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Abstract. Stancu type operators play a crucial role in convergence estimates. The present article concerns
the convergence estimates for certain Stancu type Kantorovich operators. We first establish some direct
formulas giving the local approximation theorem, Voronovskaja type asymptotic formula, bound for the
second central moment with some curtailment, and the global approximation theorem by means of mod-
ulus of continuity and the Ditzian-Totik Modulus of smoothness. We also study the difference estimates
between Stancu-Bernstein operators and its Kantorovich variant. Further, we show the convergence of
these operators by graphics to certain functions.

1. Introduction

Stancu (see [8], [9]) proposed the Bernstein type operators based on two parameters [, € N U {0} as
follows:

n—Im m
[,m] _ o+ 1l
(D" h)(x) = Zsbn_zm,gm b (=), 0221, M

where
_ (M.« _ A\
by(x) = (K)x (1-x)T*.

As a special case when | = m = 0, we get the well-known Bernstein polynomials. Abel et al in [2] estimated
the complete asymptotic expansion of the Durrmeyer variant of (1). Kajla in [7] considered the Kantorovich

variant of the operators (1), but it was not proper Kantorovich variant. We consider below the following
Stancu-Kantorovich operators

n—Im g+l

K@) = (1 +1) Y buoto@) Y bue() f " by, 0<x<1. @)
o=0 =0

o+1l
(n+1)
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The results concerning convergence in the theory of approximation play an important role in different
areas of mathematics. Gupta and Agarwal [6] considered several such problems based on linear positive
operators. Also, in the recent monograph, Gupta and Rassias [5] provided moments estimate of many
operators. In the present article, we provide some direct results including simultaneous approximation
with difference estimate.

2. Estimation of Moments
Lemma 2.1. For x € [0, 1] and a real parameter A, we have
(DY) (x) = (1 — x + xe/"y™ (1 — x + xeImy™,

Thus, the i order moment is given by

(DY "ei(t)(x) = [%(1 —x+xeMy (L — x4 xeMT () =, 1=0,1,2,..
0A 4s0

Proof. Obviously by definition, we have

n—Im m
DYMeM)0) = Y buima®) Y bua()e A"
o=0 =0
n—Im m
= Z bn—lm,(r(x)eAa/n Z (T)(xeAl/n)T(l - x)miﬂ[
0=0 =0
= n—1Im n\o n-Im—o . m n\T m-t
= Z_:?( - )(xeA/ )°(1 = x)"! ;(T)(xef‘”/ ) (1 - x)

= (1 -x+xed/myr=im — x4 xel/mym,
By the well-known property of m.g.f, the other consequences follow immediately. [J
Remark 2.2. Using Lemma 2.1, few moments are given by:

(DY "e)x) = 1
(DY"ex) = «x

(DLl,m]eZ)(x) - (lm(l _ l) -:lzn(n _ 1))X2 + (lm(l _nlz) + n)x
(Do) = (PPm(21 - 3n) + Im(3n ;32) +n(n—1)(n—2)x3
3(Pmn—1)+n(n—1)+Im(1 -n)x> (Im(?-1)+n)x
+ 3 + 3

(DVmey(x) = %[(314711(711 —2) + 2Pm(4n — 3m) + 3Pm(m — 2n(n — 1))) + 2lm(3n* — 7n + 3)
+n(n—1)(n -2)(n - 3))3(4 - 6(l4m(m —2) + 2Bm(n — m) + Pm(m — n(n — 2))
+Im(n® —4n +2) —n(n - 1)(n - 2))9(3 + (l4m(3m -7)=Im(10n —=7) + 7n(n — 1)

+3PmQ2n + m) + 2Pm(2n — Sm))x2 + (lm(l3 -1+ n)x].
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Lemma 2.3. The function that generates the moments of the operators (2) is given by

_ n+1)

(Kg,m]eAt)(x) (eA/(n+1) _ 1)(1 —x+ xeA/(n+1))n—In1(1 —x+ XEAI/(H+1))m.

Thus the moments e;(t) = t,i = 0,1,2, ... are given by

i
(K1) () = |2 (P50 — 1)1 = x4 2Dy Dy
JAI\ A A=0
The proof follows by the definition of K" and Lemma 2.1, we omit the details.
Remark 2.4. Using Lemma 2.3, few moments are given by:
(Kp"eo)(x) = 1
2nx+1
[1,m] _
(L] _ (Im=Pm+nn-1)x*  (Pm—Im+2n)x 1
W Te)lx) = n+ 1) n+ 12 3n+1p
(KmMeg)(x) = ;[4(713 —3n% + n(=3Pm + 3lm + 2) + 2lm(I> - 1))3{3 + 6(3112 +n(2Pm
4(n+1)3
2l - 3) — Im(2P + [ - 3))x2 ; 2(7n T Im(202 + 31 - 5))x ; 1]
KIMey(x) = mk(# — 61% + n?(—62m + 6lm + 11) + 2n(4Pm + 3Pm — 7lm — 3) + 3Im

(B(m=2) = 2Pm + Im + 2))x4 + 10(4n3 +3n2(Pm — Im — 4) + n(—6Pm — 9%m
+150m + 8) — Im(l — 1)(3E(m — 2) — I(3m + 8) — 8))x3 + 5(15n2 + n(dPm + 12Pm
_16lm — 15) + Im(l — 1)(PBm - 7) — 1(3m + 13) - 15))x2 + 5(6n +Im(P + 2P

+21 — 5))x + 1].

Lemma 2.5. If we denote yg’;”](x) = (KUt — x))(x), j € N. Then

yg/m](x) _ [il (1’1 + 16_Ax(eA/(n+1) _ 1)(1 —x+ xeA/(n+1))n—ll’n(1 —x+ xeAl/(n+1)>m):| )
i 9Ai \"A -
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By basic computations, few moments are given by

1-2x
[l,m] —
i @)= 56
1 Pm—=Im+n-1)

[L,m] B
tnz () B+ (n+1)2 x1 =)

by = o, (2PBm + 31°m — 5lm + 5n — 2)x
His A+ 1)p 2(n + 1)?

2Bm +3Pm—5lm+5n—-1 ,
2+ 1P x“(2x — 3)

[1,m] 1 (I*m + 2PPm + 2I°m — 5lm + 5n — 1)x

lun/4 (X) = m + "
’ 5(m+1) (n+1)

N (Bm? — 61m? + 31°m? — 71*m — 10Pm + 6nl’>m — 81°m — 6nlm + 25Im + 3n* — 25n + 2)x>

(n+1)*
. (Bltm? — 6PPm? + 31°m? — 61*m — 813m + 6nl>m — 61°m — 6nlm + 20lm + 3n* — 20n + 1)

(n+1)*

Furthermore, following limits hold true

1-2x
: [l;m] —
fim g 0 = 3
: [l,m] —
nh_r)g n.‘un,;” ) = x(1-x)
: 2 [Lm] _ 2 2
gggn .,unf (x) = 3x*(x-1).

Lemma 2.6. Forl,m,n € NU {0} and Pm —Im —1 < 0, we have

1

@) < ——di(),

+1

where d?(x) = 92(x) + - and 9(x) = x(1 - x).

n+1
Proof. In view of Lemma 2.5, we have
1+3x(1—-x)Pm—Im+n-1
i .
’ 3n+1)

(92(x) + ﬁ)

n+1
O

5110

X*(x - 2).

Remark 2.7. Forl,m € NU {0}, Pm — Im — 1 < 0 if (1, m) has either of the following forms (1,0), (0, m), (1,m).

3. Direct Estimates

Theorem 3.1. For h € C[0, 1], we have

lim (K" (x) = h(x),
n—oo

uniformly in [0, 1].
Proof. By Remark 2.4, we have

(Ky"len)(x) = 2 i=0,1,2

asn— oo, uniformly in [0, 1]. By Bohman-Korovkin’s theorem, (KE ’m]h) converges uniformly to /in [0,1].
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Theorem 3.2. Let h € C[0, 1] and h” (x) exists for x € [0, 1], then we have

hm n[( Umpyx) = h(x)] = (0.5 — )i (x) + 0.5x(1 — x)h”’ ().
Proof. Using Taylor’s theorem, we have
hu) = Z (” W30 + 2, 1) - 0% 1 € 0,1],

where
28(u,x) = h"(8) - W' (x),

5111

and 4 lies between x and u. Also E(u, x) vanishes as u — x. On applying the operators K" to (3), we have

K = @) = B @u @) + ()#ET@HRMM@'

where
Ropm(x) = (KY™ME(u, ) (1 - 2)?)(%).

From (4), after applying Lemma 2.5, we obtain

lim LK (h(u) = h())()] = (0.5 — I (x) + 0.5x(1 — )" (x) + lim 1R,y ().

To estimate lim 7.R,,;,,(x), for all possible ¢ > 0, choose ¢ > 0 such that
n—00

Et,x)<e for lu—xl<op.

(4)

Therefore if [u — x| < g, then |E(u, x)(u — x)2| < e(u — x)*> while if [u — x| > g, then since Z(u, x) < M, we have

|E(u, x)(u — x)2| < ]Q\_/zl(” —x)%

Using Lemma 2.5, we get

2
Rymx) < & ( 50 1 7t (Fm (nhj: I)f 1)x(1 _ x))
M( 1 . (I*m + 2m + 21°m — 5Im + 5n — 1)x
2\5(n + 1) (n+1)*
N (BItm? — 6Pm?* + 31Pm? — 7I*m — 10Pm + 6nl>m — 81°m — 6nlm + 25Im + 3n> — 25n + 2)x>

(n+1)*

314 2 — 6°m? + 31°m? — 61*m — 8°m + 6nl>m — 6I>°m — 6nlm + 20lm + 3n® — 20n + 1)
¥(x

(n+1)*

For arbitrarily small € > 0, we get
lim 7.R,,;,,(x) = 0
n—0o0

This completes the proof of the theorem. [

Theorem 3.3. If h € C[0, 1] admits 3-rd order derivative at a fixed point x € [0, 1]. Then, we have

n—o0

lim n ((%(Kﬁmlh)(u)) - h’(x)) = )+ (1-200" (x)+ 0.5x(1 — )" (x).

- 2)).
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Proof. Using Taylor’s expansion, we are allowed to write

W) = o)+ i 020 00) + 20,2~ 0w 0.1 :
where E(u, x) Vanishesl:als u — x. In view of eq. (5), we have
(&) = e 5 (@epw =)
+h/;fx) (% (K™ es)(w) = 3x(KYez)(ue) + 32 (K er)(u) - xs))u .

+ (%(K{}mla(u, X)(u — x)3)(u))

u=x

Taking into account Remark 2.4, we obtain

d
(ﬁadf""]h)(u)) - W[
h” (x) [Z(Zm ~Pm+nn-1))x Pm—-Im+2n) 2nx ]
M) (n+1)2 T2 el
h//l(x)

_1 2 ) )
5 [4(n +1)3((2lm(21 + 31— 5) + 14n) + 12(3n + n(2Pm

—2Im - 3) — ImQQP* + 1 - 3))x + +12(n> — 3n* + n(=3m + 3lm
2(m —Pm+nn—-1)x  (Pm—Im+2n)
(n+1)?2 (n+1)?2

+2) + 2lm(P - 1))x2) - 3x(

2 d
) 2] et

u=x
Thus, we have

lim 7 ((%(KE””]h)(u))

n—oo

- h’(x)) = —h'(x) + (1 = 2x0)h"(x) + 0.5x(1 — x)h"" (x)

+ lim n (%(K}f'm]E(u, x)(u — x)3)(u))

Stepping forward in the same aspect as in Theorem 3.2, we can show that
S R s 3
lim n 5(1(”’ E(u, x)(u — x)°)(u) =0.
u=x
Thus, the validation is concluded. O

Remark 3.4. In general, from the above asymptotic formulae, one can extend the result to higher order derivatives
and the general result takes the following form:

For r € N U{0}, let h"*2)(x) exists at a fixed point x € [0, 1]. Then, we have the following:

lim n ((%(Kﬂ"”]h)(u))u:x ~ h(r)(x)) =~k (%) + (%) (1 - 20)h"* D ()

+0.5x(1 — x)h"(x),
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where K, = r + k,_1 with kg = 0 and h")(x) denotes the r'" order derivative of the function h.

Theorem 3.5. Let h € C[0,1] and x € [0, 1], then there exists a constant M > 0 such that

(KL (x) - hx)] - < sz(h, \/7\Iln,,,m(x))+w1(h,(n+1)‘1),

where

(Pm—Im+n-2)
ez 4TI e

and w1, wy are 1st and 2nd order modulus of continuity respectively.

\I]n,l,m (x ) =

Proof. Consider the auxiliary operators RUM defined as

(6)

R = K@)+ heo - b 3

2+ 1))

Using Remark 2.4 and definition (6), the modified operators REm preserve constant as well as linear
functions. Define C,[0,1] = {7 : §” € C[0,1]}. Let g € C;[0,1] and u € [0, 1]. Then by Taylor’s formula
7
g(u) = g(x) + (u —x)g’(x) + f (u—v)g’'(v)dv.

Applying the operators K™ on both sides of the above equation, we have

900 + (Klll( f " - v)g”(v)dv))(x)

o)+ (k7 [ (g ) - | (Z;x:f) )y v
2nx +1

1( f " = vllg ()l ))(x) ; f 5 Sy | e

{ 1 +(12m—lm+n—1) fl-n)+ ( x+1 )Z}Ilg”ll

R g)(x)

Consider

(e

(RE™g)(x) - g(x)l

IA

3(n+1)? (n+1)2 20+1)
Pm-Im+n-2) 7 } .
{ g O ey el
= Wy m@lg”|l- @)
In view of definition (2) and Remark 2.4, we get
K" I < ICKE " eo)(x) = IIhll 8)

Using (8), we have

@@ < K1+ 1+ {5 )| < 3 ©)

Now, for g € C,[0,1] and h € C[0, 1], using (7) and (9), we have

2nx +
2(n +

I(KE™ R (x) = k()| '(Kl ") (x) - h(x )+h( —h(x )'

IA

RE (1~ g) ) + IR g)(x) - (o)l + 1g(x) — h(x)| + ‘h(
4l = gll + W1l | + w1, (n + 1)7).

i(nnx: 11)) - h(x)‘

IA
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Taking infimum over all g € C;[0, 1], we have
(K" 1)) = h()] < 4Ka(t, Wiyt n(0)) + @n(, (1 + 1)),
where K; is the functional on C,[0, 1] defined as

Ky(h, &) = gegzl[g,ll{”h = gll+ &gl (&> 0).
By the well known property due to Devore-Lorentz [3], there exists an absolute constant M such that

Ka(h, &) < Man(h, A€).
Thus, we get
(K0 = Ol < Mas(B, Trgn@) + 0100, 01+ 1))
Hence the result follows. O

Consider
H*(9) = {f € C[0,1] : f' € AC4[0,1],9*f" € C[0, 1]},

where AC,4[0,1] = {f’ : f is differentiable and f” is absolutely continuous on every closed subinterval of

(0,1)} and 9(x) = /x(1 - x) for x € [0, 1].

Then, for h € C[0,1] and & > 0, the second order Ditzian-Totik Modulus of smoothness w;¢ and
corresponding K-functional Kg © are given by

w,9(h, &) = sup sup |h(x + pd(x)) — 2h(x) + h(x — pI(x))I|
0<p<& xxxpd(x)€[0,1]

and
3(x) R _ 2 1 211 £77
K;(h, &) = fEIHHZfS){Ilh S+ E7 71+ 7171

respectively. In view of [4, Theorem 1.3.1], there exists an absolute constant M such that
Ky®(h, &) < Man,s(h, V&),

Also, the first order Ditzian-Totik moduli with © as an admissible step weight function on [0, 1] is given by

el &) = sup  sup  |h(x+ g@(x)) — h(x - g@(x))l.

0<p<€ x+2O(x)€[0,1]

Theorem 3.6. Let h € C[0,1] and I*m —Im — 1 < 0. Then for ©(x) = |1 — 2x|, x € [0, 1], we have

1 1 1
Ky —ppl < n, (h, —) (h, —)
(K5 h) = hl - < sz,s( m)+w1,® 1) T\

where M is an absolute constant and ||.|| is the uniform norm on [0, 1].

Proof. Consider the assisting operators defined as

R = (K + ) S

2(n+1)



V. Gupta, Anjali / Filomat 36:15 (2022), 5107-5117 5115

Let g € H(9). On applying the operators RU™ on both sides of the Taylor’s expansion of g and on continuing
as in the proof of Theorem 3.5, we get

(RIMg) ) — g < (K ( fx 1 — Vg’ (v)ldv ))(x) + fx oy~ @) (10)
Taking into account the concavity of d2(x) on [0,1], forv = Ex + (1 — &)u, & € [0,1], we have
da(v) = &d(x) + (1 - &)do(w).
Thus, we get
lu—v| < Elu — x| < Iu—XI. (11)
() Edn(x) + (1= E)dr(u) ~ di(x)
Utilizing (11) in (10) implies the following:
7" 2
ol1,m) _ ||d%!7 ||( ml, N2 2nx +1 3 )
(R0 -9 < "2 (K= 200+ 205 =
RSN 1-2¢ \
) ((K =00+ 3657 )
In view of Lemma 2.6, we get
2
. 1 1 1-2x
[l _ 2
(R - gl < (n 7 (z(n = ]udng ||
< —oidgl < |11+ — ="l
Using (9), we obtain
m r\L,m r|ll,m 2 + 1
(")) = hel < IRE = )6l + (RS ) () = g+ lge) — ho)l + ‘h(%) - h(x)‘
2 2 . 2nx+1)
< A=l 19 el | e | = )
Taking the infimum on right hand side over all g € H*(9), we get
[1,m] _ S(x) 1 ) 2nx+1)
I(Ky " h)(x) = h(x)] < 4K (h, — + ‘h(Z(n ey h(x)|. (12)
Also
2nx +1 1-2x 1-2x 1-2x
‘h(Z(n n 1)) _h(")‘ = ‘h(“ 2(n + 1)) _h(x_ 20n + 1)) " ’h(x_ 2n + 1)) _h(x)|
1 1
< o) ren(n i) 13)

Using (13) in (12), we get the result. [
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Theorem 3.7. Let "’ € C[0,1]. Then, in support of the operators (1) and (2), we have

2
i~ ki) - Y T I - ke~ 2o

i=1

< Yo M )
-2 12(n + 1)2 " 4B + 1)
1 1 x(1 )
+§(1+m ( ( 1)(27’[ +27’l+1)+7’l(27‘l +Vl+1)) 2( +1)2) (h V(x )/
where
_ 1 4 2.4 3, 4 4 4 3 2
y(x) = i 18 [n + (191 mn” + 24°mn” + 12Fm(2n* + 4n” + 6n° + 4n + 1) +

n(67n* + 411> + 72n% + 48n + 12) — Im(67n* + 481> + 72n* + 48n + 12))x

+(1zz4m(3m —7)2nt + 4% + 617 + 4 + 1) + Im(—144n° + 91n* — 9617 + 21612

+264n + 84) + n(72n° — 235n* — 1011> — 360n> — 3001 — 84) — 24P m(5n* + 3m(2n*
+4n® + 612 + 4n + 1)) + Pm((36m2n* + 4n° + 61> + 4n + 1) + n(144n* + 1971°

+432n° + 288n + 72)))x2 - 24(3l4m(m —2)2n* + 4n® + 6n* + 4n + 1) + n(6n°

~14n* — 5n® — 241 — 21n — 6) — 2Im(6n° — n* + 6n° — 6n* — 9n — 3) + 31*m(2n
(2n* +3n® + 6n* + 4n + 1) + m@n* + 4n® + 6n% + 4n + 1)) — 2Pm(4n* + 3m(2n*

413 + 6% + dn + 1)))x3 + 12(314m(m — )2 + 4% + 61 + 4 + 1) + n(6n°

—14n* — 5n® — 24n% — 21n — 6) — 2lm(6n° — n* + 61> — 61> — 9n — 3) + 3Pm(2n
2n* + 31 + 6n* + 4n + 1) + m2n* + 4n® + 6n% + 4n + 1)) — 2Pm(4n* + 3m(2n*

+4n3 + 6n% + 4n + 1)))x4].

Proof. 1f we indicate H""} (i) = h(ﬂj;l ) oy = (n+1) f ;,“ h(u)du and pl™ = by o ()b <(x), then we

can show operators (1) and (2) as

n-Im m
], [,
Oy = Y Y P
0=0 =0
and
n—lm m
1, [1,m] [,
Ky =YY pha )
0=0 7=0

Further, following the notations b = H(e1), uf’ = H(ey — b™ep)* and p!’(x) = H(ey — xep)* and using the fact
that D,[f’m] preserves linear functions, we get

g _ o+l Hl H
b no,T — , [.12 = 0’ H4 = 0/
n
ot _ L4200 +Th] g 1 i 1

2+ M2 Tomrz M T 8omr )t
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Using Remark 2.2, we have
n—lm m
_ H g gy 1
CK(X) = Z(IJZ +“2 )pn,o,’r - 12(7’Z+1)2
o=0 7=0
n—lm m
_ il g ) 1
B = D = 80(n + 1)*
0=0 7=0
NN (o H o N g
@ = Y YO )+ @ - 2l i

=0 7=0

Q

Following [1, Theorem 3], we have

2

@ = K -

i=1

w(h",zvﬁ(X)) [+ a@] + w(h”IZ\/V(X))

B0 (i — e - s

[1+ (DFer = xeo))) + (KEer = xeo)(@)]
The proof follows using Lemma 2.5 and the second central moment of D™ given by

DIer ~ xegy ) = P o,

O

Remark 3.8. As a special case with | = m = 0, the result reduces to the improved difference estimate between
Bernstein operators B, and Kantorovich operators K, given by

EI NG .
@, - K0 - Y, 2 - Ko - w0
i=1 '
1 1 ., 1 1 1 @n* +n+ 1)x(1 - x) .
= 5(1 T Dm 1y )(‘) h " INE( 1)2) " E[l T3mr12 T a1y ]“’(h N7,
where
y(x) = m[72n5x2(1 —x)? + n*x(1 — x)(168x* — 168x + 67) + n>(—60x*

+120x% — 101x% + 41x + 1) + 72n%x(1 — 2x)%(1 — x) + 12nx(1 — x)(21x?
_21x + 4) + 12x(1 — 1)(62% — 6 + 1)].
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