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Schatten Class of Berezin Transform on Fock Spaces

Djordjije Vujadinovi¢?

*University of Montenegro, Faculty of Natural Sciences and Mathematics, Cetinjski put b.b. 81000 Podgorica, Montenegro

Abstract. The Schatten norm for the nuclear operator BB, was estimated from both sides. Here B, : Lé —

Li is the Berezin transform regarding the Fock spaces in the plane. Also, we found the norm for the Berezin
transform in case of unweighted Lebesgue spaces.

1. Introduction

Let C be as usual the complex plane and by dA(z)(= dxdy) we denote the Lebesgue measure on the
complex plane. Throughout the paper for any positive parameter &« we consider the Gaussian-probability
measure

dita(z) = %e“"'z|sz(z).

For 1 < p < oo, LP(C,du,)(L%) denotes the space of all Lebesgue measurable functions f on C such that

o alzf?
A1 = Z_n j; If@)Pe"7 dA(z) < .

a\zl2

In fact, f € L}, if and only if f(z)e= "2 € LP(C,dA).

By F2 we denote the closed subspace of L2 which consists of all entire functions (see [4],[5],[8]). This
subspace is known as the Fock space or (parameterized) Segal—Bargmann space. We refer the interested
reader to [6] and [7] for analogous approach to the harmonic Fock space.

The orthogonal projection P, : L2 — F? coincides with the integral operator which acting is determined
as follows

Puf@) = [ Kulew) (s (),
C
where K, (z, w) is reproducing kernel given by
Ku(z, w) = *®,

It is known that P, is bounded on L, for p > 1 (see [2]).
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At this point we should recall some basic notions related to the interpolation of Banach space. We
will follow the notation from [8]. Namely, if Xy and X; are compatible Banach spaces and 0 € (0, 1), the
interpolation space Xg between Xy and X; we will also denote by [Xy, Xi]e.

Further, if 1 is a positive Borel measure on locally compact topological space X, and L¥ = LP(X, du), then

(L, LP]g = LF,
where 1 < py < p; Sooand%zlg—oe+p%.

If Xy, X1 and Yy, Y7 are pairs of compatible Banach spaces and if T : Xy + X; — Y + Y; is bounded
linear mapping in a such a manner that T : Xy — Y and T : X; — Y are bounded with norms M, and M;
respectively, then T maps Xg boundedly into Yy with the norm at most Mj~?M?.

For a measurable function f in C the Berezin transform of f is given by

Buf@) = & [ Sl daw),

Computation of the reproducing kernel and asymptotic expansion for the Berezin transform on the
harmonic Fock space is given in [3].
The sufficient and necessary condition for boundedness of the Berezin transform B, : LZ - L’; in the

context of various L}, and different parameters can be summarized in the following theorem (see [8]).

Theorem 1.1. Let 1 < p < oo. Suppose a, f and y are positive weight parameters. Then BaLZ C Lg’, if and only if
Y(2a — B) = 2af.

We should note that the above conditions imply « > g and y > B.
The direct consequence of the above theorem is the following result, (see Proposition 3.20 in [8]).

Proposition 1.2. Let @ > 0and 1 < p < co. Then
B, : LP(C,dA) — LP(C,dA)
is a contraction.

In the following theorem estimates from Proposition 1.2 are revisited and the norm of the Berezin
transform is precisely determined.

Theorem 1.3. Leta > 0,and 1 < p < co. Then
IBalltr -1 = 1.

Proof. At the beginning we shall give a brief observation for the limit cases when p = coand p = 1.

It is easy to see that [|By flle < lIflleo, f € L. Taking the function f = 1 which is identically equal to 1, the
last inequality becomes equality, i.e. ||[Bullo—r~ = 1.

On the other hand, using Fubini’s theorem it is not hard to obtain that

IBaflli < lIflls, f € LY(C, dA),

and specially for f(w) = “3(017” X800, (w), where by |B(0, R)| we denote the measure of the ball B(0,R) and
XB(o,R) is the characteristic function of the ball B(0, R), we get that ||B, fll.: = 1.

We include the observation for the case p = 2.

Using Plancherel theorem for f € L?(C,dA) one gets

IBafl, = IF Baf)l = 1A,
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where 1(x) = 2e7*" and as usual
T = f6)= [ s
Note that 1/3(5) =e . .
Then,

IBall?, ;2 = sup fllﬁlzlf(é)lsz(é) =sup (&) = 1.

£, <1 geC
Using the Interpolation of spaces L*(C,dA) for 1 < p < co, we derive

IBally—rr < 1. 1)

ol . . T PTUP (2R 41
Further, let f, ,(w) = w"e "W where y > 0 and 7 is nonnegative integer, then || f,, , ||, = TG

On the other hand,

n, 1l
((ohkaz

Bafn 1,(2)
— —arlz w|? dA
& [ty oA
aefalzl ks ot
=— o f Fay @)@ w e dA(w)
lk>0 2)
—az 2k 2k
_ae Iz 7 ok z| f|w|2(k+")e_(“+7)ZUZdA(W)
T p kl(k+n)! Je

n+l

a ayll

= z e aty
a+y

Therefore,

7

a \FT (I + )Y
a+y

1Ba fuyllr = ( i1
(py)*"r
and

nyl
IBafuyllir ( a )2+‘*
|| f ”LP a+ )4 !

where ¢ is conjugate exponent top, ; + ¢ = 1.
Clearly, for any positive € € (0, 1) there is some y > 0 such that

ny1
a \T
>1-¢,
a+y

”Bafn,yHLP > (1 - e)”fn,y”LV-

From the last inequality and relation (1) we conclude that

IBalley—1r = 1.

i.e. thereis f,, € LP(C,dA) such that
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2. Schatten class of Berezin transform

In general, by H we denote a Hilbert space. Recall that all compact linear operators T : H — H satisfying

oo 1/]9
ITlls, = [Z SZ(T)] ,0<p<oo

n=1

constitute the Schatten classes S,,.
For 1 <p < o0, S, is a separable symmetrically-normed ideal with the norm

o0 1/p
ITlls, = T, = (Z sﬁ(T)] :

n=1

The quantity || - [ls, is called the Schatten(-—von Neumann) norm. In this paper we discuss such a type
of norm for the Berezin transform and its product with the adjoint operator.

The duality pairing for the particular type spaces L}, 1 < p < oo (L})* = Lg is given by

9, = % fc f@)9@)e 7 dA), 3)

where y = aTJrﬁ

According to the introduced duality (3), using Fubbini’s theorem the adjoint operator B}, : L§ - L; can

be determined as follows

a 2 —alz—wP—ylw|?
B f(z) = leﬁIZI fe z=w|*~ylw] F(w)dA(w).
np C
Here, we should noticed that
BBy : L} — L. (4)

The operator B},B, is the integral operator given by the sequent formula

2
BBufe) = fC Hz, 0 f(dug(®),

where

H(z, t) = P+ f golewl ko=t ol g A ),
C

or

H(z, ) = He+P) = $1e-i? f ¢ §120-GHOPIR g 4 (1)
C

Lemma 2.1. The kernel H(z, t) of the operator B;,B, defined in (4) is given by the sequel formula

Hiz,t) = 5 71 b)) 2 P
a+y
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Proof. Let us denote by wy = &, then using the polar-coordinates w = re*, wg = |wole® we get
_ _ 2 _ 2
fe 2alw—wol*=y|wl| dA(ZU)
C
— e—Zala)olz fe4a9§wm0—(2a+y)|w|2dA(w)
C
00 271
— e—Zocla)glZ f e—(2a+y)rzrf e4ar|w0|cos(s—9)dsdr
0 0
00 271
— e—20c|mg|2 e—(2a+y)r2r e4ar|wg|cossdsdr (5)
0 0
. [ R g2artwol(€+ 1)
= ¢~ 20kl f e~y f ———d&|ar
0 =1 16

, ) 625’47’\&)0|(5+%)
= Dyre—2alwol f e~ atnrt, Res{:OT dr
0

= 2y~ 20wl f e @110, drajwol)dr,
0

where J(0, z) is a modified Bessel function of the first kind given by the formula J(0,z) = ¥,;7, (k')2
By direct calculation one obtains

s

2a+y

" P 0,4 dr =< :
[ e srafoohar = £

O

Using the similar type of calculations as it was done in the Lema 2.1 it is not hard to check that the
operator B}, B, is a Hilbert-Schmidt.

Lemma 2.2. The operator B;,B, is a Hilbert-Schmidt on L2, and

2a%y 1/2

o Y T 2ap—2ay+py

B | Qa+y)a-p)2a® - By +2a(y - p)

72

B3 Ball2 =

Proof. By direct calculation one obtains

f f IH(z, )Pdg(2)dus ()
C JC

U(z 5
=Cx f (B20c+ 25 )P f (20 S5+ 5 RE G A (1A (2)
C

10422 (6)
e a+y)2a2-2ap+2ay-py) (] A(Z)

Qb-20+ Z2 )P

=Cx

=Cx

L
f 402p-20p2 402y +4apy—p2y ZLYﬁZ 402y +dapy—p2y 22
C

e 202 -py+2a(~p+y) dA(Z)-

Since
4028 — 2ap* — 4a*y + dafy — B2y = Qay — 2aB — By)(B - 2a) < 0
the last integral is finite the claim of the lemma follows.
O
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The direct consequence of the last result is that
54(B},Ba) = 0(n"?).
However, the stronger result is valid.

Theorem 2.3. If y(2a — B) > 2ap, then the operator B}, B,, is nuclear and

ny Ty’
<[IB3Ball < .
—Pp pQRay —2pa - py)
Proof. Relying on Theorem 5.1 from [1] (pp.85) we will prove that the operator B! B, is a weak limit of
ymg pp p P a

certain sequence of nuclear operators whose Schatten norms are uniformly bounded.
Let us consider the sequence of operators {T},>1,

.72 2
T,: 12— L2,

defined by

Tuf(z) =Capy

k+m
2a+y) 24 H2)
% E k‘m' fe(ﬁ At 30y zaﬂ )21 +t%) (Zt k(tZ)mf(t)d[Jﬁ(t)
k+m<n
nya?

where Cp 5, = o) and m and k are nonnegative integers. It is not hard to check that the operators
{T}n=1, belong to the class S,. Moreover, the operators {T,},>1, are nonnegative induced with a continuous
Hermitian nonnegative kernel.

Namely, if we denote by K,(z, t) the kernel of the operator T,, then for any continuous function ¢ in C,
we have

f f Koz, Db SO ()dus (1)
C JC
)k+m

(Za a2 2 2
= Capy X Z ]:'Vm, (f (B-a+ gz ) qb(z)zkz"mdyﬁ(z) > 0.

k+m<n

According to the Theorem 10.1 from [1], T, is a nuclear operator, and

sp(T,) = Tl = fc Ko(z, 2)dpig(2)

_C;ﬁy

a? T+ k +m) (8)
Z (2042 +2ay —2aB - ﬁy) I'(1+Kra+m)

k+m<n
, 2a? ’
=C 5V2(2a2+2ay 2ap — ﬁy)

2
;o nya
where Ca,ﬁ,y = BoaT2ay—2ap—py)"
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Since < 1, we have

202
202 +2ay—-2ap—By

T, e
su W= )
= B 2ay — 280 — By)

Further, let us consider f, g € C.(C) (continuous functions with a compact support), then

lim (T..f, ) = (B.Baf.9),

since the series
(20(2 k+m
+
Y, (@D )"

k'm!
k+m<n

converges uniformly on supp(f) X supp(g) to the function oy R
Due to the fact that for any functions f, g € L’% we may take the sequences f;, g € Cc(C) such that f,,

converges to f (g, converges to g) in L2, the difference

| <Tnffg>/3 - <Tfr9>[s |
<KTuf, g = CTufos gmdg | + 1<Tuf gmds = T fons G | 9)
+ 1T fons QM>/3 —(Tf, 9)/3 |

can be made arbitrary small for m (1) big enough. In other words, the sequence {T,},>1 converges weakly

to the operator B},B, in Lé.
Thus,
2
ya
B, B,lli < .
BBl < Bay = 2pa =)

In order to obtain the estimate from below we consider the operator

PgBBuPpg : Lj — L3

Clearly, the operator PgB; B, Py acts as a restriction of the operator BEBU‘ on the Fock space Fé.
Therefore,

IB:Balli > |IPgB,BaPglh

(o8]

> )" (PsB;BuPsibn, q)n)ﬁ.

n=0

(10)

In the last inequality of (10), the matrix trace of the operator PgB;B,Pg is defined with respect to the
arbitrary orthonormal basis {¢,}s>0 in Lé.

In this particular case, for {¢,} we will consider the standard orthonormal base in the Fock space Fé

given by ¢,(z) = \/gz", n>0.

By direct calculation one obtains

n
* a _ A |2
BaBCYPﬁ(Pn = Ca/ﬁ/Vzn (m) e(ﬁ “ﬂ,)lzl ,

copy = YT [P
Bla+y) N n!

where
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Therefore,

O

(PsB;BuPsu, czbn)ﬁ =Y (B.BuPyopn, qbn>ﬁ

1=

3
Il
(=}
=
I}
[=}
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