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Abstract. In this paper, we determine the character space of the vector-valued Lipschitz algebra Lipd(X,E),
where (X, d) is any metric space and E is a certain unital semisimple commutative ∗-Banach algebra.

1. Introduction and preliminaries

Let (X, d) be a metric space and E be a commutative Banach algebra. The E-valued function f on X is
called Lipschitz function, if there exists a positive number K such that

∥ f (x) − f (y)∥E ≤ Kd(x, y) (x, y ∈ X).

The infimum of such constant K is called the Lipschitz constant of f and will be denoted by Pd,E( f ). Evidently,

Pd,E( f ) := sup{
∥ f (x) − f (y)∥E

d(x, y)
: x, y ∈ X and x , y}.

For any bounded E−valued function f , let

∥ f ∥∞,E = sup{∥ f (x)∥E : x ∈ X}.

Then Lipd(X.E) is the collection of all bounded E-valued Lipschitz functions, which is a Banach algebra
under pointwise multiplication and the norm

∥ f ∥d,E := ∥ f ∥∞,E + Pd,E( f ) ( f ∈ Lipd(X,E)).

It is important to know that the algebraic properties of these algebras, depend on the algebraic properties
of E together with the topological properties of metric space (X, d), see [3, 5, 6]. For example, it is easy to see
that Lipd(X,E) is a commutative (unital) Banach algebra if and only if E is a commutative (unital) Banach
algebra. Note that, whenever E = C, we denote the classical complex-valued Lipschitz algebra by LipdX,
which was first studied by Sherbert, see [17, 18] for more information. Johnson [12] introduced and studied
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some basic properties of vector-valued Lipschitz algebras, see also [3, 8, 11]. Moreover, the amenability of
vector-valued Lipschitz algebras was investigated by some authors [1, 2, 10].

Here, we provide some preliminaries, which we require throughout the paper. The character space
on a commutative Banach algebra A is the space, consisting of all nonzero multiplicative linear mappings
on A, denoted by ∆(A). We equipe ∆(A) with the Gelfand topology, which is a relative topology on ∆(A),
induced by the weak∗-topology inherited from A∗, where A∗ is the dual space of A. If ∆(A) is not empty,
then for every a ∈ A, the mapping â : ∆(A) −→ C is defined by â(φ) = φ(a) for all φ ∈ ∆(A). It is called the
Gelfand transform of a. The Banach algebra Cb(X) is the family of all bounded, continuous complex-valued
functions on the topological space X. A subalgebra A of Cb(X) is called inverse-closed if for f ∈ A with
f (x) , 0, (x ∈ X), then there is a 1 ∈ A such that f (x)1(x) = 1, (x ∈ X).

In this paper, we introduce the term inverse-closed of a Banach subalgebra B with respect to Banach
algebra A. Then, we investigate this notion for vector-valued Lipschitz algebras. Afterward, we derive a
formula which shows that how the character space of unital commutative Banach algebra and the character
space of its unital subalgebra are related to each other.

Let E1 and E2 be Banach spaces. Then we denote the injective tensor product by E1⊗̌E2. Some authors
show it by E1⊗̌εE2 where the ∥ · ∥ε is the samllest cross norm on E1 ⊗ E2, for more details see [13, 16]. In
[13, Theorem 2.11.2] the character space of the tensor product of Banach algebras is charactized. In fact, if
A and B are commutative Banach algebras and A⊗γB are a tensor product of Banach algebras, for the cross
norm γ ≥ ε, then ∆(A⊗γB) is homeomorphic to the cartesian product ∆(A) × ∆(B).

Honary and et.al. in [9, Theorem 2.1] showed that the character space of vector-valued Lipschitz algebra
Lipd(X.E), is homeomorphic to the cartesian product X × ∆(E), where (X, d) is a compact metric space and
E is a unital commutative Banach algebra. It is worth to point out that Essmaeili and Mahyar obtained the
same result by some different method for non-unital commutative Banach algebra E and compact metric
space (X, d). For more details see [7, Corollary 2.3].

In this paper, we introduce the concept of vector-valued Lipschitz compactification of a metric space
(X, d), which is denoted by lE(X). We prove that ∆(Lipd(X,E)) = lE(X), where (X, d) is a metric space and E is
a unital semisimple commutative ∗-Banach algebra, which its character space preserves involution.

2. The vector-valued Lipschitz compactification

In this section, we introduce and study some kinds of compactifications. In particular, the notion of
vector-valued Lipschitz compactification of a metric space (X, d), is investigated.

Let (X, d) be a metric space and E be a commutative Banach algebra with a nonempty character space.
Let

X ⊗ ∆(E) =
{
x ⊗ φ : x ∈ X, φ ∈ ∆(E)

}
.

(i). It is easy to show that X ⊗ ∆(E) can be embedded into (Lipd(X,E))∗ by

x ⊗ φ( f ) = φ( f (x)) ( f ∈ Lipd(X,E)).

We call the weak∗-closure of the set X⊗∆(E) in (Lipd(X,E))∗, the vector-valued Lipschitz compactification of
(X, d) and denote it by lE(X). In particular, whenever E = C, we call it the classical Lipschitz compactification,
denoted by l(X). It should be noted that l(X) is the weak∗-closure of the set {δx : x ∈ X} in (LipdX)∗, where
δx( f ) = f (x), for all f ∈ LipdX. In addition, one can show that the vector-valued Lipschitz compactification
lE(X) is weak∗-compact in the unit ball of (Lipd(X,E))∗.

(ii). The set X ⊗ ∆(E) may be regarded as a subset of (LipdX)∗ × E∗ by

x ⊗ φ(1, a) = 1(x)φ(a) (1 ∈ LipdX, a ∈ E).

Suppose that rE(X) is the weak∗-closure of the set X ⊗ ∆(E) in (LipdX)∗ × E∗ with product topology.
(iii). Moreover, X ⊗ ∆(E) can be embedded in (LipdX⊗̌E)∗ by

x ⊗ φ(1 ⊗ a) = 1(x)φ(a) (1 ∈ LipdX, a ∈ E).



S. Chameh, A. Rejali / Filomat 36:15 (2022), 5149–5159 5151

The set kE(X) is stand for the weak∗-closure of the set X ⊗ ∆(E) in (LipdX⊗̌E)∗.
Throughout this paper, we use Z instead of LipdX⊗̌E, for convenience. Consider the vector-valued

Lipschitz algebra Lipd(X,E) with the norm

|∥ f ∥|d,E = max
{
∥ f ∥∞,E,Pd,E( f )

}
,

which is equivalent to the ordinary norm ∥ f ∥d,E = ∥ f ∥∞,E + Pd,E( f ).
In the next lemma, we show that the Banach algebra Z may be regarded as a closed subalgebra of

(Lipd(X,E), |∥ f ∥|d,E).

Lemma 2.1. Let (X, d) be a metric space and E be a commutative Banach algebra. Then Z can be embedded
isometrically into (Lipd(X,E), |∥.∥|d,E).

Proof. Define the map F : LipdX ⊗ E −→ (Lipd(X,E), |∥.∥|d,E) by

F( f ⊗ a) = f ⊙ a,

where f ⊙ a(x) = f (x)a , (x ∈ X). It is easy to see that F is homomorphism. Thus we need only to show that
F is isometric. Take u =

∑n
i=1 fi ⊗ ai. We have

|∥F(u)∥|d,E =max{∥F(u)∥∞,E,Pd,E(F(u))}

=max{sup
x∈X
{∥

n∑
i=1

ai fi(x)∥∞,E}, sup
x,y
{

∑n
i=1 ∥ fi(x)ai − fi(y)ai∥E

d(x, y)
}}

=max{sup
x∈X

sup
1

{|

n∑
i=1

1(ai) fi(x)| : 1 ∈ E∗, ∥1∥ ≤ 1}

, sup
x,y

sup
1

{
|
∑n

i=1 fi(x)1(ai) −
∑n

i=1 fi(y)1(ai)|
d(x, y)

: 1 ∈ E∗, ∥1∥ ≤ 1}}

=max{sup
1

{∥

n∑
i=1

1(ai) fi∥∞ : 1 ∈ E∗, ∥1∥ ≤ 1}, sup
1

{Pd(
n∑

i=1

1(ai) fi) : 1 ∈ E∗, ∥1∥ ≤ 1}}

= sup
1

{max{∥
n∑

i=1

1(ai) fi∥∞,Pd,E(
n∑

i=1

1(ai) fi)} : 1 ∈ E∗, ∥1∥ ≤ 1}

= sup
1

{|∥

n∑
i=1

1(ai) fi∥|d : 1 ∈ E∗, ∥1∥ ≤ 1}

= sup
1

sup
G
{|

n∑
i=1

1(ai)G( fi)| : 1 ∈ E∗, ∥1∥ ≤ 1,G ∈ (LipdX)∗, ∥G∥ ≤ 1}

=∥

n∑
i=1

fi ⊗ ai∥ε = ∥u∥ε

Thus the proof is completed.

We state here the following result, which will be used to establish the main results in section 3.

Lemma 2.2. Let A and B be commutative Banach algebras and F : A −→ B be an isomorphism. Then

∆(A) = {φ : φ ∈ ∆(B)},

where, φ(a) = φ(F(a)), for all a ∈ A.
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Proof. It is easy to see that φ is a character on A and

{φ : φ ∈ ∆(B)} ⊆ ∆(A).

Conversely, take ψ ∈ ∆(A). Define

ψ̃(b) = ψ(F−1(b)) (b ∈ B).

It is clear that ψ̃ is a character on B such that ψ̃ = ψ. Thus

∆(A) ⊆ {φ : φ ∈ ∆(B)}.

It is worth mentioning that Sherbert showed ∆(LipdX) = l(X), see[17, Proposition 2.1]. We generalize
this fact for some vector-valued cases.

In the next result, we investigate the relation between lE(X), kE(X) and rE(X).

Lemma 2.3. Suppose that (X, d) is a metric space and E is a Banach algebra with nonempty character space. Then
the following statements hold:
(i) lE(X) ⊆ kE(X) ⊆ rE(X);
(ii) If E is a Banach algebra with identity e, then

lE(X) = kE(X) = rE(X).

Proof. (i) We first prove that lE(X) is subset of kE(X). For eachψ ∈ lE(X), there exists a net (xα⊗φα) in X⊗∆(E)
such that (xα ⊗φα) is weak ∗-convergence to ψ in (Lipd(X,E))∗. Thus we have (xα ⊗φα( f )) converges to ψ( f ),
for every f ∈ Lipd(X,E). By applying Lemma 2.1, we conclude that (xα ⊗ φα) is weak∗-convergence to ψ in
Z∗. It follows that ψ ∈ kE(X).
We now apply a similar argument again, with lE(X) replaced by kE(X) to show that kE(X) is a subset of
rE(X). In fact, for any η ∈ kE(X), there is a net (yβ ⊗ ψβ) in X ⊗ ∆(E) which is weak∗-convergence to η in Z∗.
Thus (yβ ⊗ ψβ(1 ⊗ a)) converges to ψ(1 ⊗ a), for all 1 ∈ LipdX and a ∈ E. By an easy argument, one can show
that (1(yβ)ψβ) converges to η(1), for all 1 ∈ LipdX in E∗. Therefore (yβ ⊗ ψβ) is weak∗-convergence to η in
(LipdX)∗ × E∗, which implies that η ∈ rE(X).
(ii) Let us first show that rE(X) = ∆(Z). Take η ∈ Z. By using [13, Theorem 2.11.2], one can show that ∆(Z) is
homeomorphic with the tensor product l(X) ⊗ ∆(E). Therefore η = ψ ⊗ φ, for some ψ ∈ ∆(LipdX) = l(X) and
φ ∈ ∆(E). Since ψ ∈ l(X), there exists a net (xα) in X such that (δxα ) is weak∗-convergence to ψ in (LipdX)∗.
For every 1 ∈ LipdX and a ∈ E, we have

xα ⊗ φ(1, a) = 1(xα)φ(a) −→ ψ(1)φ(a) = ψ ⊗ φ(1, a),

in (LipdX)∗ × E∗. It follows that η ∈ ω∗ − cl(X ⊗ ∆(E)) = rE(X).
Conversely, let λ ∈ rE(X). There exists a net (xα ⊗ φα) in X ⊗ ∆(E) such that (xα ⊗ φα) is weak ∗-convergence
to λ in (LipdX)∗ × E∗. Therefore, (xα ⊗ φα(1, a)) converges to λ(1, a), for all 1 ∈ LipdX and a ∈ E. Put a = e. We
conclude that (1(xα)) converges toλ(1, e), for all 1 ∈ LipdX. In other words, the net (δxα ) is weak ∗-convergence
to k, where

k(1) = λ(1, e) (1 ∈ LipdX).

Now, in the same manner, we can see that if 1 = 1LipdX, then the net (φα(a)) converges to λ(1LipdX, a). Put
φ(a) = λ(1LipdX, a). By easy computations, we obtain

λ(1, a) = k(1)φ(a) (1 ∈ LipdX, a ∈ E).

It follows that (xα ⊗ φα) is weak∗-convergence to k ⊗ φ in (LipdX)∗ × E∗. Thus, λ ∈ l(X) ⊗ ∆(E) = ∆(Z).
The rest of the proof is devoted to prove that lE(X) = ∆(Z). According to part (i) and previous arguments,
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we have lE(X) ⊆ ∆(Z). Take η ∈ Z. Hence η = ψ ⊗ φ, for some ψ ∈ ∆(LipdX) = l(X) and φ ∈ ∆(E). Since
ψ ∈ l(X), there exists a net (xα) in X such that (δxα ) is weak∗-convergence toψ in (LipdX)∗. For every 1 ∈ LipdX,
we have

δxα ⊗ φ(1) = φ(1(xα)) = δxα (φ ◦ 1) −→ ψ(φ ◦ 1) = η(1).

Put φα := δxα ⊗φ. We conclude that {φα} is a net in X⊗∆(E), which is weak∗-convergence to η in (Lipd(X,E))∗.
It implies that η ∈ lE(X).

3. The inverse-closed Banach algebras

Throughout this section, A is a commutative Banach algebra with the nonempty character space. We
first introduce the concept of inverse-closed for a Banach algebra. Then we proceed with stating the formula
which shows that how the character space of unital commutative Banach algebra and the character space
of its unital subalgebra are related to each other.

For convenience we use some notations which are described as follows.

Notation 3.1. For all a1, · · · , an ∈ A we write a := (a1, · · · , an) and â := (̂a1, · · · , ân), where â is the Gelfand transform
of a and defined by

â(φ) := (̂a1(φ), · · · , ân(φ)) (φ ∈ ∆(A)).

We say â is nonzero, if for every φ ∈ ∆(A), we have âi(φ) , 0, for some i ∈ {1, 2, ...,n}.
If B is a subalgebra of Banach algebra A and

{φ
∣∣∣
B : φ ∈ ∆(A), φ

∣∣∣
B , 0} = ∆(B),

then we say A and B have the same character space.

Definition 3.2. Let A be a commutative Banach algebra with a nonempty character space. A Banach subalgebra B of
A is called inverse-closed with respect to A, if for every b = (b1, b2, ..., bn), where bi ∈ B, whenever b̂ is nonzero, there
exists a = (a1, a2, ..., an), where ai ∈ A such that

n∑
i=1

φ(ai)φ(bi) = 1 (φ ∈ ∆(A)).

In particular, if Banach algebra A is inverse-closed with respect to A, we say A is inverse-closed Banach algebra.

The following example illustrates the concept of inverse-closed.

Example 3.3. Let (X, d) be a compact metric space. We show that the classical Lipschitz Banach algebra LipdX is
inverse-closed. Take f := ( f1, · · · , fn), where fi ∈ LipdX such that f̂ , 0. In fact, for all x ∈ X, we have f j(x) , 0,
for some j ∈ {1, 2, ...,n}. We define 1 := (11, · · · , 1n), by 1 j := 1

k f j, where f j is conjugate of f j and k :=
∑n

i=1 | fi |2 .

Since (X, d) is a compact metric space and f̂ , 0, there exists x◦ ∈ X such that

|k(x)| ⩾ |k(x◦)| ⩾ | f j(x◦)|2 > 0.

It follows that 1 j ∈ LipdX. By some easy calculations, we obtain
∑n

i=1 fi1i = 1LipdX. Now, for every φ ∈ ∆(LipdX), we
have

∑n
i=1 φ( fi)φ(1i) = 1.

Example 3.4. We show that C0(R) is not inverse-closed. To this end, we define

f◦(x) =

1 |x| ≤ 1;
1
x |x| > 1.
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For f := ( f◦), it is clear that f̂ , 0. If C0(R) is inverse-closed, then there exists 1 := (1◦), where 1◦ ∈ C0(R) such that

f◦(x)1◦(x) = 1 (x ∈ R)

Taking n ∈N, we have 1◦(n) = n which contradicts with the boundedness of 1.

Theorem 3.5. Let A be a unital commutative Banach algebra with the nonempty character space. Then A is
inverse-closed.

Proof. Take b := (b1, b2, ..., bn), where bi ∈ A, with b̂ , 0. Let I be an ideal of A which is generated by
{b1, b2, ..., bn}. We claim that I = A, otherwise we could find a maximal ideal M of A such that I ⊂ M. We
have M=kerφ◦, for some φ◦ ∈ ∆(A). Since b̂(φ◦) , 0, we have φ◦(b j) , 0, for some j ∈ {1, 2, ...,n}. But
b j ∈ I ⊂ M=kerφ◦, it follows that φ◦(b j) = 0, which is a contradiction. This implies that I = A. If 1A is the
identity of A, then 1A ∈ I. We have actually proved that there exist a1, a2, ..., an ∈ A such that

∑n
i=1 aibi = 1A.

Consequently, for every φ ∈ A, we obtain
∑n

i=1 φ(ai)φ(bi) = 1. This completes the proof .

Corollary 3.6. (i) If E is a unital commutative Banach algebra and (X, d) is a metric space, then Lipd(X,E) and
LipdX⊗̌E are inverse-closed. In particular, the classical Lipschitz Banach algebra LipdX is inverse-closed.
(ii) For every compact metric space (X, d), C(X) is inverse-closed.

Remark 3.7. Point out that if X is a Hausdorff space and A is a unital, inverse-closed subalgebra of Cb(X) such that
∆(A) = X, then A is inverse-closed, based on the ordinary definition of inverse-closed.

Now, the question arises whether the inverse-closed Banach algebra is unital. The following result gives
a positive answer to this question for a semisimple Banach algebra.

Theorem 3.8. Suppose that A is a commutative semisimple Banach algebra with an element a := (a1, a2, ..., an) such
that â is nonzero. Then the following statements are equivalent:
(i) A is inverse-closed ;
(ii) A is unital.

Proof. (i)⇒ (ii). By the hypothesis, there exists an element b := (b1, b2, ..., bn), where bi ∈ A such that

n∑
i=1

φ(ai)φ(bi) = φ(
n∑

i=1

aibi) = 1,

for every φ ∈ ∆(A).If c :=
∑n

i=1 aibi, then c ∈ A. By easy calculations, one can show that φ(cx − x) = 0, for
every φ ∈ ∆(A) and every x ∈ A. Now, we conclude from semisimplicity of A that c is the identity for A.
(ii) ⇒ (i). Choose b := (b1, b2, ..., bn), where bi ∈ A with b̂ , 0. Let I be an ideal of A which is generated
by {b1, b2, ..., bn}. Now, with a similar method in Theorem 3.5, we have I = A. Futhermore, there exists
c := (c1, c2, ..., cn), where ci ∈ A such that

n∑
i=1

φ(bi)φ(ci) = 1.

It follows that A is inverse-closed.

By a similar argument, as is used in Theorem 3.8 one can obtained the following result. Note that the
theorem discusses the condition under which A is unital.

Theorem 3.9. Let A be a commutative semisimple Banach algebra and B be a Banach subalgebra of A which is
inverse-closed with respect to A. If there is an element b := (b1, b2, ..., bn), where bi ∈ B with b̂ , 0, then A is unital.
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Proof. Since B is inverse-closed with respect to A, there exists an element a := (a1, a2, ..., an), where ai ∈ A
such that

n∑
i=1

φ(ai)φ(bi) = φ(
n∑

i=1

aibi) = 1,

for every φ ∈ ∆(A). Put c :=
∑n

i=1 aibi. By applying similar arguments as in Theorem 3.8, c is the identity of
A.

It should be noted that the inverse-closed property is not necessarily inherited by the Banach subalgebras.
The next example introduces an Banach algebra A which is inverse-closed but it has a Banach subalgebra
that is neither inverse-closed nor inverse-closed with respect to A.

Example 3.10. Let B := C0(R) and A = C0(R)⊕C. Then B is a Banach subalgebra of A which is not inverse-closed,
by Example 3.3. Using Theorem 3.5, A is inverse-closed. Suppose that B is inverse-closed with respect to A. For
f := ( f◦), where that

f◦(x) =

1 |x| ≤ 1;
1
x |x| > 1,

f̂ , 0 and so there exists 1 := (1◦), where 1◦ ∈ C0(R) such that

ψ( f◦)ψ(1◦) = 1 (ψ ∈ ∆(A)) ⋆ .

Take φ◦ ∈ ∆(A) which is defined by φ◦(x, λ) = λ, for all (x, λ) ∈ A. Obliviously, we have φ◦( f◦) = 0, which is a
contradiction with ⋆.

If I is a closed ideal of a commutative Banach algebra A with a nonempty character space, then

∆(I) = {φ
∣∣∣
I : φ ∈ ∆(A), and φ

∣∣∣
I , 0},

see [13, Lemma 2.2.15]. In other words, I and A have the same character space. The next example introduces
a specific instance of a Banach subalgebra for which the same result is established. Recall that

Lipαd (X,E) = { f : X→ E : f is bounded and sup
x,y

∥ f (x) − f (y)∥E
dα(x, y)

< ∞}.

Example 3.11. Let A := LipdR, B := Lip2
dR and d be Euclidean metric. It is easy to see that B is exactly the set of

constant functions on R [3, Corollary 2.5]. Hence, B is Banach subalgebra of A and 1A = 1B, where 1A(x) = 1 for all
x ∈ R. Also, we have ∆(B) = {I}, which I(b) = b for all b ∈ B. It is a simple matter to show that{

φ
∣∣∣
B : φ ∈ ∆(A), φ

∣∣∣
B , 0

}
=
{
φ
∣∣∣
B : φ ∈ ∆(A)

}
= ∆(B).

Therefore by the definition, A and B have the same character space. Note that B is not an ideal of A.

Now, we state the following example which shows that the Banach algebra A and its Banach subalgebras
can not have the same character space, generally.

Example 3.12. Let X be a nonempty compact subset of C and B = P(X) the Banach subalgebra of A = C(X),
generated by polynomails on X. It is known ∆(A) = X, [13, Example 2.2.8]. By using [13, Theorem 2.5.7(i)],
∆(B) = X̂p, where X̂p is the polynomailly convex hull of X. In particular, Let X be Swiss cheese discussed in [13,
Example 2.5.11]. X is proper subset of X̂p. Therefore,{

φ
∣∣∣
B : φ ∈ ∆(A), φ

∣∣∣
B , 0

}
& ∆(B).
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Theorem 3.13. Let B be a unital Banach subalgebra of a unital commutative Banach algebra A, with the same identity
and the same character space. Then B is inverse-closed with respect to A.

Proof. Choose b := (b1, b2, ..., bn), bi ∈ A, such that b̂ , 0. Let I be an ideal of A which is generated by
{b1, b2, ..., bn}. Then A = I, otherwise we can find a maximal ideal M such that I ⫋M. We have M = ker φ◦,
for some φ◦ ∈ ∆(A). Since B and A have the same character space, there is ψ◦ ∈ ∆(B) such that ψ◦ = φ◦|B.
Since b̂(ψ◦) , 0, we have ψ◦(b j) , 0 for some j. In addition, there exists a◦ ∈ A such that φ◦(a◦) , 0. It is clear
that a◦b j ∈ I ⊆M = ker φ◦. Hence φ◦(a◦b j) = 0, which is impossible. Thus, I = A and so 1A ∈ I. Therefore,
there exists a = (a1, a2, ..., an), where ai ∈ A, such that

∑n
i=1 aibi = 1A, this completes the proof.

Now as a consequence of Theorem 3.13 and Lemma 2.1, we can state the following result on vector-
valued Lipschitz algebras.

Corollary 3.14. Suppose that (X, d) is a compact metric space and E is a unital commutative Banach algebra with
nonempty character space. Then Z is inverse-closed with respect to Lipd(X,E).

Proof. According Lemma 2.1, Z is a Banach subalgebra of Lipd(X,E). By applying [9, Theorem 2.9], we have

∆(Z) = ∆(Lipd(X,E)) = X ⊗ ∆(E).

Now, by using Theorem 3.13, Z is inverse-closed with respect to Lipd(X,E).

In the following result, we provide some conditions on the Banach subalgebra B of the Banach algebra
A, under which A and B have the same character spaces.

Theorem 3.15. Let (A, ∥.∥A) be a commutative Banach algebra and (B, ∥.∥B) be a Banach subalgebra of A such that B
be dense in (A, ∥.∥A) . Then the following statements hold:
(i) If φ is a character on A, then φ

∣∣∣
B is a character on B.

(ii) If there exists positive number M such that

∥b∥B ≤M∥b∥A (b ∈ B),

then A and B have the same character space.

Proof. (i)It is sufficient to show that φ
∣∣∣
B is nonzero. Choose a ∈ A such that φ(a) , 0. Since B is dense in

(A, ∥.∥A), there exists a sequence {bn} such that {bn} converges to a in (A, ∥.∥A). By continuity of φ, we have
φ(bn◦ ) , 0 for some n◦ and it follows φ

∣∣∣
B , 0 on B.

(ii) Let ψ ∈ ∆(B) and a ∈ A. There exists a sequence {bn}which converges to a in (A, ∥.∥A). By the assumption

|ψ(bn) − ψ(bm)| ≤ ∥bn − bm∥B ≤M∥bn − bm∥A,

for each m and n, which guarantees that {ψ(bn)} is a cauchy sequence in C. Hence we may define φ(a) =
limn−→∞ ψ(bn). We show that φ(a) does not depend on the choice of {bn}. Let {bn} and {cn} converge to a in
(A, ∥.∥A). Then we have

|ψ(bn) − ψ(cn)| ≤ ∥bn − cn∥B ≤M∥bn − cn∥A.

It follows
lim

n−→∞
ψ(bn) = lim

n−→∞
ψ(cn).

Clearly, φ is a character on A such that φ
∣∣∣
B = ψ.

Remark 3.16. Under the conditions of (ii), B is an abstract Segal algebra with respect to A. Moreover, in [4, Lemma
2.2], the authors proved that if B is an abstract Segal algebra with respect to A, then ∆(A) = ∆(B).

We now express the relationship between the character space of a unital commutative Banach algebra
and its unital Banach subalgebra.
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Lemma 3.17. Let B be a unital Banach subalgebra of a unital commutative Banach algebra A with the same identity.
Then

∆(A) = ∆(B) ⊕ ∆(A)
∣∣∣
Bc ,

where Bc is the complement of B in A.

Proof. Consider the map Θ : ∆(A) −→ ∆(B) ⊕ ∆(A)
∣∣∣
Bc defined by

Θ(φ) = (φ
∣∣∣
B, φχBc ).

It is easy to see that Θ is a bijective map.

Now, we are ready to identify the character space of vector-valued Lipschitz algebra Lipd(X,E).

Theorem 3.18. Suppose that (X, d) is a metric space and E is a unital commutative Banach algebra with nonempty
character space. Then

∆(Lipd(X,E)) = (l(X) ⊗ ∆(E)) ⊕W;

where
W = {φχZc : φ ∈ ∆(Lipd(X,E))}.

Proof. By using Lemma 2.1 and Lemma 3.17, the result is immediate.

4. The character space of vectore-valued Lipschitz algebras

In this section we determine the structure of the character space of vector-valued Lipschitz algebra
Lipd(X,E), where (X, d) is a metric space and E is a unital semisimple commutative ∗-Banach algebra.

Definition 4.1. Assume that (X, d) is a metric space and E is a commutative Banach algebra. The Banach algebra
Lipd(X,E) is called weakly inverse-closed, if for f ∈ Lipd(X,E) with |φ( f (x))| ≥ ε, for all x ∈ X, φ ∈ ∆(E) and some
ε > 0, then there exists 1 ∈ Lipd(X,E) such that

φ( f (x))φ(1(x)) = 1

for all x ∈ X and φ ∈ ∆(E).

Clearly if Lipd(X,E) is inverse-closed, then it is weakly inverse-closed.

Definition 4.2. We say the character space of ∗-Banach algebra E preserves involution, if φ(a∗) = φ(a), for all
φ ∈ ∆(E) and a ∈ E.

Example 4.3. (i) Suppose that (X, d) is a metric space and E=C0(X). Then the character space of E preserves the
involution.
(ii) Let (X, d) be a metric space. We know LipdX is a ∗- Banach algebra with involution f ∗(x) = f (x), for all x ∈ X.
Then ∆(LipdX) = l(X) preserves the involution on LipdX.

Remark 4.4. It should be noted that if (X, d) is a compact metric space and E is a ∗- Banach algebra, then the character
space of Lipd(X,E) preserves involution on Lipd(X,E) if and only if the character space of E preserves involution on
E. Note that Lipd(X,E) is a ∗- Banach algebra whenevere E is a ∗- Banach algebra.

In order to prove our main result, we need to state some lemmas. We state here the following assump-
tions:
Let (X, d) be a metric space, E be a unital commutative Banach algebra . We consider the map

Θ : Lipd(X,E) −→ C(lE(X))
f 7−→ θ f

where θ f (w) = w( f ), for all w ∈ lE(X).
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Lemma 4.5. If E is a semisimple Banach algebra, then Lipd(X,E) � Θ (Lipd(X,E)) as two Banach algebras with
equivalent norms.

Proof. It is easy to see thatΘ is a homomorphism and continuous map. We show thatΘ is injective. Suppose
that θ f = θ1, for some f , 1 ∈ Lipd(X,E). Then we have w( f ) = w(1), for all w ∈ lE(X). We may consider
w = x⊗φ, for x ∈ X and φ ∈ ∆(E). Hence φ( f (x)) = φ(1(x)), for all x ∈ X and φ ∈ ∆(E). Since E is semisimple,
we have f = 1. Moreover, according to the open mapping theorem, there exists L > 0 such that

L∥ f ∥d,E ≤ ∥Θ( f )∥∞ ≤ ∥ f ∥d,E ( f ∈ Lipd(X,E)).

This completes the proof.

Lemma 4.6. Let E be a ∗-Banach algebra which its character space preserves the involution. Then Θ(Lipd(X,E)) is
self-adjoint.

Proof. Let f ∗(x) = ( f (x))∗, for all x ∈ X and f ∈ Lipd(X,E). It is clear that (Lipd(X,E), ∗) is a ∗-Banach algebra.
The proof is completed by showing that θ f ∗ = θ f , for all f ∈ Lipd(X,E). Taking w ∈ lE(X), there exists a net
(xα ⊗ φα) in X ⊗ ∆(E) such that weak∗-convergence to w. For f ∈ Lipd(X,E)

θ f ∗ (w) = w( f ∗) = lim
α

xα ⊗ φα( f ∗)

= lim
α
φα(( f (xα))∗)

= lim
α
φα( f (xα))

= θ f (w) = θ f (w).

Thus the result is obtained.

Lemma 4.7. The algebra Θ(Lipd(X,E)) is seprating and inverse-closed Banach algebra which contains constant
functions.

Proof. Let w1,w2 ∈ lE(X) with w1 , w2. Then there exists f ∈ Lipd(X,E) such that w1( f ) , w2( f ). It follows
that θ f (w1) , θ f (w2). Thus Θ(Lipd(X,E)) separates the points of lE(X). Now, suppose that e is the identity
of E. Suppose that fλ : X → E is the constant function, defined by fλ(x) = λe, for all x ∈ X and λ ∈ C. We
can write that fλ = 1λ ⊗ e, for some constant function 1λ ∈ LipdX. By easy computation, one can show that
θ fλ (w) = λ, for all w ∈ lE(X). Hence Θ(Lipd(X,E)) contains constant functions.
In the following, we show that Θ(Lipd(X,E)) is weakly inverse-closed Bnach algebra. Let F ∈ Θ(Lipd(X,E))
such that |F(w)| > ε, for all w ∈ lE(X) and some ε > 0. Since F ∈ Θ(Lipd(X,E)), there exists f ∈ Lipd(X,E)
such that θ f = F. Thus |x ⊗ φ( f )| > ε, for all x ∈ X and φ ∈ ∆(E). According to Corollary 3.6, Lipd(X,E) is
inverse-closed. Thus Lipd(X,E) is weakly inverse-closed. Hence, there exists 1 ∈ Lipd(X,E) such that

φ( f (x))φ(1(x)) = 1 (x ∈ X, φ ∈ ∆(E)).

Set G = θ1. By easy computations, one can show that G is the inverse of F in Θ(Lipd(X,E)). This completes
the proof.

Now, we are ready to state our main result of this paper.

Theorem 4.8. Suppose that (X, d) is a metric space and E is a unital semisimple commutative ∗-Banach algebra,
which its character space preserves the involution. Then ∆(Lipd(X,E)) = lE(X).

Proof. By using Lemma 4.5 and Lemma 2.2, ∆(Lipd(X,E)) = ∆(Θ(Lipd(X,E))). According to Lemma 4.6 and
Lemma 4.7, Θ(Lipd(X,E)) is a separation, self-adjoint, inverse-closed subalgebra of C(lE(X)) and lE(X) is
weak∗-compact. Therefore by applying Lemma [14, p.55], we have ∆(Θ(Lipd(X,E)) = lE(X). It follows that
∆(Lipd(X,E)) = lE(X).
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Corollary 4.9. Let (X, d) be a metric space and E be a unital commutative C∗-algebra. Then ∆(Lipd(X,E)) = lE(X).
In particular, if E = C, then ∆(LipdX) = l(X).
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