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Abstract. We construct the group of H-Galois objects for a flat and cocommutative Hopf algebra in a
braided monoidal category with equalizers provided that a certain assumption on the braiding is fulfilled.
We show that it is a subgroup of the group of BiGalois objects of Schauenburg, and prove that the latter
group is isomorphic to the semidirect product of the group of Hopf automorphisms of H and the group
of H-Galois objects. Dropping the assumption on the braiding, we construct the group of H-Galois objects
with normal basis. For H cocommutative we construct Sweedler cohomology and prove that the second
cohomology group is isomorphic to the group of H-Galois objects with normal basis. We construct the
Picard group of invertible H-comodules for a flat and cocommutative Hopf algebra H. We show that
every H-Galois object is an invertible H-comodule, yielding a group morphism from the group of H-Galois
objects to the Picard group of H. A short exact sequence is constructed relating the second cohomology
group and the two latter groups, under the above mentioned assumption on the braiding. We show how
our constructions generalize some results for modules over commutative rings, and some other known
for symmetric monoidal categories. Examples of Hopf algebras are discussed for which we compute the
second cohomology group and the group of Galois objects.

1. Introduction

The notion of a Hopf-Galois extension, defined in [18], is one of the pillars in the Hopf algebra theory.
It is strongly related to algebraic geometry. A faithfully flat commutative Hopf-Galois extension for a
Hopf algebra that is the coordinate algebra of an affine group scheme is a principle homogeneous space.
Then faithfully flat not necessarily commutative Hopf-Galois extensions may be seen as a noncommutative
analogue of this geometric concept. Hopf-Galois extensions arose from Hopf-Galois objects, also called
Galois objects. The group of Galois objects over a commutative ring was introduced by Chase and Sweedler
in 1969, [9]. It emerged as a generalization from the classical Galois field theory and the Galois theory for
commutative rings developed in [8]. Galois objects in a closed symmetric monoidal category were studied
in [19] in 1980. A recent construction was made in [31]. There, as for the category of modules in [5], the
product in the group is induced by the cotensor product, which in categorical language is a particular
equalizer. For the definition of Galois objects in a braided monoidal category one needs that equalizers are
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preserved by certain tensor products. For this purpose Schauenburg introduced the notions of flatness and
faithful flatness. It turns out that using them the construction of Galois objects from [19] is much simplified.

In this paper we construct the group of Galois objects as a subgroup of Schauenburg’s group of biGalois-
objects from [31]. We show that in order for this subgroup to exist one has to assume that the braiding ®
when acting between two H-Galois objects A and B is symmetric, meaning @ p = (D;A The main result of
this paper is Theorem 5.13 where the following short exact sequence is constructed, whose middle term is
our mentioned group of Galois objects:

c

1— HXC;H, ) Gal(C; H) —= Pic®(C; H). (1.1)

Here H2(C; H, I) is the second Sweedler cohomology group, Pic®(C; H) is the Picard group of invertible H-
comodules, and H is a flat cocommutative Hopf algebra in a braided monoidal category C with equalizers
such that the above assumption on the braiding holds. The group H?(C;H,I) we construct by direct
categorification of Sweedler cohomology for a cocommutative Hopf algebra over a commutative ring in
[33]. We find that this construction requires the following restriction on the braiding to hold: ®p 5 = @},
Though, by a smart observation of Schauenburg in [30, Corollary 5] this condition is already fulfilled for
cocommutative H. The Picard group of invertible comodules Pic®’(C; H) we construct in the following way.
Pareigis established in [27, Theorems 5.1 and 5.3] Morita Theorems for categories of modules in a monoidal
category. Dualizing such characterized bimodules we obtain our notion of invertible comodules. The group
of their isomorphism classes is our group Pic®(C; H). On the other hand, it can be seen as a categorification
of the Picard group for a coalgebra over a field introduced in [35]. The latter classifies Morita-Takeuchi
equivalences, proposed by Takeuchi in [34] as equivalences of categories of comodules for coalgebras over
a field, dually to Morita equivalences.

Galois objects which are isomorphic to H as H-comodules are called H-Galois objects with normal
basis. We argue that for H cocommutative the property ®ypy = @;I}H implies that the assumption ®4p =
(Df;,lA is automatically fulfilled for all H-Galois objects with normal basis A and B, hence that such Galois
objects induce a (sub)group Gal,;(C; H). We prove in Theorem 5.9 that C from (1.1) corestricts to a group
isomorphism H?(C;H,I) = Gal,(C;H). On the other hand, we prove that every H-Galois object is an
invertible H-comodule, inducing a non-trivial morphism & in (1.1), when C is not surjective.

Our short exact sequence (1.1) is a generalization of the sequence of Alvarez and Vilaboa constructed in
[1, Theorem 11] and [2, Proposition 0.3]. Whereas in the latter sequence the Hopf algebra should be finite
and the category symmetric, the first restriction is not present in our case, and the second one is weakened
by our assumption on the braiding.

More of a historical background of the sequence (1.1) we may resume as follows. The original idea for
its construction was accomplished in 1976 in [24] for a commutative ring R and a finitely generated and
projective Hopf algebra H with a bijective antipode, where the morphism from the group of Galois objects
to the Picard group of invertible H-modules generalized that of [14, Theorem 2] for a group ring RG. A
slightly more general construction was carried out in [10] in 1986. Following the latter, the corresponding
morphism from the group of Galois objects to the Picard group of invertible modules was defined in a
closed symmetric category in [2] in 2000. There was shown that the kernel of the morphism is isomorphic
to the subgroup of Galois objects with a normal basis. Taking into account that this subgroup was proved to
be isomorphic to Sweedler’s second cohomology group in [1], generalizing the Normal Basis Theorem [33,
Theorem 8.6], one gets the aforementioned short exact sequence. Harrison cohomology appearing in [24] is
here replaced by Sweedler cohomology. This is consistent, since the Hopf algebra H in the first construction
becomes a Hopf algebra H* in the second one, and Harrison cohomology for H is isomorphic to Sweedler
cohomology for H*, [7, Proposition 9.2.3]. K-theoretical background for these exact sequences can be found
in [7, (C.8), p. 470]. A version of the short exact sequence for commutative rings is [7, (10.25), p. 267] and
how it emerges from the K-theoretical origin one can comprehend from the steps [7, (10.19)-(10.23), p. 265].
Our construction can be seen as a categorification of [7, (10.25), p. 267].

Apart from the above-mentioned main result Theorem 5.13, we prove generalizations to braided
monoidal categories of the following important classical results. The Fundamental Theorem of Hopf
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modules for a flat Hopf algebra H in a braided monoidal category C with equalizers was proved in [20, The-
orem 1.1]. It establishes an equivalence of categories —® H : C<—= Cji : (-)"" where C! is the category
of Hopf modules in C and (—)* the functor that delivers H-coinvariants. We generalize this result proving

that for an H-comodule algebra A there is an adjunction of categories —® A : C <— C/ : ()" where C!
is the category of relative Hopf modules in C, and moreover, under the assumption that H is flat we prove in
Theorem 3.11 that A is an H-Galois object if and only if the latter adjunction is an equivalence of categories.
As a consequence we obtain that a flat Hopf algebra is itself an H-Galois object, and in particular faithfully
flat. Moreover, we prove in Proposition 3.14 that for a flat H every H-comodule algebra morphism between
two H-Galois objects is an isomorphism. The mentioned results are established in Section 3 and mainly
present categorification of analogous results for modules over a commutative ring from [7].

Along the way of constructing the group of Galois objects, the other important results are Lemma 4.7
and Theorem 4.21. In the former we give sufficient conditions for the associativity of the cotensor product
over flat coalgebras in a monoidal category with equalizers, generalizing and correcting an analogous result
from [7] for colagebras over a commutative ring. In the latter we prove that for a flat and cocommutative
Hopf algebra H the group of BiGalois objects of Schauenburg is isomorphic to the semidirect product of
the group of Hopf automorphisms of H and the group of H-Galois objects. This is categorification of [32,
Lemma 4.7].

The last Section is devoted to examples. For the Radford Hopf algebra H, and the Nichols Hopf algebra
E(n), using the fact that they both are Radford biproduct Hopf algebras, we compute the second Sweedler
cohomology group and the groups of Galois and biGalois objects in the corresponding settings.

The outline of the paper is as follows. In Section 2 we give preliminaries on (faithful) flatness and
preservation and inheritance of additional structure on equalizers. Section 3 is devoted to Hopf-Galois
objects: we prove the mentioned adjunction and equivalences of categories for (relative) Hopf modules,
characterizing H-Galois objects, we prove that flat H is an H-Galois object and thus faithfully flat, and that
every H-comodule algebra morphism between H-Galois objects is an isomorphism. in Section 4 we construct
the group of Galois objects. In Subsection 4.1 we study cotensor coproducts, and in Subsection 4.2 we
construct the group itself, the subgroup of Galois objects with normal basis, and prove the semidirect product
decomposition for the group of biGalois objects. In Section 5 we first construct Sweedler cohomology, then
we prove how 2-cocycles twist the multiplication of Galois objects yielding an isomorphism between the
second cohomology group and the group of Galois objects with normal basis. In Section 5.4 we construct the
Picard group of invertible comodules and prove that Galois objects are invertible comodules. In Subsection
5.5 we finally construct our short exact sequence and compare it to the analogous sequence of Alvarez and
Vilaboa. In the last Section we first recall Radford biproducts and Majid’s bosonization, and then compute
the second Sweedler cohomology group and the groups of Galois and biGalois objects for the Radford
biproduct Hopf algebras H, and E(n).

2. Preliminaries

The reader is supposed to be familiarized with braided monoidal categories. For references we recom-
mend [21] and [15], [16], [17] and [22]. The 7-tuple (C, ®, 4, I, I, v, ®) will denote a braided monoidal category,
where C is a category, ® : C X C — C is the tensor product functor, axyz : (X®Y)®Z — X ® (Y ® Z) is the
associativity constraint, that satisfies Mac Lane’s pentagonal axiom, I denotes the unit object, Iy : [® X — X
and rx : X ® I — X are the left and right unity constraint, respectively, and ®xy : X® Y — Y ® X denotes
the braiding. In view of Mac Lane’s Coherence Theorem we may (and we will do) assume that our braided
monoidal category is strict, i.e., the associativity and unity constraints are identities in C. We will use the
standard graphical calculus to work in braided monoidal categories. For two objects V, W in C the braiding
between them and its inverse are denoted by

Vv w w Vv

-1
Pyw= X and Dy = ~
W v VW
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respectively. We will assume throughout that C has equalizers.

We refer to [6] for the definition of the following algebraic structures in braided monoidal categories:
algebras, modules, coalgebras, comodules, Hopf algebras, module algebras and comodule algebras. The
list of axioms for each of these structures, expressed in graphical calculus, may be found in [6, Page 159].
We fix some notation for the different structures: A is an algebra, C a coalgebra, H a Hopf algebra with
antipode S, M an A-module and N a C-comodule.

Algebra Coalgebra Antipode
Unit Multiplication Counit Comultiplication
H
A A c c \
T] A= $ V A= u gc = L AC = m @
A A CcC C ‘
H
Module Comodule
Left Right Left Right
A M M A N N
VM= | = = A= = pv= =
M M C N N C

2.1 Flatness: An object A in C is called flat if the functor A ® — : C — C preserves equalizers. If, in
addition, it reflects isomorphisms, then A is called faithfully flat. By naturality of the braiding the functor
A®—:C — C preserves equalizers (resp. reflects isomorphisms) if and only if - ® A : C — C does it. The
following statements for objects A, B € C are easy to prove:

(i) If A and B are flat, then so is A ® B.
(i) If A and B are faithfully flat, then so is A ® B.
(iif) If the functor A ® — reflects equalizers and A ® B is faithfully flat, then B is faithfully flat.

We will record in several results how the (co)equalizer of two morphisms with additional structures
inherits these structures. The proofs of these results are standard.

22Let p_ €, 4 g be an equalizer in C.

(i) If f and g are algebra morphisms, then E is an algebra and e is an algebra morphism. We call (E, ¢) an
algebra pair.

(ii) If f and g are left (resp. right) H-module morphisms for an algebra H, then E is a left (resp. right)
H-module and e is a left (resp. right) H-module morphism. The pair (E, ¢) is called an H-module pair.
The dual statement follows for H-comodules provided that H is a flat coalgebra. Similarly, (E, e) is said
to be an H-comodule pair.

Assume that A, B are H-comodule algebras, where H is flat, and let (E, ¢) be the equalizer of H-comodule
algebra morphisms f, g : A — B. Then E inherits an H-comodule algebra structure such that e is a morphism
of H-comodule algebras. It is important to stress that once the corresponding structure morphisms are
induced on E, one does not need anymore the hypothesis on f and g to prove the compatibility conditions
in each structure (the reader is encouraged to check it).

2.3 Let A € C be an algebra and 4C the category of left A-modules. If C has equalizers, then 4C
has equalizers, too - an equalizer in C of two morphisms in 4C is an equalizer in 4C. Moreover, the
forgetful functor U : ,.C — C preserves equalizers. Both statements hold true for the category C® of right
C-comodules if C is a flat coalgebra.



B. Femi¢ / Filomat 36:15 (2022), 5179-5220 5183

2.4 Consider a commutative diagram of morphisms in C

€1

Eq Aq
i
E; 2 A,

and assume that e, is a monomorphism.

(i) Ifei,e; and f areright H-comodule morphisms and e, ®H is a monomorphism, then ? isan H-comodule
morphism. _
(i) If e1,e2 and f are right H-module morphisms, then f is an H-module morphism.
(iii) If e1, e, and f are algebra morphisms, then f is an algebra morphism.

As a consequence we have:

(@) Let f: A — Rand g : B — R be algebra (resp. H-comodule) morphisms and assume that g (resp.
H®g)is amonomorphism. Leth : A — Bbesuchthat gh = f. Thenhis an algebra (resp. H-comodule)
morphism.

3. Hopf-Galois objects

In this section we recall from [31] the notion of Hopf-Galois object and present some results on it.
The principal one is the characterization of a Hopf-Galois object in terms of a pair of functors being an
equivalence, that generalizes the Fundamental Theorem of Hopf modules. As a consequence of this result
we will obtain that a comodule algebra morphism between two Hopf-Galois objects is an isomorphism.
This fact is an essential tool to establish the main results in [11].

3.1. Hopf modules and relative Hopf modules

We start by recalling from [31, Definition 3.7] the notion of relative Hopf module in C for a right
comodule algebra A over a Hopf algebra H. We will show that there is an adjoint pair of functors between
the category C¥/ of relative Hopf modules and C.

Definition 3.1 Let H be a Hopf algebra in C and A a right H-comodule algebra. A right relative Hopf module (or
an (A, H)-Hopf module) M € C is a right H-comodule and a right A-module such that the H-comodule structure of
M is right A-linear, where M ® H is endowed with the codiagonal A-module structure. The compatibility condition

takes the form:
M A
M A
M H
M H

We will denote by CY the category whose objects are right relative Hopf modules and whose morphisms
are A-linear H-colinear morphisms.

Definition 3.2 Let M be a right H-comodule in C. The object of H-coinvariants of M is the equalizer:

PM
M®T]H

MCOH 4I>M M®H
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Actually, (-)®H defines a functor from C" to C. If f : M — N is a morphism in C¥, then e : pMeoH
— N js induced by the commutativity of the square in the diagram:

McoH iM M
fcoH l f l
NeoH — N N . NoH
N® N

The existence of f®H is assured by the H-colinearity of f and the universal property of the equalizer
(N®H, iy). Clearly, the functor (-)H also acts on Cf . Indeed, it is part of an adjoint pair as we see next.

Proposition 3.3 With Aand H in C asabove, ¥ : C — Cf,N = N®A, isaleftadjointto G : Cf — C,M — M®H,

Proof. Given N € C we view N®A as a right H-comodule with coaction pnga = N®pa and a right A-module
with action tnga = N ® V4. The compatibility condition of CZI holds for N ® A because A is an H-comodule
algebra. The definition of ¥ on morphisms is obvious.

For N € C and M € C* we define morphisms

CHIN®A,M) C(N, MH)

as follows. Given f € CIZ (N ® A, M) its image O(f) € C(N, M*!) is defined as

N
N
o Ly
= L
M M

whereas for g € C(N, MH) the image W(g) € CZ’ (N®A, M) is given by

N®A N A

|
=P

M M

Itis easy to check that ©(f) and W(g) are well defined, that they are inverses of each other and naturality. [J
The unit of the adjunction ay = Onneal(idnea) : N = (N ® A)°H is the unique morphism such that
ingadN = N ®14. (3.2)
The counit of the adjunction By = Wy pr(idpen) : M © A — M is given via

MmH A

Bm = @ (3.3)

M

Remark 3.4 Analogously, the pair of functors (A ® —, (=)®/) is also an adjoint pair between the same
categories, with counit B : A® M®? — M given by B, = pu®Pa yei. For N € C we consider A® N as a
relative Hopf module with the right H-comodule and A-module structures given by

A N A N A

PABN = N and  UaeN = Lﬁ (3.4)

A N H A N
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Using 2.2 and 2.3 one obtains:

Lemma 3.5 If H is flat, then an equalizer in C of two morphisms in C is an equalizer in CYl. Moreover, the forgetful
functor U : CY{ — C preserves equalizers.

When A = H the category C} is called the category of Hopf modules. In this setting, the Fundamental
Theorem for Hopf modules was established in [20, Theorem 1.1]. We formulate it here.

Theorem 3.6 (Fundamental Theorem of Hopf modules) Let H be a flat Hopf algebra in C. Then the pair of
functors-® H : C = Cj} : (=) establishes an equivalence. In particular, M®" ® H = M for all M € C.

3.2. Galois objects

In this section we will prove that the category of relative Hopf modules C{ admits an equivalence with

C when A is an H-Galois object, generalizing the Fundamental Theorem of Hopf Modules.

Definition 3.7 Let H € C be a Hopf algebra. A right H-comodule algebra A in C, with structure morphism pa, is
called an H-Galois object if the following two conditions are satisfied:
(i) Ais faithfully flat;

®H

® v
PA Ao aeH A% Aon

(ii) The canonical morphism can : A® A
is an isomorphism.

Consider A® A and A®H as right H-comodules by the structure morphisms A®p4 and A®A, respectively.
Then can is right H-colinear. Viewing A ® A as a right A-module by the structure morphism A ® V and
equipping A ® H with the codiagonal structure, can is also right A-linear.

In [36, Lemma 1.1] the author proved that if H is a commutative Hopf algebra over a field K, then
A®H = K, for a commutative H-Galois object A. A similar statement, when working over a commutative
ring R, was proved in [24, Lemma 2.9] for H*-Galois objects, where H is now finite and cocommutative.
We show next that this result for the category of vector spaces (and R-modules) extends to any braided
monoidal category with equalizers even for a not necessarily commutative Hopf algebra. We will need first
to prove this statement for H, although we will do it more generally for future purposes:

Lemma 3.8 Let H € C be a Hopf algebra and M € C. The diagram

M® NH M® Ay
M—M®H M®H®H
M®H® MH
is an equalizer. Hence there is a natural isomorphism
om : M — (M e H)! (3.5)

satisfying imerOm = M ® ny.

Proof. Clearly M®Apg)(M®@ny) =My ®ny = (M®H®ny)(M®ng). Let f : T — M ® H be a morphism
in Csuch that M ® An)f = (M® H®ny)f. Applying to this M ® ey ® H, we obtain f = (M ® ey ® nyy) f. We
defineg: T — Mby g = (M ® ep)f. From the above, f = (M ® ng)(M ® eu)f = (M ® ng)g. Moreover, g is
the unique such a morphism because M ® 1y is a monomorphism due to (M ® eg)(M ® n) = idum.

We know that (M ® H)*H, ijgp) is an equalizer of the same pair of morphisms. Then (M, M ® ny) and
(M ® H)*!, ipepr) will be isomorphic as equalizers by a unique isomorphism 6y : M — (M ® H)®! such
that ipenom = M ® ny. The naturality of 6y is easy to check. [
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Proposition 3.9 Let A be an H-Galois object in C. There is an isomorphism 1 : I — A such that iz} = na. In
particular,

S LN 3.6)
A®T]H

is an equalizer.

Proof. From the claim we get that (I, n4) and (A°H, i,) are isomorphic as equalizers. Notice that can(A ®i,) :
A®A“H — A®H factors through A ® H*! since

AA(‘O”
A AH : A AH
e~
e~ = = [
[
*
A HH A H H
A H H

By flatness of A and the preceding lemma the following diagram is an equalizer.

A®T]H AQ Ay
—A®H
A®H®T]H

A®I AQH®H

Then A ® HH = A ® I. This assures the existence of ¢ : A ® A®! — A ® I such that
(A® )@ = can(A ® ia). (3.7)

Clearly, n4 factors through A“H since it is H-colinear. Therefore there is 7] : I — A“H with is7] = 4. We
show that A ® 7] is the inverse of ¢,

A®N)PA®N) = can(A®iA)(A®TN) = can(A®na) = A® ny.
Then (A ® 7)) = ida. On the other hand,

. - (37 — 3.7 )
can(A®iASe = (ASn)p(Ae e = (A®nmp = can(A®is).
Since A ® i is a monomorphism, clearly so is can(A ® i), and thus we obtain (A ® )¢ = idagawn. This
proves that A® 7 : A — A ® A is an isomorphism. By the faithful flatness of A we finally get that 7] :
— A®H is an isomorphism. [

Remark 3.10 Our definition of H-Galois object is stronger than Schauenburg’s one [31, Definition 3.1] in
view of the preceding result. He defines an H-Galois object as an H-comodule algebra A such that (3.6)
is an equalizer and can : A® A — A ® H is an isomorphism. However, to define the group of H-biGalois
objects he considers faithfully flat H-Galois objects. This is one reason to make our definition. Another one
is that it allows to characterize when the adjunction from Proposition 3.3 is an equivalence, as we see next.

Theorem 3.11 Let A € C be a right H-comodule algebra and suppose that H is flat. The following statements are
equivalent:

(i) Aisaright H-Galois object;

(ii) The functors —®A:C

Cl : (=) establish an equivalence of categories.
Proof. (i) = (ii) This is proved in [31]. The counit of the adjunction fy : M“? ® A — M is given by
Bm = u(i ® A), where p is the action of A on M (Diagram 3.3). It was shown in [31, Proposition 3.8] that
Bum is an isomorphism. Recall from (3.2) that the unit of the adjunction ay : N — (N ® A)* is induced by
N®na. In[31, Lemma 3.9] it is proved that ay is an isomorphism. Notice that for this faithful flatness of A
is needed.
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(i) = (i) Being an equivalence of categories, the functor - ® A : C — C¥! preserves equalizers. By
Lemma 3.5, A is flat. Suppose that f ® A is an isomorphism in C for f : M — N in C. Lying in CY, it is then
an isomorphism also in there. Then G(f ® A) = G¥ (f) (and hence f) is an isomorphism, yielding that A is
faithfully flat.

We finally prove that can : A® A — A ® H is an isomorphism. First of all, note that A® H € C/{. Ttis
a right A-module by the codiagonal structure and an H-comodule with coaction A ® A. We show that the
compatibility condition is satisfied:

A H A A H A A H A
AHA
AGH A
ARH A W
s E j
AeH H u
W/ sst H
A HH
A H H A H H A H H

Let 64 : A — (A ® H)*H be the isomorphism from (3.5). Observe that we have an isomorphism

viAeA=FA) "% FaeH " = FGAeH) Y AeH.

Now:
v = BagT (04) = Pach (04 ® A) = agr(iseH ® A)(04 ® A) = lagH(A ® Ny ® A) = can.

Thus can is an isomorphism. [

Remark 3.12 (1) The above theorem is also true for the adjoint pair of functors
A®—:C—Cl:(-)~H

(2) For the above theorem we were inspired by [7, Theorems 8.1.6 and 8.1.8], where a similar result is
established for C the category of R-modules (R a commutative ring). Notice that, due to a transposition of
letters when defining the unit of adjunction ¥ in [7, Remark 8.1.4(3)], the author is led to state wrongly
that 1y is an isomorphism if and only if A°® is trivial. To claim that ¢y is an isomorphism A faithfully
flat is needed.

By Theorem 3.6 for a flat Hopf algebra H the functors —® H : C<— C : (-)*H are an equivalence of
categories. By the above theorem we get:

Corollary 3.13 A flat Hopf algebra H € C is an H-Galois object, in particular faithfully flat.

H H
H H
(@i ]= | ©
H H

H H

The next proposition will be very useful in the future to check that a comodule algebra morphism
between two Galois objects is an isomorphism. It is a generalization to any braided monoidal category of
a result from [7] for the category of modues over a commutative ring.

The inverse of cany is:

Proposition 3.14 Let H € C be a flat Hopf algebra. An H-comodule algebra morphism f : A — B between two
H-Galois objects A and B is an isomorphism.
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Proof. As an H-Galois object, B is a right H-comodule. Equip it with the right A-module structure given by
up := Vp(B ® f). With these structures, B lies in CZI :

B A B A B A
B A B A
B A . comod. f ~ ~ ~ ~
_ ﬂl_f]~ >~ P~  H-colin. nat. A-act.
[~
B H -
B H B H
B H B H B H

Having that A is an H-Galois object, by the preceding theorem the counit § of the adjunction
-®A:C Cl : (-)*H, given in (3.3), is an isomorphism. Let 77 : I — B®" be the isomorphism from
Proposition 3.9. Then we obtain that

~

I A

Bri®A) = ﬂ Q L’ +

is an isomorphism. 0O

4. The group of Galois and biGalois objects

In this section we will construct, under an assumption on the braiding, the group of H-Galois objects
for a flat and cocommutative Hopf algebra H. Our construction relies on the construction of the group of
biGalois objects due to Schauenburg [31]. We will also construct, dropping the assumption on the braiding,
the group of H-Galois objects with a normal basis.

4.1. The cotensor product
We record in this first subsection several properties of the cotensor product, that will give the group law
in the set of isomorphism classes of Galois and biGalois objects.
Definition 4.1 Let C € C be a coalgebra, M a right C-comodule and N a left C-comodule. The cotensor product of
M and N is the equalizer
[V N

MocN —4~M@®N ~ M®C®N. (4.8)
M® An

where pp and Ay are the structure morphisms of M and N respectively.
In braided diagrams the equalizer property of MOcN reads as:

MocN MoeN

[ eMN ] [ eMN ]

M C N M C N

For morphisms f : M — M’inC and g: N — N’ in“C, f®g: M®N — M’®N’ induces fOcg : MOcN
— M’0OcN’ in C. Thus we have a bifunctor —0¢—: C¢ x °C — C.
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Remark 4.2 When C is cocommutative every right C-comodule M is a left C-comodule (indeed a C-
bicomodule) via Ay = (DglMpM. In braided diagrams:

M

b (4.9)
{

cC M

We will work with right C-comodules and convert them into left ones using (4.9). Thus we will be able to
make cotensor products of two right C-comodules when C is cocommutative.

Lemma 4.3 Let M bea right C-comodule, N a left C-comodule and X a flat object in C. There are natural isomorphisms
of equalizers

Omnx : (MOcN)® X - MOc(N® X) and xynx : X® (MOcN) = (X ® M)OcN.
Here, the structure of left C-comodule of N ® X is inherited from N, that is, Angx = An ® X.

Proof. The universal property of the equalizers (MOc(N ® X), emnex) and (X ® M)OcN, exgmn) gives the
existence of Oy x and xpn x such that the diagrams

eMN ® X ® epm,N

X
(M®N)® X X ® (MOcN) —— 4N,

(MocN) ® X X®(M®N)
Omn,x AMNX KX,MN a)’(,lM,N
MDC(N®X)MM®(N®X) (4.10) (X®M)DCNM>(X®M)®N (4.11)

commute. Flatness of X makes (MOcN) ® X, emn ® X) into an equalizer. By its universal property,
az;/},N,XeM,N@X induces a morphism GZ,\/I,N,X : MOc(N ® X) — (MOcN) ® X, which is the inverse of 6. The
naturality of 0 follows from the naturality of o and the universal property of the equalizer. Similarly, xxmn

is an isomorphism. [

Remark 4.4 Let C,D and E be coalgebras in C, where C and E are flat. For M € €GP and N e PCE
it can be proved that MOpN is a left C- and a right E-comodule by KE}VLN(AMDDN) and QEN,E(MDDPN)
respectively. Moreover, the equalizer morphism ey becomes C-E-bicolinear. If F is another flat coalgebra
and X € CF, the morphism Oy nx : (MOpN)® X — MOp(N ® X) is of C-F-bicomodules. The same is true for
kxmN : X ® (MOpN) — (X ® M)OpN if X is now a left F-comodule.

We will say that M € CCP is coflat in CP if the morphism Oy nx is an isomorphism. This definitioin
is taken from [25, Page 202] although formulated in the opposite category. Nevertheless, our definition
is stronger since we are assuming that C has equalizers and that the coalgebras C,D and any other one

involved are flat to assure that the category of bicomodules also has equalizers.

In view of (4.9) and the preceding considerations we have:

Corollary 4.5 Let C be a flat cocommutative coalgebra in C. For two right C-comodules M and N we have that MOcN
is a C-bicomodule with right structure morphism 6, -(MOcpn) and left structure morphism 2\, \ (AMOcN), where

Am = q)(_?,lMpM'
The following result is easy to prove.
Lemma 4.6 For a left C-comodule M its structure morphism Ay : M — C® M factors through Ay : M — COcM.

This gives a natural isomorphism with inverse Ti : COcM — M induced by e ® M. If additionally M € CP (and C
and D are flat), then this is an isomorphism of C-D-bicomodules. Analogously, it is MOpD = M as C-D-bicomodules.

We next point out two sufficient conditions for the cotensor product to be associative.
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Lemma 4.7 Let C and D be flat coalgebras in C and M € CC flat. For every N € CP and L € PC it is
Moc(NopL) = (MOcN)OpL as equalizers if one of the following two conditions is satisfied:

(i) Lis flat;

(ii) M is coflat in CC.
If, in addition, M € EC© and L € PCF, where E and F are flat coalgebras, then this isomorphism is of E-F-bicomodules.

Proof. We view NOpL as a left C-comodule and MOcN as a right D-comodule with the structures from
Remark 4.4. Consider the diagram

pmocN ® L
(MocN)apL ~MINE, (\peNy @ L ————— (MocN)® Do L
(MocN)® A
l EM,NI:IDL eEMN ® L eMN ® D®L
PMeN ® L
M e N)opL —MNL L MeN)e L ———3 (MeON)®D L
MeN)® A,
(pm ® N)OpL | | (M ® Ax)aOpL (PM®N)®D®L || (M®AN)®D®L
(pM®N)®L || (M@ AN) QL
PMmecsN @ L
(M®C®N)OpL —MENL | (Mo CoN)®L = > (M®CoN)®D®L
M&CoN)® AL

The three rows are equalizers. Assume that L is flat. Then by Lemma 4.3 the second and - since D is flat
too — the third column are equalizers. The same conclusion holds if we suppose that M is coflat in C,
because then MOC(N®L) = (MOcN)®L and MOC(N®D®L) = (MOcN)® D®L. Note that all inner squares
commute. Then by the equalizer version of Lemma 3 x 3 (see [4, Exercise 2.2.3.13]), the first column is an
equalizer too.

We show that (MOc(NOpL), emno,1) and (MOcN)OpL, epmnOpL) are isomorphic as equalizers. For this
purpose we consider the diagram

pm ® (NOpL)
Moe(NopL) —MNeek | a e (NopL) * M®C® (NopL)
M® Ang,L
WMN,L KMN,L KM®C,N,L
onL (pM ® N)DDL
(MocN)opL —MNZPE | v @ NyapL > (M®C®N)oplL
(M® An)OpL

Since M and C are flat, xp N and kmecn,. are isomorphisms (Lemma 4.3). The right square obviously
commutes with upper lines. It commutes with lower lines as well, because Ang,; is induced by AyOpL.
Knowing that both rows are equalizers, kynremno,L induces wpnr so that the left square commutes.
Similarly, K;/},N,L(GM/NEI pL) induces the inverse of wpn -

Suppose M € ECC and L € PCF. Due to Remark 4.4, ey ng,1. is E-F-bicolinear and ey is left E-colinear.
Hence ey nOpL is E-F-bicolinear, as so is kun,, by Remark 4.4. Then because of 2.4(i), wmn,. is E-F-
bicolinear. O

Corollary 4.8 Let M, N and L be right C-comodules where C is a flat and cocommutative coalgebra. If M and L are
flat, then MOc(NOcL) = (MOcN)OcL as equalizers and as C-bicomodules.

4.2. The group of Galois and biGalois objects

We start by recalling the construction of Schauenburg’s group of biGalois objects. We will assume that
the antipode is an isomorphism which allows to describe easier the inverse element.
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Definition 4.9 Let H € C be a Hopf algebra. An H-bicomodule algebra A € C is said to be an H-biGalois object if it
is a right H-Galois object and a left H-Galois object.

Let A be a right H-comodule algebra and B a left H-comodule algebra. Then AOyB may be seen as the
equalizer of two algebra morphisms and by 2.2(i) it admits an algebra structure so thates g : ADyB — A®B
is an algebra morphism ([31, Lemma 2.3(2)]). If, in addition, A, B are H-bicomodule algebras and H is flat,
by 2.2(ii) then ADyB becomes an H-bicomodule algebra, with left structure inherited from A and right one
inherited from B, such that e4 3 is an H-bicomodule algebra morphism. The next result is [31, Theorems 5.2
and 6.6].

Theorem 4.10 Let H be a flat Hopf algebra whose antipode is an isomorphism.

(i) For an H-biGalois object A in C, let A denote the opposite algebra of A (V5 = VD@ 4) with H-bicomodule
structure given by

A A
Ax = ? and pz = ?\

Q S

H A A H

where the sign minus stands for S Then A is an H-biGalois object and there are H-bicomodule algebra
isomorphisms AOyA = Hand AOpA = H.

(ii) The set BiGal(C; H) of isomorphism classes of H-biGalois objects is a group with multiplication [A][B] =
[ADyB], identity element [H] and the inverse of [A] is [A].

For further purposes we must describe how the isomorphisms H = AO HZ and H = A0 yA are induced.
This is explained in detail in [31, Remark 3.5]. Consider the morphism y, := can;/(na ® H) : H — A® A,
where can, denotes the canonical isomorphism of A as a right H-Galois object. Theny, : H —» A® A is
an algebra morphism. Endowing A ® A with the codiagonal H-comodule structure, y, factors through
©H(A®A). On the other hand, (A ® A) is isomorphic, as an equalizer, to AOpA (left version of [31, Lemma
2.4]). Then, there is a unique morphism 7, : H — ZDHA such that ez aVr = Vr- In [31, Lemma 4.2] it is
proved that 7, is an isomorphism of H-bicomodule algebras. Symmetrically, there is an isomorphism of
H-bicomodule algebras 7 : H — AOyA such that e, 771 = )1 where now y; = can; ! (H®na): H > A®A.

We proceed to prove the final necessary results to construct the group Gal(C; H) of H-Galois objects for a
cocommutative Hopf algebra H. We will construct it as a subgroup of BiGal(C; H). Since H is cocommutative,
we can consider every right H-comodule as a left H-comodule and as an H-bicomodule via (4.9). This fact
introduces a restriction to construct Gal(C; H), as we will show next, and we are forced to make the following
assumption, satisfied when C is symmetric. In Section 6 a non-symmetric case where this holds is discussed.

Assumption 4.11 For any two H-Galois objects A and B the equality

A B A B
N =
B A B A

holds, i.e., ®ap = ®5',. We say that the braiding acting between two H-Galois objects is symmetric.

Dealing with bicomodules (where the left and right comodule structures are not necessarily related)
gives a freedom when manipulating with biGalois objects, which we do not have when only handling one
sided comodule structure. In the latter case one is conditioned in order that the compatibility conditions be
fulfilled. The following two lemmas are examples of this.

Lemma 4.12 Let H be a cocommutative Hopf algebra, B a right H-comodule algebra and suppose that ®py = (I)I‘;B.
Then B is a left H-comodule algebra.
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Proof. Recall that B is a left H-comodule with structure morphism Ag = ®;';pp by (4.9). We prove that Ap
is an algebra morphism. We compute:

B B
B B
B B B B
B B
( p
nat.
YA \J
H B ~
H B H B
H B
H B
where in the last equation we used the assumption @y = @I‘{}B. The compatibility with unit is obvious. [J

Lemma 4.13 Let H be a cocommutative and flat Hopf algebra and A a right H-comodule algebra. Under Assumption

4.11: _
(i) Aisaright H-comodule algebra with right H-comodule structure given by

— A
A
pr= B~ = b@
A H )
A H
(ii) If A is an H-Galois object, then so is A with the above H-comodule structure.

Proof. (i) First let us prove that p endows Awitha right H-comodule structure. We compute

A
A A

NP B

A HH ' A HH
A H H

For the compatibility of the multiplication and the right H-comodule structure of A we compute

A A
A A b A A
A A < IJT Jj a4
J
% _ _ nat. < Assj.ll / ; Asiij.ll ®J>‘@
B B a a ©® S
® P ole S \H
® Y A H

J
/
A H -
A H A
H
A H

Notice that H is an H-Galois object because H is flat (Corollary 3.13) and we may use Assumption 4.11. The
compatibility of the unit and the right H-comodule structure of A is clear.

(ii) Obviously A is faithfully flat. Let us prove that canz is an isomorphism. We will show that
9:A®H — A®A given by
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is the inverse of cany. Compute the following composition:
A H
A H H
J W A H

J 5 o

r can’l @ @ /

T cany - - ® - - f - U

! S A H

® H

A H A

On the other hand, for the lower half of the diagram I' we have

A A A

A A
Lﬁ\ comod. ®

% _ § antih. ® (J@ nat. ass. % nat. gé?@
IV

A
coc. { A A
untzp nat Ass. 4 11 <
canz
H

This implies that 9 is a right inverse for cany. On the other hand:

-

A A
A %\
— Ej Ass. 411 E@\ comod E%?\
A H A H
A A
A
coc. nat. J A A
nat. ff @ ass. ﬂ”flp nat. <
= 04 -
[r[ A H
A H

From this it follows that 9 is a left inverse of canz (note that Assumption 4.11 is being used). O
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We are now in a position to construct the group of Galois objects.

Theorem 4.14 If H is a flat and cocommutative Hopf algebra in C and the Assumption 4.11 is fulfilled, then the set
Gal(C; H) of isomorphism classes of (right) H-Galois objects is an abelian subgroup of BiGal(C; H).

Proof. Notice first that, since H is cocommutative, the square of the antipode is the identity Let A be a
right H-Galois object. Make it into a left H-comodule and an H-bicomodule via A4 = @', pa. Under the
Assumption 4.11, A is a left H-comodule algebra with the above structure by Lemma 4 12 We claim that
A is a left H-Galois object and consequently an H-biGalois object. We will denote it by A. The morphism
can', : A® A — H® A is an isomorphism because it may be written as a composition of the following
isomorphisms:

A A
carl, = fu RJ } . % = (S @A)y canl Dy 4.

Bear in mind that in Lemma 4.13(ii) we showed that can% is an isomorphism.

The map j : Gal(C; H) — BiGal(C; H), [A] — [A], is clearly injective. Hence we can see Gal(C; H) as a
subset of BiGal(C; H). We next prove that it is indeed a subgroup.

Since the square of the antipode is the identity, the inverse of a biGalois object is described in Theorem
4.10(i). Let A be a right H-Galois object and consider the H-biGalois object A. Consider A with structures
as in Theorem 4.10(i). Notice that the right H-comodule structure coincides with the structure of Ain
Proposition 4.13 due to Assumption 4.11 and that the left structure stems from this one as in (4.9). This
means that [A] € Gal(C; H).

Pick two right H-Galois objects A and B and make them into H-biGalois objects. Consider the cotensor
product AOyB. Its right (resp. left) H-comodule structure is inherited from the one of B (resp. A). The left
H-comodule structure comes from the right one as in (4.9) in view of the following computation:

ADHB
AoOyB AoyB
AoOyB
= - b ﬁ
H A B
H A B H A B
H A B

Therefore [ A][ 'B] € Gal(C; H).

We finally show that Gal(C; H) is abelian. We check that the braiding induces a morphism ¥ : AOyB
— BOgA that will be an H-comodule algebra morphism. It will be well defined if we prove that in the
diagram

AOyB AQ®B
\Ifl Dup
p®A
BopA B®A P BRH®A (4.12)
B® Aa

itis (pB ®A)(DA,B3A,B = (B ® /\A)CDA,BEA,B- We have:
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AoyB AoyB AorB AowB AouB
Oy Oy y O

Cow ] o] [ ) [ o]
% nat. _ ) _ eaB J nat. Ass. 4.11 %

§ b /
( s ( ( ( =
B H A B H A Ia 4 r B H A
B H A B H A

B H A
Note that (I);A induces a morphism in the other direction — changing the sign of the braiding in the
upper diagrams gives analogous computation. This induced morphism will be the inverse of W. We will
now prove that WV is an algebra morphism. We know that e4  and ep 4 are algebra morphisms. Then by
2.4(iii), ¥ will be an algebra morphism if we show that so is @4 . This is true since we have

A B A B

A B A B \J "‘BKAB ABJAB
U\ D)

Y - S nat. Ass. 411
35 ]« -
A B r e

A B A B A B

We finally check that W is right H-colinear. Consider the diagram

(AoyB)® H
pADHB
JEA’B(X)H
e AR
AouB 4% aeB L2PE A oBoH
\Ifl Dap lq)A,B ®H
e ®
BoyA -4 BeA Z2PA pgasH
IEB,A®H
PBoyA

(BoyA) ® H

We have that Diagram (2) commutes when composed with ey p:

AoyB AoyB
€AB

€AB CAB
nat M~ €AB
= = = = —

( = S s

B A H B A H

B A H B A H

B A H

Diagram (1) commutes by the definition of W. Diagrams (3) and (4) commute by the definitions of pan,s
and ppn,4 respectively. Then the outer diagram in the above picture commutes, yielding

(Pap ®H)(eap ® H)pao,s = (es,a ® H)ppa,a V.
On the other hand, tensoring (1) from the right with H, one obtains
(Pap ® H)(eap ® H) = (ep,4 ® H)(V ® H).
Substituting this in the preceding equation, one gets
(es,4 ® H)(W ® H)pan,s = (e5,4 ® H)ppo, V.

Since H is flat, e 4 ® H is a monomorphism, yielding that W is right H-colinear. [
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As a consequence of the above theorem we get:

Corollary 4.15 Let H be a flat and cocommutative Hopf algebra in a symmetric monoidal category C. Then the set
Gal(C; H) is an abelian group.

In a braided non-symmetric category Assumption 4.11 will be satisfied on an important subclass of
H-Galois objects that we next define:

Definition 4.16 An H-Galois object which is isomorphic to H as a right H-comodule is called an H-Galois object
with a normal basis.

There is a smart observation of Schauenburg in [30, Corollary 5] that will allow us to consider the group
of Galois objects with a normal basis. We quote it here:

Theorem 4.17 If a Hopf algebra H € C is cocommutative (or commutative), then

H H H H
==
H H H H

. 2 —
ie., CDH,H = idygH.

Proposition 4.18 For a cocommutative or commutative Hopf algebra H the Assumption 4.11 is fulfilled on H-Galois
objects with a normal basis.

Proof. We have that an H-Galois object with normal basis is isomorphic to H (as an object). Then the
statement follows from Theorem 4.17 and naturality of the braiding. O

Corollary 4.19 Let H be a flat and cocommutative Hopf algebra in C. Then the set Gal,;,(C; H) of isomorphism
classes of H-Galois objects with a normal basis is an abelian group.

Proof. Go through the proof of Theorem 4.14 bearing in mind the above proposition. Take into account that
if A, B are two right H-Galois objects with a normal basis, then AOyB is too because AoyB = HoOpH = H as

H-comodules. Using the antipode, we have that A is isomorphic to H as H-comodules if A is so. [

For H flat and cocommutative the group BiGal(C; H) may be recovered from Gal(C, H) and the group
Autyo,r(H) of Hopf automorphisms of H, since it is isomorphic to the semidirect product of the latter
two. This is proved by Schauenburg in [32, Lemma 4.7] for a flat and cocommutative Hopf algebra over a
commutative ring. The same arguments used in his proof are valid in our categorical setting as we show.
We recall the following universal property of biGalois objects.

Proposition 4.20 Let A be an H-biGalois object with left structure morphism A 4.

(i) If Kis an algebra in C and ¢ : A — K ® A is an algebra morphism, then there is a unique algebra morphism
f+H — Ksuch that ¢ = (f ® A)Aa.

(ii) If A, : A > H® A is another left H-comodule structure on A making it into an H-biGalois object, then there
is a unique f € Autyeyr(H) such that A, = (f ® A)Aa.

Proof. (i) Combine the following results in [31]: Lemma 4.2, Theorem 4.3 and Proposition 4.4.

(ii) Applying (i) to (A, A4), there is a unique algebra morphism f : H — H such that A/, = (f ® A)A4. The
existence of its inverse is assured by applying (i) to (4, A’;). We now check that f is a bialgebra morphism.
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That Af = (f ® f)A and ¢f = ¢ follows from (i) and the following computations:

(Af)®A)As =(A®AN),

HeA)A,
(HRfRAH®A)(f @A)AA
HRfRA(fOHQA)H®A)AA
HOfQA(fO@HRA)NA® A
= ((f® HA) ® A)da.

(e @A = (e® AN, =1ds = (e ® A)A4.

Being f a bialgebra morphism, it is a Hopf algebra morphism. [

Let A be a left H-comodule algebra and f € Autyy,(H). The morphism )\£ = (f ® A)A4 endows A

with a structure of left H-comodule algebra. We will denote this new object by fA. Moreover, if A is an
H-bicomodule algebra, then /A is such, too. Symmetrically, we write A/ for the right version of the above
fact.

Theorem 4.21 Let H € C be a flat and cocommutative Hopf algebra. Under Assumption 4.11 (e.g. C symmetric)
Autyop(H) acts on Gal(C,H) by A< f = A " and there is a group isomorphism

W Autyeyr(H) = Gal(C, H) — BiGal(C; H), (f, [A]) = [/ (A)].

Proof. If A is right H-Galois object and f € Auty,yr(H), then Af " is a right H-Galois object too because

can -1 = (A® f~')cans and clearly Af " is faithfully flat. This gives a right action of Autpepr(H) on Gal(C, H)
and we may consider the semidirect product Autg,,f(H) < Gal(C, H).

We check that W is a group morphism. Let [A],[B] € Gal(C,H) and f,g € Autp,,s(H). We have the
following isomorphism of H-bicomodule algebras:

f(A)ouf('B) =/(A)" oy?('B)
(F(Ay " )y7oR?('B)
= f(A)Y 'oy'B

= fgg7" ('A)g’1 Oy'B

= fo( g’l(;q)y’l On'B)
=19((A7 )ou'B).
= f9((A7 'OyB)).

This shows that W(f, [A)W(g, [B]) = W(fg, (A <¢)OuB) = W((f, [Al)(g, [B])).

We show the injectivity of W. Assume that f/(A) = H as H-bicomodule algebras. Then A = H as
right H-comodule algebras and hence A = H as H-bicomodule algebras. Hence we have an isomorphism
g : H > fH of H-bicomodule algebras. By (i) of the preceding proposition, there is an algebra morphism
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@ : H — I'such that g = (¢ ® H)Ay. Now we calculate:

P H H
g left . g
(f—l ®g)C{11’l1 — H-colm i coass.
I H H
I HH
nen H H
H H H H H H
nat, cocomm coass q g alg.m.
:. = ’ = : = =
G
( H I H H H H H
golon H I H
= (H ® g)can.
Using this,
flenm =(fegHenm)
= (f ' ® g)canjcan;'(H ® np)
= (H ® g)canjcan;” (H ® 1)
= (H®g)(H®nm)
= (H ® T]H)

Applying H ® ¢ to this equality, we get f~ = Idy.

We finally show the surjectivity of W. Let B be an H-biGalois object. Then it is a right H-Galois object.
Turn it into a left H-comodule algebra and consider the H-biGalois object B. By (ii) of the above proposition
applied to (B, A4), there is f € Autye,r(H) such that Ap = (f ® B)A. Hence B = f('B) as H-bicomodule
algebras. [J

In Section 6 we will compute the group of biGalois objects for some examples of cocommutative braided
Hopf algebras.
5. A short exact sequence for the group of Galois objects

In this section we present the main result of this paper, the construction of the short exact sequence

c

1—— H(C;H,I) Gal(C; H) £, Pic“(C; H),

connecting second Sweedler cohomology group, the group of Galois objects and the Picard group of a flat
and cocommutative Hopf algebra H € C. The construction is done in several steps: the first subsection is
devoted to Sweedler cohomology; second subsection deals with the definition and properties of the map
C; the results needed for the exactness are established in the third subsection; fourth subsection treats the
Picard group and the definition of £ and in the fifth subsection all the pieces are put together to prove the
result.

5.1. Sweedler cohomology

The construction of Sweedler cohomology done in [33] passes mutatis mutandis to the categorical setting.
There is only one point about the braiding to care about.

Let C be a coalgebra and A an algebra in C. The set S := C(C, A) of morphisms from C to A is a monoid
with the convolution product f + g = Va(f ® g9)Ac for f,g € S, and unit 15 = naey. If C is cocommutative
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and A commutative, then C(C, A) is abelian. We denote by Reg(C, A) the group of morphisms from C to A
invertible with respect to the convolution product.

Let H be a cocommutative Hopf algebra and A a commutative H-module algebra in C. We denote by
H®" the n-fold tensor product of H. Forn = 0itis H®0 = I. Since H is cocommutative, Dy = (I)I‘JlH (Theorem

4.17) and hence H®" is again a cocommutative Hopf algebra. Then Reg(H®", A) is abelian. Fori =0,...,n+1
and f € Reg(H®", A) we define morphisms 0; : Reg(H®", A) — Reg(H®"*1, A) by:

do(f) = wH® f),
0(f)=fH® --®H®Vy®H---®H), i=1,...,n,
———
i-1

Ins1(f) = f ®€n,

where i : H® A — A denotes the H-module structure morphism of A. The maps d;’s are group morphisms.
We set 971 (f) = 9;(f ') and further define

dy = dg# 0l %o e, Reg(H®", A) — Reg(H®"*, A),

n+1

where (d;*d))(f) := di(f)*d;(f) in Reg(H®"*D, A). One then has thatd;’s are group morphisms (commutativity
of Reg(H®"*Y, A) is needed for this) and did;_1 = Ireg(pi+n 4y, for i > 1, which makes

Reg(l, A) -2 Reg(H, A) e ... B, Reg(ren, A) Iy Reg(ren+t, ) Dot ..

into a complex.

Definition 5.1 Morphisms from Z"(C;H,A) := Ker(d,) are called n-cocycles and those from B"(C;H,A) :=
Im(d,,—1) n-coboundaries. The quotient group

H"(C;H,A) = Z"(C;H,A)/ B"(C; H, A)
is called n-th Sweedler cohomology group with values in A.

Two n-cocycles f and g are called cohomologous, denoted by f ~ g, if they are in the same class in
H"(C; H, A). That s, f * g~' € B*(C; H, A), or equivalently, f = d,_1h * g, for some 1 € Reg(H®"~1, A).
Let us consider second Sweedler cohomology group for A = I. The left H-action on [ is then given by
e:H=H®I — I. A 2-cocycle is then a morphism o € Reg(H ® H, I) for which it holds
dy(0) = (Do * I * 02 931)(0) = 1Reg(He3 1)-

A 2-coboundary isamorphism © € Reg(H®H, I) for which there exists k € Reg(H, I) so that = dy(x) = (dp*d; '+
d2)(k). Inbraided diagrams the 2-cocycle and the 2-coboundary conditions, rewritten as (d1 #d3)(0) = (d2+ds)
and 7 * d1(x) = (do * d2)(x) respectively, take the form:

= (5.14)

| |

[ ][ 7]
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Definition 5.2 A 2-cocycle o that satisfies

is called normalized.

Composing dy(071) = TReg(res,ny With H ® g ® i and dz(0) = lgeg(es,ry with 1y ® 1y ® H, one obtains
respectively:

T = (5.15) T - L4 ﬁH (5.16)

In future computations we will need the explicit form of the 2-coboundary condition d; (k) = (dg *8;1 x0h)(K),

H H

J

Lemma 5.3 Every 2-cocycle o is cohomologous to a normalized one.

(5.17)

Proof. Clearly x = 0-'(H®ny) € Reg(H,I) and o ~ 0 *d;(x). We prove that the latter 2-cocycle is normalized.
Note that «™! = 6(H ® nyy). We have:

H

H
K*K*] (5415)
et e |

H

H
ool (5.16) J
. -
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Proposition 5.4 Let H € C be a cocommutative Hopf algebra and o € Reg(H ® H,I). We define H; := H as
H-comodule and consider the following morphisms:

H, Hy
J = and I =[ ¢! (5.18)

*
H H

If o is a 2-cocycle, then H, is a right H-comodule algebra. Moreover, if o is normalized, then the unit on H, coincides
with ng.

Proof. Using that H is cocommutative and applying Theorem 4.17 we will prove that the 2-cocycle condition
expressed in Diagram (5.13) is equivalent to

H H H
H H H
[ o]
[ 2] - (5.19)
[
H
H

This just means that the multiplication of H; is associative. For the unit property we find

H H H
H
J =L L=\ ETRg e o -
S
H, H H
a H
H H H

Thus H, is an algebra. We proceed to prove what the 2-cocycle condition in Diagram (5.13) is equivalent to
(5.19). Starting from Diagram (5.13) one obtains:

5 _ IE
o]
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By cocommutativity of H, coassociativity and naturality we have:

H
H

H H H

We apply this to the first tensor factor in the left hand-side diagram and simultaneously cocommutativity
of H to the second tensor factor and we get:

f = %
| G

Then it is also true that:

Denote the left hand-side by ~ and the right one by Q. By naturality (and left and right unity constraints)
we have that X further equals to

H

H H H H H
Th. 417
s - nat. [ s [0
H H
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Similarly, Q equals to

Thus the equation X = Q finally yields (5.19).

Conversely, we start now from Diagram (5.19) to obtain Diagram (5.13). Let = denote the left hand-side
of (5.19) and Q the right one. Then:

H H H
H H H
[ o] ‘
enQ = o "L (01%93)(0).
(<9

H H H
H H H H H H
H H H
[ o] counit 2Xcoc. p Th. 417 \
EHZ = = > = =
2]

"L (95 % 94)(0).

We continue with the proposition under proof. We should show that H, is an H-comodule algebra. For
the compatibility of the H-comodule structure and multiplication of H, we have:

H H H H H H

2x

. H,
_ bl et nat _
- S

The compatibility with unit of H; is also satisfied, so H, is a right H-comodule algebra. The last statement
isclear. O

In the above proof we have also established:

Corollary 5.5 For a cocommutative Hopf algebra H a morphism o € Reg(H ® H, I) is a 2-cocycle if and only if the
multiplication on H, defined in (5.18) is associative.
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5.2. Cocycles and Galois objects

We will now use the cocycle twisting of the multiplication presented in the previous section to define
an injective group morphism from H?(C; H, I) into the group of H-Galois objects with a normal basis.

Proposition 5.6 Let H € C be a flat and cocommutative Hopf algebra. The map
C: HA(C; H,I) — Gal,p(C; H), [0] + [H,]
is a group monomorphism.

Proof. We have that Gal,;;(C; H) is a group due to Corollary 4.19. By Proposition 5.4 we know that H; is a
right H-comodule algebra. We are going to prove here that H, is an H-Galois object. Clearly it will have a
normal basis. Then we will prove that C does not depend on the choice of a representative of the class of g,
that it is compatible with the product and that it is injective.

1) Let us prove that H, is an H-Galois object. In Corollary 3.13 we have seen that H = H, is faithfully flat.
We claim that the inverse of cany, is given by

We first record several identities to be used in the proof of ycany, = idy,en,. They are:

nat.
DN

H H H

antip.
coass. counit
ass. coass. umt
(5.21)

H H
H
ey w @ 522
hY hY
H H H
H H H H H H

We set
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Then we have

|
g
coass. Eﬁ (

nat.
2 J@
H, H, /
[
H H H
H H
(5.20) (5.20)

coass.
ass.
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As before we next record a few identities needed in the proof of cany,y

H
HoH H H
® il S coalg. (Q h coc
1a 9 antzh coc. ® @) nat
R @ ©® = J =
H H
H
On the other hand, we also have
H H
H H H H
H H
® CZ[;ZS' antip
= @ = =
H H
H H H H
H H

5206

= idy,en. We have

N

Ry 5.23

Ve (5.23)
(5.24)

Applying coassociativity (and cocommutativity) in appropriate way one obtains the following equalities

H
=ﬁ\ (5.25)
H H H H ‘

H H H H

(5.27)

(W]

H HHHH

H H H HH

We now compute

H H H H H H H H
H
H
- 5.28
A/ 29
H H H r
H H H

(5:24)
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(5.28)
(5.27)

& alg.mor.
oxo! ® S coalg.mor.

s
o)

= F =
D

This proves that cany, is an isomorphism and that H, is an H-Galois object.

2) We next show that C : HX(C; H,I) — Gal,,(C; H) does not depend on the choice of the representative.
Assume that 0 ~ 7 and let ¥ € Reg(H, I) be such that 0 = d;(x) * T. We will prove that ¢ := (x ® H)Ay : H,
— H, is an isomorphism of right H-comodule algebras. Its inverse is ¢! := (x~! ® H)Ap. Colinearity is
immediate. To check the compatibility with the algebra structure we record some necessary equalities.
Applying three times coassociativity and once cocommutativity in an appropriate way we obtain

d H H HH H P‘\

H H H H

H H HH H

We now compute:
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bialg.
nat.
coass.

Kl

¢ alg.mor.

This proves that ¢ : H, — H, is compatible with multiplication. From the condition ¢ = d:(x) * T we have
o7t =171+ d;(x7!). Then ¢ is also compatible with unit, since

:‘T

H:

! e
LR el ) ¥ I . =1
H. He

This finishes the proof that ¢ : H; — H, is an isomorphism of right H-Galois objects.

3) We next prove that C is a group morphism by showing that Hy., = H,OyH; as right H-comodule
algebras. We know from Lemma 4.6 that the morphism Ay : H — H ® H factors through the (bi)comodule

isomorphism Ay : H— HopH = H such that eH,HZH = Ag. Furthermore, H,.. = H and H,OyH, = HOgH
as right H-comodules. It remains to prove that Ay : Hy.; — H,OpH; is an algebra morphism. By 2.4(a) it
suffices to prove that Ay : Hy.e — H,; ® H; is an algebra morphism (e : H;,O0yH,; — H,; ® H, is such, since H
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is a bialgebra). We have

H H
Hove  Hger
- -
H, H.
H H
H H
nat
(=]

H

Howe  How

_ (o]
= Do

H,®H,

showing that Ay : Hywe — H, ® H, is multiplicative. It also preserves the unit. We have (o+ 7)™ =071 » 77!
and thus

- 171
A TEE T T

H,  H; H H
H H

Thus KH : Hyur — HyOpH, is an isomorphism of H-comodule algebras.

4) We finally prove that C is injective, that is, if H; = H; as H-comodule algebras, then 0 ~ 7. Let ¢ : H,
— H; be the given H-comodule algebra isomorphism. We define x := egp : H — . It is convolution
invertible with inverse k! = xS = ep@S. Indeed,

H H H
H H
& alg.mor. @ alg.mor. 4 @ alg.mor. H H
_— = ® = ® = ® = b= J.
e ! !
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We claim that 0 = dy(x) * 7. Note that ¢ = (xk ® H)Ay : H — H, since

H H H H
ﬂ (pcolin.

- =~

H H H H

Then ¢ : H, — H; is the same one we have dealt with in 2). When we proved that ¢ : H, — H; is an
algebra morphism in the diagram computation after (5.30), we have proved Vy, (¢ ® ¢) = ¢V, (0« — taking
into account the bialgebra compatibility written out there (see the thitd diagram from the start and the
penultimate diagram in that computation). Observe that in the mentioned computation we have used only
the definition of ¢. Using that ¢ is an algebra morphism, Vg, (¢ ® ¢) = ¢Vg,, since ¢ is an isomorphism,
from the former equality we get Vi, = V(.. Applying ep to this we obtain 0 = dy(x) * 7, as desired. [

Notice that in the course of the above proof we have shown that H; = H, as H-comodule algebras if and
only if o ~ 7.

5.3. Galois objects with a normal basis

The aim of this subsection is to prove that the group monomorphism C from Proposition 5.6 is surjective,
yielding Gal,;(C; H) = H?(C; H,I). The proof for the following claim can be found in the first part of the
proof of [1, Proposition 9], where it is formulated for symmetric monoidal categories. We show that the
symmetricity hypothesis is not necessary.

Lemma 5.7 Let A be an H-Galois object with a normal basis, where H is cocommutative. There is a convolution
invertible right H-colinear morphism v : H — A satisfying viiy = 1a.

Proof. Denote by ¢ : H — A the right H-comodule isomorphism. We define the morphismv : H — A as
v = k®1, where k := eyt~ 14 : I — [is a commuting factor (because of the left and right unity constraints).
We first prove that vy = 4. Indeed,

v = (Y1) ® k= (YSnu) ® (enp™'14)
= (S)(Vu(S ® H)An)®'na)
= YSVu(S® H)(Y ™' ® H)pana
= YSVu(SY~ @ H)(114 ® 111)
= PSSY~na
=y ina
=1a4.

Then
K ® (Ynu) = Na. (5.31)

We have that v is right H-colinear, as so are « and 1. Let us prove that the convolution inverse of v is given
by v/ := VA(A® (eny™) ® A)(y, ® (Ynm)). Recall that y, = can™!(na ® H). Since can is left A-linear we have
(Va® ANA®Yy,) = can™!. In the following diagrams ¢’ will stand for ¢"!. We have:

H

H~-colin.
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On the other hand:

vy right

H~colin. H~-colin.

O

A right H-comodule algebra A for which there exists an H-colinear convolution invertible morphism
v:H — Ais called H-cleft, and the morphism v is called a cleaving morphism. One may always assume that
v = 1Na, because otherwise one may take v’ := VA[(V‘lnH) ® v]. Thus together with the above lemma we
have proved:

Corollary 5.8 An H-Galois object with a normal basis is H-cleft.

Due to [3, Proposition 1.2c)], for an H-Galois object A with a normal basis one has A = AC"H#%VH as
H-comodule algebras, where 7, € H*(C; H, A°) is obtained as a factorization through A“H of the morphism
0y = (Va(v®v)) = (v"'Vy)) : H® H — A. Here v is a cleaving morphism for A. The cocycle twisted smash
product turns out to be isomorphic to Hz- from (5.18), since A«H = [.

Theorem 5.9 The monomorphism C from Proposition 5.6 is an isomorphism. Therefore
Gal,,(C; H) = H*(C; H, I).

Proof. Take an H-Galois object A with a normal basis and let v be like in Lemma 5.7. With &, the 2-cocycle
as in the above paragraph, we know from Proposition 5.6 that Hz- is an H-Galois object. Let us prove that
v : H5; — A is an isomorphism of H-comodule algebras (Proposition 3.14). By Lemma 5.7 we know that v
is right H-colinear. That v is compatible with multiplication follows from the following calculation:

2Xcoass.
nat.

Note that in the second equality we identified the equalizers (A°,i,) and (I, 74) according to Proposition
3.9. We next check that v is compatible with the unit. The convolution inverse of o, is induced by the
convolution inverse of 0, that is, 0,1 = (vVg) * (Vo®4 4(v! ® v71)). Then:

1

v, _ = v (@)~ (e © Nw) res7 4@ (e ® ) = 0, (M ® ).
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On the other hand, vy = 14 implies v-'ny = 14. Finally,

unit
unit hh Lem.5.7
nat. nat. unit
= v =

9 = 2
A

A

o, (nu ®nE) =

O

5.4. The Picard group

Dually to the Morita theory which characterizes equivalences between categories of modules, Takeuchi
proposed in [34] a theory that describes equivalences of categories of comodules for coalgebras over a
field. This theory is called Morita-Takeuchi theory. Torrecillas and Zhang defined in [35] the Picard group
of a coalgebra over a field as the set of isomorphism classes of bicomodules giving a Morita-Takeuchi
equivalence. In this section we define the Picard group of a cocommutative coalgebra in a braided monoidal
category.

Module categories and module functors over a monoidal category C were treated already in [26], under
the names C-categories and C-functors, respectively. For newer reference see [12, Definitions 7.1. and 7.2.1].
It is immediate to check and well-known that the categories of the form “C are right C-module categories.
For the purpose of our next result we recollect that a functor ¥ : °C — C is right C-linear if for all M € °C
and X € C there are natural isomorphisms (M ® X) = ¥ (M) ® X satisfying a pentagonal and a triangular
diagram. Here M ® X inherits the structure of a left D-comodule from that of M. Pareigis established in
[27, Theorems 5.1 and 5.3] Morita Theorems for categories of modules in a monoidal category. Using his
theorems, read in the opposite category, we will prove the following result.

Theorem 5.1 Let C and D be flat coalgebras in C. The following assertions are equivalent:

(i) The functorsF : PC -—= CC : G establish a C-module equivalence;

(ii) There is P € °CP flat and coflat in CP such that ¥(—) = POp— and Q € PCC flat and coflat in C© such
that G(=) = QOc—, together with bicomodule isomorphisms f : C — POpQ and g : D — QOcP so that the
following diagrams

Ap

P » COcP

ﬁP J fDCp

PopD Pong Pop(QacP) = (PopQ)acP (5.32)
Q Q ~ DOpQ

Po J \ gapQ

QocC Oocf " QPc(PaDQ) = (QEcP)IQ (5.33)

commute. The isomorphisms A’s and p’s are those from Lemma 4.6.
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Proof. (i) = (ii) The coalgebras C and D become algebras in the opposite category C, that we denote
by C° and D° respectively. Taking into account that by duality, «(C%*) = (“C)” and similarly for D,
condition (i) read in C% means that there are C”-module equivalence functors ° : p.(C?) — (C%) and
G’ «(C?) — po(C). By Morita Theorem [27, Theorem 5.1], ¥°(=) = P° ®po — for some P° € «(C”)po
and G°(-) = Q° ®c» — for some Q° € po(C%)co (here ®c. denotes the tensor product over the algebra C°, a
construction dual to that of the cotensor product). Moreover, we have that P’ is coflat (in Pareigis’ sense) in
(C°P)pe and Q° is coflat in (C)c», as well as that there are isomorphisms f° : P’ ®p» Q° — C° in (C?)c and
g°: Q°®c P° — D° in po(C)pe so that there are two commutative diagrams, which read in C are Diagrams
(5.32) and (5.33). Back in C we have thus objects P € “CP coflat in C” and Q € PCC coflat in CC such that
F(-) = POp— and G(-) = QOc—, and isomorphisms f : C — PopQ in °C°¢ and ¢ : D — QOcP in PCP so
that the desired two diagrams commute.

Let us prove that P is flat, then similarly Q will be flat, too. Consider the following equalizer in C:

k
E—5%+X Y
I
Since D is flat,
D®k
DeoE-P2¢ pex = Doy
®

is an equalizer in C, which by 2.3 becomes an equalizer in ’C. We now apply that Pop—: °C — “Cis a
C-module equivalence to conclude that

Pop(D®k
pop(DeE)—L22P®0) pn Dex) _PopDab Pop(D ® B)
Pop(D®]I)
i.e. L
PopD) ®
(PopD) & E—LE0DI®¢ b by e x L LN (POpD)® Y
(PopD)®1

is an equalizer in “C (we are using coflatness of P in C). Applying the isomorphism PoOpD = P and the
fact that the forgetful functor U : “C — C preserves equalizers since C is flat (2.3) , we finally obtain that

Pok
PoE-L® pgx —r
Pol

PY

is an equalizer in C.

(ii) = (i) Note that we have the associativity laws in the two diagrams by Lemma Lemma 4.7. Likewise,
by part (ii) of the mentioned lemma, we have POp(QO0cM) = (POpQ)dcM = COcM = M for every M € cc.
Similarly, QOc(POpN) = (QOcP)dpN
= DOpN = N for every N € PC. In other words, putting ¥ := POp—: PC — ‘Cand G := Qoc—: “C — PC,
we have £ G = Idcc and GF = Idoe. The functors ¥ and G are C-module equivalences because P and Q
are coflat in CP and C©, respectively. That the pentagon and the triangle axiom work, one sees by applying
diagram (4.10) to the pentagon and the triangle axiom for the associativity and unity constraints of C.

0

Definition 5.10 Let C € C be a flat and cocommutative coalgebra. An invertible C-comodule is a flat right C-
comodule P coflat in C© for which there exists a further flat right C-comodule Q coflat in C* so that POcQ = C and
QOcP = C by C-bicomodule isomorphisms f and g, respectively, so that the Diagrams (5.32) and (5.33) commute.
We turned right C-comodules into left ones as in (4.9).

From Morita theory it is clear that:
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Proposition 5.11 The set Pic®(C; C) of isomorphism classes of invertible C-comodules in C is a group under the
product induced by the cotensor product over C, with unit the class of C and the inverse for the class of P is the class
of Q for which POcQ = C = QOcP. This group is called the Picard group of C.

Recall that in the proof of Theorem 4.14 we constructed a morphism ¥ : ADyB — BOpA, induced by
the braiding. As we have seen, it is a well defined isomorphism of H-bicomodules if C is symmetric, or if
A and B are H-Galois objects and Assumption 4.11 holds, or A and B have a normal basis. If one of these
conditions is satisfied, then in the definition of an invertible H-comodule the second isomorphism (that we
denoted as g) is superfluous. Moreover, in this case the group Pic”(C; H) is abelian.

Proposition 5.12 Let H be a flat and cocommutative Hopf algebra. A right H-Galois object A is an invertible
H-comodule.

Proof. Clearly, A and A are flat. From the paragraph after Theorem 4.10, we know that there are H-
bicomodule isomorphisms 7, : H — AOyA and 7, : H — AOpA. We are going to prove that A, and
analogously A4, is coflat in CH and that the Diagrams (5.32) and (5.33) commute for P = A,Q = A, f = 7 and
g=7r

To prove coflatness of A we must show that the associativity constraint induces an isomorphism (A0yN)®
X = Aoy(N ® X) for arbitrary N € C and X € C. For this purpose we consider the diagram

(AH)QN®X A®.{H®N®X AQHRONQ®X
A®AN®
can ' @N® M -1
A®N®X can” @N®X
easHN ® X AlN ® W;X €AQH,N&X
[(A®H)auN] ® (A® H)Ou(N ® X)
/cam:lHN)®X cunﬂ:lﬂN@)X
[(A®A)ouN]® X (A® A)au(N ® X)

EA@AN® eA@A NeX
Ka AN ® X ANGX
(A®A)®N®X (A®A)®(N®X)
N)®

AOgy A@[ADH(N®X
a
apanN®X %EANQ)X A®€AN AANGX

A
A®(A®N)® ® xanx A®[A®(N®X)]

The morphisms « are isomorphisms because A is flat (Lemma 4.3). Note that for Z € ¥IC there is a natural
isomorphism 047 : A® Z — (A ® H)OpZ induced by the structure morphism of Z. Its inverse is given by
6;}2 = (A®ey ®Z)eaghz- Let f be equal to the composition of the six isomorphisms lying on the remaining
edges of diagram (8). Clearly, f is an isomorphism. The diagrams (2) — (7) commute by definitions of
the morphisms along diagram (8). Using the equalizer property of (A ® H)OuN, eagn,n), which appears in
diagram (4), we find

A®H)OyN A®H)OuN
( )OH X ( )OH X (ASHDRN X

ﬂ CASHN

I

(5.34)

—

A H N X
A H N X A H N X
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We now have

(A ®A€N®X)ﬁ(K;X,1A,N ® X)((can~'oOyN) ® X)
£ (A ® eanex)i !y nox (@01 01N ® X))o nox (67, ® X)
D=7 i panex(can T @N® X)(A® Ay ® X)(A® e ® N ® X)(easy ® X)
2 (A @ aunx)(@ann ® X)(can™ 8 N ® X)(easn & X)

P2 A apnx)A®ean ® X)(1;,  ® X)((can™'0yN) ® X).

From here
(4.10)
(A®eanex)fp = (A®asnx)(A®ean®X) = (A®eansx)(A®Oanx).

Since A ® e4 ngx is @ monomorphism, f = A ® 04 nx. Recalling that § is an isomorphism and that A is
faithfully flat we conclude finally that 94 nx : (AOuN) ® X — AOp(N ® X) is an isomorphism.

We next show that Diagram (5.32) commutes. The commutativity of the other one is similarly proved.
Galois objects are faithfully flat, then Lemma Lemma 4.7 ensures the associativity laws in both diagrams.
LetA: A — HoOgAand p: A — AOyH denote respectively the isomorphisms from Lemma 4.6 induced by
the left and right H-comodule structure morphisms of A. In order to prove that

P

A AOyH
X AI:IHfr
HoyA A (AOyA)OHA = ADy(AOyA) (5.35)
commutes we compute:
A A
L7 ]
(o] _ o] _ .
I R 7 -
l A®e§A] l A®e 4 b
AR(A®A) AR(A®A) A AeA
A A A
-
= VIF‘HAII = e | = =0
ome]  [ven] 1)
AsAyen (A®A)®A (A®A)®A A®A A
We compose ~ with can; ® A and obtain
A
~
A

:L ) =
Yr N
m H A A
3
A A

= (can; ® A)Q
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Since can; ® A is an isomorphism, X = () up to associativity constraint, or

A® eZ,A)eA,ZnHA(ADH%)ﬁ = “A,Z,AeA@;Z,A(eA,ZDHA)(leHA)X' (5.36)

The commutativity of the diagram

_ e,=0gA _ €, _
(ADpA)oyA —22 A A)oyA—22  AeA)eA
-1 -1 _
©yan KaZa ApZA
v e, v A®es v
Aop(AopA) —22 o A @ (AouA) M AR (A®A)

yields a, 7 se407 4(€4 700A) = (A® ez 4)e A Aoy Aa);‘%A. With this equation (5.36) becomes

(A ® eE,A)eA,ZEIHA (ADH‘VV)E = (A ® EA?,A)EA,KDHACU;?Z,A (f]DHA)/\.
As A®e; , and e, 7, , are monomorphisms, we get (ADu7,)p = a);‘%,A(ﬂEIHA)X, proving that Diagram
(5.35) commutes. [

5.5. The exact sequence

After preparing all the necessary ingredients, we can at last construct the announced short exact se-
quence.

Theorem 5.13 Let C be a braided monoidal category with equalizers and H € C a flat cocommutative Hopf algebra.
Under Assumption 4.11, there is a short exact sequence of abelian groups

c

1 — H2(C: H, ) Gal(C; H) —S Pic(C; H),

where C([0]) = [Hy] and E([A]) = [A] for [o] € H2(C; H,I) and [A] € Gal(C; H).

Proof. In Theorem 4.14 we proved that, under Assumption 4.11, Gal(C; H) is an abelian group. By Proposi-
tion 5.6, C is injective. From Proposition 5.12, ¢ is well defined. Since the group structures in Gal(C; H) and
Pic(C; H) are both induced by the cotensor product over H, & is clearly a group morphism. The kernel of
& is precisely Gal,;(C; H). Exactness is proved in Theorem 5.9. 0O

We will now examine the relationship between this sequence and a similar one of Alonso Alvarez and
Fernandez Vilaboa constructed in [1, Theorem 11] and [2, Proposition 0.3] for a finite and cocommutative
Hopf algebra H in a closed symmetric monoidal category with equalizers and coequalizers. The authors
proved that there is a short exact sequence

Gal(C; H) —5 Pic(C; HY), (5.37)

1— H2(C;H, )

where the group Pic(C; H*) consists of isomorphism classes of invertible left H*-modules. We present our
findings in an abbreviated form here, the details can be found in [13, Section 4.5].

Let Picjf’(C ; H) C Pic™(C; H) denote the subgroup of finite invertible H-comodules and let 3 : Pic?’ (C;H)
— Pic(C; H*) denote a morphism given by B([M]) := [M"], where M" is a dual object of M whose right
H*-module structure is induced by the right H-comodule structure of M. In [13, Theorem 5.2.5], which is
included in [11, Proposition 5.12], we proved that in a closed symmetric category C and finite H, H-Galois
objects are faithfully projective, thus finite. Hence Im(&) < Pic/(C; H), and then clearly p& = & The
following is [13, Lemma 4.5.2].
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Lemma 5.2 Assume that C is a closed symmetric monoidal category with equalizers and coequalizers and that H is
a finite and cocommutative Hopf algebra. If & : Gal(C; H) — Pic®(C; H) is the morphism from Theorem 5.13, then

BE : Gal(C; H) — Pic(C; H*) is the group morphism & from the sequence (5.37).

In a closed category C the modules determining the group Pic(C; H*) from [1] and [2] which are moreover
H*-coflat (in the sense of [25, Page 202]) can be viewed as C-autoequivalences of ;-C, dually to Theorem 5.1.
Let Pic™/(C; H*) C Pic(C; H") denote the corresponding subgroup. Note that the dual condition to the
flatness appearing in Theorem 5.1, 2) is omitted, as it is automatically fulfilled. Namely, C is closed and
the tensor functor, as a left adjoint, preserves coequalizers. The relationship between the groups Pic®(C; H)
of invertible Picard H-comodules and Pic®®/(C; H*) is revealed by the following proposition, which is [13,
Proposition 4.5.3].

Proposition 5.3 Assume that C is a closed braided monoidal category with equalizers and coequalizers and that H
is a finite and cocommutative Hopf algebra. There is a group isomorphism Pic®(C; H) = Pic™/'(C; H).

6. Examples

This final section will be devoted to examples to illustrate the main results of this paper. We will take C
the category of left H-modules over a quasi-triangular Hopf algebra (H, R) (over a field K). We will compute
the group of Galois objects for two examples of B € C and we will compare it with the second Sweedler
cohomology group of B. The examples we will deal with are Radford Hopf algebra H, and Nichols Hopf
algebra E(n).

6.1. Radford biproducts and Majid’s bosonization

It is well known (see [23, Theorem 10.4.2] and [22, Theorem 9.2.4]) that a Hopf algebra H with bijective
antipode over a field K (or just a bialgebra H) has a quasi-triangular structure R if and only if yM is a
braided monoidal category with braiding ®x := TR, where 7 is the flip map. The quasi-triangular structure
on H is recovered by setting R := 1®(1y ® 1y). The difference here between the bialgebra and the Hopf
algebra case is that in the latter the bijectivity of the antipode enables one to have an explicit expression for
the inverse of the quasi-triangular structure R, namely, itis: R™! = S(RD)@R® = R @ S71(R?). Moreover,
recall that triangular structure corresponds to a symmetric braiding.

Let H be a bialgebra and B an algebra in y M and a coalgebra in M. Radford’s biproduct Theorem
[28, Theorem 2.1 and Proposition 2], in the reformulation due to Majid’s observation, characterizes that the
space B x H = B® H is a bialgebra (respectively, a Hopf algebra), with particularly introduced bialgebra
(resp. Hopf algebra) structure which one calls Radford biproduct, if and only if B is a bialgebra (resp. a Hopf
algebra) in the braided monoidal category HYD of Yetter-Drinfel’d H-modules.

For a quasi-triangular bialgebra (H,R) every left H-module M belongs to YD with coaction A : M
— H® M given by A(m) := R® ® (RW;m) for m € M. Moreover, yM is a braided monoidal subcategory of
HYD. The process of obtaining an ordinary Hopf algebra B x H out of a Hopf algebra B in yM as above is
called bosonization by Majid. It is a particular case of Radford’s Theorem.

6.2. Example: Radford Hopf algebra
A family of Hopf algebras generalizing Sweedler Hopf algebra was constructed by Radford in [29]. It is

H, = K(g,x|gzv = 1,x2 =0,9x = —xg)

for v an odd natural number and char(K) { 2v. The element g € H, is group-like whereas x is a (g",1)-
primitive element, i.e.,, A(x) = 1®x + x® ¢* and ¢(x) = 0. The antipode is defined as S(g) = g~! and
5(x) = g"x. The quasi-triangular structures on H, have the form

2v-1 2v-1

Rop = %( Z oy ®gsl) N 2%( Z a)—ilgix®gsl+vx) (6.38)

i1=0 i1=0
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for1 <s <2vodd, f € Kand w a 2v-th primitive root of unity.

The Hopf algebra H, is a Radford biproduct of B = K[x]/(x?) and the group algebra L = KZ,,. Since
KZ,, is a self-dual Hopf algebra (because K contains a primitive 2v-th root of unity), we can identify the
category Grz, of Z,,-graded vector spaces with the category ; M. The L-module structure on a Z,,-graded
vector space M is given by g - m = w%™*m for homogeneous m € M. Furthermore, we have that ((6.38))
for = 0 determines a quasi-triangular structure on L. The braiding ®g_, on M arising from R; o coincides
with the one induced in Gr, by the corresponding bicharacter, that is, @g ,(m ® n) = w000y @ m for
M,N € Gryz, and homogeneous m € M,n € N. The braiding ®g , is not a symmetry if s # v.

The algebra B = K[x]/(x?) is a Z,-graded vector space by setting By = K1,B, = Kx, and B, = 0 for all
o # 0,v. It becomes a commutative and cocommutative Hopf algebra in Gry, with the coalgebra structure
and antipode given as follows:

Al =181, ¢1)=1,51)=1, Alx)=1®x+x®1, ¢(x) =0, S(x) = —x.

We now may consider the Hopf algebra B X L obtained by Majid’s bosonization. It is not difficult to show
that the map W : H, — K[x]/(x?) X KZj,,,G + 1 x g,X — x X g" is a Hopf algebra isomorphism. Here we
denote the generators of H, by G and X instead of g and x. We will compute the group Gal(Grz, ; K[x]/(x?))
and check that it coincides with H*(C; K[x]/(x?), K). Although Gr, is not a symmetric category for s # v
and thus we do not know a priori if Gal(Grz, ; K[x]/(x?)) is a group, it will turn out that it coincides with
the subgroup Gal,;(Grz,,; K[x]/ (x?)), which we know is a group by Corollary 4.19.

For a € K we define the algebra C(a) := K(yly* = a). It is Z,,-graded by C(a), = K,C(a), = Ky and
the rest of homogeneous components are zero. Furthermore, C(x) is a right B-comodule algebra with the
comodule structure morphism p : C(a) — C(a) ® B given by

p(1)=1 and p(y)=1®x+y®1.

It is easy to see that can : C(a) ® C(a) — C(a) ® B is a Zy,-graded isomorphism. Thus C(a) is indeed a
B-Galois object in Grz, . Moreover, it has the normal basis property since the map B — C(a),1 = L,x = y
is a B-comodule isomorphism.

Conversely, we show that any B-Galois object A in Gryz, is of this form. From the isomorphism
can : AQ A — A ® B we obtain dimg(A) = dimg(B) = 2. Since K1 C Ay, it follows that dimg(Ag) > 1. If
dimg(Ap) = 2, then A = Ap and since the structure morphism p : A - A ® B is Z,,-graded, p(A) C A®K1,
implying A € A“®) = K, a contradiction. As dimg(Ag) = 1, there is a unique 1 < € < 2v such that A. # {0}.
This forces € = v. Thus we may write A = Ay ® A,, where Ay = K1 and A, = Ku with u # 0 and u? = y € K.
Knowing that p is a morphism in Grz, , we obtain p(u) = a ® x + bu ® 1, for some a,b € K. We claim that
a#0.1Ifa=0,thencan(1®u) = bu®1 = can(bu ® 1), contradiction. Take v = %u. Then p(v) =1®x+bv®1.
Since (A ® €)p(v) = v, we get b = 1. Note that v* = q, for some a € K. It is easy to check that ¢ : A — C(a),
defined by ¢(1) = 1 and ¢(v) = y, is an B-comodule algebra isomorphism. We have thus proved that any
B-Galois object has the normal basis property and we can consider the group Gal(Grz, ; B).

Theorem 6.1 The map Q) : (K, +) — Gal(Grg,,; B), a = [C(a)] is a group isomorphism.

Proof. For a,f € K let C(a) = K(yly* = a), C(B) = K(z|lz*> = B) and C(a + B) = K(wlw?* = a + B). We prove
that Q is a group morphism by giving a right B-comodule algebra morphism 60 : C(a + ) — C(a)agC(p)
(recall Proposition 3.14). Let p, and pg denote the right B-comodule structure morphisms of C(a) and C(g),
respectively. We turn C(B) into a left B-comodule via the inverse braiding. If Az denotes the left B-comodule
structure morphism, then A4(1) =1®1and Ap(z) = 1®z+x® 1. Itis easy tosee that {1®1,1®z+y®1}is
a K-basis of C(a)dpC(p). Recall that we consider C(a) ® C(f) as a right B-comodule via C(a) ® pg. It is also
easy to show that 0 : C(a + ) — C(a)opC(B), defined by 0(1) =1® 1 and O(w) =1®z+ y®1, is a right
B-comodule algebra morphism in Gry, .

We prove that Qisinjective. Letd : C(a) — C(B) be a Z,,-graded right B-comodule algebra isomorphism.
Then $(1) = 1 and 9(y) = xz, for some x € K. Since 9 is right B-colinear, (8 ® B)pa(y) = ppd(y). That is,



B. Femi¢ / Filomat 36:15 (2022), 5179-5220 5219

1®x+xz®1=x®x+xz®1. Hence k = 1. On the other hand, a = 3(a) = 9(y?) = 9(y)* = x*z> = . That Q
is surjective was previously proved. [

Observe that C(a) is just B;, where the cocycle 0, : B® B — Kis given by 0,(1®1) = 1,0,(1®x) =
Oo(x®1) = 0 and 0,(x ® x) = @. On the other hand, taking into account the grading of B, any normalized
2-cocycle of B with values in K is of this form. Then H? (Grz,,;B,K) = Gal,;(Grz,,; B) = Gal(Grg,,; B) = (K, +).

We next compute the group of biGalois objects of B. Any Hopf automorphism of B is of the form
f1(1) = Tand fi(x) = Ax for A € K* and Auty,f(B) = K. It is easy to show that B;, < fi = B, , as right
B-comodule algebras. Then BiGal(Grz, ; B) = K* x (K, +) with product (A, a)(y,p) = (Ay, y2a + B), due to
Theorem 4.21.

6.3. Example: Nichols Hopf algebra

Nichols Hopf algebra E(n) will provide us with an example where the morphism C in Theorem 5.13 is
not surjective. This is explained in [11, Remark 6.10]. Nichols” Hopf algebra is

E(n) = K{g,x,i,j € {1, ...,n}lg2 = 1,xf =0,9x; = —Xig, XiXj = —X;X;)

and it has a triangular structure givenby Ry = 1(1®1+g®1+1® g — g ® g), the same one as for Sweedler
Hopf algebra Hy = E(1), which is Ry from (6.38) with v = 1. The element g € E(n) is grouplike, whereas
x; € E(n) fori =1, ...,n are (g, 1)-primitive elements, that is A(x;) = 1 ®x; + x; ® g and €(x;) = 0. The antipode
is given by S(g) = ¢! and S(x;) = gx;.

Nichols” Hopf algebra E(n) is isomorphic to the Radford biproduct K[x,]/(x2) X E(n —1). Set L = E(n—1).
The algebra B = K[x,]/ (x2) is an L-module via g %, =—xy,and x;-x, = 0,i =1,...,n — 1. The Hopf algebra
structure of B in the category ;M is similar to that of K[x]/(x?): A(x,) = 1®x, + x, ® 1,€(x,) = 0 and
S(x,) = —x,.

Similarly as in the case of H,, it is proved that the algebra morphism W’ : E(n) — K[x,]/(x3) X E(n — 1),
defined on generators by ¥'(G) = 1® g, V' (X)) = 1®x; and V'(X,,)) = x,®g, fori =1,..,n -1, is a Hopf
algebra isomorphism. Here we denote the generators of E(n) by G and X;,i = 1,..,n instead of g and
X,‘,i =1,..,n

Similarly as in Theorem 6.1 we have the group isomorphism

Gal(gu-nM; Klx,1/(x2)) = (K, +)" (6.39)

given by
(@, a1, ..., 1) = M(@, a1, ..., 1) = Kly? = a)

where M(a, a1, - -+ , ap—1) has a structure of an E(n—1)-moduleby g-y = —yand x;-y = a;, fori € {1,--- ,n—1},
and of a right K[x,,]/(x2)-comodule by p(1) =1® 1,p(y) = 1®x, + y® 1.

Looking at the above given L-module structure on B, it is clear that M(a, a1, ..., a4-1) is isomorphic to
K[x,]/(x3) as a left L-module only if all ¢; = 0,i = 1,...,n — 1. Consequently, in the case of Nichols’ Hopf
algebra the subgroup of Galois objects with normal basis is a proper subgroup in the whole group, as
we announced. In other words, the morphism C : H?(g(-1)M; K[x,]/(x2), K) — Gal(gu-1yM; K[x1]/(x2))
from Theorem 5.13 is not surjective and the K[x,]/ (x,%)—comodules M(a, ay, ..., an-1) where some a; # 0 give
non-trivial elements in the group Pic®(g-1)M; K[x,,]/(x2)).

For the Galois objects with normal basis we thus have

Galnb(E(nfl)M/' K[xn]/(xi)) = HZ(E(nfl)M/' K[Xn]/(Xi), K) = (K/ +)

and its elements are represented by M(«, 0, ...,0), which, similarly as in the case of H,, equal B,;,, where
04 : B®B — Kis the cocycle given by 0,(1®1) = 1,04(1 ® x,) = 04(x, ® 1) = 0 and 0,(x, ® x,) = .
From the above said we find: BiGal(gy-1)M; K[x,1/(x2)) = KX (K, +)".
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