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Sparse Recovery for Compressive Sensing via Weighted L, ; Model

H. K. Nigam?, Saroj Yadav?®

®Department of Mathematics, Central University of South Bihar, Gaya, Bihar (India)

Abstract. In this paper, we study weighted L,—; minimization model which comprises non-smooth, non-
convex and non-Lipschitz quasi-norm L,(0 < p < 1) and L,(1 < g < 2) for recovering sparse signals. Based
on the restricted isometry property (RIP) condition, we obtain exact sparse signal recovery result. We also

obtain the theoretical bound for the weighted L, , minimization model when measurements are depraved
by the noises.

1. Introduction

Donoho [2] and Candés, Romberg and Tao [7] have initiated the area of compressed sensing (CS) in
2006. Since then an ample amount of work have been published on CS both in theoretical and applied

fields. The aim of the compressed sensing is to recover a sparse signal y € RM from very few non-adaptive
linear measurements

z=Ay+¢, 1)
where A € RVM(N << M), z € RN and & € RN are the measurements matrix and additive noise
respectively.

If the measurement matrix A satisfies some kinds of incoherence conditions such as mutual coherence

([9, 12]), restricted isometry property (RIP) ([5, 6]) etc., then stable and robust recovery can be obtained for
sure by using constrained L;- minimization ([7, 13]) given by

i s.t. Ay=z. 2
min llylh y (2)

In this context, L; minimization problem works as a convex relaxation of Ly-minimization problem which
is a NP-hard problem [1] and counts the nonzero entries.

In the meantime, Gribonaval and Nielsen [12] have proposed following L,(0 < p < 1)- minimization (a
non-convex recovery algorithm) to enhance sparsity

i .t Ay=z. 3
yzlﬁﬁllyllp s y=z €)
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In practice, non-convex L, minimization is more challenging as compared to convex L; minimization.
However, L, minimization provides reconstruction of the sparse signal from fewer number of measurements
compared to L; minimization.

Recently, Esser et al. [8], for the first time, proposed and solved L;_, minimization model using the difference
of convex functions algorithm. Yin et al. [10] presented a constrained L;_, minimization model given by

minllyl -yl 5.t Ay=z @)
yeRM

which included two kinds of norms L; and L, norms respectively and obtained sparse recovery result using
RIP condition. Yin et al. [10] also obtained the theoretical bound using RIP condition when measurements
are depraved by the noises for the minimization model

min [yl — Iyl s.t. [[Ay -zl < 7. 5)
yeRM

The models proposed by [8] and [10], have been found to be more effective than Lo, L; and L, norm model in
some sense with their respective approaches. Wang and Zhang [3] proposed L;-,(1 < p < 2) minimization
model for recovering sparse signal which was solved using projected neural network algorithms. Zhao
et al. [14] represented a more general non-smooth, non-convex and non-Lipschitz sparse signal recovery
model L, 4(0 < p <1, 1 < g < 2) which is an extension of the models represented by [8] and Wang and
Zhang [3]. Zhou and Yu [15] represented weighted L,_1(0 < p < 1) minimization model for sparse signal
recovery which is an extension of L, minimization method.

In the present paper, we study weighted L, ; minimization model for sparse signal recovery using RIP
condition. We also establish a theoretical bound for the weighted L, , minimization model using RIP
condition. Some important corollaries are also obtain for the case & = 1 for recovering sparse signal.
Remaining part of this paper is organized as follows: In section 2, we give some notations and definitions
related to the presented work. In section 3, we propose our minimization model and provide theoretical
results on weighted L, ; model which play a cruical role in finding the sparse signal recovery. In section 4,
we prove an exact sparse recovery result based on RIP condition and also establish a theoretical bound for
the weighted L, ;, minimization model when measurements are depraved by the noises. In section 5, some
important corollaries are obtain for the case @ = 1 for sparse signal recovery.

2. Notations and Preliminaries

Some useful notations are as follows:
Consider the column vector y = (y1, 2, -+, ym)" and z = (21,22, -+ ,zm)".

M M 1
(y,z) = Z Yizk is the inner product of y and z. ||yl = (Z kalz) is the Euclidean norm.

k= k=1
M

1
llyll, = (Z |yk|l’)p, (0 < p <1)is the L, quasi-norm.
k=

liylly = (Z |yk|‘7)q, (1 < g <2)is the L, norm.
k=1

vg(y) is the gradient of g at y.
Now, we give a following definition which is needed in obtaining our recoevry results in section 4.

[uy

Definition 2.1 ([4]). Ristricted Isometry Property (RIP)
For all s-sparse signals y € RM, the matrix A € RNM is said to satisfy s-RIP with constant 6 € (0,1) if the
following inequality is true:

(1= 8:)llyll; < Ayl < (1 + 8:)llyll3- (6)
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3. Formulation of Minimization Model

We consider the following non-smooth, non-convex and non-Lipschitz weighted L, ; minimization
problem for sparse signal recovery:
9(y) = ;nin Iyl —allylly s.t. Ay=z, (7)

€RM

where0<p<1,1<g<2and0<a<1.
First, we prove a following lemma which is crucial in proving our Theorem 4.1.

Lemma3.1l. (i) LetyeRM, 0<a <1, 0<p<landl<q<2, then
(M — aM ) min by ) < Iyl = allylly, < (V75 = @l ®)
(ii) When K = supp(§)) € M and ||yllo = s, then

(s — as?v)(gg? |yi|) < lylly - allylly < 7% = )llyll. ©)

Proof. (i) We can easily find the right hand side of inequality (8) using Holder’s inequality and the norm
inequality [lyll, < Mi™a llyll; for any y € RM. Thus, using the above fact, we get

lyll, - allyll, < M? ™1 = a)llyll,. (10)

Now, we find left side of inequality (8). For M = 1, (8) is true. Now, for M > s > 1, we suppose
yi>0,i=1,2,---M, then

M %7—1 M %_1
g =Y k) —alul (Y ) >o,
k=1 k=1

1q

M 11 M 1_
where [yl (Y ) > Tand (Y ) <1
k=1 k=1

Hence, g(y) is a monotonic increasing function with respect to y;. Consequently,

9() = g( miny;,---,min yi)~
Thus,

lyll, = allylly > (M7 — ab?) min |yl

(i) This part of the lemma can be proved by putting y = y, in the proof of part (i) of this lemma.
|
4. Recovery Results

Theorem 4.1. Suppose the weighted L,_, has more than one s-sparsity solutions with s < M, then it has a unique
solution y with sparsity s if the vector y satisfying

11 1.1 5
(3s)r 72 — a(3s)7 2) o1

) = E a

(NI

()% +a(s)
and a matrix A satisfies the condition

035 +a(s)04s < a(s) — 1. (12)



H. K. Nigam, S. Yadav / Filomat 36:14 (2022), 4709-4716 4712

Proof. Let K = supp(§), then |K| = s. Suppose y and j are the two solutions of (7) with sparsity s. Now, we
decompose y as y = 7 + vand v = vg + v and thus we need to show that v = 6.
Now, we can write (7) as

ylly — allylly = 11§ + v + vacellp — allf + vae + vocellg
< 19l — allglly- (13)

On the other hand,
g + vac + vacelly — allf + v + vl
=17 + vlly + lvgeell, — all§ + v + vl
> |91l — vaclly + Ivacell, — allflly — allvally — allvgellg- (14)

So, v must obey the following inequality
vaclly + allvaclly = lvacell, = allvacll- (15)

Arrange the elements in vg. such as K¢ = K; U K, --- with their absolute values, and divide K* into !
subsets K;i(1 < i < I), where each subsets contains 3s largest elements except K; with less indices. Similarly,
v, contains the 3s largest elements in vi.. According to the RIP condition for matrix A and the notation
Ko = K UKq, we have

)
0 = ||AvV]|; = ’ Avy, + Z Avyg
i=2 2
1
> || Avy |l - ] Y Avg '
i=2 2

1
> 1= 0sllvagl = V1 +05 Y lIvacll. (16)
=2

!
Now, we will set an upper bound for 2 IV ll2. By using the division rule of K*, we can get |vi| < |v,| for
i=2
k € K and r € Ki_1,i > 2. From Lemma (3.1)(i) and using condition |[v,[lo < 3s, we have
v — aflvg.
- VIl — allv, llg

Vil < min |v,| < 1 1
rekia (3s)7 — a(3s)1

(17)

where vi and v, are the k" and '/ elements respectively in K¢ and accordingly

! !
Y liviclle < V35 ) max|vyd
i=2 i k<K

1 1
Y lvaclly = ) livacll,
< i=1 i=1 )

1 1 1_1 (18)
(3s)r 2 —a(3s)1 2

Because K¢ = K3 U K> - - -, we note that

i 1
Y Vsl < livacll, and Iivaclly < Y lvgelly- (19)

i=1 i=1
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Now, using (19) in (18), we get

vscell, = llvacl
Z vl < —— L (20)

(3s)r2 —a(3s)4 :

Now, using (15), we have

1
vacll, + allvcl

D vl < ————1

= (35)/ 7 — a(3s) i
1_1 1_1
S)P 2 + afs)1 2

O " +a® @1
(35)%7 2 —q(3s)12

Using (21) in (16), we get

1

1_
+a(s)r 2

1_1
s)r 2
AVl = VT = Balivigll = T+ 00~ 22O
(3s)? "2 —a(3s)1 2
1
2> V1 = b4llvagllo — V1 + O35 mllv'Kllz, (22)
a(s

-1 1132
where a(s) = (—(35)14—“(324 ) .
(8)P 2+a(s)7 2
Using the inequality [[vgllz < ||V, ll2, (22) becomes

1
IAV]> > 1 = Ossllvagll — V1 + 636 ——lIv,ll2

e
> (V=00 = T+ 00— vl (23)

1
NS

According to (12), we have

(\/1—645— \/1+535

1
) > 0.
va(s)
Hence, vg, = 8 which implies vg and v, are zero vectors. Further, from the division rule of K*, we have
vy = 0. This implies v = 6.

This completes the proof of the theorem. [

Now, we find the following stable recovery result of the weighted L, ; minimization model when the
measurements are depraved by the noises.

Theorem 4.2. Under the assumptions of Theorem (4.1) except that z = Ay + & with ||&|l2 < 1 we have that the
solution y°¥* to the variant of problem (7)

min [y, —allyll; st [[Ay—zlh <7 (24)
yeRM

obeys ||y — §|l < Cs1 for constant Cs > 0, where

CS:

2[ A1 +a(s) ]
Va@) (T —0x) — VI + 05,1
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Proof. We have

Z vl < IVl 5)

\/a S
and
1
1Av], > (\/1 “om — A1 +635—)||v7<0||2. (26)
Ja)
We also have
VL, = \JHV«OHZ + Z v 2. 27)

Using (25) in (27), we get

lIvaclly
VIl = 4[lvae I3 +

<3 / ||V‘Ko ll2- (28)

Using (28) in (26), we get

(«/1 50— VI ¥ 05 \/(_)

(1 + a(s))

llAv]z > [Iv]l2

a(s)(1 — Oys) — V1 + O35
= v : = vl (29)
V1 +a(s)
Since
Ay = zlla = [Ill2 < 7. (30)
Now, using triangle inequality we can write
AVl = [I(Ay - 2) — (A7 = 2)lI2
<Ay —zll + A7 — zll>. (31)
Using (30), we get
lAV]> < 2n. (32)
Now rewriting (29), we have
V1 +a(s)
vl <| Jiavie. (33)
Va(s)(1 = 64s) = V1 + 05

Using (32), we get

lvll2 <

[ V1 +a(s) ]2
Vi@ o) — VItoml |
<Ca (34)
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where
C. = 2[ 1+ a(s) ]
Va(s)(1 — d4s) = VI + O3
O

Remark 4.3. Since a(s) > 1, equation (11) implies

Pq

s> (L?’qz) o (35)

1_1
37

If @ = 1in (35), the sparsity s becomes large as q decreases for fixed p. In other words, we can say that the solution of
the minimization problem (7) is sparser with large s when the matrix A satisfies a RIP condition.

5. Remark

Corollary 5.1. If & = 1 in the minimization model (7), model (7) has a unique solution y with sparsity s if the vector

y satisfying

39i @ity
m@:(()hl Gs)t )>1 (36)
(677 + ()17
and matrix A satisfies the condition
O35 +a(s)d4s < a(s) — 1. (37)

Corollary 5.2. Using the conditions (36), (37) and if @ = 1 in the minimization model (24), then the model (24)
obeys ||y — §|| < Cs1 for constant Cs > 0 with ||&|| < 1, where

V1 +a(s) ]
Va) (1 = 0s) — VI+ 031

a:z[

6. Conclusions

In this paper, we study a non-smooth, non-convex and non-Lipschitz weighted difference L,_; mini-
mization model. We establish exact sparse signal recovery using the RIP condition and also establish a
theoretical bound for the weighted L, ; minimization model using the RIP condition when measurements
are depraved by the noises. Our proposed non-smooth, non-convex and non-Lipschitz minimization model
is more effective than Ly, L; and L, minimization model as the norm of this model is influenced by the
models proposed by [8] and [10]. We also discuss the exact sparse recovery result and theoretical bound
for the L,—; minimization model using RIP condition.
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