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Abstract. In this article, we introduce a new concept of admissible contraction and prove fixed point
theorems which generalize Banach contraction principle in a different way more than in the known results
from the literature. The article includes an example which shows the validity of our results, and additionally
we obtain a solution of integral equation by admissible contraction mapping in the setting of b-metric spaces.

1. Introduction

Ciric [10] introduced the quasi-contractivity and multivalued quasi-contractions and established fixed
point results under these contractions. In 1989, Bakhtin [7] introduced the concept of b-metric space.
Czerwik [12] first presented a generalization of the Banach fixed point theorem in b-metric spaces, which
is a problem of the convergence of measurable functions concerning measure.

Using this idea, many researchers presented a generalization of the renowned Banach fixed point
theorem in the b-metric space. Czerwik’s [13], Audi, Bota and Karapinar [6], Sintunavaat, Plibtieng, and
Katchang [34], Kir and Kiziltunc [22], Dubey, Shukla, and Dubey [14] extended the fixed point theorem in
b-metric space. Latif et al. [23] explained Suzuki type theorems for nonlinear contraction conditions in the
b-metric space configuration. Pant and Panicker [28] obtained some fixed point theorems for admissible
mappings in b-metric space and also discussed an application to a nonlinear quadratic integral equation.

Many fixed point theorems, such as the well-known Geraghty and Ciric theorems on b-metric spaces by
Mlaiki [27], were improved by his results. In recent years, many fixed point results for single-valued and
multivalued operators in b-metric spaces have been extensively studied in [1, 4, 8, 15, 18, 19, 24, 25, 29, 32]
and elsewhere. Alghamdi [2] was the first to talk about b-metric-like space as well as in a partially ordered
b-metric-like space. Shukla [33] generalized both the concepts of b-metric and partial metric spaces by
introducing the partial b-metric space and an analogy of the Banach contraction principle, as well as the
Kannan type fixed point theorem in partial b-metric spaces, which he also proved. Chen, Dong, and Zhu
[9] introduced the concept of quasi-b-metric-like spaces and some fixed point results are investigated in
quasi-b-metric-like spaces. Many papers have dealt with fixed point for single and multivalued in b-metric-
like spaces (see [20, 31]). In 2012, Samet et al. [30] initiated the concepts of a-admissible mappings and
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established many fixed point results for such mappings defined on complete metric spaces. Afterward,
Alsulami et al. [3] and Karapinar et al. [21] modified the notion of admissible mapping with contractions
and integral types of generalized metric spaces. The idea of a-admissible has been utilized by many
researchers (see, [5, 11, 16, 17, 26, 35]).

In this article, using a mapping C : Rj“ — Ry, we introduce a new type of contraction called o — (-
contraction and prove a new fixed point theorem concerning a — C-contraction. The article includes the
examples of @ — C-contractions and give an integral equation application support by the nature of a — C-
contractions.

2. Preliminaries

In this paper, we use the following notations. The sets of natural numbers, non-negative reals, and real
numbers are denoted by IN, Rf and R, respectively. Czerwik [7] formally defined the notion of a b-metric
space as follows:

Definition 2.1. ([7]) Let B # 0. We say that a mapping © : B X B — Ry is a b-metric if there exists a positive
number 1 such that V9,¢,0 € ‘B,

1) 9(8,0)=0&=9=¢;
(92) 9(9,¢) =O(c, )
(D3) I(8,0) < (@, ) +(c, 0)-

Then triplet (B, O, n) is called a b-MS(shortly, b-MS).
The following is the main result in Aleksic [1].
Theorem 2.2. ([1]) Let (B, O) be a complete b-MS with a constant n > 1. If G : B — P satisfies the inequality:
(G, Ge) £ 119, ¢) + 120, GI) + 130(¢, Gg) + T40(Y, Gg) + O(GY, ¢),

wheret, 20, Vx=1,2,3,4and 11 + 1o+ 13+214 < 1 forn € [1,2] and % <T1+T2+73+274 <1, V1 €[3,+00),
then G has a unique fixed point.

Kirk [22] initiated the following concepts as follows.
Definition 2.3. ([22]) Let {9,} be a sequence in b-MS (¥, 0,n > 1).
(i) If for any positive number &, there exists vo € IN such that O(9,,9,) < &, Yv,w = vg. Then the sequence {3,} is
called Cauchy sequence.

(ii) If there exists i € P such that any positive number &, there exists vy € IN such that O(3,,h) < &, Yv > vg. Then,
we say that the sequence {9,} converges to .

Definition 2.4. ([22]) We say that a b-MS (B, O, n > 1) is complete if every Cauchy sequence is convergent.
To prove our main results, we will use the following lemma in Latif [23], since b-metric is not continuous.

Lemma 2.5. ([23]) Suppose that any two sequences {3,} and {c,} in (B, O,n > 1) converge to 3 and ¢ € B. Then
PO(8,) = lim supD(8,,6,) = lim inf(S,,<,) 2 %aw, ).

Particularly, if 9 = ¢, then lirP Oy, ¢p) = 0. Moreover, for any g € B, we obtain
V—>+00

no, o) > lirp sup O(9,, 0) = lirP info(9,, 0) %D(S, 0).
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In [25], Miculescu proved the following interesting results.

Lemma 2.6. ([25]) For each sequence {9,} of b-MS (B, 0,n > 1) is Cauchy if there exists T € [0,1) such that
D8y, Svig) £ TO(Syy, S), Yv €IN.

In [20], Jain introduced the following notion of new contractive mapping.

Definition 2.7. ([20]) For any w € N, E,, denote the family of all functions C : R} — R} such that
(1) @1, @2, @3, ....., D) < MaAX{®1, @2, D3, ....., D} if (D1, D2, D3, ....., Dp) # (0,0,0, ....... ,0);
(i1) if {@"}ven, 1 < K < w are w sequences in R such that

lim sup cafcv) =@, <400, ¥k =1tow,

vV—>+00

then
Ul_i)er inf (@], @), @5, ...., ®;,) < U(@1, D2, @3, ..., Dy)-

The following a-admissible mapping was first initiated by Samet et al. [30].
Definition 2.8. Let B # 0 and a mapping a : P X B — Ry. Then G is said to be a-admissible if (9,¢c) € P x B,
a(9,¢c) = 1 implies a(GY, Ge) = 1. (1)

In this paper, we present the notion of admissible C- contraction mapping of types, which includes the
C-contraction (resp. C-contraction of types) of Jain et al. [20]. Utilizing this class of mapping, we establish
approximate fixed point and fixed point theorems in the setting of b-metric and b-metric-like spaces.

3. Main Results
We introduce a-admissible C-contraction map of type-I motivated by Jain et al. [20] as follows.

Definition 3.1. Let G be a self-map on b-MS (B,0,n > 1) and a mapping a : B X P — R[. We say that G is
C-contractive map of type-I if there exists C € Ey and V9,¢c € B,

a(8,0)D(G9, Ge) < %as, o), @)

where

o9, Ge) + O(GY, c))
2n ’
In the following main theorem, Jain et al. [20] proved fixed point theorems in C-contraction in b-metric

space, we extend this our initiated admissible C-contractive mapping of type - I in the setting of b-metric
space.

(3,) = max((,6), D3, G9), (s, Ge),

Theorem 3.2. Let G be a self-map on complete b-MS (B, 0,1 2 1) and let a : P X P — R be a function. Assume
that the following conditions are true:

(1) G is a-admissible.
(i) 391 € B such that (91, Gd1) > 1 and a(91,G>91) > 1.
(iif)

1

where ((9, <) = max(D(S, 0),2(8,G9),D(c, Go), %ﬂam@) V9, c e B,
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Then, G has a unique fixed point.

Proof. Let 91 € B be such that a(91,G91) > 1 and a(91,G*91) > 1. Since Banach abstracted the fixed
point theorem from the result of Picard, we define the Picard’s iterative sequence {9,} in ‘B by the rule
9y = GYy-1 = G4, Y v = 1. Obviously, if there exists vy > 1 for which G99, = GY*19; then G 9, has a
fixed point of G. Thus, we suppose that G981 # GU+'9; for every v > 1.

Since G is a-admissible, the condition (ii) implies

a(d1, ) =a(¥1,GN) 21 = a(GO1,G) = a(d,,93) > 1,

continuing in this way,
a(Sy,9p41) 21, Yo € N.

In a similar way, starting with
a(91,93) = a(81,G*81) 21 = (G91,G83) = a9, 94) 2 1,

we deduce
a(dy, 9pi2) = 1,Yv € IN.

Assume that 9, # 9,41 Yv € IN. Now, we prove {9,} is a Cauchy sequence. Let v € IN. Consider

OV, Bprg) = O(G91, G 91)
< a(G”‘lsl,G”Sl)D(G“‘lSl, G"9)

1
< p max(a(cv-lsl, GV91), (G 191, GY91), D(GV 91, G 9y),

D(GU 191, G'*19y) + D(GY 9y, G”Sl))
2n

v-1 v+1
_ 1max(a(G“—1sl,Gv91), € 5,6 ‘91))
Ul 2n

< lmax(D(G“’lx% Groy, 2 E O D(Gvsl’GMSl))

— T] a 7 2

< %max(a(svl, 9,), 2u1 %) er 20, v1) ) 3)

by (3) implies that

DS 311g) < 12Oy O), V0 2 1. @

Case 1: If n) > 1, then, the sequence {9,} is Cauchy, by Lemma 2.6 in view of equation (4).
Case 2: If n = 1, then, by equation (4), we get monotonically decreasing and bounded below sequence
{O(8y, 9v44)}. Now, we obtain, O(8,, 9,+4) — b for some b > 0. Suppose that b > 0 now, taking hIP in (3),

we have b < {(b,b,b,b"), where

’ D SU— /‘90 D ‘91)— /Sv +D SU/SU
b = lim supuﬁ lim sup (Bo-grS0) + X W).

v—+00 2 vt 2

Now, b < C(b,b,b,b") < max(b,b,b,b") = b, which is a contradiction, therefore,

lim D(9,, 9y+4) = 0. )

V—+00
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On contrary, we assume that the sequence {9,} is not Cauchy, then 3 £ > 0 and sequences {wn}, {Un}; wn >
vy > nsuch that

(g, dv,) = &, (6)
Now, take wy > v, such that equation (6) holds. Then,
& <0W@0,,9,)
< 9w, Vu,,) + 2w, ,, Sv,)
<OBw,, d,,) +&
<O, Sug) + &,
thus, taking limn — +oco and by (4), we get
lim 2(3,,,9,) = &. @)

n—+00

Now, consider

D(‘9(0”+1/ ‘91),.+1) < a(Sw”; Sv,.)D(GSw,./ Gsv")

(Sah‘r Sv,|+1) + D(‘9m,|+1r 81)") )

o0
S maX(D(Sw", 81)"), D(Sa)“/ ‘9&)"4'1)/ D(Svul \91}“4_1), 2
Therefore, we have

D(Sm”/ ‘91),.) < D(Sw"/ Smn+1) + D(‘9m..+1/ Sv"+1) + D(Su”+1/ ‘91)”)
S D(Sa)“/ ‘9(1)“+1) + D(‘9l)u+1/ SU“)

D(Sw"/ ‘91)”+1) + D(S(un+1/ ‘91)”) )

N max(aww,., 90, DBrs S1), DS, Surs1), .

From the above, setting liminf,_,,. and using equations (5) and (7). Thus, we get £ <0+ 0+ ((&,0,0,&),
where

D(Sw,l/ \911“+1) + D(Sa)n+1/ ‘91}“)

& = lim sup

n—+00 2
. O (Va,s Ov,) + D(Pw,, Fv,41) + DBw,41, Sw,) + D0, Sv,)
< lim sup
n—+00 2
_¢+0+0+¢
B 2
=¢.

Thus, & < C(&,0,0,&) < max{&,0,0,&') = &, a contradiction. Thus, the Cauchy sequence {9,} in b-MS
(B, 0, n = 1) is complete. Therefore, 9 € P such that 9, — 9.
Consider

D(GS,, GO) < a(S,, 9)D(GY,, GY)

< % max(D(Sv, 3),0(8,,G8,),D(9,G9), (8, GI) +O(I,GYI,) ),

2n
which implies that
O(8u41, GY) = O(GY,, GY)
< a(dy,9)0(GY,, GY)

< %max(D(Sv, 9),0(8,,G9y11), (8, G, 20w &) + I, G5y )

2n
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From the above inequality taking liminfv — +co and by Lemma 2.5, we get

%D(S,GS) < % max(0,0, (8, GY), H),

ie.,
(9, GY) < max(0,0,0(9,GI), k),
where
. DDy, GI) + 09, GY,) . sO(9,G9)+0  oO(I3,GY)
fi= lim sup < lim sup = .
V=400 21] v—+00 21] 2
Thus

D(9,GI) < (0,0,0(3,G9I), 1) <max{0,0,0(3,GI), i} = (I, GY),

which is a contradiction. Hence G = 9.
Suppose that 9, ¢ are two fixed points of G such that GS = 9 # ¢ = G¢. Then, for all 9,¢ € B such that
a(9,¢) 2 1. If 9(9, ¢) > 0 then, by the contractive condition (iii) with the fixed points 9 and ¢ yields

O(9,¢) = a(I,¢)(GI, Ge) < % max(D(S, ), 0(9,G9),0(c, Go), (Y, Gg)z‘;a(gf GS))
< % max(D(S, 0),0,0, 20, g))
1 9(9,¢)
< ﬁmax{(D(S, 9,00, = }
_920,9)
T] 7

which is a contradiction. Therefore, 8 = ¢c. O

Now, the following corollary is an extension of Theorem 3.2.

Corollary 3.3. Let G be a self-map on complete b-MS (B, 0,1 > 1) and let a : B X B — Ry be a function. Suppose
that there exists q € [0, %) such that the following assumptions are true:

(1) G is a-admissible;
(i) A 91 € P such that (91, G91) > 1 and a(91,G*91) > 1;
(i)
99, Ge) + (G, ¢)
2n

a(9, 0)D(GY, Ge) < qmax{D(S, <), (9, G9), (¢, Ge), } Vo,ced (8

Then, G has a unique fixed point.

Proof. Let C € E4 be defined by ((®@1, @2, @3, @4) = ¢npmax{@1, @2, @3, ®4}. Then G has a unique fixed point
by Theorem 3.2. [

We see that all conditions are satisfied in Theorem 3.2, but it is not applicable in Corollary 3.3.

Example 3.4. Let P = {% :veNU {0}}. Defineo : BXP — Rj by O(3,¢) = |9 - cl?, V9,c€P. Then D isa

b-metric on P with n = 2. A self-map G on *B defined by

=)= —1  vyeN and G(0)=0.

Voo R +1)
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Define
max{(D1,mz,(D3,(D4}, if(Dl >0,

C((Dl/ w7, 03, (D4) = 1 Loy .
3 max{@1, @2, @3, @4}, otherwise.

and define a : P x P — Ry by

1, ifd9<corc<y,
3,¢) = : .
a(3¢) {0, if otherwise.

Now, for all 9,¢ € B, condition (iii) of Theorem 3.2 is satisfied, and all conditions of Theorem 3.2 are satisfied.
Howeuver, if (8) is satisfied, then, we have
a(®,€)(GY, Ge) < gN(¥,¢), ¥9,¢c € B,

where IN(9, ¢) = max{D(9, ¢), 2(3, GI), O(¢, Ge), %ﬂa(m’g)}. So, in particular, we have

1 1 1 1 1 1
ol —, — |O , <gN|—,—|, Yo, veN, w # v,
(\/5 «/5) (\/2(1)+1) \/Z(a)+1)) 1 (\/5 «/5)

1 1
V2w+1)" \2(w+1)
1
Nt

In the above inequality, take lim v, w — +oo, we have 2q > 1, a contradiction. Thus, this example is not applied for
Corollary 3.3.

<2q, Yw,v €N, w # v.

2

3.1. Second Main Result

We introduce the another concept of a-admissible C-contraction mapping of type-II motivated by Jain
et al. [20] as follows.

Definition 3.5. Let G be a self-map on b-MS (B,0,n > 1) and a mapping a : B X P — R{. We say that G is
C-contractive map of type-11I if there exists C € Es,

a9, )D(GS, Go) < %cw, o), V9, c e, ©)

where £(3,) = max{D(9, 9, D(3,G9), D(c, Ge), 2522, 2(G8, o)),

In a similar way, the proof of our succeeding results proceeds as the proof of Theorem 3.2.

Theorem 3.6. Let G be a self-map on complete b-MS (B, 0,1 > 1) and a : B X P — Ry be a function. Assume that
the following conditions are true:

(1) G is a-admissible;
(i) 391 € B such that a(91,GY1) > 1 and a(91,G>*91) > 1;
(iii)

a(8,D(GS, Ge) < %as, Q) V9, c e,

where ((9, <) = max(D(S, 0),D(9,69), (¢, Ge), 2552, 5(Gs, g)),
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Then, G has a unique fixed point.

Corollary 3.7. Let G be a self-map on complete b-MS (B, 0,1 > 1) and a : P X P — R be a function. Assume
that there exists q € [0, %) such that the following results are true:

(1) G is a-admissible;
(i) A 91 € P such that (91, G91) > 1 and a(91,G>91) > 1;
(iii)

(5,969, Go) = qmax(2(5,),2(5,69), (¢, 60), L2, D(G9,0)) ¥, € .

Then, G has a unique fixed point.

Proof. Let Cin s defined by ((®@1, @2, @3, @4, @5) = cnmax{®1, @2, @3, @4, @s}. Then, by Theorem 3.6, G has
a unique fixed point. O

Corollary 3.8. Let G be a self-map on complete b-MS (¥,0,1 > 1) and a : B X P — Ry be a function. Assume the
following conditions are true:

(1) G is a-admissible;
(i) A 91 € P such that (91, G91) > 1 and a(91,G>91) > 1;
(ii)) Y 9,c €,

a(9,¢)I(GY, Ge) < 11(9, ¢) + 129(3, GI) + 130(¢, Ge) + 14I(3, Ge) + 150(GY, ©), (10)
where Ty + To + T3 + ONT4 + T5 < %and'cK >0, VYk=1tob.
Then, G has a unique fixed point.

Proof. Let C in [E5 defined by ((@1, @2, @3, @4, @5) = N(T19(9,¢) + 120(8, GI) + 130(¢, Ge) + 140(9, Ge) +
159(GY, ¢)). Then, by Theorem 3.6, G has a unique fixed point. [

We prove some fixed point results for a-admissible C-contractive mappings in b-metric-like spaces,
inspired by the work in [18,19].

4. Fixed Point Results in b-MLSs
In 2014, Shukla [33] initiated the partial b-metric.

Definition 4.1. [33] Let B # 0. Then, we say that a mapping © : B X P — R is partial b-metric if there exists a
positive number 1 such that V¥V 9,¢,0 € B,

(pb1) D(9,¢) =0 & (3, 9) = 9(9,¢) = (¢, ¢c),

(pb2) O(3,9) < O3, ¢);

(pb3) O(8,¢) = O(c, ),

(pbs) O(3,0) <N, ¢) + (¢, 0) — (¢, <)

Then, the triplet (B, O, n) is said to be a partial b-MS.
In 2013, Alghamdi [2] initiated the concept of b-metric-like space.

Definition 4.2. [2] Let B # 0. Then, we say that a mapping O : P X P — R is b-metric-like if there exists a
positive number 1 such that ¥V 9,¢, 0 € B,

(bmlh) O(,¢) =09 =¢;

(bmb) O(8,¢) = O(c, 9);
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(bmls) (9, 0) < (DS, ) + (¢, 0))-
Then, the triplet (B, O, n) is called a b-metric-like space (shortly, b-MLS).

Definition 4.3. [9] Let {9,} be a sequence in b-MLS (B, 0, n > 1). We say that a point S € P is the limit point of
{9} if lirP (9, 9y) = O(9,9), and the sequence {9,} is said to be convergent to § and it is denoted 9, — 9 as
vV — +00,

Definition 4.4. [9]
(i) Asequence {S8,}inab-MLS (B, O, n > 1) is said to be Cauchy sequence if linl Oy, V) exists and is finite.
(i)) AD-MLS (B, 0O, n > 1) is called complete if for each Cauchy sequence {9} in B converges to § € B. i.e.,

lim (9, 8,) = (9, 9) = lim DSy, 9).

V,w—+00
The following proposition used by Alghamdi [2] for proving fixed point result.
Proposition 4.5. [2] A sequence {9,} in b-MLS (¥, 0, n > 1) such that 1ir11 Oy, 9) =0, for some 3 € B. Then,

(1) 9 is unique.
(ii) %D(S, ¢) < lim O(3y,¢) < (¥, ¢) for all ¢ € P.

In 2019, Sen [31] introduced the following lemma.
Lemma 4.6. [31] A sequence {3,} in b-MLS (B, O, n = 1) such that for some 7 € [0, 1),
DOy, 9v+1) £ (D1, ), Yv e N.

Then, the sequence {3,} is Cauchy with lin}r 29y, 9,) =0.

Now, we extend Theorem 3.2 in the framework of admissible C-contraction in b-metric-like space and
provide a supporting example at the end of the proof.

Theorem 4.7. Let G be a self-map on complete b-MS (¥,0,1 > 1) and a : P X P — R be a mapping. Assume
that there exists C € IE4 such that the following assumptions are true:

(1) G is a-admissible;
(i) A 91 € P such that (91, G91) > 1 and a(91,G>91) > 1;
(iii)
1
a(9,¢)0(GY, Ge) < EC(S/ c), ¥9,ceP,

where

O(9,Ge) + O(GY, ¢) — (g,
£(9,) = max{D(5,0),2(5,69), 20, Ge), IR~ )
Then, G has a unique fixed point.

Proof. Let 91 € P be such that a(91,G91) > 1 and a(91, G*91) > 1. We define the iterative sequence {J,} in
P by the rule 8, = G9,-1 = G¥91, Yv > 1. Obviously, if there exists vy > 1 for which G**9; = G**19;, then
G 91 has a fixed point of G. Thus, suppose G'9; # G'*19; for every v > 1.

Since G is a-admissible, the condition (ii) implies

a(d1, ) =a(d1,GN) 21 = a(GO1,G) = a(d,,93) =1,
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continuing in this way,
(¥, 9v1) 21, Yo € N.

In a similar way, starting with
a(91,93) = a(81,G*91) 21 = a(G91,GY3) = a8, %) > 1,

we deduce
a(®y,,9p42) =1, Yv e N.

Assume that 9, # 9,41 Yv € IN. Now, we prove the sequence {9,} is Cauchy. Let v € N. Now,
D(Sv—lr GSU) + D(Gsv—lz ‘911) = D(Sv—lr Sv+1) + D(Svr Sv) > D(Svr Sv);
therefore, using (12), we have

O(3y, ‘91)+g) =(G"9y, GU+1‘91)
< a(G'7191,GV91)D(GV 19, GV 9y)

< %max{D(Sul, 9), O(Sv-1,90), DBy, Sv41), D1, Sor) + D;jm 9u) = O, SU)}

< L max{D(8,1, 8, D001, 80, D(8, 8pa), T 1))
n 2n

- 1 max{D o1, ), M}
n 2n
1 maX{D v=1,s ‘91))/ D(Sv71, Sv) + D(SU’ Sv+1) }/ (11)
| 2

which implies that
D8y, dp41) < %a(sv_l,su), Yo > 1. (12)

Case 1: If n) > 1, then the sequence {9,} is Cauchy, by Lemma 4.6 in view of equation (12).

Case 2: If = 1, then by equation (12) we get monotonically decreasing and bounded below the sequence
{O(8y,9,4+1)}). Here, we obtain O(9,, 9,+1) — k for some b > 0. Suppose that b > 0; now, taking liminfv —
+00in (11), we have b < (b,b,b,b") where

(Sv—lz ‘91)+1) D(Sv—ll ‘91)) + D(‘91)/ ‘91)+1)

b” = 71];1>r-{1w sup 2 < v]irflw 2 =b.
Now,
b < C(b,b,b,b") < max{b,b,b,b’} =b,

which is a contradiction; so

lirP 28y, 9v41) = 0. (13)
Furthermore,

D(‘gv/ Sv) < D(Svr 8v+1) + D(Sw—lr ‘911)/

taking lim sup v — +oc0, and using (13), we find

lim O(3,, 9y+1) = 0. (14)

V—+00
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Suppose that
lim O(8,, 9y41) # 0.

V—+00

On contrary, we assume that the sequence {9,} is not Cauchy, then 3 £ > 0 and sequences {wn}, {vv}; wn >
vy = nsuch that

OV, Oy,) = & (15)
Now, take wy > v, such that equation (15) holds. Then,

& <OV, Ov,)
< OPw,, dwy-1) + O(Bw,-1, Ov,)
<Ou,-1,%,) + &
<O, 1) + E.

Thus, taking limn — +co and by (13), we get
Jim 2(9,, 8,) = &. (16)
Now, assume that there exist infinitely large n such that
D(u,,GY,,) + D(GIy,, Oy,) < OFy,,Ou,)-

Setting limsup, _,, ., and by (14), we get

lim O(V,,, GYy,) + O(GYy,, dv,) =0,

n—+oo
which means that
lim D(Sw“/ G‘9v"+1) = hl}l D(0:—:‘9(1),&11 Sv") =0.

n—+oo

Now,
&= hIP O(Sw,, d,) < lirfl sup(D(Vw,, dv,+1) + O(Sv,+1,9,)) =0,

a contradiction. Therefore, there exists 15 € IN such that
V1 >ng, 00, GOy,) + O(GIy,, Ip,) = Oy, I, )-
Thus, for all n > 1y, using (12),
O (Vw,+1, v,41) € (B, 90,)0(G0,, GIy,)
< max(D(Su,, 30,),Du d0,12), D0, Fu,11),

D(Sw"/ 9v..+1) + D(Sw"H/ 19v..) - D(Sv"/ ‘9!}”))
2 .

Now,
O(Sw,r O,) < OB, Yw,+1) + OB, 41, Su,41) + O(Bp,41, Ov,)
S D(Sa)“/ ‘9(1)“+1) + D(‘9l)u+1/ SU“) + maX(D(Sw", Sv,[)/ D(Sw“/ ‘9(1),|+1)/ D(SU“/ ‘91)"-%-1)/

D(Sa)uz ‘911“+1) + D(Sa)“+1/ Sv,.) - D(Sv“r Sv“))
5 .
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From the above, setting lim inf,_, . and by equations (13) and (16). Thus, we get £ <0+ 0+ ((,0,0,&),
where

D(Sa)"/ ‘91),|+1) + D(Sa}"+1/ Sv‘.) - D(SU“/ Sv")

& = 1ir+n sup >
. OBy Ov,) + DBuy, Sv,41) + DBw,+1,90,) + OBy, 3v,) =0
< nl—l}F sup 2
_E+0+0+¢

2
:5.

Thus, & < C(£,0,0,&) < max{&,0,0,&'} = &, a contradiction. Thus, {9,} is a Cauchy sequence. Since
(B, 0, n = 1) is complete b-MLS, there exists 9 € P such that 3, — 9

O(9,9) = lim D(9,,8) = lim D(3,,8,)=0.

V,w—+00
Moreover, by Proposition 4.5, § is unique. Assume that GS # 9. Consider

O(GYy, GI) < a(dy, 9)O(GY,, GY)

< %max(awv, 9),0(8,,G,), (8, Gg), 2w EN + O, G3,) = 9, 9) )

2n
which implies that

D(8p41,GY) = O(GS,, G9)
< a(8,, 9)D(GY,, GY)

< % max(D(8,, 9), D(8,, Gy1), D9, G9), 20w EN LA Bua))

2n

From the above inequality taking liminfv — +oc0 and by Proposition 4.5, we get

%aw, G9) < %cw, 0,2(,G9), h),

ie.,
O(9,G9) < L(0,0,D(3,G9), h),
where
= lim sup D(SU,GS);]D(S,SUH) < lim sup nD(S,z(;S) +0 _ .;)(,9,2(;3)‘
Thus

D(8,GY) < L(0,0,D(9,G9), ) < max{0,0,D(8,GI), hi} = O(3,GY),

which is a contradiction. Therefore, G = 3.
Suppose that 9, ¢ are two fixed points of G such that GS = 9 # ¢ = G¢. Then, for all 9,¢ € B such that
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a(d,¢) 2 1. If 9(9, ¢) > 0 then, by the contractive condition (iii) with the fixed points 9 and ¢ yields

(9, Ge) + (¢, GY) — O, 9))

2n
(9, Ge) + (g, GS))

2n

2, ¢) = a9, ¢)o(GI, Ge) < max(D(S, ¢),0(3,GYI),0(¢, Go),

max(D(S, ), (3, G3Y), (¢, Go),

max(D(S, ¢),0,0, %)

9, ¢)
o

IA
_ 3= 3= S

<= max{(D(S, ©),0,0,

_9(8,9)
T] 4

=

which is a contradiction. Therefore, 8 =¢c. O

Example 4.8. Let P = R;. Define O : BX P — Ry by O(9,¢) = (9 + c)?, V9,c € B. Then, O is b-ML
on B with n = 2, but O is not b-metric on B. A mapping G : B — B defined by G = 5. In addition, define
S((Dl,(Dz, (03,604) = %max{(D1,caz,cD3, @4} and deﬁne a:PxXP - Rar by

1, ifS<corc<y,
9,¢) = . .
o(9.<) {O, if otherwise.

Now, ¥ 9, ¢ € P with O(9, Ge) + D(GY, ¢) = (¢, ¢), condition (iii) of Theorem 4.7 is fulfilled and hence, 0 is the
unique fixed point of G.

5. Application

In this section, we arise an integral equation application of our main results. Consider the following
integral equation:

b
u() = o) + p f H(n, 0)i(o, 1()Og,m € 1 = [a,b], 17)

where p is a constant such that p > 0Oand v : [a,b] —» R,IH : [a,b] X[a,b] = Rand f: [a,b] xR — R are given
continuous functions.
The set of all real valued continuous functions B defined on [a, b]. Define the b-metric by the following:

o, v) = 1 sup [u(n) — v(n)|, Ya,b € P. (18)
nell

Consider 1 > 1. Then, (B, O) is a complete b-MS. Now, a self-map G defined on ‘B by

b
Gu(n) = o(n) + pf H(n, 0)f(p, u(g))op, 1 € [a,b]. (19)

Assume that the following to prove the existence of a solution of Equation (17):
1
@ p<y

b
(b) SUPeory J, H(L 0)D0 < g
(C) v un € R/ |f(Q/ 11) - f(@r D)' < |1l - Dl
(d) There exists a mapping C: ¥ X P — R such that ¥ n € [q,b] and ¥ q,b € B with ((a,b) > 0.
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A solution to Equation (17) is equal to the existence of a fixed point of G. We will now present the following
results.

Theorem 5.1. Equation (17) has a unique solution in *B, under the above assumptions (a) - (d).

Proof.

O(Guy, Gup) = 1 sup |Guy (1) — Gup(n)|

nel

1
== TH( : 9) H , )
supl (o0 + p [~ H, i m(@De)- (o0 + p [ 01, i, 1200020
= ‘SUP f H(n, 0)lf(o, m(0)) = o, uz(Q))]DQ‘
nel

< Lisup | ‘sl [ fomo - e o))

1
—2 supf H(n, o)} f [u; — D0
nel

< ?hll - U2|(b

1
= —0(uy, Up). (20)
n
So, Equation (17) has a solution in ¥, which means that G has a fixed point. [

6. Conclusion

In this study, we introduce the notion of admissible C-contraction mapping of types, which includes the
admissible C-contraction of Jain et al. [20] and the @-admissible mapping of Samet et al. [30]. Utilizing this
class of mappings, we establish approximate fixed point and fixed point theorems in the setting of b-metric
and b-metric-like spaces. Finally, we use some examples to prove the established theorems and our results
can be used to solve an integral equation.
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