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Abstract. In this paper, we propose a self-adaptive algorithm for solving the split common null point
problem and the fixed point problem for multivalued Bregman quasi-nonexpansive mappings in Banach
spaces. We prove that the sequence generated by our iterative scheme converges strongly to a common
solution of the above-mentioned problems under some suitable conditions. We also apply our main result
to split feasibility problems in Banach spaces. Finally, numerical examples are given to support our main
theorem. The results presented in this paper improve and extend many recent results in the literature.

1. Introduction

Let E; and E; be two real Banach spaces. Let By : E; — Ej and B; : E; — E}, be two set-valued maximal
monotone operators and A : E; — E; be a bounded linear operator with its adjoint operator A* : E5 — Ej.
The split common null point problem (SCNPP) is formulated as finding x* € E; such that

0 € Bi(x") and 0 € By(Ax"). (1)
This formalism is also at the core of the modeling of many inverse problems and other real life problems, for
instance, in practice as a model in intensity-modulated radiation therapy treatment planning (see [15, 19])
and in sensor networks in computerized tomography and data compression (see [14]).

To solve the SCNPP in two Hilbert spaces H; and H,, Byrne et al. [11] introduced the following
algorithms: for u,x; € Hy, compute the sequences {x,} generated iteratively by

Xpa1 = Ja(xn — VA*(I - Qy)Axn)/ Vn>1 )
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and
Xni1 = @it + (1 — )2 — yA"(I - Qu)Axy), Yn =1, 3)

where J) and Q, are the resolvent operators of By and B; for A, u > 0, respectively, and the parameter y
satisfies 0 < y < ﬁ. They obtained weak and strong convergence results of (2) and (3), respectively under

some control conditions.

Alofi et al. [4] introduced the modified Halpern'’s iteration for solving the SCNPP (1) in the case that E;
is a Hilbert space and E; is a Banach space as follows:

X1 € El, (4)
Xn+1 = PuXn + 1- ﬁn)(anun +(1- an)]/\,, (xn = ARAJE(I - Qpn JAx,)), Yn>1,

where Ji is the duality mapping on E,, {u,} is a sequence in E; such that u, — u, and the stepsize A, satisfies
0 <a < AullA|I? € b < 2 for some a,b > 0. Under some suitable assumptions, they proved that the sequence
{xn} generated by (4) converges strongly to a solution of the SCNPP.

Suantai et al. [49] also proposed the following algorithm for solving the SCNPP (1) between a Hilbert
space and a Banach space:

x1 € Eq, (5)
Xni1 = A f(Xn) + BuXn + YV, (n = AnAJE( = Qu,)AXy), Yn 21,

where f : E; — Ej is a contraction and the stepsize A, satisfies 0 < a < MlIA|IZ € b < 2 for some a,b > 0.
They proved a strong convergence result of {x,} generated by (5) under some suitable conditions. Recently,
some iterative methods have been proposed and invented independently for solving such a problem in
many different contexts (see for instance [24, 51, 53, 54, 56, 571]).

However, it is observed that the choice of the stepsize of the above results and other corresponding
results depend on the operator norm or the matrix norm (in the finite-dimensional space). As a result, the
implementation of such algorithms are usually difficult to handle (see [23]). To overcome this difficulty,
Lopez et al. [30] suggested an algorithm so-called a self-adaptive method for solving the split feasibility
problem (SFP) in Hilbert spaces. We note that the SFP is an interest special case of SCNPP and it is very
important in nonlinear analysis. To be more precise, they proposed the following method, which permits
the stepsize A, being selected self-adaptively in such a way

_ pnf(xn)
M= VB

where {p,} € (0,4), f(x,) = %H(I - PQ)Aan2 and Vf(x,) = A*(I — Pg)Ax, for all n > 1 (Pc and Pg denote the
metric projections on C and Q, respectively). They proposed an iterative method for solving the SFP in two
Hilbert spaces as follows:

u,x1 €C, @)
Xpe1 = At + (1 — ay)Pe(xy, — AWV f(xy)), Yn 21,

(6)

where the stepsize A, is chosen in (6), and also proved that the sequence {x,} generated by (7) converges
strongly to a solution of the SFP provided lim, . a, = 0 and },,_; a, = co.

On the other hand, let E be a real Banach space. We consider the fixed point problem which is the
problem of finding a point
x* € E such that x* = Tx", (8)

where T is a nonlinear mapping on E. In real life, many mathematical models have been formulated as
this problem. Currently, many mathematicians are interested in finding solutions of some optimization
problems with fixed point constraints (see for instance [18, 25-28, 4043, 46, 47]).
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In this paper, inspired and motivated by the above-mentioned works, we introduce a self-adaptive
algorithm for finding a common solution of the SCNPP and the fixed point problem for multivalued
Bregman quasi-nonexpansive mappings in the framework of Banach spaces. We prove a strong convergence
theorem of the sequence generated by our proposed method under some suitable conditions as shown in
Sec. 3. Furthermore, in Sec. 4, the result for solving the split feasibility problem and the fixed point problem
in Banach spaces is a consequence of our main result. In the last, Sec. 5, we give some numerical examples
to demonstrate the convergence behavior of our algorithm and support our main theorem. The results
presented in this paper improve and extend many recent results in the literature.

2. Preliminaries

Let E be a real Banach spaces with its the dual space E* of E. We write (x, j) for the value of a functional j
in E* at x in E. We shall use the notations x, — x means that {x,} converges strongly to x and x,, — x means
that {x,} converges weakly to x. Let E; and E; be real Banach spaces and let A : E; — E; be a bounded
linear operator with its adjoint operator A" : E;, — E] which is defined by

(X, A"y :=(Ax, i), Yx€Ey, J€E]
and the equalities ||A*|| = ||Al| and N(A*) = R(A)* are valid, where R(A)* = {x* € E5 :(u,x") =0, Yu € R(A)}.
For more details on bounded linear operators and their duals, please see ([21, 50]).

Let1 < g <2<p <ocowith ; + 1 = 1. The modulus of convexity of E is the function & : (0,2] — [0,1]
defined by

5r(e) = inf{l S = gl = 1, - gl e}.

A space E is called uniformly convex if og(e) > 0 for all € € (0,2] and p-uniformly convex if there isa c, > 0
such that 6g(€) > cye” for all € € (0,2].

The modulus of smoothness of E is the function pg : R* := [0, c0) — R* defined by

pe(T) = sup{w =1:|lxll =lyll = 1}.

A space E is called uniformly smooth if lim,_o 222 = 0 and g-uniformly smooth if there exists a ¢, > 0 such

that pg(t) < ¢;77 for all T > 0. Note that every p-uniformly convex (g-uniformly smooth) space is uniformly
convex (uniformly smooth) space. It is known that E is p-uniformly convex (g-uniformly smooth) if and
only if its dual E* is g-uniformly smooth (p-uniformly convex) (see [5]). Furthermore, L, (or £,) and the
Sobolev spaces are min{p, 2}-uniformly smooth for every p > 1 while a Hilbert space is 2-uniformly smooth
(see [58]).

Definition 2.1. A continuous strictly increasing function ¢ : R* — R* is said to be a gauge if ¢(0) = 0 and
lim;,e @(t) = c0.

Definition 2.2. The mapping ], : E — E* associated with a gauge function ¢ defined by

Jo) :=1{f € E": x, f) = lixllp(llxl), /1l = @llxl)), ¥x € E},
is called the duality mapping with gauge @, where (-, -) denotes the duality pairing between E and E".
In the particular case ¢(t) = t, the duality mapping ], = | is called normalized duality mapping. In the

case @(t) = !, where p > 1, the duality mapping ], = J, is called the generalized duality mapping which is
defined by

Jp(x) = {f € E*: {x, f) = IIxIP, L1l = llxllP~"}.
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It follows from the definition that J,(x) = % J(x) and J,(x) = [Ix|[P2](x), p > 1. It is well known that if E is

uniformly smooth, the generalized duality mapping ], is norm to norm uniformly continuous on bounded
subsets of E (see [35]). Furthermore, ], is one-to-one, single-valued and satisfies J, = Iy 1 where J; is the
generalized duality mapping of E* (see [13, 36] for more details).

The following lemma can be found in [5, Theorem 2.8.17] (see also [29, Lemma 5]).

Lemma 2.3. Let p > 1, r > 0 and let E be a uniformly convex Banach space. Then there exists a strictly, increasing
and convex function g, : R* — R* with g(0) = 0 such that

lltx + (1 = Oyl < HixllP + (1 = Dyl — t(1 = £)g.(lx — yll),
forallx,yeB,:={z€E: |zl <rlandte]0,1]

Lemma 2.4. [58] Let E be a g-uniformly smooth Banach space. Then there exists a constant ¢; > 0 which is called
the g-uniform smoothness coefficient of E such that

llxe = yl17 < Ml = <y, Jo(x)) + cqllyll",
forallx,y € E.

Let C be a nonempty, closed and convex subset of a strictly convex, smooth and reflexive Banach space
E. The metric projection of x € E onto C is the unique element Pc(x) € C such that

llx — Pc(x)ll = r;leigllx =yl

The metric projection can be also characterized by the following variational inequality:
(y = Pc(x), Jo(x — Pc(x))) <0, VyeC.

For a gauge ¢, the function ® : R* — R* defined by ®(¢) := fot @(s)ds is a continuous, convex and strictly

increasing differentiable function on R* with @’() = ¢(t) and lim;_, & = o0, Therefore, ® has a continuous

inverse function @1,
We next recall the Bregman distance, which was introduced and studied in [10].

Definition 2.5. Let E be a real smooth Banach space. The Bregman distance D, (x, y) between x and y in E
is defined by

Dy (x, y) := O(llxl) = @(|[yl)) = Cx = v, Jp(y))-

We note that D, (x, y) > 0 and Dy(x, y) = 0 if and only of x = y. Moreover, the Bregman distance has the
following important properties:

Dy(x,y) + Dyp(y, x) = {x =y, Jo(x) = Jo(y)), Vx,y €E )
and
Dy(x,y) = Dy(x,2) + Dy(z,y) +{z = ¥, Jo(x) = Jo(2)), Vx,y,z € E. (10)

For a smooth and uniformly convex Banach space E, then there exists a strictly, increasing and convex
function g : R* — R* with g(0) = 0 such that

g(llx = yll) < Dy(x, y) (11)
for all x, y € E (see [29]).

In the case p(t) = 71, p > 1, we have O(t) = fot p(s)ds = %. So we have the distance D, = D, is called
the p-Lyapunov function which was studied in [12] and it is given by

D,(x, y) = %uxnp - %nynp = 1 ). (12)
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It is easy to show that (12) equivalent to the following;:
1 1
Dy(x,y) = Ellxllp = Jp(y) + 5|Iyl|p, (13)

where © + ¢ = 1. If p = 2, we have Ds(v, ) = 3¢(x, ), where ¢ is called the Lyapunov function which was
introduced by Alber [1].
Following [32], we make use of the function V, : E X E* — IR* which is defined by

V(3 = Sl - (%) + LI, Ve E xeE (14)

Note that V, is nonnegative and

V,(x,%) = Dy(x, J4(X)), Vx€E, x€E". (15)
By the subdifferential inequality, we have

Vp(x, %) +{J4(X) —x, i) < Vp(x,x +7), Vx€E, x, 7€ E". (16)

Moreover, V), is convex in the second variable. Then, for all z € E,

M M
Dz Jo( Y tlpx9)) < ), tDy(z, %0, (17)
i=1 i=1

where {xi}f\ﬁl c E and {ti}fﬁl c (0,1) with Zf\fl ti=1.
Let C be a nonempty, closed and convex subset of a strictly convex, smooth and reflexive Banach space

E. The Bregman projection, denoted by 17, is defined as the unique solution of the following minimization
problem:

H?(x) = argmin, .-Dy(x,y), x €E. (18)

When ¢(t) = t, wehave 1_[(’Cj coincides with the generalized projection which studied in [1]. When ¢(t) = t#/71,
where p > 1, we have IT%. becomes the Bregman projection with respect to p and denoted by Ic.

Proposition 2.6. ([29]) Let C be a nonempty, closed and convex subset of a strictly convex, smooth and reflexive
Banach space E and let x € E. Then the following assertions are equivalent:

(i) z =TI%(x) if and only if (y — z, Jo(x) — Jo(2)) < 0, Yy € C.
(ii) Dy(y, TIE(x)) + Dy (ITE(x), x) < Dy (y, x), Yy € C.

Lemma 2.7. ([33]) Let E be a smooth and uniformly convex real Banach space. Suppose that {x,} and {y,} are two
sequences in E. Then, limy,_,co Dy(xn, yu) = 0 if and only if limy, .« |Ix; — yull = 0.

Lemma 2.8. ([38]) Let E be a smooth and uniformly convex real Banach space. Suppose that x € E, if {D,(x, x,,)} is
bounded, then the sequence {x,} is bounded.

Let C be a nonempty, closed and convex subset of a Banach space E. Let N(C) and CB(C) denote the
family of nonempty subsets and nonempty, closed and bounded subsets of C, respectively. Let H be the
Hausdorff metric on CB(C) defined by

H(A, B) := max { sup d(x, B), sup d(y,A)},
xeA yeB

for all A, B € CB(C), where d(a, B) = infyep{|la — b||} is the distance from the point a to the subset B.
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Let C be a nonempty subset of E and T : C — CB(C) be a multi-valued mapping. We denote the set of
fixed point of T by F(T), i.e., F(T) :== {x € C: x € Tx}. A point z € C is called an asymptotic fixed point of T,
if C contains a sequence {x,} such that x, — z and d(x,, Tx,) — 0 as n — co. We denote f(T) by the set of
asymptotic fixed points of T. The concept of an asymptotic fixed point was introduced by Reich [37].

We now give the definitions of some classes of Bregman multi-valued mappings.
Definition 2.9. A multivalued mapping T : C — CB(C) is said to be

(1) ¢@-Bregman nonexpansive if
Dy(u,v) < Dy(x,y), YueTx, ve Tyand x,y € C,

(2) @-Bregman relatively nonexpansive if F(T) = F(T) # @ and

Dy(z,u) < Dy(z,x), Yu € Tx, x € Cand z € F(T),

(3) p-Bregman quasi-nonexpansive if F(T) # @ and

Dy(z,u) < Dy(z,x), Yu € Tx, x € Cand z € F(T).
We remark that the class of p-Bregman quasi-nonexpansive is more general than class of ¢-Bregman
relatively nonexpansive mappings and @-Bregman nonexpansive mappings with nonempty fixed point set.

Remark 2.10. (i) In the case (t) = t'~1, where p > 1, we have @-Bregman quasi-nonexpansive, ¢-Bregman rel-
atively nonexpansive and @-Bregman nonexpansive mappings become Bregman quasi-nonexpansive, Bregman
relatively nonexpansive and Bregman nonexpansive mappings, respectively.

(ii) In a Hilbert space H and ¢(t) = t, a Bregman quasi-nonexpansive mapping and quasi-nonexpansive mapping
are equivalent, for Dy(x, y) := ||x — ylI* forall x,y € H, i.e.,

Dy(z,u) < Dy(z,x) = llz—u|| < |lz—x||, Yu € Tx,x € C and z € F(T).

Let E be a Banach space and B : E — E* be a mapping. The effective domain of B is denoted by D(B), i.e.,
D(B) := {x € E : Bx # 0} and the range of B is also denoted by R(B) := U,epp) Bx. A multi-valued mapping
B is said to be monotone if

(x=y,u-vy>0, Yx,y € D(B), u € Bx and v € By. (19)

A monotone operator B on E is said to be maximal if its graph is not properly contained in the graph of any
other monotone operator on E.

Definition 2.11. Let E be a strictly convex, smooth and reflexive Banach space and let B : E — E* be a
maximal monotone operator. For A > 0, the gp-metric resolvent of B is operator Q¥ : E — D(B) defined by

QY(x) := (I+AJ,'B)™"(x) forall x€E. (20)

The set of null points of B is defined by B710 := {z € E : 0 € Bz} and it is known that B~10 is closed and
convex (see [50]). We see that

0 € J,(Qf (x) — x) + ABQS (x) (21)
and F(QY) = B™'0 for A > 0. By (21), we see that

Jp(x = QT (%))

5 € BQ¥(x) (22)
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and

Joly - 8w
L= e QU 23)

for all x, y € E. Adding up (22) with (23) and using the monotonicity of B, we obtain

(Qfx = Qhy, Jolx = Q%) = Joly — QY)Y > 0, (24)
forall x, y € E. It is also known that, if B7'0 # 0, then
(Q%x =z, Jo(x — Q¥x)) > 0, (25)

for all x € E and z € B~10 (see [6]).
In fact, let {x,} be a bounded sequence in E. From (25), we have

(xn -z ]({J(xn - Qfxn»
(xn — Qq;\)xn/ I(p(xn - Qfxn»
llxn — Qfxn”(P(Hxn - Q;fxn”)/

\%

Il — zllp(llen — QY xall)

\%

which implies that
Il = QFxull < I, — 2,

for z € B10. Hence, {x, — Qfx,,} is bounded. Moreover, let x, — x as n — oo, then from (11) and (24), we
have

(xn — x, ](p(xn - Q(gxn) - ](p(x - fx))

(xn - Qfxn - (x - Qfx)l ](p(xn - Qfxn) - ](p(x - Qfx»

= Dyp(n = Q%% x = Q%%) + Dy(x = Q7,1 — Q¥x,)

> gllen — Q% xn — (x = QF0)I) + g(llx — QY x — (xn — QFx)Il)

= 2g(|lxy — Q% xy — (x — QI

\%

@

A
In the case ¢(t) = #!, where p > 1, we shall denote Qf by Qi := (I + AJ,'B)™".

Since x, — x and by the property of g, then Q%x, — Q¥x. Hence, Q" is continuous.

Definition 2.12. ([29]) Let C be a nonempty, closed and convex subset of a smooth Banach space E and let
Jo : E — E" be the duality mapping with gauge ¢. Suppose that B : E — E" is an operator satisfying the
range condition

D(B) c CC J,'R(J, + 1B), (26)

where r > 0. For each r > 0, the ¢-resolvent associated with operator B is the operator Rf : C — E defined
by

RY(x):={z € E: J,(x) € (], +rB)z}, x€C.
In addition, it is easy to show that F (R?) = B0.

Proposition 2.13. ([29]) Let C be a nonempty, closed and convex subset of a reflexive, strictly convex and smooth
Banach space E and let |, : E — E* be the duality mapping with gauge ¢. Let B : E — E* be a monotone operator

satisfying (26). Let RY be a resolvent operator of B for r > 0, then f(Rf) = F(RY).
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Lemma 2.14. ([7]) Let E be a uniformly convex and smooth Banach space. Let B : E —o E* be a monotone operator.
Then, B is maximal if and only if for each r > 0,

R(J, +1B) = E',

where R(], + rB) is the range of |, + rB.

Remark 2.15. (i) If B is maximal monotone, then we see that the range condition holds for C = D(A).

(ii) By the smoothness and strict convexity of E, we obtain that R is single-valued. The range condition ensures
that RY is single-valued operator from C into D(A). In other words,

RY(x) == (J, + rB) " Jy(x), Yx€C.

For a smooth Banach space E, when ¢(t) = /71, where p > 1, we denote RY by R, := (J, + rB)‘ljp.

Lemma 2.16. ([29]) Let B : E —o E* be a maximal monotone operator with B~10 # 0. Let RY be a resolvent operator
of B forr > 0, then

Dy (z, RYx) + Dyp(RYx, x) < Dy(z, x),

for all x € E and z € B~10.

Lemma 2.17. ([59]) Assume that {a,} is a nonnegative real sequence such that
aps1 < (1 = yn)ay + ynby, Vn =1,

where {y,} is a sequence in (0,1) and {6,} is a real sequence such that },"; v, = oo and limsup, , 6, < 0. Then,
im0 a, = 0.

Lemma 2.18. ([31]) Let {I';} be a real sequence that does not decrease at infinity in the sense that there exists a
subsequence {I',} of {I',} which satisfies I, < I'y41 for alli € IN. Define the sequence {t(n)},>n, of integers as follows:

t(n) := max{k < n: Ty < T},
where ny € IN such that {k < ng : Ty < Tyy1} # 0. Then the following hold:
(i) t(ng) < t(ng+1) < ...and t(n) — oo;

(ii) l"T(n) < Ff(n)ﬂ and T, < FT(H)H, Vn > ny.

3. Main Result

Throughout this paper, we denote by ]5 and | 5 the duality mappings of a Banach space E and its dual
space, respectively, where 1 < g <2 < p < oo with % + % = 1. We assume that E; is a p-uniformly convex
and uniformly smooth Banach space, E; is a uniformly convex and smooth Banach space, By : E; — Ej,
B, : E; —o E} are two maximal monotone operators, R, is a resolvent operator of By for 7 > 0, Q, is a metric
resolvent operator of B, for A > 0, A : E; — E; is a bounded linear operator with its adjoint A* : E; — EJ,
and T : E; — CB(E;) is a multivalued Bregman quasi-nonexpansive mapping such that I — T is demiclosed
at zero. We introduce an iterative method (Algorithm 3.1) for solving the following problem:

Find an element x* € B1_10 NF(T) such that Ax™ € B 1o. (27)

The solution set of the problem (27) is denoted by Q.
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Algorithm 3.1. For u € Ey, let {x,}" ;| be a sequence generated by x; € Eq and

Y = Rrgff* U5 () = AV ()
X1 = Jo () () + (1= @) Buly () + (1= By (), Vn 21,

where uy, € Tyy,, {an}, {Pn} are sequences in (0, 1) and the stepsize A, is chosen in such a way that

pufP ) .
A, =1 Wi ¥ fen) #0; (28)
0, otherwise,
1 Y=
where f(xy) = 311 = QUAxIP and {p,} < (0, (2)7).
Remark 3.2. Note that the choice in (28) of the stepsize A, is independent of the norm ||All.

Lemma 3.3. The stepsize A, defined by (28) is well-defined.

Proof. Since I — Q, is continuous, we have Vf(x) = A* ]52 (I = Qa)Ax for all x € E; (see [22, Proposition 5.7]).
Letz € Q, i.e.,, z € B{'0 and Az € B;'0. Then, from (25), we have

s = 2Vl = (= 2, VF(xn))
= (0 -z AT - QuAx,)
= (Ax, — Az (I - Qu)Ax,)
> (Axy — Az, (I = Qu)AX,) + (Az — Qu(Axy), J,2(I — Q1) Axy)

(Axy = Qu(Ax,), J,*(1 = Q) Ax,)
I = QAP = pf(x). (29)

We see that ||V f(x,)l| > 0, when f(x,) # 0. This implies that ||V f(x,)|| # 0. That is A, is well-defined. O

The following proposition is needed before proving our main result.

Proposition 3.4. Let E be a uniformly convex and uniformly smooth Banach space. Let T : E — CB(E) be a
multivalued Bregman quasi-nonexpansive mapping with F(T) # 0. Then, F(T) is closed and convex.

Proof. First, we show that F(T) is closed. Let {x,} be a sequence in F(T), such that x, — x. Since T is a
multivalued Bregman quasi-nonexpansive mapping, then for all v € Tx and by (9), we have

Dy(v,x,) < Dp(x,xn)
< o= JE) - JEGa)
< = xalllEG) - @)l — 0.

This implies that lim,, e D(v, x,) = 0 and by Lemma 2.7, we have lim,, . ||x, — 0| = 0. We see that x = v.
Hence, x € F(T), i.e., F(T) is closed.
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Next, we show that F(T) is convex. Letx, y € F(T) and w = tx + (1 — t)y for t € (0,1). Let z € Tw, then we
have

1

D@2 = el - %nznp -2, JE@)

- %nwnp - %nznp (= 2) + (1= By - 2), JE@)

= %IIwH” +tDp(x,z) + (1 = )Dp(y, 2) — t@ -(1- t)w
< %nwnp +1D,(x, ) + (1 — D, (y, ) - t@ _a- t)@
= %||w||ﬁ + t(%nx”lﬂ - %”w“r’ —(x—-w, ]5(w)>) +(1- t)(%“y”rf - %”wup —(y—w, ]5(“’»)
x|lP llyllP
—t% —a- f)]’7

= ~(x+(1-Hy-w, ] () =0,
which implies that z = w. Hence, w € F(T), i.e., F(T) is convex. Therefore, F(T) is closed and convex. [
We now prove a strong convergence theorem of Algorithm 3.1, which is the main result of this paper.

Theorem 3.5. Let {x,} be the sequence generated by Algorithm 3.1. Suppose that Q) # @ and the following conditions
hold:

(C1) limyeay =0and Y.)" 1 ay = 0;

(C2) 0<a<pB,<b<1forsomea,be(0,1)

(C3) lim inf, e p,,(p _ %) 0.

Then, {x,} converges strongly to a common element x* = Ilqu, where Il is the Bregman projection from Eq onto Q.

Proof. Put v, := ]51 (];;:1 (xn) = A,V f(xy)) for all n > 1. Since (p — 1)g = p. Then, by (29) and Lemma 2.4, we
have

Dp(zryn) < Dp(z/vn)
= Dy(zJ; U () = AV ()
= %uzu” — (2 JE () + Az, V(o)) + %nj,fl () = AV FE)IF
1 E ]. E Cq/\z
< I = G )+ A, V) + I Gl = Aat, V) + S Sl
1 E ]. Cq/\ZL
= Sl = 2 T )+ P = Aat =2 V) + LI
cq/\Z
< Dylzxn) = Apf) + MV FGI

q
PP fP(n)  phcy  fP(xn)
(IVf(x)lP q IVl
pZ_lcq) F2(x)
q JIVQ)lP

= DP(ern) -

= Dy(z,x,) - pn(p -
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Put z, := ]51 (ﬁ,,];fl (yn) + (1 - ﬁn)];fl (uy)) for all n > 1. From Lemmas 2.3 and 2.16, we have

DP(Z/ ZVI)

IN

IN

IN

IA

which implies that

Dy, Iy BulE () + (1 = B)JE (1))

?hW—ﬁMzﬁ%w»—%l—mXLﬁ%w»+3W%ﬁ%w)+ﬂ—ﬁﬁﬁ%wmq
ﬂw—m@ﬁ@m—uﬁmmﬁwm
+$Mmﬁ%wmq+u—ﬁmw?waw—ﬁAl—ﬁn%mﬁ%%o—ﬁwwmﬂ

1 1 1 1
ﬁ{;MW—@ﬁww»+awmﬂ+a—@xQMW—@¢Ww»+5wmﬂ
_,Bn(l - ﬁn)

7175 () = T3 (ua)ll)
ﬁn(l - ﬁn)

BnDp(z, yu) + (1 = Bn)Dy(z, tin) — %(“]gl(yn) - ];};:1 (un)ll)

,Bn(l - ﬁn)

BnDp(z, yu) + (1 = Bn)Dy(z, yn) — gr(”];él(yn) - ]gl(un)”)

ﬁn(l - ﬁn)
q

Dy(z, Ry0,) — (11" () = T ()l

Dy(z,vy) = Dp(Ry0n, 0y) — Bu(1 = B)

715 () = T3 (ua)ll)

pZ‘lcq) F2(x)
q  JIVF(x.)IP

715 () = T ()l (30)

Dp(Z/ Xu) — Pn(P - - Dp(RrUn/ Un)

_,Bn(l - ,Bn)

Dy(z,zn) < Dp(z, x1).

Then, it follows that
Dy(z,%u1) = Dylz I (@l () + (1 - a)J} (z4))
< auDp(z,u) + (1 = an)Dy(z, z4)
< anDp(z,u) + (1 = an)Dpy(z, x,)
< max{D,(z,u), Dy(z, x)}
< max{Dy(z,u), Dy(z, x1)}. (31)

Hence, {D,, (z,x,)} is bounded and so {x,} is bounded by Lemma 2.8.
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Let x* = IIqu. Using (16) and (30), we have the following estimation:

Dy(x, xn1) = Dy(x', I (@ () + (1 = )] (z0)))
= V', anfy () + (1= an)], " (z0))
< V@ anlp' () + (1= an)y' (z) = (' () = J,' (¥)
oty (Xna1 = X, () = I3 ()
= V(' an]i () + (1= an)]} (20)) + an(uer = X°, 5 () = I} (x))
= Dy, I (@B (@) + (1= a)JE @) + nten — 37, JE () = JE ()
< auDy(x,x) + (1= an)Dy(x", z) + @ (Xuer = X7, I (1) = ] (x))
. PZiqu fP(xn)
< (1- an)[Dp(x ,Xn) = pn(p - )IIVf(x,,)IIF’ — Dp(Ryvy, vn)

n(1 = Pn
- g B 008 0= I 0]+ 5 =6, 0 = 6

B pZ‘lcq) )

= (1= @)Dy, ) - (1= apu(p (1= @)Dy (Ryn, )

g NIV
4= “”)ﬁq”(l =B 7 () = T )l + it — o T ) = JEE ). (32)
For eachn > 1, we set
T, = Dy(x',x),
PO ;Cq)lwffpg:;”p + (1= a)Dy (R0, )
Rt “”)ﬁq"(l =B o 17 () = 1 G,
On = (e — X5 () = 5 ().

Then (32) reduces to the following formulae:
Il <Q-a)ly—ny+06, Ynx1 (33)
and

Tpi1 < (1= )Ty + 64, Y > 1. (34)

We now show thatI';; — 0 as n — oo by considering two possible cases:

Case 1. Suppose that there exists 19 € IN such that {I',};,,, is non-increasing. This implies that {I',}", is
convergent. From (33), we have
Nn < Ty = Tpp1 + 0y — @yl (35)

-1
Since a,, — 0, liminf, e pn(p - @) > 0and B, € (a,b). This implies that lim,_,., 17, = 0. Then, we have

fp(xn)

IV £ (xa)llP

Since {||V f(xy)|l} is bounded, there exists M > 0 such that ||V f(x,)|| < M. Thus we have
fp(xn) < fp(xn)

Mr V()P

— 0, Dy(Ryvs,0:) = 0 and g, (1% (ya) = JE ()l = 0. (36)

— 0 as n — oo.
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This implies that

lim f(x,) = lim [I(I = Qu)Ax,|| = 0.
Moreover, we have

lim IR0, — o]l =0
and

Lim ;" (ya) = Jy" (ua)ll = 0.
It follows from (39) that

5" ) = Ty (alll = (L= Bl ) = Ty ()l = 0 @5 1 — oo,
Since ]5 ! is norm-to-norm uniformly continuous on bounded subsets of E}, we have

Tim fly, —wuall =0
and

lim |1z, =yl = 0.

From (37), we see that

pnfp_l(xn)
IVl

p-1
E @) — JE o)l = %llwmu _

— 0 as n — oo.

So we have
lim [0, = x| = 0.
From (38) and (42), we have
yn = xull < Mlyn = Oull + llog = xull = 0 as 1 — co.
Since {x,} is bounded, there exists a subsequence {x,,} of {x,} such that x,, — £ € E; as k — oo and

limsup(x, =2, J;' (@) = J;' (@) = Hm e, =7, 7 () = J;' (),

n—oo

where x* = Ilqu. Since ||y, — x,|| = 0 as n — oo, we also have y,, — £. So, by (40), we see that

AWYn, Tyn) < lYyn — tyll > 0 as n — oo

3291

(37)

(38)

(39)

(40)

(41)

(42)

(43)

(44)

(45)

and by the demiclosedness of I — T at zero, we get £ € F(T). Since x,, — £ and by (42), we also get v,, — %.

Then from (38), we get £ € F(R,). From (24) and (37), we see that

(QuAx, — QuA%, J,2(I - Q1)A%)
(QuAx, — QuA%, J,*(I - Qu)Ax,)
< IQuAx, — QuARIIII - QUAX [P — 0 as n — oo.

IN

A

Moreover, we have

I — QuAZRIP

(I - QUA%, J;*(I - Qu)A%)
(A% = Axyy, J, (I = QUAR) + (Axy, = QuAxy,, [, (I - Q1A%
+HQuAX,, — QuAZ, [, (I - Q1)A%).

(46)

(47)
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Since A is continuous, we have Ax, — A% as k — oo, by (37) and (46), we have
|A2 — Q AZR| = 0.
This shows that A% € F(Q,). Hence £ € F(T) N B;'0 N A™(B;'0) = Q. Note that

Dy(zn %ne1) = Dylau, Jy' (5 ) + (1 = )] z0)))
anDy(zn, 1) + (1 — ay)Dy(zp,20) > 0 as 1 — o0

IA

and so

IXp41 — zull = 0 as 1 — oo.
It follows from (41), (43) and (48) that

a1 — Xl < X1 = zall + NIz = Yull + lyn — 2all > 0 as n — oo,
Then by (44) and Proposition 2.6, we obtain

lim sup{x,+1 — x°, 51 (u) — ]51 (x)) <0.

n—o0

3292

(48)

(49)

(50)

This together with (34) and (50), we conclude by Lemma 2.17 that I, — 0 as n — oco. Hence, x, — x* as

n — oo,

Case 2. Suppose that there exists a subsequence {I',,} of {I';} such that I';, < I';,41 for alli € IN. Let us define

amapping 7 : N — N by
t(n) := max{k < n: Ty < Tiy1}.

Then by Lemma 2.18, we have
Tey £ Tegy1 and Ty < Doy

Put I'; := Dp(xy, x*) for all n € N. From (31), we have
0

IA

&EI‘}O(Dp(X*/ Xe(my+1) — Dp(X7, Xem))
< Hm(Dy(x", ) + (1 = o) Dp (", Xen) = Dp(x”, o))
= lim a(Dy(x", 1) = Dy(x", x¢) = 0,
which implies that
Hm (Dp(x", Xeny+1) = Dp(x", Xe(n)) = 0.
Following the proof line in Case 1, we can show that

lim sup{x;(n)+1 — X, gl(u) - ]51 (x)) <0.

n—oo

Since I'y(ny < T'yny+1 and aq ) > 0, by (34), we have
Dy(xn, ) < (euyer — X, JE (1) = JE ().
Thus we have

lim sup Dy (x", X)) <0

n—o0

and so

V}EI; Dp(X*/ xT(Vl)) =0.

(51)
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Since I'; < I't()+1. Then from (51), we have
Dy(x*, xn) < Dp(X", Xe(my+1) = Dp(X", Xe(n)) + (Dp(x7, Xe(ny+1) — Dp(x7, X7(n))) = 0 as n — oo.

Therefore, x, — x* as n — oo. We thus complete the proof. O

Corollary 3.6. Let E; be a p-uniformly convex and uniformly smooth Banach space and E, a uniformly convex and
smooth Banach space. Let By : Ey —o Ej and By : E; —o EJ be two maximal monotone operators such that R, is
a resolvent operator of By for r > 0 and Q, is a metric resolvent operator of By for A > 0. Let A : E; — E; bea
bounded linear operator with its adjoint A* : E; — Ej and let T : E; — CB(E1) be a multivalued Bregman relatively
nonexpansive mapping. Suppose that Q) # 0. For u € Ey, let {x,} be the sequence generated by x, € E1 and

£
Yn = Rr(;ql(fﬁl () = AnVf(xa)))
Xt = o (cny (@) + (1= @) Buly () + (1= By (), Vn 21,
where u, € Tyy,, {an}, {Bn} are sequences in (0, 1) and the stepsize A, is chosen in such a way that
Przfpi1 [ED)] . .
Ay =1 e ¥ fen) #0; (52)
0, otherwise,

1

where f(x,) = %Il(I — QVAx,|IP and {p,} C (O, (%)F). Suppose that the following conditions hold:
(C1) limyeay =0and Y.)" 1 ay = 0;
(C2) 0<a<B,<b<1forsomea,be(0,1)
.. e
(C3) liminf, pn(p - ”Tq) > 0.
Then, {x,} converges strongly to a common element x* = Iqu, where Il is the Bregman projection from Eq onto Q.

If we take T = I is a single-valued mapping in Theorem 3.5, then we obtain the following result.

Corollary 3.7. Let Eq be a p-uniformly convex and uniformly smooth Banach space and E, a uniformly convex and
smooth Banach space. Let By : Ey —o Ej and By : E; —o E} be two maximal monotone operators such that R, is a
resolvent operator of By for r > 0 and Q, is a metric resolvent operator of B, for A > 0. Let A : E; — E; be a bounded
linear operator with its adjoint A* : E; — EJ. Suppose that A := {x € Bl‘lo tAx € 32‘10} # 0. For u € Eq, let {x,} be
the sequence generated by x; € Eq and

Va =y ' (60) = AV f )
X1 = Iy (@] ) + (1= a)]y' Ryyw)), ¥n 21,

where {av,} is a sequences in (0, 1) and the stepsize A, is chosen in such a way that
pufr ) .
A, =1 s f fem) #0; (53)
0, otherwise,

where f(x,) = 1T = Qu)Ax, P and {p,} € (o, (g)ﬁ). Suppose that the following conditions hold:
(C1) limyseay, =0and Y0 1 ay = 0;

(C2) liminf,_e pn(p _ #) S0,

Then, {x,} converges strongly to an element x* = I1yu, where I1, is the Bregman projection from Eq onto A.
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In addition, we consequently obtain the following result in Hilbert spaces.

Corollary 3.8. Let Hy and H, be two Hilbert spaces. Let By : Hy —o Hj and By : H, —o Hj be two maximal
monotone operators such that R, and Q, are resolvent operators of By for v > 0 and B, for A > 0, respectively. Let
A : Hy — H, be a bounded linear operator with its adjoint A* : Hy — Hy and let T : Hy — CB(H;) be a multivalued
quasi-nonexpansive mapping such that I — T is demiclosed at zero. Suppose that ) # (0. For u € H;, let {x,} be the
sequence generated by x, € Hy and

Yn = Rr(xn - /\nvf(xn))
Xna1 = At + (1= ) (Buyn + (1 = Bu)uty), Vn2>1,

where u, € Tyy,, {an}, {Bn} are sequences in (0, 1) and the stepsize A, is chosen in such a way that

Pn f (x,) . .
A, =1 Wi F f0a) #0; (54)
0, otherwise,

where f(x,) = %ll([ — Qu)Ax,|I?> and {p,} € (0,4). Suppose that the following conditions hold:
(C1) limyseay, =0and Y071 ay = 0;

(C2) 0<a<B,<b<1forsomea,be(0,1);

(C3) liminf, e pn(4 — pn) > 0.

Then, {x,} converges strongly to a common element x* = Pqu, where Pg, is the metric projection from Hy onto €.

4. Application to Split Feasibility Problems

Let E; and E; be p-uniformly convex and uniformly smooth Banach spaces. Let C and Q be nonempty,
closed and convex subsets of E; and E,, respectively. Let A : E; — E; be a bounded linear operator with its
adjoint A*. The split feasibility problem (SFP) is formulated as finding an element

x* € C such that Ax" € Q. (55)

We denote by T := {x € C : Ax € Q} = Cn A7(Q) the set of solutions of the SFP. This problem was first
introduced, in a finite dimensional Hilbert space, by Censor-Elfving [15] for modeling inverse problems
which arise from phase retrieval and in medical image reconstruction. Moreover, the SFP has applications

in signal processing, in image recovery, in radiation therapy, in data denoising and in data compression
(see for instance [8, 9, 19, 20]).

In order to solve the SFP in Banach spaces, Schopfer et al. [48] first introduced the following algorithm:
for x; € E; and

Xn+1 = I_IC]E1 (]El (xn) - /\nA*]Ez (Axn - PQ(Axn)))/ Yn>1, (56)

where {A,} is a positive sequence, I'lc denotes the generalized projection on E;, Py is the metric projection
on Ey, Ji, is the duality mapping on E; and J; is the duality mapping on E]. It was proved that the sequence
{x,} converges weakly to a solution of the SFP under some mild conditions.
To obtain a strong convergence theorem, Shehu [39] introduced the following iterative algorithm for
solving the SFP in p-uniformly convex and uniformly smooth Banach spaces: for u,x; € E and
— E; El * Ez
Yo = T () = AWA'JE(T = Po)Ax,), -
e
Xt = Tefy @y (0) + (1= @)y (), V=1,
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a1
where {a,} and {$,} are sequences in (0, 1) and the stepsize A, satisties0 <a <A, < b < (w)”’l for some

a,b > 0. Under suitable assumptions, he proved that the sequence {x,} generated by (57) converges strongly
to a solution of the SFP.

Let C be a closed and convex subset of a strictly convex, smooth and reflexive Banach space E. Recall
that the indicator function of C given by

. 0, if xeC;
ic(x) :={ co, if x¢C (58)

It is known that ic is proper convex, lower semicontinuous and convex function with its subdifferential dic
is maximal monotone (see [34]). From [5], we know that

dic(z) = Nc(z) :={u e E : (y—z,u) <0, Yy e C}, (59)
where N¢ is the normal cone for C at a point z € C. Thus, we can define the resolvent R, of dic for r > 0 by
Ry(x) := (J, + rdic) ' J,(x), ¥x € E.
So we have forany x € Eand z € C,
2=R@) & J,0) €], +Nc()
& Jp(x) = Jp(2) € rNc(2)
& Y-z ) - Jp(2) <0, YyeC
& z=TIlc(x),

where Ic is the Bregman projection from E onto C. Moreover, we can define the metric resolvent Q, of dic
for A > 0 by

Qa(x) := (I + AJ,"dic) ™ (x), Vx €E.
So we have forany x € Eand z € C,
z=Q\x) & x€z+/\];1Nc(z)
S x—z€ A];lNc(z)
& Jp(x —z) € Nc(2)
& (y-z,(x-2), YyeC
& z=Pc(x),

where P is the metric projection from E onto C.
In fact, we set By := dic and B, := dig, then R, = Ilc and Q) = Pg for A;,A; > 0. We also have
F(R,) = B{'0 = Cand F(Qx) = B;'0 = Q. So we obtain the following result.

Theorem 4.1. Let Eq and E, be p-uniformly convex and uniformly smooth Banach spaces. Let C and Q be nonempty,
closed and convex subsets of E1 and E,, respectively. Let A : E; — E; be a bounded linear operator with its adjoint
A*: E5 — Ejand let T : C — CB(C) be a multivalued Bregman quasi-nonexpansive mapping such that I — T is
demiclosed at zero. Suppose that © := F(T) N T # (0. For u € C, let {x,} be the sequence generated by x; € C and

o =TIy (' () = MV f@),
Xt = Jy (@] () + (1= a)Buly (v) + (1= By (wn)), Y 2 1,
where u, € Ty,, {an}, {Bn} are sequences in (0, 1) and the stepsize A, is chosen in such a way that

Przfp71 (1) . .
Ay =1 TWrwawe ¥ fen) #0; (60)
0, otherwise,

where f(x,) = %Il([ — Po)Axy|lP and {p,} C (0, (’Z_Z)"%l)' Suppose that the following conditions hold:
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(C1) limyseay, =0and Y071 ay = 0;
(C2) 0<a<pB,<b<1forsomea,be(01)
(C3) liminfy o pop — %) > 0
Iminty e Pul| P 7 .

Then, {x,} converges strongly to a common element x* = Ileu, where Ilg is the Bregman projection from E, onto ©.

5. Numerical Results
In this section, we first give a numerical example to demonstrate the performance of Algorithm 3.1.

Example 5.1. Let E; = Rand E; = R? with the usual norms. Define a multi-valued mapping T : R — CB(R)
by

Ty o [O, gxsine) ], ifx#0,
oy, ifx=0.

One can show that T is (Bregman) quasi-nonexpansive and it also satisfies the demiclosedness principle.
Define a multi-valued mapping B; : R — R by

By() {yelR:zz+xz—2x22(z—x)y, Vze[—9,3]}, x €[-9,3],
x) 1=
! 0, otherwise.

By [55, Theorem 4.2], B; is a maximal monotone operator. Let g : R* — R be a function defined by
9(z1,22,23) = 1[5z — 3z5 + 223 Let B, : R® — R® be a subdifferential of g, that is,
By(x) = dg(x) := {y eR’:(y,z—x) < g(z) —g(x), Vz € 1R3}.

Since g is a proper, lower semicontinuous and convex function, then B, is a maximal monotone operator (see
[34]). The explicit forms of the resolvent operators of B; and B can be written by R,(x) = § and Q) = M1
where

26 =15 10
M=|-15 10 -6

10 -6 5

(see [17, 44, 55] for more details). Next, define a bounded linear operator A : R — R® by Ax := (—8x, —3x, x)
and let Q := F(T) N B;'0 N A™(B;0).

Take oy = g7, P = 55, Pn = 25, r=A =land u = 1. If y, # 0, then we choose u, = ‘15—2]/,1 sin(i>;

Yn

otherwise, u, = 0. Now, Algorithm 3.1 becomes

{ Yn = }1 (x,, — A AT (I - M—l)Axn) (61)
Xn+l = 2(85100n) + (1 - 85(1)011)(#]/" + %”")' Vn 21,

where
_n_ ||(17]\/171)Ax””2 if A :ﬁM_l A
A, = n+1 ||AT(I_M—1)AX””2’ 1L AX, ( xn)/
0, otherwise.

Let us start with the initial point x; = 10 and the stopping criterion for our testing method is set as:
E, = |xus1 — Xu| < 1077. Now, we show the numerical experiment of the method (61) and plot the number
of iterations # against E, as seen in Table 1 and Figure 1. It is observed that our algorithm converges to a
solution, i.e., x, — 0 € Q.
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n yn Xn+1 E n
1 1.2820513 0.6777851 9.3222149
2 0.0593786 0.0372240 0.6405611
3 0.0025055 0.0011798 0.0360442
4 0.0000650 0.0000475 0.0011323
5 0.0000022 0.0000131 0.0000344
6 0.0000005 0.0000101 0.0000029
7 0.0000004 0.0000087 0.0000015
8 0.0000003 0.0000075 0.0000012
9 0.0000002 0.0000067 0.0000008
25 3.909E-08 0.0000024 1.028E-07
26 3.665E-08 0.0000023 8.833E-08

Table 1: Numerical experiment of the iterative method (61)

0.000035

0.000030

0.000025

0.000020

Error

0.000015

0.000010

0.000005

0.000000

Number of iterations

21 23

Figure 1: A gragh of error of the iterative method (61)

25

3297

Finally, we give an example established in the infinite-dimensional space L, but not a Hilbert space for
supporting Theorem 3.5.

Example 5.2. Forp > 2,let E; = E; = L,([a, ]). From [3], we have the duality mapping of E; is the function

Eq
p

Consider a hyperplane C of L, ([, B])

: Ly([a, B]) — Ly([a, B]) given by ]51 (x) = |x'~2 - x and the Bregman function D(-,-) given by

Dy(x,y) = '

C:={xeLy(a,pl):{ax)=0)},

llx]l”

4
N

x, lylP=2 - y).

where a(t) € Ly([a,p]), b € Rand t € [a,B]. Let By = dic, where dic is the subdifferential of the indicator
function of C. Then the resolvent operator R, of B; becomes the Bregman projection operator I'lc given by

(2]

[e(x) = {

Ug,
X,

ifx¢C;
ifxeC,
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where u; € Ly([a, B]) is a solution of the problem: find k € R such that {a, ux) = b and
= lk-a+xfP2-x72 (k-a+ xfP72 - x).

Let a closed ball centered at v € L,([a, f]) and radius d > 0 be defined by
Q= {x € Ly([a, B]) : llx — oIl < d}.

Let B, = dig, where dig is the subdifferential of the indicator function of Q. Then the metric resolvent
operator Q, of B, becomes the metric projection operator Py given by

v+diEs, ifx ¢ Q;

= [lx—oll” ’

Po(x) { X, ifxeQ.
Pzilfq

Let {p,} be a sequence in (0, (’C’—Z)ﬂlﬁ) such that liminf,_,, pn(p - T) > 0, where ¢; = (1+ tgfl)(l + tq)l"i and

t, is the unique solution of the equation (g — 2)#"! + (g — 1)#92 =1 =0, 0 < t < 1 (see [58]). In particular, we
consider the following SFP and the fixed point problem:

Find x* € C such that Ax* € Q and x" € Tx"
with its solution set © := I' N F(T). Let

C = {x e Ls([0,1]) : (1,x) = 0}
and

Q = {x € L3([0,1]) : [lxll < 1}.

Let A : L3([0, 1]) — L3([0, 1]) be defined by (Ax)(t) = @, Vx € L3([0, 1]). We see that A is bounded and linear
with A* = A. Let T : C — CB(C) be defined by

Tx-—{ fyeCix-3<y<x-3}, ifx>1

{0}, otherwise.

It is shown in [45] that T is a multivalued Bregman quasi-nonexpansive mapping with F(T) = {0} and T

is demiclosed at zero. We see that x* = 0 is solution in I' and it is a fixed point of T. Hence, x* = 0 € ©.
n

Suppose that a, = 75, B = 5,=5- So our Algorithm 3.1 has the following form:

2n+1°
Yo = T2 (T2 (60) = AnA'JE (I = P)Ax,))
2w e I (S ) + 24T () )

E; E 2_ E
Xp41 = ]ql(nzﬂllpl(u) + 5l pl(Zn))/ Vn>1,

where the stepsize A, is chosen in such a way that

rzfpil(xrz) : .
A, =] T i fln) #0; (63)
0, otherwise,

where f(x,) = %II(I — Pg)Ax,|lP. By Theorem 3.5, the sequence {x,} generated by (62) converges strongly to
x=0€0.
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