ag], E) is soft regular, which contradicts the assumption. The
proof is finished. [

From the above result, we have

Theorem 4.10. Let (U, T, E) be a soft regular space. Then (U, T [Ag], E) is soft reqular if and only cl, (Ap)\AE is
soft T -closed.

Theorem 4.11. Let (U, T, E) be a soft regular space. If Ag is soft T -closed, then (U, T [Ak], E) is soft regular.
Generally, the condition on the soft set Ag in the above results is essential.

Example 4.12. Let us use the details provided in Example 4.7. The space (U, T, E) is soft regular. On the
other hand, (U, T [Ak], E) is not soft regular as the set Ag is not soft closed.

Lemma 4.13. ([7, Theorem 5.7]) Let (U, T, E) be a soft normal space and Ag be a T -closed set. Then (A, T 4, E) is
soft normal.

Lemma 4.14. ([17, Proposition 12, Theorem 2]) Let (Z, 7z, E) be a soft open (closed) subspace of (U, T, E) and let
ApCZg. Then Ag is soft T -open (T -closed) if and only if A is soft Tz-open (T z-closed).

Theorem 4.15. Let (U, T, E) be a normal space and let Ag be soft T -closed. Then (U, 7 = T TAg], E) is soft normal
if and only (A, T ac, E) is soft normal.

Proof. Suppose (U, T [Ag], E) is soft normal. Since Af is soft 7 -closed, by Lemma 3.4, Ag is soft T -closed,
by Lemma 4.13, (A, 7 4, E) is soft normal, but (A%, 7 ac, E) = (A, T 4c, E) from Remark 3.2 (vii). This part is
done. _ _

Conversely, assume (A¢, 7 ac, E) is soft normal. Let Kg, L be two soft F-closed sets with Kg Lg = .

Then Kg(Ag and Lg( A are soft closed in (4, T, E), which imply, by Lemma 3.4, they are soft closed in
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(A, Ta, E). By assumption and Lemma 4.14, Kg ﬂAE and Lg ﬂAE are soft closed in (U, 7, E). Since ((LI T, E)
is soft normal, then there exist soft t open sets Gg, Hg such that Kg ﬂAECGE, L ﬂAECH £, and Gg ﬂHE =

On the other hand, K¢ ﬂACE and Lg ﬂACE are also soft closed in (A, 7 4, E) = (A, Tac, E) from Lemma 3.5. By
assumption, there are soft open sets Ug, Vg in (A, T4, E) = (AS, T ae, E) such that K¢ ﬁA” CUg, K ﬁAEEVE,
and UEF)VE = ®. Since 7CJ and Af is 7A“—0pen then Gg, Hg, UE, VE are soft open in (ﬂ T [Ag], E).

Therefore K¢ = (KEﬂAE)U(KEﬂA )S(GeNAR)UUE = O, L = (LEmAE)U(LEmAC)C(HEmAE)UVE = WE,
and OEﬂWE = ®. Thus (U, T = T[Ag],E) is soft normal. [

Remark 4.16. If (U, T [Ag], E) is an s-extension of (U, T, E) and Ag is 7 -closed, then Ag, A}, are soft closed
and soft open. In this case, (U, T [Ae], E) is always a soft disconnected space.

Theorem 4.17. Let (U, T, E) be any space. If either of the following statements is true, then (U, T [Ag], E) is soft
connected.

(i) if (A, Ta, E) is soft connected and Ag is soft dense in (U, T, E); or
(ii) if (A, T4, E) and (A°, T ac, E) are soft connected but Ag is not soft T -closed.

Proof ) If (U, T[Ag], E) is not soft connected, then there exists soft 7 [Ag]- ]-open sets Og, Wg such that
U = OEUWE and OEﬂWE = <D where O = GEU(HEﬂAE) and Wg = UEU(VEHAE) for some T—open
sets GE,HE, Ug, VE Clearly GEUHE # ® and UEUVE # . By soft den51ty of Ag, (GEUHE)()AE # @ and

(UeUVE)NAE # . But U = (GeUHp)U(UeUVE) and so A = [(GeUHe)NAEIUI(UEUVE)NAE]. This
proves that (A, 74, E) is not soft connected, a contradiction.

(ii) It U7 [AE] E) is not soft connected, then there exists soft 7[Ag]-open sets O, Wg such that U=
OEUWE and OEﬂWE = . By Remark 3.2 (iii), none of OE and W is equal to Ag. Therefore either

OEﬂAE # ® and WEﬂAE # @ or Or\Afg # ® and WEe\AE # ®. Neither of two cases is possible as (A, 74, E)
and (A¢, T 4, E) are soft connected by assumption. [

5. Conclusion

The continuous supply of classes of topological spaces, examples, and their features and relations has
aided the development of topology. It is, therefore, crucial to expand the area of soft topological spaces in
the same manner. We have contributed this part to soft topology with some new classes of soft topological
spaces by means of s-extension. We have shown that s-extension need not give a unique soft topology. By
using the concept of soft point provided in [6], we have studied the preservation of some soft topological
properties under s-extension. We have shown that the obtained results are similar to those found in classical
topology, for instance: Theorems 4.15, 4.10, 4.6 are parallel to Theorems 1, 2, 5 in [11], but a soft topology
with its simple extension does not get along well with its parametrized (crisp) topologies, see Remark 3.3.
On the other hand, if we use the notion of soft elements, the latter soft topologies and their counterparts
are nicely related, (see [2]).

In the future, this line of research could be developed by exploring other soft topological properties or
by imposing some requirements on the ¥ family in Definition 3.1.
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