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Abstract. We introduce a non-parametric estimation of the trimmed regression by using the local linear
method of a censored scalar response variable, given a functional covariate. The main result of this work
is the establishment of almost complete convergence for the constructed estimator. A simulation study is
carried out to compare the finite sample performance based on the mean square error between the classic

local linear regression estimator and the trimmed local linear regression estimator. Moreover, a real data
study is used to illustrate our methodology.

1. Introduction

The theory of nonparametric estimation has developed considerably over the past two decades because
it is important to the field of research in the statistic.

In statistics, a trimmed estimator is an estimator derived from another estimator by excluding some of
the extreme values. In particular, it is defined by minimizing a robust measure of the scatter of the residuals.

Linear regression is one of the most widely used statistical models to modeling the relationship between
a scalar response and one or more explanatory variables (see [10]) on the importance of this approach.

It is well known that functional statistics have experienced very significant development in recent years.
In the case of functional data analysis, the local linear method dates back to [2-3], [7-9], [13], and [19].
Whereas, in the case of a linear model and censored variables, see [4-6], and [18]. Recently, many topics

concerning the analysis of functional and censored data have been developed. We refer to [1], [16-17], and
[20].

As far as we know, the local linear estimation of the trimmed regression combining censored and
functional data has not been studied in the statistical literature. Therefore, we construct in Section 2 of our
paper a new non-parametric robust estimator of the regression function based on the idea of least trimmed
squares ( See [22]), (p.135,181,190) and [12]. Specifically, we use also the functional local linear procedure
proposed by [3]. We fix the notations, assumptions, and state our main result in section 3. In Section
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4, a numerical study and a real example show the performances of the proposed methodology for finite
samples. We give the proof of the result in section 5. Finally, we give our conclusion, in the last section.

2. The trimmed local linear estimator

.....

valued in ¥ X IR, where (7, d) is a semi-metric space (i.e. X is a functional random variable (f.r.v) and d a
semi-metric).

In the censoring model, we observe the censored lifetimes C instead of observing the lifetimes Y (with
common unknown absolutely continuous distribution function F with density f). Supposing that (C;) is a
sequence of independent and identically distributed censoring random variable with common unknown
continuous survival function G(.). The continuity of G allows using the convergence results for [14] estimator
of G.

We remark the pairs (T, 0;1) where

T(,') = min(Yl-, Ci) and 6[1'] = ]l{YiSCi}~

Where 1 denotes the indicator of no censoring. (X;, Yi)i=1,.,» and (C)i=1,..» are independent.
For x € ¥, The nonparametric trimmed regression, denoted by 0, is solution with respect to ¢ of following

problem
oY(T —t
E[PT Dy _ol=0ter
G(t)
where
v P(y) = 1})<5; With 1 is indicator function,
vV qg=F11-a/2) fora e ]0, %[ with F is a cumulative distribution function which has a symmetric density;
and

Gu(t) = 1-Gu(b)
1-0p

]l(T(,')St) .
= I, (1 - n7i+1) if £ < Ty
0 otherwise

where T(j) < ... < T, are the order statistics of T; and 0f;) concomitant with T ;.

The basic idea of trimmed approach is to replace the set of n residuals by the subset which contains just the
residuals which are between —g and gq. Precisely, it keeps the square function and eliminates a percentage
of residuals.(See [22])for more discussions).

Our main purpose of this paper is to study the functional local linear estimate of the trimmed regression
function by adopting the fast functional local modeling proposed by [3] for which the function 0, is
approximated by

¥ X  inneighborhood of x Ox =a+bp(x, X)

Where a and b are estimated by @ and b are solution of

n

. o[i] a1
min j—— Ti —a-b X,-,x K(h Ax,Xi
i, X =5 ¢(To == b 0) K (17" Acw )

Where

v pis the primitive of i

v B(.,.) is a known function from ¥ X ¥ into R such that, V& € 7, B(&, &) =0,

v Kis a kernel function and & = h,, (to simplify the notations) is a sequence of positive real numbers which
goes to zero as 1 goes to infinity,

v d denotes the semi-metric and d(.,.) = |A(.,.)| is a function of 2. A natural estimator of 0, denoted by 0,.
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3. Assumptions and main result

In what follows, when no confusion is possible, we will denote by C; and C, some strictly positive
generic constants. Moreover, x denotes a fixed point in #, N, denotes a fixed neighborhood of x. In the
remainder of this paper, we set:

K; = K(h™*A(x, X))) and B; = B(X;, x) for i=1,....,n
¢Ox(1) = P(|A(x, X)| < u) where B(x,u) = {x’ € F/|A(X', x)| < u}

(H1) Yu >0  ¢y(u) = ¢px(—u, u) > 0 and there exists a function @,(.) such that:

Px(th, h)
Px(h)

Vi€ (-1,1), lim = Ou(f)

(H2) The function 7 is such that:

6¢A(Yi - ) . 1
TA(x,.) = E — X =x]|isof classC' on [0, — A, 0, + A],A>0and A € {1,2}.
G (t)
Y(t,£) € [0 — A, O, + A] X [0y — A, Oy + A],¥(x1,x2) € Ny X Ny and for (b, b2) >0
(1) ITa(x1, 1) = Ta(x2, t2)] < Crd® (x1, %2) + |1 — fao2.
(i1) W(x1, 1) = v(x2, )| < Cod®(x1,22) + |11 — o2, where v(x,.) = L1y(x, ).

(H3) The functional operator § satisfies the following three conditions:

o VX eF,CilA(x, X) < IB(X, x)| < ColA(x, X)I;
e sup [B(r,x)| - |A(x, 1)l = o(u)

reB(x,u)
(H4) K is a differentiable function, knowing that its support is [-1, 1] such that
H_[K®-[ LK@t K(1) — [ (EK() D)t
= 1 1
K1) = [ K@Y @iyt K(1) = [ (EKE) Doty

is a positive definite matrix.

(H5) h is a positive sequel such as lim h = 0and lim 081 _ (),

n—00 H—sc0 1Px(H)

Our main result is the following theorem

Theorem 3.1. Under hypotheses (H1)-(H5) and if v(x, 6,)>0 we have

f logn
W] a.co

10, — 04| = O(™ne22)y + O

4. Numerical studies

4.1. Simulation study on the finite samples

The main objective of this subsection is to evaluate the performance of the trimmed approach by
comparing between the local linear method and the classical kernel method (constant local), on finite
samples. We generate our functional observations X;, {i = 1, ..., n} by using the following process:

Xi(t) =sin(4(b; — t) ) + a,-tz,

with b; is distributed as N(0,1), while the n random variables 4; 's are generated according to a N (4, 3)
distribution. All the curves X; are discretized on the same grid which is composed of 150 equidistant values
in [0, 1] and they are represented in Figure 1.
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Curves
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Time

Figure 1: The curves X;—;_150(f), t € [0,1].

Then, we define the scalar response variables Y; by
Y, = T’(Xi) + &5, i= 1,...,n

where the ¢; w» exp(0.5) , and the operator r is defined by

r(X;) = ex —flL fori=1 n
0= ep 0 1+Xl.2(t) S

Recall now that our estimator é\x which is defined by the solution of the following minimization problem:

n

. Opi )
e Z; %0(% —a—bB(X;, %)) K (H' Adx, X))

where g is the primitive function of ¢,

We obtain the definition of the constant local regression trimmed (respectively the local linear regression
trimmed) if we work with a function ¢ (y) = y1;,;<; where 1 is an indicator function and b = 0 (respectively
Y(y) = ylyyi<q, and b # 0)

Our purpose is to compare the Mean Square Error (MSE) of the estimator of the Classic Local Linear
(CLL) and the Trimmed Local Linear regression estimator (TLL) with the censored data set. To this end,
we choose o = 0.75 and F is the distribution function of ¢;. We select the optimal bandwidth /, for the two
regressions models, by the cross validation method on the k nearest neighbors in a local way and we use
the quadratic kernel which is defined by

K(x) = (1 - xz) ]l[—l,l]-

=W
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On the other hand, the choice of the locating functions has an important role in the local linear estimate.
It’s clear that, we can take f(.,.) = A(,,.) in theory but the operators f and A do not play the same role.
Furthermore, the choices of two locating functions 6 and  depend on the shape of data. Here the curves X;
’s are sufficiently smooth, then we take the following types

1/2

1
and B (x,x’) = f 0(t) (xV(t) - x(1)) dt
0

5 (x,x') = ( fo 1 (x(t) - O (p))’ dt)

where x) denotes the i derivative of the curve x and 0 is the eigenfunction of the empirical covariance

n . — ¢ . —
operator Zl (XZ(.]) - X(f)) ((ij = X(J))) associated to the g greatest eigenvalues.
i=

In this simulation study, we have worked with several values of i, 4 and j, but, for the sake of shortness,
we present only the results of the case wherei =2,j=1and g = 3.

In this simulation, to illustrate the performance of our estimator, we proceed as follows.

.....

- Step 2. We divide our observations into two subsets:

— (X, Ti, Ai)i=1, 100 » training sample.
— (Xi, Ti, Ai) j=101,..150 » test sample.

- Step 3. We calculate the two estimators by using the learning sample and we find the Classic Local Linear
(CLL) and the Trimmed Local Linear (TLL) estimators.

- Step 4. We present our results by plotting the boxplot of the prediction error are represented in (Figure 2.)
and we compute the empirical mean square error with :
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Figure 2: Comparison results betwenn CLL estimator and the TLL estimator.
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It is clear to our estimator has a good performance and seems to outperform the classic local linear
estimator even for censored data. This is confirmed by the mean squared error MSE(CLL) and MSE(TLL)
This conclusion shows the good performance of our approach.

Table 4.1: MSE for the CLL estimator and the TLL estimator according to numbers of introduced artificial
outliers and Censorship Rate(CR= 20%).

CR=20%
number of artificial outliers CLL MSE TLL MSE
0 0.018250  0.013165
5 2.552174  0.017595
10 5.606158  0.026044
30 7.062188  0.047918

We observe that in the presence of outliers (0, 5, 10, 20) with Censorship Rate (CR = 20%), the trimmed
local linear regression gives better results than the classic local linear method, in sense that, even if the MSE
value of both methods increases relative to the number of the perturbed points, but it remains very low for
the robust Local linear regression.

4.2. Real data application

We apply the theoretical results obtained in the previous subsection to real data. More specifically, we
examine the performance of the trimmed regression estimator than the local linear method. For this purpose
application, we consider the spectroscopic dataset, are available from http://www.models.kvl.dk/NIRsoil.
The data concern spectra of 108 soil samples measured by Near Infrared Reflectance (NIR), in the range
0 — 1050 nanometre (nm) with a 2 nm resolution (see[21]). The aim is to analyse relationships between
the NIR data (X-variables), and the chemical and microbiological data (Y -variables). Hence, X;(t) is the
reflectance of the " sample of soil at wavelength t, where t € {0, ...,1050}. Let Y; and Y be two response
variables which correspond to soil organic matter and ergosterol concentration, respectively (see Figures 5
and 6). The functional covariates in Figure 5 shows the 108 NIR reflectance spectra.

1.2

1.0

0.6

0.4

Time

Figure 3: Curves of 108 NIR spectra.
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Figure 4: The distribution of 108 values of Y;.
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Figure 5: The distribution of 108 values of Y>.

Applied to NIR data the MAD-Median method identifies 21 outliers for Y; and 1 outlier for Y,. Recall
that we are interested to build two models: Y; = r1(X) + €1 and Y, = r(X) + &2, where r1(x) = E(Y1|X = x)
and r,(x) = E(Y2|X = x). Furthermore, the dataset was randomly split into a learning sample (72 curves)
used to build the estimators, and a testing sample (36 curves) which allows computing the MSE. We note
that the result of our simulation study is evaluated over 400 independent replications and its sensitivity to
grid sizes or to size of test sample and training sample is not very substantial. Because of the smoothness
of the NIR curves, we use the semi-metric based on the second order derivatives, where the curves are
replaced by their B-spline expansion. Here, the best results in terms of prediction are obtained for a number
of interior knots needed for defining the B-spline basis, equal to 40 . Therefore, we chosen the smoothing
parameter h via a local cross-validation method on the number of nearest-neighbors. It can be seen that,
in the presence of outliers, the TLL regression estimator performs better than the CLL method. This is
confirmed by the MSE obtained respectively in the two cases of study.
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Figure 6: Box plots of the MSE Y.
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Figure 7: Box plots of the MSE for Y>.

First, we indicate the following lemmas that are necessary to establish our asymptotic result

Lemma 5.1. Let V, a sequence of vector function that satisfies
0 -A'V,(AA) > -A"V,(A), VA > 1.

O sup ||V, (A) + AeDA — V. (Ao)ll = 0p(1) for AO+1(D) <M < co.

llAll<M

for IVu(Aw)ll = 0p(1)

IALl < M, in probability
for IVu(Anll = 04.00(1) and if [V, (Ao)ll = 04.c0(1) and sup [|[V,,(A) + AoDA = V,,(Ao)ll = 0,(1), we obtain

llAllsM

l1ALll £ M, in almost completely

4927
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Where:

e D isa positive matrix,

e A, isa vector,

oV, (Ao) vectorial sequence such that P(||V,,(Ao)ll = A) — 0,
o Ai(D) represents the minimum eigenvalue of D and Ag > 0.

Proof. The demonstration of the two results is similar. It is based on the same arguments as in [15]. For the
sake of brevity, we prove the second case which is more general.
Indeed, for n > 0, we have

P(lAall = M) = P(lAul = M, IVa(An)ll < 1) + PIVa(An)ll = 1)
< JP( inf [V, (An)ll < 77)+1P(IIVn(An)|I 2 1)
lIAll<M _
; I
< o0

The demonstration of II is simple. Since ||V,,(An)|l = 04.c0(1), we have

Y POV AN 2 ) < .

So, all that remains to show

I= Zﬂ:“’(uﬁzﬁd IVa(An)ll < 1) < 0o

Hence by the Schwarz inequality
AVa(B) < ALV

We have;
V() z -2V ) (1)
n > -
1Al
For ||All = M, let ||A1]] = M and A = AAq, A > 1. we obtain
V) V(A
1Al M
and for condition @ of Lemma 5.1. we have:
V@) AV | AVA(A) -
[1A]] M - M
So for (1) and (2) we obtain
Al Vn(Al)
V(D) > Y
> -—
Thus
N V(M)

inf V,(A)> inf -
lAI=M @) lALlI=M M
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Which implies

llAlI=M

P, =

Pzz

IN

IA

IN

IA

<

( inf V,(A) < 17)

IN

E
||A1|| M

= P| inf [ AV(Al)]<17M)

[A1ll=M

IA

]P(” lll’llf [~ V()] < M, A0t [ — A} (=AoDA; + Vy(Ao))] zan)

P inf [=A{(-ADAs +Vy(Ao)] > 2171\4)

= Py +DP,.

P(uAlful:fM [—Al Vn(Al)] <nM, ||Alf\|l:fM[_A1(_A°DA1 + Vau(Ao))] > 217M)

(”AlrlllfMV (A1) <1, " 1r”1f (AoDA1 = V,,(Ag)) = 21]) Car ||Al| =M

]P( sup [|[Vu(A1) + AgDA1 =V (Ag)ll 2 77)
[lA1]}l=M

) According to condition @ of Lemma 5.1.

P| inf [— A/( MDA +V, (Ao))] > ZT]M)

lAq]|=M

P( inf (A{AoDA; - A;Vn(Ao))zan)

lia
P

|
o
g
Plus
|
|

anf (||A'||2)\0/\1(D) — 1AV (Ao)) = ZTZM)

" inf (1A11140A1(D) = Vi(A0)) 2 277)

P| sup (IIA}lIAgA1(D) - Vn(Ao))ZZTz]

[lA1]l=M
P| sup V,(A)) < lIA7lIAgA1(D) — ]
[lA1]}l=M

condition ® of Lemma 5.1.

Finally, from P; and P, we conclude

O

Zﬂ" P(inf Vi)l <) < oo,

Now, for the proof of the theorem we define, the vectorial sequences

n
_1 J(AK;
15 El(P( )

Vu(A) = I
nhqxlx(h) i; Pi(A)BiK;

4929
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Where

. _opi(Ti—(c+a)—(; d+b)p;)  8i(Ti—(c+a)— (I, d+b)p;)
PilA) = ) - &0)

Ly (),

Glt))

With:

h (2) B0 (g)A - (hé_—am) & &, = VnguWhy and A = ()

Now, the proof of the result of Theorem 3.1 is based on the application of the second part of Lemma 5.1. to
(Vn/ VH(AO)/ An)
Thus, Theorem 3.1 is consequence of the following Lemmas:

Lemma 5.2. Under assumptions (H1)-(H5), we have

IVa(Bo)ll = O™ + O

logn
ny(h)
Proof. for £ = 0,1 we obtain

Vit (A0) = Vi(Ao) = E[Vi(Ao)]

N ALK —
= ncpx(h);‘(pl(AO)h BIK; — E

LN onytaty
n¢x(h);¢z(AO)h ﬁiKz

= ngbl(h) Z (@i(Ao)h_fﬁfKi -E [(Pi(AO)h_[B fK'])
A\ H

— 1 - +
= LA ©
B logn
- OH.CO nqu(h) ] (4)

From (3) to (4) we apply the exponential inequality for unbounded variables, we get from Corollary A.8.

in[11] whena? = O (m)

By using the bounded of ¢; and K we have
ZjI<Ci,  EIZT < Cigalh)
and

1ZI < Coh,  E[ZT < CIPu(h)
On the other hand, by (H2), we have

E[Vi"(A)] = ELVa(Ao) — E[Va(A)]]
= E|- (Pl(h)i(qoimom“’ﬁf&—IE[@(Ao)h“’ﬁfKi)]
- ¢(h)1E[(P1(A0)h ‘BiKi]
< %(h)]Em(x L 0)h™ BLKy — (X, a + bR BEK |
= O™ + o(h™)
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logn
1 /mpx(h)],a.co
Proof.

Vau(A) +v(x, 0,)DA — Vi, (Ag) = Viu(A) + v(x, 0x)DA — V,,(Ag) — E[V,(A) — Viu(Ao)] + E[V,(A) = Vi(Ao)]

The proof of Lemma 5.3 must be made on two parts
@ sup [IE[V,(A) = Vi(A0)] + v(x, 0x)DA|| = O(mnC122)) ;
llAll<M

sup [IVa(A) = Va(Bo) = EIV,(A) = Va@o)ll = Oves 22575

llAll<M
for the result @ we use (H2)

E[V.(A) -V, (Ao)] = E [m é((pi(A) _ (Pi(AO))h_[,BfKi]
- i L [0 - piaop Bk
i=1

= S| (i®) ~ pida) K]

= swE [(Tl(x/ (c+a)+(H'd+Db)pr) —T(x,a+ bﬁl))h%ﬁle] + O(hmintut))

= o[y a + BB B AR BIK: | + O(Hminei2) + o(||A])
= (¥, 0) S E[ (L o B | A+ O(min@i) + o(||A])
= v(x, 0 B [(CBiK, hrCDBEK) | A+ O(Hmin®1) + oAl

= v(x, 0x) 5 (W EIB K], imVE[BTH KA + O™ ) + o(|All)

Lemma 5.3. Under assumptions (H1)-(H5), for all Ay = v(x, Ox), we have

sup [[Va(A) + v(x, 0;)DA — V,,(Ag)ll = O™ty 1 O
[AllsM

Therefore,

. -1 K
EIVA(8) = Vbl = v(5003%5 (,piok] hELK )

Using the same ideas of [9], under the second part of (H3)

)A + O ®182) + o(||All)

1
HE[B°K!] = () (K"(l) - f 1(r“1<b(r>)’<1>x(r)clr)

Consequently

sup [[E[V,(A) = Vi(Ag)] + v(x, 0:)DA + o(|Al)|| = O(h™n@rb2)y;
[All<M

then, all it remains to show the result BBwe use the compactness of the ball B(0, M) in R? and we write

d
" ; 1
BO,M)c| |BA,L) A; = (CJ), and l, =d, = —
]L:J ] ] d]. \/ﬁ
Let j(A) = argmin; |A — Aj|, in which
sup [[Va(A) = Viu(Ao) — E[VW(A) = Vu(Ag)l < sup |[Va(A) = Vu(A))l
llAll<M llAll<M
Ty
+ sup ”Vn(Aj) = Vu(Ao) — IE[Vn(Aj) = Vu(Ap)]ll
llAll<M
T,
+  sup [[E[Va(A) = Va(APIIl.
llall<M

T3
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Concerning T7 we use the boundness of the kernel K

n

1
sup [[V,(A) - Vn(Aj)” <

- - D;
lAll<M n¢x(h) i=1

The function ¢;(.) is locally Lipschitzian on [~g; q], so we can write

0i = sup |p(A) = p(A))l ’(h—llﬁi)| K; < Cl,

[lAll<M
Then
Cl, logn
sup [|[Vu(A) = V(A £ —= = 0| \| —=
o IVl = VA= 5y \jnqu(h)]
Finally

sup IVn(A) - Vn(A])“ = Ouco
llAlI<M

logn
nex(h)

For the quantity T3, analogously to first term and we use the fact that [E[K;] = O(¢«(h))(see ([10])) we obtain

sup [IE[V,(A) = VAl < 2 = g logn
||A||£A ! N () I TN ()

Now, for T, we can put
WE(A)) = V(D)) = V(Do) = E[Viu(A)) = Vi(Ao)]

We obtain

WE(A)) m é((ﬁoi(A]’) — @i(A0))BIK;i = El(pi(A)) — i(A0))BiKil)

n
1 (+1
nhtey(h) El Yi

by to the boundedness of K and ¢;(.) we obtain
{7 <Cua and B[P < Conrhdu(l)

Now, We apply the exponential inequality for unbounded variables. we obtain

Sup V(A7) = Vido) = BLV(A) = V8ol = Onc (V=25)
All<M
|

6. Conclusion

In this work, we have positioned our contribution in the extensive literature of nonparametric analysis
of censored functional data. by giving almost complete convergence. The results obtained, in the simulation
part, confirm that the trimmed local linear estimator has an effective and good performance statistically.
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