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Abstract. For A € L(X), B € L(Y) and C € L(Y, X) we denote by Mc the operator matrix defined on X ® Y
by Mc = (g g) In this paper, we prove that

oA UarB) S | ] oprMc) Uay(B) U g, (A),
CeL(VX)

where o,r(.) (resp. 0,(.)) denotes the quasi-Fredholm spectrum (resp. the point spectrum). Furthermore,
we consider some sufficient conditions for Mc to be quasi-Fredholm and sufficient conditions to have

oA UaB) = (] o(Me).
CeL(Y,X)

1. Introduction

Let X and Y denote infinite dimensional complex Banach spaces and £(X,Y) denotes the set of all
bounded linear operators from X into Y. If X = Y we write £(X) instead of £(X,X). For T € L(X), we
denote by N(T) the kernel of T, by R(T) the range of T and by 0,(T) the point spectrum of T.

An operator T € L(X) is called quasi-nilpotent if and only if, for all x € X, limsup, IT"x||" = 0, so
o(T) = {0}.

Recall that the degree of stable iteration is the quantity dis(T) = infA(T) (with dis(T) = +oo, if A(T) = 0)
such that

AT)=(neN;VmeN, m>n = R(T")nN(T) = R(T") N N(T)}.

In 1980, Labrousse was the first to introduce the class of quasi-Fredholm operators [3] in the case of Hilbert
spaces. In 1996, M. Mbekhta and V. Miiller [6] generalized this class to Banach spaces. An operator T € £(X)
is called quasi-Fredholm if dis(T) = d € IN, and for all n > d, R(T) + N(T") and R(T") are closed in X. We
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denote by gF(d) the class of quasi-Fredholm operators of degree d. An operator is quasi-Fredholm if it is
quasi-Fredholm of some degree d. We denote by gF(X) the set of all quasi-Fredholm operators on X.

Note that if dis(T) = d, we have: R(T) + N(T") and R(T") are closed in X, for all n > d, if and only if for
alln > d, R(T") is closed in X if and only if R(T%1) is closed in X (see [7, proposition 3]). For every bounded
operator T € L(X), let us define the quasi-Fredholm spectrum as follows :

o4e(T) ={A € C, T — Al'is not quasi-Fredholm}.

Recall that T € £L(X) is called semi-regular if R(T) is closed and dis(T) = 0.

An operator T € L(X) is called of Kato type if there exists a pair of T-invariant closed subpaces (M, N)
such that X = M ® N, T)y is semi-regular and T}y is nilpotent. A classic result from Labrousse [5] states
that, in the case of Hilbert spaces, the set of quasi-Fredholm operators coincides with the set of Kato type
operators.

Let’s consider the upper triangular operator matrix Mc defined on X ® Y by :

A C
with A € £(X), B € L(Y) and C € L(Y, X). The spectra and related problems of M¢ are extensively studied.

In general, the upper triangular operator matrix does not conserve the properties of their diagonal elements.
For example, in [3] the authors gave an example which show that this equality

o(Mc) = 0(A) U o(B), for arbitrary C € L(Y; X),

is not always true. So, an obvious question arises: Under what conditions, on A and B, we will have
equality? Serval articles have given answers to this question. For example, in [4] an answer is given by:
0(A) N o(B) has no interior points. This has prompted many authors to carry out similar studies concerning
the perturbations of others spectra of upper triangular operator matrices, see for instance [2],[8], [9] and [10].
In their article [2], M. Barraa and M. Boumazgour established some results, on Hilbert spaces, concerning the
spectrum associate to Kato-essential operators. Recall that any Kato-essential operator is a quasi-Fredholm
operator of degree 0.

In this paper, we obtain some results concerning the perturbation of the quasi-Fredholm spectrum of
Mc in the case of Banach spaces. This leads us to study the behavior of upper triangular operator matrices
with powers.

2. Main results

We start by the following lemmas which will be needed in the sequel.

Lemma 2.1. Let A € L(X), Be L(Y)and C € L(Y,X). Let n € IN such that n > 2. We have

A" Yoy AriTkCBk
M=y == :
Proof. By induction. [

Lemma 2.2, Let A€ L(X),Be L(Y)and C € L(Y,X). Let n € N*. We Have

1. xeN(A") & x®0€ NWM}), forall x € X.
2. If B is injective, then for all x € X we have

x € R(A") & x®0 € R(M).
3. If B is injective, then for all x ® y € X ® Y we have
x®y € RML) NNMc) & x€RA")NN(A) and y = 0.
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Proof. 1. Let x € N(A"), then A"x = 0. Then

A"x + Y12 ATRCBRO = 0
B"0=0
Hence x ® 0 € N(M{.). The other implication is obvious.
2. Letx € R(A"), then there exists z € X such that A"z = x. Then

Az + Y1) AM1RCBRO = x
B'0=0

Hence x® 0 € R(MY).
If x®0 € R(M{), then there exists z € X and t € Y such that
Az + Y2y AnIRCBr = x
B"'t=0
Since B is injective, t = 0. Indeed B"t = B(B"!) =0 = B*" !t =BB"?)t=0 = .. = B* =

B(Bt)=0 = Bt=0 = t=0. Hence A"z + Z;Zé A" 17kCBKQ = A"z = x, it follows that x € R(A™).
3. Letx@y € RIM{) N N(Mc). Then there exists z@®t € X @ Y, such that

A'z+ YL AVTFCB =1 [ Ax+Cy =0
B't=y By=0

Since B is injective, y = t = 0. Hence:

Az =x
y=0
Hence x € R(A") N N(A) and y = 0.
From 1 and 2, it is easy to see the reciprocal implication.
0

Theorem 2.3. Let A € L(X), Be L(Y), C e L(Y,X) and d € N. If B is injective and Mc € qF(d), then A € qF(d).

Proof. Letn >d and x € R(A%) N N(A).
From lemma 2.2, we have x & 0 € R(MZ) N N(Mc).
Since dis(Mc) = d, we have x®0 € R(M{)NN(Mc). Hence, by lemma 2.2, x € R(A")NN(A). Hence dis(A) < d.
Suppose that dis(A) =p <d. Letx® y € R(M’é) N N(Mc). From lemma 2.2, we have x € R(A?) N N(A) and
y = 0. Then x € R(A?) N N(A) and y = 0. Then, by lemma 2.2, x & y € R(M%) N N(Mc), which is absurd
because dis(Mc) = d > p. Hence dis(A) = d.
Letn > d and (xx)ren S R(A") such that x; — x when k — +oco.
By lemma 2.2, we have (x; ® 0)y € R(M?) and x, @0 — x ® 0 when k — +o0. Since R(M?) is closed,
(x®0) € R(M!). Then, by lemma 2.2, x € R(A"). Hence R(A") is closed in X.
Let n > d and (x)ken € R(A) + N(A") such that x; — x when k — +oc0. Then, for all k € IN, we have
X = X1 + X such that xx; € R(A) and xx2 € N(A"). Hence, by lemma 2.2, we have x; @ 0 € R(M¢) and
Xk @0 € N(MP), for all k € N. Then (x1 @ 0) + (xk2 ®0) = x¢ ® 0 € R(Mc) + N(M{), for all k € N. Since
R(Mc) + N(M}) is closed, x® 0 € R(Mc) + N(M{). Then x @0 = (x1 © 0) + (x2 @ 0) such that x; 0 € R(Mc)
and x, ®0 € N(M‘é). Since B is injective, the lemma 2.2 assures that x; € R(A) and x, € N(A"). Hence
X =x1 + X € R(A) + N(A"). Thus R(A) + N(A") is closed.
Therefore A € gF(d).

|

Corollary 2.4. Let H and K be two Hilbert spaces. Let A € L(H), B € L(K), C € L(H,K)andd € N. If A" is
injective and Mc € qF(d), then B € qF(d).
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Proof. We have
. _[(A 0
o[t 9)
Since Mc € qF(d), M. € qF(d) (See [1]). Hence, by following the same procedure as in the proof of theorem
2.3, we will have B* € gF(d). Then B € gF(d). O

Corollary 2.5. Let H and K be two Hilbert spaces. Let A € L(H), B € L(K). We have

04¢(B) U 0ge(A) € U 046(Mc) U 0,(B) U g, (A").
CeL(KH)

Proof. Firstly, let A € py(B) N pgr(Mc). The theorem 2.3 entails A € p;r(A). Hence

pp(B) N pgr(Mc) S pgr(A).

Thus 04r(A) € 0,(B) U a4r(Mc).
Secondly, let A € p,(A*) N pyr(Mc). The corollary 2.4 (ii) entails A € p,r(B). Hence

pp(A”) N pgr(Mc) € pgr(B).
Hence 0,4r(B) C 0,(A*) U g4r(Mc). Therefore

046(B) U 0ge(A) € U 04¢(Mc) U 6,(B) U 0, (A").
CeL(KH)

O

Example 2.6. Let X = Y = I*(N). Let A € L(I*(IN)) defined by Ax = A(x1,xp,...) = (x1,0,0,...). Let T : (N) —
*(N) such that Tx = T(x1,x2,...) = (x1,%,%,..). Lt B=C =T.
It is easy to see that T is injective.

We have dis(A) = 1 (Indeed, we have R(A°) N N(A) = R(I) NN(A) = XN N(A) = N(A) = vect(es, e3, ...) and, for
alln € N*, A*(x) = (x4,0,0,0,...), then R(A") N N(A) = 0, thus dis(A) = 1) and dim(R(A")) < oo foralln € N*,
then R(A") is closed for all n € IN*. Hence A € gF(1).

By lemma 2.2, it is easy to see that dis(Mc) = 1.

Let’s show that R(Mc¢) is not closed.

Let (x,), C I2(N) defined by

Thus

0 ; k>n

and T(x,) > y = (1,3, 3,...) when n — +co. Thus y & R(B) (Indeed, we have R(T) = {(x¢) € *(N) / (kxi) € *(N)},
but (kye) = (1,1,1,...) ¢ I2(IN). Hence y = (yx) ¢ R(T) ). Then (x, & x,)n S R(Mc) such that x, ® x, — y & v.
Since y ¢ R(B), y® y ¢ R(Mc). Hence R(Mc) is not closed. It follows that Mc is not quasi-Fredholm.

This example shows that (This result is also true in case of Banach spaces)

oA e ) oprMe)Uay(B).
CeL(Y,X)

Example 2.7. Let X = Y = ’(N). Let S € L(I*(N)) defined by Sx = S(x1,%2,...) = (x1,0,0,...). Let T : X(N) —

I*(N) such that Tx = T(x1, %2, ...) = (x1, %,%,...). Let A=C =T and B = S*. We have

. (A 0y _(T 0O
MC_(C* B*)_(T s)'
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By the same procedure of example 2.6, it is easy to see that A* = T is injective and B* € qF(1), but M. is not
quasi-Fredholm. Hence Mc is not quasi-Fredholm.
This example shows that

0B C | ) orMe)Uay(A”).
CeL(Y,X)

Corollary 2.8. Let A € L(H) and B € L(K). We have:
(A UarB) S | ] 0r(Mc) Uy (B) U g (A7)
CeL(KH)
Proof. It is obvious from theorem 2.3, example 2.6 and example 2.7 [
Lemma 2.9. Let x®y € X ® Y. For all positive integer n, we have:
x®y € R(Mp) + N(Mjj) &< x€R(A)+N(A") and ye€R(B)+N(B")
Proof. Letn € N. If x®y € R(Mop) + N(Mp), then:
x®y = (x1®y1)+ (x2®y2) such that x; ® y; € R(Mp) and x, ® y» € N(Mp).

Hence
X1 € R(A) d Xy € N(An)
yieR®B) " | neNEY

Hence
X =Xx1+x3 € R(A) + N(A")
Y =y1+Yy2€R(B)+N(B")

Conversely, if x € R(A) + N(A") and y € R(B) + N(B"), then

X=x+x x1 € R(A) and x, € N(A")
{ Yy=y1+ such that { y1 € R(B) and y, € N(B")

It follows that
x1 @ y1 € R(My)
X2@ Y € N(Mg)

Therfore x® y = (x1 ® y1) + (2 ® y2) € R(Mp) + N(Mp). O
Theorem 2.10. Let A € L(X)and B € L(Y). If A € gF(d) and B € gF(d’) such that d’ < d, then M, € qF(d).

Proof. Suppose that A € gF(d) and B € qF(d’) such thatd’ < d.
Firstly, let’s show that dis(My) = d.
Let n > d. We have:

x € R(A%) N N(A)
y € R(B%) N N(B)

x € R(A") N N(A)
y € R(B") N N(B)

& x®y € R(Mj) N N(My)

x@yeRmﬁ)mNm%)czs{

Thus R(Mj) N N(Mo) = R(M‘é) N N(My). Hence d € A(My), which implies that dis(My) < d.
If dis(My) = d”” < d, then R(A") N N(A) = R(A?") N N(A), for all n > d”. Since dis(A) = d > d”, that is absurd.
Hence dis(Mp) = d.
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Secondly, let’s show that R(Mj)) is closed in X ® Y, ¥n > d.
Letn > d and (xx ® yi)k=0 € R(Mj;) such that x; ® yx — x ® y when k — +oo. Hence, for all k € IN, we have:

X € R(A™)

Yk € R(Bn)
Since R(A") and R(B") are closed, we have

x € R(A")

y € R(B")

Therefore x ® y € R(Mj). Thus R(Mp) is closed in X ® Y, ¥n > d.

So it remains to show that R(Mp) + N(Mj)) is closed in X ® Y, ¥n > d.

Let n > d and let (xx @ yi)i=0 € R(Mo) + N(Mj) such that x; & yx — x ® y when k — +co. Hence, by lemma
2.9, for all k € IN, we have:

X ® yi € R(My) + N(M!) < x; € R(A) + N(A") and yy € R(B) + N(B").

Since R(A) + N(A") and R(B) + N(B") are closed, hence x € R(A) + N(A") and y € R(B) + N(B"). Hence, by
lemma 2.9, x ® y € R(Mo) + N(Mp). Thus R(Mp) + N(Mj) is closed in X® Y, ¥n >d. O

Remark 2.11. A and B play symmetrical roles in the matrix My. That is: If A € qF(d) and B € qF(d) such that
d <d, then My € qF(d ). Indeed, the proof is analogous to that of the theorem 2.10.

Corollary 2.12. Let A € L(X) and B € L(Y). We have
ogr(Mo) € 0qr(A) U agr(B).

Proof. Let A € psr(A)Npyr(B), then, by theorem 2.10, A € p,r(Mo). Hence pyr(A)Npgr(B) € pgr(Mo). Therefore
UqF(MO) - GqF(A) U OqF(B). |

Example 2.13. Let Z and Y be two Banach spaces.
Let D € L(Z) such that D is injective and R(D) is not closed. Then we have: A(T) = IN, then dis(D) = 0. We

0
D 0
Indeed. We have x®y € R(A) & (0.z+0.H)®(D.z+0.t) = x®y for some (z,t) € Z? < x =0and y € R(D).

Let (y)x € R(D) such that yy — z ¢ R(D). Then (0® yx)x € R(A) and 0@y — 0@ z. If0® z € R(A), then
z € R(D) which is absurde ). Hence A is not quasi-Fredholm. Let B € L(Y) a quasi-Fredholm operator of degree 2.

By The proposition 3 in [2] (it suffices to show that R(M3) is closed), it is easy to see that My = (A 0) e L(X®Y)

consider the operator matrix A = 0) acting on X = Z® Z. It follows that dis(A) = 0 and R(A) is not closed (

0 B
is a quasi-Fredholm of degree 2.

Conclusion: Mc € qF(2) and B € gF(2) but A is not quasi-Fredholm operator.
By this example, there exists A € pyr(Mo) such that A & pyr(A) N pyr(B). Hence pgr(Mo) & pge(A) N pyr(B). Thus
04r(A) U 04r(B) & o4e(Mo). Hence
GqF(MO) C GqF(A) U GqF(B).

Corollary 2.14. Let n € IN*. Let X1, Xy, ..., X, be Banach spaces. Let Ty € L(X), forall 1 < k < n. If T € qF(dy),
forall 1 <k <n. Then @Zzl Ty € qF(d) such that d = max{d, /] 1 < k < n}.

Proof. By induction. [
Corollary 2.15. Let n € N*. Let X1, X», ..., X, be Banach spaces. Let Ty € L(Xy), for all 1 < k < n. We have

qu(@ Tk) - U GqF(Tk)-
k=1 1

k=
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Theorem 2.16. Let A € L(X) and B € L(Y), then the following statements hold:

1. If My € gF(d), then A € gF(d) or B € gF(d).
2. If My € gF(d) and dis(A) = dis(B), then A € qF(d) and B € gF(d).

Proof. By a similar proof of than of theorem 2.10, it is easy to see that:

For all n € IN. If R(My) is closed, then R(A") and R(B") are closed.
For all n € N. If R(Mp) + N(Mp) is closed, then R(A) + N(A") and R(B) + N(B") are closed.

1. Suppose that dis(My) = d. It is easy to see that dis(A) < d and dis(B) < d. Suppose that dis(B) < dis(A) =
d <d. Thenx®y e R(M2)NN(My) < x&y € R(M2) N N(My). Hence dis(Mo) < d, which is absurd.
Thus

dis(A) =d dis(B) =d
disB)<d %"\ dis(A) <d
Therefore, if My € gF(d), then A € gF(d) or B € qF(d).

2. If dis(My) = d, then dis(A) = d and dis(B) < d (A and B play symmetrical role). Suppose that
dis(A) = dis(B), then dis(A) = dis(B) = d. Hence, if My € qF(d), then A € gF(d) and B € gF(d). Therefore,
if My € gF(d) and dis(A) = dis(B), then A € qF(d) or B € gF(d).

O

Proposition 2.17. Let A € L(X) and B € L(Y). We have
047(A) U o4r(B) C 04r(Mo) U {A € C / dis(A — A) # dis(B — A)}.

Proof. LetA € pgr(Mo)N{A € C / dis(A—A) = dis(B—A)}. By theorem 2.16 (2), it follows that A € psr(A)Npye(B).
Hence p;r(Mo) N {A € C / dis(A — A) = dis(B — A)} € pgr(A) N pye(B). Hence 04r(A) U 04r(B) € 04r(Mo) U {A €
C / dis(A - A) #dis(B — A)}.

Furthermore, the theorem 2.10 ensures the existence of a A € p;r(A) N pyr(B) such that A ¢ p,r(Mo) N {A €
C / dis(A — A) = dis(B — A)}. Hence pyr(A) N pyr(B) & pgr(Mo) N {A € C / dis(A — A) = dis(B — A)}. Which
implies that o,,(Mo) U {A € C / dis(A — A) # dis(B — A)} ¢ o4r(A) Uoge(B). O

Lemma 2.18. (See Theorem 1.110, p 73, [1]) If T € L(X) is quasi-Fredholm and K € L(X) is finite-dimensional,
then T + K is quasi-Fredholm.

Proposition 2.19. Let A € L(X) and B € L(Y). We have:

() 04(Mc) € 0gr(A) U e (B).
CeL(Y,X)

Proof. Let C € L(Y, X) a finite-dimensional operator. Hence (8 g) € L(X@Y) is finite-dimentional. We

A 0) (0 C
ve=( 5)+o o)
Since A and B are quasi-Fredholm, M is quasi-Fredholm. The lemma 2.18 ensures that Mc is quasi-
Fredholm.
Let A € pyr(A) N pyr(B). Then there exists Cy € L(Y, X) (Co # 0), such that A € p;r(Mc,). Hence psr(A) N
pqr(B) € pgr(Mc,)- Thus pgr(A) N pgr(B) € Ucervx) Pqr(Mc). Hence (Mee gy x) 0qr(Mc) € 04r(A) U ogr(B). O

have



I. El Ouali et al. / Filomat 36:14 (2022), 4893-4902 4900

Example 2.20. Let Z be a Banach space. Let X = Z® Z & Z. Let D € L(Z) (D # 0) such that D is injective and

0 0 0
with not closed range. Let A =0 0 D| e L(X). Hence A is nilpotent of index 2 and dis(A) = 0. Hence A is
0 0 O
not a quasi-Fredholm operator (Indeed. R(D) is not closed R(A) is not closed hence A ¢ qF(0) ). Let T € L(Z) such
T 00
that T € qF(2). Let B = {0 T 0]e L(X), then AB = 0and B € gF(2). Let Mp = (13 g) € L(X & X). Hence
0 0 0

My = (8 gn), forall n > 2. Let’s show that My € gF(2).

Step 1: If 1 € A(Mp), then 1 € A(My). Hence R(My) NN(Mp) = R((M*B)Z)ON(M;). Since dis(B) = dis(B*) = 2,
there exists yy € R(B*) N N(B*) such that y;, ¢ R((B*)*) \N(B*) and y;, # 0. Thus 0&y;, € R(M},) "\N(M). Therefore
OBy € R((M%)Z) N N(My). Hence y; = 0, which is absurd. Thus dis(Mp) > 2. Letn > 2. Forallx®y € X® X,
we have x &y € R(MM3) N N(Mp) & x = y € R(BB2)NN(B) & x = y € R(B") NN(B) & x & y € R(M}) N N(Mp).
Therefore dis(Mp) = 2.

Step 2: Let n > 2 and (x; ® Yx)ken € R(M}) such that x; & yx — x & y when k — +oo. Let k € IN, then there exists
ty € Xsuchthat B"t, = xx = yx. Since B € qF(2), R(B") is closed in X. Hence y € R(B"). Thus y®y = x®y € R(M}).
Hence R(M) is closed.

Therefore Mg € qF(2).

Conclusion: Forall A € L(X) and A € L(Y), we have:

() 04r(Mc) S 04r(A) U gy (B).
CeL(V,X)

Indeed, The inclusion is proved in proposition 2.19. By this example, we have p,r(Mp) ¢ pyr(A) N pae(B). Hence
o4r(A) U 04r(B) & 04r(Mp). It follows that o4r(A) U o4r(B) & (ce ryx) 9qr(Mc).

Proposition 2.21. Let A € L(X) and B € L(Y). Then there exists an operator C € L(Y, X) (C # 0) such that:

1. If Mc is quasi-Fredholm, then A € gF or B € gF.
2. If Mc is quasi-Fredholm and dis(A) = dis(B), then A and B are quasi-Fredholm.

Mc is quasi-Fredholm and dis(A) = dis(B) which implies that A and B are quasi-Fredholm.

Proof. Let C € L(Y, X) a finite-dimensional operator. Thus M = 8 0

Mc is quasi-Fredholm. By lemma 2.18 Mc + M = M)y is quasi-Fredholm. Hence, by a direct application of
the theorem 2.16, we will have the requested result. [

) is finite-dimensional. Suppose that

Proposition 2.22. Let A € L(X) and B € L(Y). We have:

1.

0(A) NoB) S (] ogr(Mo).
CeL(Y,X)

0ge(A) U 0ge(B) € ﬂ o (M) U A € C; dis(A - A) # dis(B — ).
CeL(V,X)

Proof. 1. Let Cy € L(Y,X) (Co # 0) be a finite-dimensional operator. By proposition 2.21 we have A €
qu(MCO) = A€ pqp(A) U pq[:(B) Hence qu(MCo) c qu(A) U pqp(B) Thus GqF(A) N O'qp(B) c OqF(MCO)-
It follows that g,r(A) N 04r(B) € (Nce£(vx) 9qr(Mc).
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2. Let Co € L(Y, X) (Co # 0) be a finite-dimensional operator. By proposition 2.21 we have
A € pgr(Mc,) N{A € C; dis(A - A) = dis(B— A1)} = A € pge(A) N pgr(B).

But the equivalence is not satisfied. In fact, if A and B are quasi-Fredholm, then we do not have
necessary dis(A) = dis(B). Hence p;r(Mc,) N {A € C; dis(A — A) = dis(B — A)} © pyr(A) N pyr(B). Tt
follows that
ogr(A) U our(B) & ﬂ ogr(Mc)U{A € C, dis(A - A) # dis(B— A)}.
CeL(V,X)

|
Corollary 2.23. If{A € C; dis(A — A) # dis(B — M)} C (\ceryx) 0qr(Mc) Then

oA Vo) = [ oMo
CeL(Y,X)

Corollary 2.24. Let A € L(X), B € L(Y) such that A and B are quasi-nilpotent and injective. We have:

046(A) U 0,e(B) = ﬂ 0ge(M).
CeL(V,X)
Proof. We have
0ge(A) U 0gr(B) € ﬂ ar(Mc) U A € C; dis(A — A) # dis(B — A)).
CeL(V,X)
and

() 04 (Mc) S 04r(A) U oy (B).
CeL(Y,X)
Since A and B are quasi-nilpotent, 6(A) = ¢(B) = 0. Then A — A and B — A are injectif for all A € C*. Thus
dis(A — A) = dis(B— 1) = 0.
Furthermore A and B are injectif, then dis(A) = dis(B) = 0. Therefore dis(A — A) = dis(B— A) = 0 for all
A € C. Hence {A € C; dis(A - A) # dis(B— A)} = 0. Hence

(A UogrB) = (1] ogr(Mc).
CeL(Y,X)

O

Example 2.25. Let Z be a Banach space. Let X = Z& Z & Z. Let T € L(Z) bounded below. Hence T € gF(0). Let
000 S 00
0 0 T|e L(X). Hence A € gF(d). Let S € L(Z) such that dis(S) = +oo. Let B = [0 S 0
000 0 00

A= € L(X), then

dis(B) = +coand AB = 0. Let Mg = (g g) € L(X®X). Hence My = (8 gn

It follows that Mg is not quasi-Fredholm.

),for alln > 2. Thus dis(Mp) = +co.

By this example, there exists A € par(A) U pyr(B) but A ¢ par(Mp). Hence pgr(A) U pgr(B) & pgr(Mp). Thus
o4r(Mp) & 04e(A) N ogr(B). It follows that

() 0grMe) & 04(A) N 04 (B).
CeL(V,X)

By proposition 2.22, we have

0 (A) NoEB) S (] ogr(Mo).
CeL(Y,X)
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