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Abstract. In this paper, we study the existence of solutions for nonlinear sequential Caputo and Caputo-
Hadamard fractional differential equations with three-point boundary conditions by using measure of
noncompactness combined with fixed point theorem of Monch. An example illustrating the effectiveness
of the theoretical results is presented.

1. Introduction

Fractional differential equations arise from a variety of applications including in various fields of science
and engineering. In particular, problems concerning qualitative analysis of fractional differential equations
have received the attention of many authors, see [1], [4]-[10], [13]-[18], [20]-[21], [23]-[28], [31]-[33], [35]-[40]
and the references therein.

Measure of non compactness combined with one of fixed point theorems, as Darbo [19] Sadovski [34],
Monch [30] is an important and efficacy tool in study of differential or integral equations.

Kuratowski [29] introduced the concept of measure of noncompactness, which played an important
role in fixed point theory, Gohberg [22] gave an other measure called Hausdorff measure later Darbo [19]
used Kuratowski’s measure of noncompactness to generalize the Schauder’s theorem of fixed point. After,
that many authors studied and solved some problems by using measure of noncompactness in study of
different kind problems, as differential equations, integral equations and integro-differential equations, see
[1,12, 13, 24, 36].

In [38], the authors studied the existence and uniqueness of solutions for two sequential Caputo-

Hadamard and Hadamard-Caputo fractional differential equations subject to separated boundary condi-
tions as

D ["0fa(n)] = f (1, x (1), £ € @D),
a1x(a) + b1 DPx(a) = 0,
ax(b) + by DEx(b) = 0,
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and

TDf [CDox(t)] = f(tx (1), te (a,b),
a1x(a) + b;D%(a) = 0,
a,x(b) + b,*D%x(b) = 0,

where D* and #DF are the Caputo and Hadamard fractional derivatives of orders a and g, respectively,
0<a,B<1,f:[ab] xR — Risa continuous function,a > 0and 4;,b; € R,i = 1, 2.

In [18] Boutiara et al, discussed the existence of solutions of the following fractional-order differential
equations with three-point boundary conditions

{ Cox(t) = f(tx(t), te(l,T),
ax(1) + bx (T) = A3%x (1) + 6,

where £D* and 37 are the Caputo-Hadamard fractional derivative and Hadamard fractional integral of
order a and g, respectively, 0 < a,q <1, f : [1,T] X E — E is a given continuous function, E is a Banach
space,a,b,A e Rand € (1, T).

In [20], Derbazi studied the existence of solutions for nonlinear sequential Caputo and Caputo-Hadamard
fractional differential equations with Dirichlet boundary conditions as

CDE[SDx(B)] = f(tLx (1), te(@b), a21,
x(@a)=x()=0,

where * and “DF are the Caputo-Hadamard and Caputo fractional derivatives of orders a and f respec-
tively, 0 < a,f <1, f : [a,b] X E — E is a given continuous function, E is a Banach space with the norm

.11
Motivated by the above works, we study the existence of solutions for nonlinear sequential Caputo and
Caputo-Hadamard fractional differential equations with three-point boundary conditions as

{ D [SDox ()] = F(Lx (M), te@b), a1,

x(@) =0, x(b)=Ax(n),a<n<b, 1)

where D% and “DF are the Caputo-Hadamard and Caputo fractional derivatives of orders a and f respec-
tively, 0 < a, <1, f : [a,b] X E — E is a given continuous function satisfying some assumptions that will
be specified later, and E be a Banach space with the norm ||.||.

2. Preliminaries

In this section we present some basic definitions, notations and results of fractional calculus which are
used throughout this paper.

Let ] = [a,b]. By C(J, E) we denote the Banach space of all continuous functions from | into E with the
norm

Il = sup {llx (Al : £ € J}.

Let L! (J, E) be the Banach space of measurable functions x : | — E that are Lebesgue integrable with norm

x|l = f/ IIx (D)] dt.

And AC(J, E) is the space of absolutely continuous valued functions on J, and set
AC"() ={x: ] > R:x,x,x", ,x""eC(,E)and x" ! € AC(J E)}.

Now, we give some results and properties of fractional calculus.
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Definition 2.1 ([28]). The fractional integral of order o > 0 of a function x : | — E is given by

I"‘x(t)zﬁ f (t=s)* x(s)ds,

provided the right side is pointwise defined on |, where I' is the gamma function defined by

F(a):f e~ e,
0

Definition 2.2 (28]). The Caputo fractional derivative of order & > 0 of a function x : | — E is given by

n—=1

(k)
-y S0~ a)"l,
k=0 ’

CDax(t) = D%

where
=[a] +1 fora ¢ Ng, n = a for « € Ny,
and Dy, is the Riemann-Liouville fractional derivative of order a defined by
D (t) = D"I"“x (t) = _1 4 ft (t—3s)""x(s)ds
B T(m—a)dt J, '
The Caputo fractional derivative “D* exists for x belonging to AC"(J,IR). In this case, it is defined by
CD%(t) = I"*x™ (1) = _t f t (t =) X (s)ds
r (71 - a) a ‘

Remark that when o = n, we have “D%x(t) = x™ ().

Lemma 2.3 ([28]). Let a > 0 and let n be given by (2). If x € AC"(J, E), then

3

— 30 (g

kl
k=0

(1"D*x) (1) = x(t) - (t —a),

where x® is the usual derivative of x of order k.

4719

Lemma 2.4 ([28]). For @ > 0 and n be given by (2), the general solution of the fractional differential equation

CD(t) = 0 is given by
x(t) =co+ et + oot + ...+ et
wherec;eR,i=0,1,2,...,.n—1.
From the above lemma, it follows that
I“CD¥x() = x () + co + 1t + ot + ... + cpa 'Y,

forsomec;€eR,i=0,1,2,...,n—1.

Definition 2.5 ([28]). The Hadamard fractional integral of order a > 0 for a function x € L! (], E) is defined as

Hea B 1 ft( E)a—l d_S
Jx(t)_—r(a) i logS x(s)s,a>0.
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Set 6 = (t%), a > 0,n = [a] + 1, where [a] denotes the integer part of a. Define the space
ACH() = {x:] - E: 8" x € AC(J B)}.

Definition 2.6 ([28]). The Hadamard fractional derivative of order a > 0 for a function x € AC;; (]) is defined as

n £ n-a-1
Hepay (t) = &" (HS”_“x) t) = l"(n;—a) (t%) f (log é) x(s) dS—S

Definition 2.7 ([25]). The Caputo-Hadamard fractional derivative of order a > 0 for a function x € AC} (]) is
defined as

Lemma 2.8 ([25]). Let a > O and n = [a] + 1. If x € AC{(]), then the Caputo-Hadamard fractional differential
equation

IC{D“x =0,

has a solution

—

n— t k
x(b) = ck(log;) ,

0

=~
1l

and the following formula holds

[y

o~ o 'S t -
Hy (%D x)(t):x(t)+ Ock(loga) ,

o~
Il

wherec, € R, k=1,2,..,n—1.
Now let us recall some fundamental facts of the notion of Kuratowski measure of noncompactness.

Definition 2.9 ([3, 111). Let E be a Banach space and Qf the bounded subsets of E. The Kuratowski measure of
noncompactness is the map p : Qp — [0, c0) defined by

u(B) =inf {e > 0:B Cc U, B;and diam (B;) < e}, here B € Q.

The measure of noncompactness satisfies some important properties
(@uB)=0e Bis compact (B is relatively compact),
(b) 4 (B) = u(B),
() AcB=pu(A)<uB)
(d) (A +B) < (A) + u(B),
(&) 1 (cB) = Il (B), c € R,
(f) u (convB) = i (B).
Here B and convB denote the closure and the convex hull of the bounded set B, respectively. The details
of u and its properties can be found in [3, 11].

Definition 2.10. A map f : ] X E — E is said to be Caratheodory if
(i) t — f (t,x) is measurable for each x € E.
(ii) x — f (t, x) is continuous for almost all t € |.
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Notation 2.11. For a given set V of function v : | — E, let us denote by
Viy={v):veV}, te]
and
V(D={o®):veV, te]}.
Let us now recall Monch fixed point theorem and an useful lemma.

Theorem 2.12 ([2, 30]). Let D be a bounded, closed and convex subset of the Banach space such that 0 € D, and let
N be a continuous mapping of D into itself. If the implication

V =conoN (V) or V=N((V)U {0} = u((V) =0,
holds for every V of D, then N has a fixed point.

Lemma 2.13 ([37]). Let D be a bounded, closed and convex subset of the Banach space C (], E). Let G be a continuous
function on | X | and f a function from | X E — E, which satisfies the Caratheodory conditions, and assume there
exists p € L' (J,R*) such that, foreach t € | and each bounded set B C E, we have

Tim 1 (f (Juu X B)) < p (6 1 (B), here Joy = [t =D, 1] .

If V is an equicontinuous subset of D, then

y({ f] Gls,t) f(s,y()ds:ye V}) < f] IG (s, Dllp (5)  (V (5)) ds.

3. Existence results
Let us start by defining what we mean by a solution of the problem (1).

Definition 3.1. A function x € AC?(J,E) is said to be a solution of problem (1) if x satisfies the equation
Cpp [gbax (t)] = f(t,x(t)) on ] and the conditions x (a) = 0, x (b) = Ax(n),a <n <b.

For the existence of solutions for the problem (1), we need the following auxiliary lemma.

)% b)*
Lemma 3.2. Let A = (/\ (;(()5 Jr”l)) - (%(()g :1)) ) # 0. For any q € C(J,E), the unique solution of the boundary value

problem
{ D [SDox ()] =q (), te (ab), 3)
x(@) =0, x(b)=Ax(n),a<n<b,
is given by
(log fl)a
£ =13 () 0+ 5 (1 () @) - A1 (1) (o)

1 ! t a=1( s ds
- - 1 z _g)pf! =
@ F(ﬁ)f og (f (s—0)Y"q(0) da) 5

(log ’ -1 ds
F(a+1)A[r(a)r(5)f ( ) (f,, (s — o) q(a)da)?
'7 a 1 s
p-1 ds
a)F(ﬁ)f g ) (fa ©= q(a)da) s)' (4)
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Proof. Taking the Riemann-Liouville fractional integral of order § to the first equation of (3), we get
ED"‘x (t) = IPq (t) + co. (5)
Again taking the Hadamard fractional integral of order « to the above equation, we obtain

(log aﬁ)a

T'(a+1)

x(t) =H 3¢ (Iﬁq) )+ co + C1. (6)

Substituting t = a in (5) and applying the first boundary condition of (3), it follows that ¢; = 0. For t = b in
(5) we get

log )’
x(b) =H 3¢ ([ﬁq) ) + %Co,
and for t =, we have
(log g)a

x(n) =" 3 (IPg) () + g o

Using the second boundary condition of (3), we have

(log %)a (log ';’)a
T(a+1) Ta+D " )

Hya (Iﬁq) ®) + co = AH3® (Iﬁq) m+A

By solving (7), we find that

1 ~o ~o
v (A(log%)“ (mgi)“)(H“ (179) @) = A1 (IPq) ()

T(a+1) T(a+1)

(13 (Pq) ®) = 213 (1) ()

Replacing the values of ¢y and c; into (6), we get the integral equation (4). The converse follows by direct
computation which completes the proof. [

In the following we prove existence results for the boundary value problem (1) by using a Moénch of
fixed point theorems.

The following assumptions will be used in our main results

(H1) The functions f : | x E — E satisfy the Caratheodory conditions.

(H2) There exists py € L' (J,R*) N C (], R*) such that

||f(t,x)|| <ps®)lixll, fort € J and each x € E.
(H3) For each t € | and each bounded set B C E, we have

hlgg} p(f Jin X B)) < ps (t) u(B), here Ji; = [t = h,t] N ].
Theorem 3.3. Assume that A # 0 and the assumptions (H1)-(H3) hold. Let p* = sup py (t). If
te]

p*(b—a) (log t)’ (log 2)"
r+1)r(a+1) T'(a+1)|A|

1+AD| <1, (8)

then the boundary value problem (1) has at least one solution.
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Proof. We transform the problem (1) into a fixed point problem by defining an operator N : C(J,E) — C(J,E)
as

_ t N -1 ds

0= rrg J, (esd) ([ 6o roxonae) T
(log é)a 1 b P s L i
+1"(a+1)A[F(a)F(‘8)fa (log;) (fa (S—U)ﬁ f(a,x(o))da)?

L (a)Ar 0 f ! (log g)a_l ( f 5= f(0,x(0)) da) %)

By Lemma 3.2, the fixed points of operator N are solutions of the problem (1). Let R > 0 and consider the
subset

Dr={xe C(JE): |Ixllo < R}.

Clearly, the subset Dy is closed, bounded, and convex. We will show that N satisfies the assumptions of
Theorem 2.12. The proof will be given in three steps.

Step 1. N maps Dr, into itself.

For each x € Dg, by (H2) and (8) we have for each t € |

1 A b1
I0N2) O < s f (tog ) ( f (s-0) ||f<o-,x<o>)1|do)

(log £)° 1 T e ds
+r(a+1)|A|(r(a)r(ﬁ)j;(logg) (f (s-0) ||f<o,x<a)>||da);

|/\| gl a-1 S 3 i
T@T @) J. (1082) (fﬂ (S—G)ﬁ1|)f(a,x(o))||dg)§)

L ¢ Ea—l s e @
SF(a>r(/3)fg(l"gs) (f (5-0) da) 5
(log S)a p'R b b\ g1, |45
+F(a+1)|AI(F(a)F(ﬁ)fa (logg) (f (s—0) do)?
IAlp"R b AN b1 ds
g, [osd) ([ e-ora))
Also, note that

t pa-1( s - ds (b-a) (log S)a
f,, (bgé) (f (s —o) 1d0)? STE+DT@+1)

where we have used the fact that (s — a)’ < (b —a)? for 0 < B < 1. Using the above arguments, we have

PR - a)/s (log i—’)a (log S)a
TE+Dr@+D) | " Tar DA

ds
s

(Nx) (D) < (L +1A])

<R.

Step 2. N (Dg) is bounded and equicontinuous.
By Step 1, we have N (Dg) = {Nx: x € Dr} € Dg. Thus, for each x € Dg, we have ||[Nx||,, < R, which

means that N (Dg) is bounded.
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For the equicontinuity of N (Dg). Let t1,t; € ], t; < t; and x € Dr. Then

(%) (£2) — (Nx) (£l

f_z a-1 S e )d_S
I“(a)F(ﬁ)f ( (10% )( f (s =) ||f @.x (0D do)
” _ ﬁ 1 ds

r<a>r<ﬁ> ] (os2) (f -ofe x<a>>Hdo)
(log %) ~(log 2)" (1 B\ ([ ds
AT @+ DT @I (p) (f (logg) (f (5-0) ”f(G/x(U))”da)?
b a-1 S
+|/\|f (logg) (f (s — o) ! ”f(a,x(o))”da)%)
PRO-a) [ (" ) B\ N\ ds (2 k\lds
TR T@ |f ((l"g?) ~(es) )?*fh (o53) ?}

(log2)" - (log2)" p'R (b - a)f (log £)”
I'(a@+1)|A| Fr+1)I(a+1)

pRE -0 by (%)~ (log %) 'R~ (log B)'
SF(ﬁ+1)r(a+1)(2(lgﬂ))+ T(a+1)A]| TE+DT(a+1)

(1 +[A])

(1 +IA]).

As t; — ty, the right-hand side of the above inequality tends to zero and the convergence is independent of
x € Dr. Hence, we conclude that N (Dg) is equicontinuous.

Step 3. N is continuous.

Let {x,} be sequence such that x, — x in C (], E). Then, for each t € |, we have

I(Nxy) (£) — (Nx) (1)l

a 1
— o)1
< F(a F(ﬁ)f log (f (s =) H|f (0,2 (0)) — f(a,x(a))”da)

<10g E) b p-1

"IAT <a+1>r<a>r(ﬁ)(fa (l"g ) ( f (s =) ||f (0,20 (@) f(ax(o))”dg)
gl a-1 S

+M|£ (logg) (]a‘ (s—o)f ! “f(a,xn(o))—f(g,x(a))”da)?5).

Since f is of Caratheodory type, then by the Lebesgue dominated convergence theorem, we have

[[(Nx,,) (£) — (Nx) ()|l — O as n — oo.

This shows that (Nx,) converges pointwise to Nx on J. Moreover, the sequence (Nx,) is equicontinuous by
a similar proof of Step 2. Therefore (Nx,) converges uniformly to Nx and hence N is continuous.

Now let V be a subset of D such that V' c conv (NV) U {0}). V is bounded and equicontinuous, and
therefore the function v — v (t) = p(V (t)) is continuous on J. By assumption (H3), Lemma 2.13 and the



A. Lachouri et al. / Filomat 36:14 (2022), 47174727 4725

properties of the measure u we have for each t € |

o) < pu((NV) () U{0}) < u((NV) (D)

1 t t a-1 S 61 s
: Wr(ﬁ)f (85) ( f (5= 0)" py (O)H(V(o))do) »
(log ﬁ)a »
+F(a+1)|A|(F(a)r(ﬁ)f (Og ) (f (s—0) f(ff),ll(V(cI))do)

|/\| b( _)a 1( o )d_s
I’(a)r(ﬁ) log f (s=0)" prlo)u(V(o))do -

p(b— a)’ (log ) (log b)a
<ol T DT @+ | Tar DA

(1 +I1AD|.

=

By (8), it follows that ||v||,, = 0, thatis v (t) = 0 for each f € ], and then V' (t) is relatively compactin E. In view
of the Ascoli-Arzela theorem, V is relatively compact in Dg. Applying now Theorem 2.12, we conclude that
N has a fixed point, which is a solution of the problem (1) O

This means that

" _ ‘B g (04 1_7 o
||v||oo[ pb-af (log ) [1+ h)

TT@E+DT@+1) | T(a+1)IA|

(1 +[A])

4. Example

As an application of our results, we consider the following boundary value problem of a fractional
differential equation

D [CDix ()] = 2t2+ex mpx (), te(1,2), o
x(1)=0,xQ2) =% gS

Herea=1,b=2,a = %, B= %, A= 0 andn = 3. With these date we find A = —0.80691 # 0. Let

E=I'= {x = (X1, X2, ey Xpgy nn) Z x| < oo},

n=1

equipped with the norm

Il = ) bl

n=1

Set

% = (01,32 ), f = (s oo o) fo b 30) = o x, te)

- 1/ A27 ceesAnyeee) s = \J1, )2 Jus-) s Ju\b,An) = 2t2+exp(t2—1) ns .

For each x,, and t € |, we have

[ —— (10)

T 22 +exp (2 -1)
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Wp(tz—l)‘ By (10) and for any bounded set

B c 1!, we have

u(f(tB)) < u(B) foreacht e J.

1
22 + exp (2 - 1)

Hence (H3) is satisfied. The condition

p(b— a)ﬁ <log g)a [log (f—;)]a
rB+1)I(a+1) I'(a+1)|A|

T+]AD =072 <1,

is satisfied with p* = suppy (t) = 1. Consequently, Theorem 3.3 implies that the problem (9) has a solution
te]

defined on J.
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